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A characterization of amenable groups by
Besicovitch pseudodistances
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Abstract. The Besicovitch pseudodistance defined in [BFK99] for one-
dimensional configurations is invariant by translations. We generalize
the definition to arbitrary countable groups and study how properties of
the pseudodistance, including invariance by translations, are determined
by those of the sequence of finite sets used to define it. In particular,
we recover that if the Besicovitch pseudodistance comes from a nonde-
creasing exhaustive Fglner sequence, then every shift is an isometry. For
non-Fglner sequences we prove that some shifts are not isometries, and
the Besicovitch pseudodistance with respect to some subsequence even
makes them non-continuous.

Keywords: Besicovitch distance, Fglner sequences, submeasures, amenability,
non-compact space, symbolic dynamics.

1 Introduction

The Besicovitch pseudodistance was proposed by Blanchard, Formenti and Kurka
in [BFK99] as an “antidote” to sensitivity of the shift map in the prodiscrete
(Cantor) topology of the space of 1D configurations over a finite alphabet. The
idea is to take a window on the integer line, which gets larger and larger, and
compute the probability that in a point under the window, chosen uniformly at
random, two configurations will take different values. The upper limit of this
sequence of probabilities behaves like a distance, except for taking value zero
only on pairs of equal configurations: this defines an equivalence relation, and
the resulting quotient space is a metric space on which the shift is an isometry,
or equivalently, the distance is shift-invariant.

The original choice of windows is X,, = [-n : n], the set of integers from —n
to n included. This notion can be easily extended to arbitrary dimension d > 1,
taking a sequence of hypercubic windows. If we allow arbitrary shapes, the notion
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of Besicovitch space can be extended to configurations over arbitrary groups; in
this case, however, the properties of the group and the choice of the windows
can affect the the distance being or not being shift-invariant. An example of a
Besicovitch pseudodistance which is not shift-invariant is given in [Cap09], where
it is also proved that, if a countable group is amenable (cf. [CGK13| and [CSCI0,
Chapter 4]), then the Besicovitch distance with respect to any nondecreasing
exhaustive Fglner sequence is shift-invariant. The class of amenable groups is of
great interest and importance in group theory, symbolic dynamics, and cellular
automata theory.

In this paper, we explore the relation between the properties of Besicov-
itch pseudodistances over configuration spaces with countable base group and
those of the sequence of finite sets used to define it. We introduce a notion of
synchronous Folner equivalence between sequences, and a related order rela-
tion where one sequence comes before another sequence if it is synchronously
Fglner-equivalent to a subsequence of the latter. This notion, on the one hand,
generalizes that of Fglner sequences, and on the other hand, allows us to compare
the Besicovitch distances and submeasures associated to different sequences. In
particular, we prove that an increasing sequence of finite sets is Fglner if and
only if every shift is an isometry for the corresponding Besicovitch distance: this
provides the converse of [Cap09, Theorem 3.5]. Finally, we give conditions for
absolute continuity and Lipschitz continuity of Besicovitch submeasures with
respect to each other.

2 Background

We use the notation X € Y to mean that X is a finite subset of Y. We denote
the symmetric difference of two sets X and Y as XAY. We write a,, ~n_ 00 bn
if limy, 00 @n /by, = 1 and a,, = 0p—y00by if limy, o0 @y /by, = 0. For @ € R we put
la] =max{m € Z | m < a}.

2.1 Submeasures

The following definition is classical (see for instance [Sab06]).

Definition 1. A submeasure over a set G is a map p : 2¢ — R U {+o0} such
that:

1. p(0) =0;

2. u(W) < oo if W is finite;

3. w(VUW) < u(V)+ pw(W) for every V,W C G.

If G and A are two sets, the difference set of two functions z,y : G — A is

the set A(z,y) = {i € G| z(i) # y(i)}. Any submeasure over G gives rise to an
associated pseudodistance over AC:

du(xall) = /’L(A(xvy)) Va:,y € AC



Remark 1. The topological space corresponding to such a pseudodistance is ho-
mogeneous in the following sense: the balls around every two points y and z are
isometric. Indeed, identify A with the additive group Z/|A|Z. Then for every
y,z € AY the map 1, . : A — A% defined by 1, .(z)(i) = (i) — y(i) + 2(i)
for every x € A% and i € G is an isometry between any ball around y and the
corresponding one around z.

We say that submeasure p is absolutely continuous (resp. a-Lipschitz, for
some « > 0) with respect to submeasure v if v(W) =0 = pu(W) = 0 (resp.
p(W) < av(W)) for any W C G.

Remark 2. Let €,0 > 0, p1, v two submeasures on G, and z € A®. The following
are equivalent.

1. For every set W C G, u(W) > e = v(W) >4.
2. For every z,y € A%, d,(x,y) > ¢ = d,(x,y) > 4.
3. For every z € A%, d,(z,2) > ¢ = d,(z,2) > 0.

Consequently, the identity map, from space A® endowed with d, onto space A“
endowed with d,,, is continuous (resp. a-Lipschitz) if and only if p is absolutely
continuous (resp. a-Lipschitz) with respect to v. In that case the identity is even
absolutely continuous.

2.2 Shifts and translations

If A is an alphabet, G is a group, and g € G, the shift by ¢ is the function

9: A9 — A% defined by 09(z)(i) = x(g~4), for every x € A® and i € G. A
map 1) from AC to itself is shift-invariant if 109 = 091 for every g € G. Note
that A(09(x),09(y)) = gA(z,y) for every z,y € A% and g € G.

Since the maps v, . from Remark [I] are shift-invariant, one can see that the
shift is continuous, Lipschitz, etc in every z if and only if it is in one x.

Given g € G, let gu(X) = (g~ X) for every X C G. Then d,,(c9(z),09(y)) =
dg-1,(x,y), that is, the shift by g, within space A% endowed with d,,, is topolog-
ically the same as the identity map, from A% endowed with d,, onto space AC
endowed with dg-1,. Remark |I| can then be rephrased into the following.

Remark 3. If G is a group, g € G, and A% is endowed with dy, then o9 is
continuous (resp. a-Lipschitz) if and only if g~!u is absolutely continuous (resp.
a-Lipschitz) with respect to p. In that case, the shift by g is even absolutely
continuous.

2.3 Besicovitch submeasure and pseudodistance

Among classical examples of submeasures are the ones that induce the Cantor
topology, the shift-invariant Besicovitch pseudodistance, the Weyl pseudodis-
tance (see [HMI17, Def 4.1.1]... We will focus on the Besicovitch topology. Let
X and Y be nonempty sets and let (X,,) be a nondecreasing sequence of finite



subsets of X. We may or may not require that (X,) be erhaustive, that is,
U, X, = X.
Let us denote P (W] V) = |V[|/‘D‘V‘ (by convention, this is 400 if V = 0).
The Besicovitch submeasure p(x,) : 2% — [0,1] is defined by:

(x,) (W) = limsup P (W] X,,) -

The Besicovitch pseudodistance is d(x,) = dy -

For example, if X =N, Y = {0,1}, and X,, = [0: n — 1], z(¢) = 0 for every
i € Nand y € {0,1}" is the characteristic function of the prime numbers, then
d(x,)(w,y) = 0. The topology of the quotient space is very different from the
prodiscrete topology.

We will now concentrate on the case of nondecreasing sequences (X,).

3 Fglner equivalence and Besicovitch submeasures

3.1 Fglner equivalence

Let (X,) and (Y,) be nondecreasing sequences of finite subsets of G. We say
that they are synchronously Falner-equivalent if

.| XRAY,|
A

Proposition 1. Consider nondecreasing sequences (X,,) and (Y,). The follow-
g are equivalent.

1. (X,) and (Yy) are synchronously Folner-equivalent.
3. | Xn| ~nooo Y| and | X, \ Yo | = 0nsee (| X0 ).

Corollary 1. The synchronous Falner equivalence is an equivalence relation.

The proofs are left to the reader (see [CGN] for details).
We also denote (X,,) < (Y,,) if (X,,) is synchronously Fglner-equivalent to a
subsequence (Y, ). Equivalently,

X, AY,|

lim min =0.

n—o00 meN |Xn|
To be convinced of the equivalence, note that the minimum is reached by some
my, for each n € N, because (Y;,,) is nondecreasing and X,, is finite. Thanks
to symmetry of synchronous equivalence, we also have that (X,,) = (Y,,) if and

only if lim,, ., min,, N % = 0. We say that they are Fglner-equivalent,

and write (X,) ~ (Y), if both (X,,) = (Y,) and (V) =< (X,). This is the
case if they are synchronously Fglner equivalent, but the converse is false. As
counterexamples, one can consider twice the same sequence, but with repetitions
on both sides that are longer and longer, and not synchronized. If one wants to
obtain strictly increasing sequences, repetitions can be replaced by very slowly
increasing sequences (point by point).



Remark 4. It is easy to see that < is a preorder relation. In turn, Fglner-
equivalence, being defined as the equivalence corresponding to the preorder =,
is an equivalence relation.

Proposition 2. Assume that | X,| ~n—soo |Yn|. Then (X,) and (Y,) are syn-
chronously Folner-equivalent if and only if (X,) < (Yy).

Proof. Assume (X,,) = (Y;,) (the converse implication is trivial). Let n,m € N.
If m <, then | X, \ Y, < | X, \Yn| and |V, \ Xiu| < |[Yu \ Y| + |V \ Xal
since (Y,,) is nondecreasing. Summing up, | X, AY,| < | X, AY,, | + ¥, \ Y|
Symmetrically, if n < m, | X, AY,| < |X,AY;| + |V \ Yal|. Overall for every
m €N, we get |X,,AY,,| < | X, AY | + ||Yin| — [Ya||- If we apply this with (m.,)
the subsequence from the definition of <, which is such that (X,) ~ (Y, ),
we have | X, AY,,. | = on—oo(|Xnl|), and by Proposition [1| (applied to (X,,) and
(Yo ) 1Y | ~n—oo | Xn| ~nooo |Yn|. Summing up, we deduce that | X, AY,,| =
On v (1 X ) 0

3.2 Comparing Besicovitch submeasures
A basic tool in our set constructions will be the following elementary remark.

Remark 5. If (X,,) is nondecreasing and exhaustive, then for every finite set W
and every ¢ > 0, there exists n(x,,)(W, €) such that Vn > n(x (W, ), B (W] X,,) <
cand W C X,,.

We deduce the following, which will be useful in our constructions.

Lemma 1. Let (X,,) be a nondecreasing exhaustive sequence of an infinite group
G. Let W = (J;ey Wi where ) # W; € G for each i € N, such that, for every
n € N, there are at most finitely many i’s such that W;NX,, # (0 (this is the case,
for example, if the W;’s are pairwise disjoint); in that case j, = maxyy,nx, 0 J
is well-defined for every n. Then:

1.
Hx,) (W) > limsup max P (W;| Xp,) -
i—soo mMEN
2. If there is a sequence (e,,) converging to 0 such that n x (U
for every n € N, then:

i<jn Wivgn) S n

px,) (W) = limsup max ‘B (Wi X,,,) .
i—oo MEN

3. In general, there exists a nondecreasing integer sequence 1 such that, denoting
W= Uien Wi, 2

,u(Xn)(Wl) = lim mgl)w(‘p(WMXm) .

i—00 m

Proof.



1. Let (m;) € NY be such that B (W;| X,,,) = max,,en B (W;| X,). We know
that this sequence goes to infinity (even though it may not be nondecreasing),
because only finitely many W;’s intersect each X,,,, but they all intersect at
least one. Hence, (x,)(W) > limsup,; ., B (W|X,,,). We get the desired
inequality by noting that W, C W.

2. Point [T] already gives one inequality. For the converse:

pxn (W) =limsup | | J wiuw;, u | wi| X

n—00 i<jn i>dn
< limsup [ P UWi Xn | +B (W, | X5) +P UWiX
n—o00 i<jn 1>Jn

X))+ 0)

< limsup ,, + lim sup max 5 (W, | Xn)
eN

n—00 n—oo M

< lim sup <5n + max‘B( Jn

n—o0

< O+hmsupmax‘B(W|X ) .

i—oo ME

The last inequality comes from the fact that the sequence (j,,) is nondecreas-
ing (because (X,) is nondecreasing), and not upper-bounded (because the
W,;’s are nonempty), so it goes to infinity.

3. Let us define some sequence 1 by recurrence, from any seed [y € N. Assume
that [,, is defined, and write k,, = n(Xn)(Uan Wy, ). Choose any I, 41 such
that for every m > l,+1, Wy, does not intersect Xy, 1 (this is possible by
assumption). If j, = maxyy, nx,#0J, then n(x,)(U,;<;, Wi;) = kj,—1. By
definition, W, ~does not mtersect Xk; -1 Since W, intersects X, we
can deduce that n > k;,—1—1. This means that (W7,) satlsﬁes the hypothesis
of Point 2
Replacing the lim sup by a lim can be achieved by taking a subsequence. 0O

Lemma 2. Let €,§ > 0, and (X,,), (Y,) be nondecreasing and exhaustive. The
following are equivalent.

1. For every W C G, if py, (W) > €, then pcx, (W) > 4.

€Yo = Yo \ X > 5
| Xm | -

2. liminf,,cy max,en

If my, realizes the maximum for each n € N, and if € < 1, then these properties
imply that
|Yal

[ X,

. |Y5] 1-96
< lim sup <

< hmlnf .
o neN ‘an| l-¢

0
9

In particular, the properties imply that ¢ < e.

Proof.



Let us start by proving the final inequalities. Suppose lim inf,, ¢y

d. Then on the one hand, it is clear that liminf, ¢y ‘iy"“ is even bigger, which

gives the first inequality. On the other hand, since |Y;, \ Xy, | > |Yo| — [ X, |,
we can see that liminf, en(e —1) XY" +1 > liminf, ey W > ¢, which

n

elYn|—Yn\Xmy |
X =

|

gives that limsup, ¢y )‘(i‘l < g, provided that e < 1.

2= If property [2] is satisfied and ju(y, ) (W) > €, then:

M(Xn)(W) > lim SUPSB ( wn Yn' an)

n—oo
. |WﬁYn|_‘Yn\an|
> lim sup
n—oo |Xmﬂ‘
— lim sup <5 Yol = Y \ X, | + (WNY,|—¢e|Va| [V >
n—o0 |an |Yn| |an
Y, — 1Y, \ X
ZlinlfgiolgfEI nl I)il'mi|\ |
+ [ limsu M — ¢ | liminf [Yn]
n~>oop |Yn‘ neN |an

1)
> § + 0— by the two premises and the first inequalities.
€

elyi|—
|sz|

i

[[=2 Assume that liminf; o

tradicts Point [Il

For each n € N, there exists k, = min{k||Y,, \ Xi| < e|Y,|}, because for
large k, Y, \ X = 0 (because (X}) is exhaustive and Y, is finite). By noting
that (Y, N Xk, )\ Xk, -1 = (Yo \ Xk, —1) \ (Yo \ X&,) (by convention X_; is
empty), we can write that |(Y, N Xk, ) \ Xk, —1] = [Yu \ Xk, —1] — |¥a \ Xk, |,
which is bigger than €Y, | — |Y,, \ X, |, by minimality of k,,. Hence (Y,, N
Xk, )\ Xk, —1 admits a subset Z,, of cardinality |Z,| = |& |Yn|] — Y \ Xk, |-
Define Wy, = (Yn \ X, )l Z,. Note that W, C Y, and that ¢ — g <
B (WalY,) <e

The W; satisfy the hypotheses of Lemma (1} so that Point 3] gives 1 € NN,
with z1(x,)(W1) = lim;_ o max,,en P (Wi, | Xin). By construction, we have:

< J. Let us build a set W that con-

m(Wi|Xm) = m()/z\XkJXm) +q3(ZZ|Xm)
Yan X \ Xi, | + 12 0 Xy
| X '

If m < ky, then X,;, € Xy, and Z; N X,, C Z; N Xi,—1 = 0, so that
this quantity is 0. On the contrary, if m > k;, then Z; C X, C X,,, and



Yin X\ Xk, = (Vi \ Xi,) \ (Vi \ Xin), so that:
|ZiﬂXm|

B (Wil Xin) = IXmI

_ |Yz me\XkJ + |Zi|
| Xom|
1%\ X = ¥\ Xl + L |Yi]) —
[ Xom|
< e LE] = Y3\ X
meEN | X

< 4 by hypothesis.

Taking the limit, we get that p(x,)(Wi) <.
On the other hand, applying now Point [I| of Lemma [I] to sequence (Y5,):

pev) (W) 2 lmmax P (Wi, [ Vi) = B (Wi, | V1,) = .0

€N meN

The previous lemma now allows to characterize the main properties of interest
for comparing two Besicovitch submeasures.

Theorem 1. Let (X,,) and (Y,) be nondecreasing and exhaustive.

1. py,) is A-Lipschitz with respect to p(x, ), where X > 0, if and only if

Y, -1V, \ X 1
V5>011m1nfmax| i 5|n\ m‘zf.
n—o0 meN |Xm| A

2. Wy, 1s absolutely continuous with respect to px,,y if and only if it is Lip-
schitz.
3. puy,y < px,y if and only if (Y, n)-
)-

= (X
4 Wy, = Hx,) if and only if (Y, ) (Xn
One can even see from the proof that (Y;,) < (X,,) if and only if there exists
e €]0,1[ such that VIV C G, ux, (W) <& = puey, (W) <e.

Proof.

1. Just note that the A-Lipschitz property of u(y, ) is equivalent to the proper-
ties in Lemma[2] for every § and € = A\J, and hence to:
|Yn‘_%|Yn\Xm‘ 1

lim inf max > —
neN meN |Xm| - )\

2. From Lemma [2} 1y, is absolutely continuous with respect to p(x,,) if and
only if

Yol = 2 [Yn \ Xon
Ve > 0, lim inf max

>0.
n—o00 meN |Xm|

From Point [1} this is equivalent to the existence of some A such that py,)
is A-Lipschitz with respect to p(x,,)-



3. Let (m,,) € NY satisfy lim,, o0 % = 0. Then

Yl = 2V \ X Y 1o Yo\ X, |
1 e o 1 — = lim =22l
neR X, | neN [ X | y

=1.

We can conclude by Point
Conversely, suppose that

lim inf =

"| >1.
neN |Xm

n ‘

By the last inequalities in Lemma we know that lim,cn Yl — 1. More-

Ko
over,
. 1Yo \ X, | . Y] . |Yn|_l|Yn\Xm ‘
nl < _ € n — _ — .
e T X S AR X R X s
By Point [3| of Proposition |1} we obtain that (Y;,) < (X,,).
4. This is direct from the definitions and the Point O

The following is direct from Theorem [I] and Remark [2}

Corollary 2. If (X,,) and (Y;,) are nondecreasing and exhaustive, then (Y,) <
(X,) (resp. (Yy) ~ (X,)) if and only if the identity map from AS endowed with
d(x,) onto A% endowed with dy,) is 1-Lipschitz (resp. an isometry).

Here are particular classes of sequences, where the proposition can be applied.
Corollary 3. Let (X,,) and (Y,) be nondecreasing and exhaustive.

1. If there exist A > 0 and a sequence (my,) such thatliminf,, oo B (Xp| Y, ) >
% and Xy, C Yy, , then p(x, ) is A-Lipschitz with respect to py,)-

2. If for cofinitely manyn € N, Y,, C X, 41 and iminf, o P (X, | Xnt1) > A,
then p(x,) 15 A-Lipschitz with respect to gy,

3. On the other hand, if | X,| ~nooo |Yn| but (Xy,) and (Y,) are not (syn-
chronously) Folner-equivalent , and ney, )(Xn,€,) = n+1 for some real
sequence (g,,) converging to 0, then p(x, ) is not absolutely continuous with

respect to py,)-
Proof.

1. For every € > 0,

= lim inf X

n—o00 |Ymn |

n |

lim inf max > lim inf

>
n—oo meN |Ym| n—00 |Ym B

1
ol A

2. Apply Point [1| with m,, = min{m € N| X,, C Y,,}; the hypothesis is that
my, is ultimately n + 1.



3. Suppose | X,| ~n—oo |Ya| and (X,,) and (Y},) are not synchronously Fglner-
[ X\ Yo

equivalent. By Proposition (Xn) 2 (Yy,), that is, € = limsup,,_, o T >
St
0. We can write liminf,,_, W =0.
By the second assumption, for every m > n, X, \ Y,, = 0 and K’(HI‘ < en-
We get:
max < ma ,En
meN |Vl Y|

3 3 3 3 |Xn|_%|Xn\Ym‘ 3 _
Putting things together, liminf,,_, ., max,,cn . s 0. We con

clude by Point [2] of Theorem 0

Corollary 4. Let (X,,) and (Y,,) be nondecreasing and exhaustive. Assume that
| X 0| ~n—oo |Yn|. Then the following are equivalent.

1. (X,) and (Y,,) are synchronously Folner-equivalent.

2. Wy, ) = I(x,, ) Jor every increasing sequence (l,,) € N,

3. Wy, s absolutely continuous with respect to p(x, ), for every increasing
sequence ().

Proof.

M= If (X,) and (Y;,) are synchronously Fglner equivalent, then so are (X, ) and
(v;,,) for every increasing (I,,) € N. We conclude thanks to Theorem

2= Bl This is obvious.

M= If (X,,) and (Y,,) are not synchronously Felner-equivalent, then there exists

an infinite set I C N and a real number « > 0 such that Vn € I, % > Q.

This implies that for every increasing sequence (I,,) € IV, (X;,) and (Y},)
are not synchronously Fglner-equivalent. We can take an increasing sequence
(I,) € IN such that Ny, (Xi,,€1,) = lng1, for some real sequence (e,)
converging to 0. Then (X, ) and (Y}, ) satisfy the assumptions for Point [3| of
Corollary [3]

3.3 Shift

If G is a group and (X,,) ~ (9X,,), then we say that (X,,) is (left) g-Folner; (X,)
is right g-Fglner if (X 1) is left g~!-Fglner. Since |X,,| = [gX,|, Proposition
says that it is enough to require (X,,) = (¢X,), and in this case, (X,,) and (9X,,)
are even synchronously Fglner-equivalent.

A (left) Folner sequence for a countable group G is a g-Fglner sequence for
every g € G. A countable group is amenable if and only if it admits a Fglner
sequence: see [CSCI0, Chapter 4] also for many equivalent definitions.

The following is a rephrasing of Corollary

Corollary 5. Let G be a countable group and let (X,,) be a nondecreasing ex-
haustive sequence.



1. (Xy) is g-Folner if and only if p(x,) = pg-1x,) if and only if the shift by g
18 an isometry.

2. (X,,) is Folner if and only if every shift is an isometry.

3. If G is finitely generated (see below) then it is amenable if and only if there
exists a nondecreasing echaustive sequence (X,,) of finite subsets of G such
that every shift is an isometry.

Note that one implication of Point [3| was already stated in [Cap09, Theorem
3.5], but the proof contains a confusion between left and right Fglner.

A group G is finitely generated (briefly, f.g.) if E € G exists such that for ev-
ery g € G there exists eq,...,e, € EUE~! such that e; - - - e, = g. Remarkably
(cf. [Petl, Lemma 5.3]) if a f.g. group is amenable, then it has a nondecreasing
exhaustive Fglner sequence. In addition, if the size of the balls grows polynomi-
ally with the radius, then they form a Fglner sequence, so Point [3]of Corollary [5]
generalizes [HM17, Cor 4.1.4].

Corollary 6. Let G be a finitely generated group.

1. If (X,) is the sequence of balls with respect to some generating set of cardi-
nality o, then every shift is a-Lipschitz.

2. If g € G, a nondecreasing exhaustive sequence is g-Fglner if and only if all
of its subsequences yield a Besicovitch pseudodistance for which the shift by
g 18 continuous.

3. G is amenable if and only if it admits a nondecreasing exhaustive sequence
of finite subsets of which all subsequences yield a Besicovitch distance for
which every shift is continuous.

The first point generalizes [HM17], Prop 4.1.3]. Note that it still applies in non-
amenable groups, but the shifts are no longer isometries, and there is a sub-
sequence of balls with respect to which the Besicovitch pseudodistance makes
them non-continuous.

Proof.

1. If F is the generating set and FE, the corresponding radius-n ball, then
Eo = {e} where e is the identity of G and E,y; = (EUE™!) - E,, so
|E.| < (2|E| +1)". We can apply Point [2] of Corollary

2. This comes from Corollary [4

3. This comes from Point 2l 0

There are nondecreasing non-Fglner sequences for which the shift is Lipschitz
(but not an isometry) in Z%. Here’s an example: X,, = ([-n,n] U 2]-n,n])%
Indeed, for every n, 1 + X,, C Xg,, and |‘)§(2:|| = EZZ:B; which converges to 2¢
when n goes to infinity. We conclude by Point [ of Corollary [3] with m,, = 2n
and o = 2. But the shift is not an isometry because the sequence is not Fglner:
W((2Z)%) = 24/30 > (22 + 1)) = 1731

“Dually” to shifts, we can define the propagation w9 : AY — A% by 79(x)(i) =
x(ig). A block map (see [LM95| for G = Z) is, in essence, a composition of a




radius-0 function with a product of propagations. The same characterizations
are true for propagations as for shift maps, to which we can derive the following:

Corollary 7. A nondecreasing exhaustive sequence (X,,) of finite subsets of a
f.g. group G is right Folner if and only if for every increasing sequence (I,,) € NV,
every block map with neighborhood size k is k-Lipschitz for dx, ).

4 Conclusions

We have presented a way to compare Besicovitch submeasures (in terms of abso-
lute continuity, Lipschitz continuity, equality) thanks to the sequences of finite
sets which describe them. In a shift space (with respect to a finitely generated
group) endowed with the Besicovitch topology, we have derived conditions on the
defining sequence for the shift maps to be continuous, Lipschitz or isometries.
As part of this, we gave another characterization of f.g. amenable groups.

Future work will involve the study of other topological and dynamical prop-
erties (cf. [CGNJ]) or extension to configuration spaces on possibly uncountable
groups. The latter would require the use of the more general notions of directed
set and of net, and although the definition of Besicovitch pseudodistance and
submeasure would be immediate to extend, the techniques used to prove the
main lemmas could need a major revision.
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