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THE STATIONARY DISTRIBUTION OF
REFLECTED BROWNIAN MOTION IN A WEDGE:
DIFFERENTIAL PROPERTIES

M. BOUSQUET-MELOU, A. ELVEY PRICE, S. FRANCESCHI, C. HARDOUIN, AND K. RASCHEL

ABSTRACT. We consider a semimartingale reflected Brownian motion (SRBM) in a two-dimensional
wedge. Under standard assumptions on the parameters of the model (opening of the wedge,
angles of the reflections on the axes, drift), we study the algebraic and differential nature of the
Laplace transform of its stationary distribution. We derive necessary and sufficient conditions
for this Laplace transform to be rational, algebraic, differentially finite or more generally differ-
entially algebraic. These conditions are explicit linear dependencies among the angles involved
in the definition of the model.

A complicated integral expression is known for this Laplace transform [20]. In the differen-
tially algebraic case, we go further and provide an explicit, integral-free expression. In particu-
lar, we obtain new derivations of the Laplace transform in several well known cases, namely the
skew-symmetric case, the orthogonal reflections case and the sum-of-exponential densities case
(corresponding to the so-called Dieker-Moriarty conditions on the parameters).

To prove these results, we start from a functional equation that the Laplace transform sat-
isfies, to which we apply tools from diverse horizons. To establish differential algebraicity, a
key ingredient is Tutte’s invariant approach, which originates in enumerative combinatorics. It
allows us to express the Laplace transform (or its square) as a rational function of a certain
canonical invariant, a hypergeometric function in our context. To establish differential tran-
scendence, we turn the functional equation into a difference equation and apply Galoisian results
on the nature of the solutions to such equations.

1. INTRODUCTION

We consider an obliquely reflected Brownian motion in a two-dimensional convex wedge with
opening angle § € (0,7), defined by its drift & (with associated angle § = arg(—p) € (—m,7])
and two reflections angles § and ¢ in (0,7) (Figure 1). The covariance matrix is taken to be the
identity.
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FIGURE 1. A trajectory of the reflected Brownian motion in a wedge, and the
parameters 3, 6, 6 and €.

Since the introduction of the reflected Brownian motion in the eighties |23, 24, 44], the math-
ematical community has shown a constant interest in this topic. Typical questions deal with the
recurrence of the process, the absorption at the corner of the wedge, the existence of station-
ary distributions... We refer for more details to the introduction of [20] and to Figure 2. The
parameter o occurring there, also central in this paper, is:

_5+8—W

a=— 1
5 (1)
We further introduce the following refinement of the parameter a:
2¢e+0—-pB—m 26 —0—m
o] = —ﬂ B and g = 76 , (2)

so that a1 + as = 2a — 1. These numbers also play a key role in this paper, and it seems to be
the first time that their importance is acknowledged.

Solution to a submartingale problem

The amount of time spent in the corner is 0

Process absorbed

The corner is not reached The corner is reached
at the corner
Semi-martingale [Dirichlet process

Satisfies an extended
‘Skorokhod problem

1 2 «

Satisfies a Skorokhod problem

o P P

a€e —N a=0
Dieker and Moriarty Skew symmetry
Sum-of-exponential  Product form
stationary density Exponential density

FIGURE 2. Properties of obliquely reflected Brownian motion in terms of a =
9te=m  Here are some references: semimartingale property [45, 36, 41]; Sko-
rokhod problem [24, 46]; submartingale problem [44]; amount of time spent at
the corner, accessibility of the corner and absorption [44]; Dirichlet process and
extended Skorokhod problem [30, 29]; skew symmetry [23, 26]; sum-of-exponential
stationary density [11].

It is known [45] that the process is a semimartingale (called SRBM for short) if and only if

d+e—m<pB, or equivalently a< 1. (3)

We assume this to hold in this paper. We denote as before 6 = arg(—p) € (—m, 7], and we also

assume that
0<6<p. (4)



STATIONARY DISTRIBUTION OF THE SRBM: DIFFERENTIAL PROPERTIES 3

The meaning of this condition will be clarified in Section 2.1; see (17). Then, a stationary
distribution exists if and only if
B—e<0<o, (5)

and it is in this case unique, see |11, §3| and [27]. We also assume this to hold.

The main object of study in this paper is the Laplace transform ®(x, y) of this two-dimensional
stationary distribution. In a recent paper [20], two of the authors gave a (complicated) closed
form expression for it, which involves integrals and various trigonometric and algebraic functions.
However, it is known that when the parameter « is a non-positive integer (with an additional
non-degeneracy condition), the stationary density is a finite sum of exponentials, of the form
>, cie”%% %Y which implies that ®(z,y) is a rational function in z and y [11]. This drastic
simplification raises the following natural question: for which values of the parameters 3, fi, § and
¢ does the Laplace transform simplify? The case when it is rational being (mostly) elucidated
by [11], when is it an algebraic function of 2 and y (meaning that it satisfies a polynomial equation
with coefficients in the field R(x,y) of rational functions in z and y)? When is it D-finite (DF)?
By this, we mean that it satisfies two linear differential equations with coefficients in R(x,y),
one in x and one in y. More generally again, when is it D-algebraic (DA), that is, when does
it satisfy a polynomial differential equation in z, and another in y? In other words, we want to
classify the parameters of the semimartingale reflected Brownian motion depending on whether,
and where, the associated Laplace transform fits in the following natural hierarchy of functions:

rational C algebraic C D-finite C D-algebraic. (6)

A function that does not fit in this hierarchy, that is, is not D-algebraic, is said to be differentially
transcendental (or D-transcendental for short).

In this paper, we answer completely these questions. Table 1 summarizes the necessary and
sufficient conditions that we establish. We denote Ny := {0,1,2,...} and N := Ny \ {0}.

D-algebraic D-finite Algebraic Rational
B/m ¢ Q a€Z+%Z,or aE—NO—F%Z,or a € —Ng, or a € —Ny
{a1,00} CZ+3Z | {an, a2} CZU (—N+gz) {01,020} C Z
B/meQ always an—i—%Z, or an—i—%Z, or a € —Ny
{ar, a0} CZ+ 37 {on, 00} CZ+ FZ

TABLE 1. Nature of the Laplace transform in terms of o, a1 and .

Observe the key role played by the parameters «, o1 and o, and in particular by the conditions

™

a€Z+ ﬂZ’ or equivalently d +¢ € SZ + 77 (7)
and
{a1, a0} CZ + %Z, or equivalently {2e + 6,26 — 0} C SZ + 7. (8)

We call them the simple angle condition and the double angle condition, respectively. When
one of them holds, we give for ®(x,y) a new, integral-free expression in terms of the classical
hypergeometric function 9F'y, from which differential algebraicity follows via classical closure
properties of DA functions. Several explicit examples are given in Sections 6.3 and 7.3.

The algebraic and differentiel properties of the Laplace transform are reflected in various ways
on the stationary distribution itself. Let us give two examples, focussing, for simplicity, on the
one-dimensional transform ®(z,0) and the corresponding distribution, denoted by v here.
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e Moments. If ®(z,0) is DA, then the differential equation that it satisfies translates into
a polynomial recurrence relation for the moments M,, of v, with polynomial coefficients
in n. This relation becomes linear, and of finite order, as soon as ®(x,0) is DF. An
explicit example is worked out in Section 6.3.

e Density. If ®(z,0) is DF, then the density of v is DF as well. If ®(z,0) is even rational,
the density is a linear combination of terms zFe =%

For the corresponding discrete problem, namely stationary distributions of discrete random
walks in a wedge, a number of cases where similar simplifications occur are known: let us cite
for instance the famous Jacskon networks [28] and their product form distributions, and works
of Latouche and Miyazawa [32] and Chen, Boucherie and Goseling [8], who obtain necessary and
sufficient conditions for the stationary distribution of random walks in the quadrant to be sums
of geometric terms. See also [15, Chap. 4|. Still, no uniform criteria as those that we obtain in
this paper in the continuous setting are available.

Let us now describe the methods that we use to prove our results. We believe them to be
surprisingly diverse. The starting point is a linear functional equation, established in [9], that
characterizes the function ®(x,y). The proof of D-algebraicity (when (7) or (8) holds) relies
on Tutte’s invariant approach. Between 1973 and 1984, Tutte studied a functional equation
that arises in the enumeration of properly colored triangulations [42], and has similarities with
the equation defining ®. In order to solve it (and prove that its solution is D-algebraic), Tutte
developed an algebraic approach based on the construction of certain invariants. This approach
has recently been fruitfully applied, first to other map enumeration problems [3, 4], and then
in other contexts, as the enumeration of walks confined to the first quadrant [5], or avoiding a
quadrant [7]. A first application to the reflected Brownian motion is presented in [19] in the case
where § = 0 = e. This is clearly a special case of (7), corresponding to orthogonal reflections
on the boundaries once the wedge is deformed into a quadrant (see Section 2.1). The present
paper goes much further than [19] by finding the exact applicability of the invariant method in the
determination of the stationary distribution of the reflected Brownian motion. This approach
might be applicable to other related problems, such as computation of the Green function and
the Martin boundary in the transient case.

The differential transcendence result, proving that ®(x,y) is not D-algebraic if 5/7 ¢ Q and
neither (7) nor (8) hold, also starts from the functional equation defining ®(x,y), but relies on a
completely different tool, namely difference Galois theory. Analogously to classical Galois theory,
difference Galois theory builds a correspondence between the algebraic relations satisfied by the
solutions of a linear functional equation and the algebraic dependencies between the coefficients
of this equation. Using this theory, one can reduce the question of the D-transcendence to the
study of the poles of an explicit rational function. Difference Galois theory has recently been
applied to the enumeration of discrete walks in the quadrant [13, 14, 12]. To our knowledge, this
is the first time that it is applied to a continuous random process such as SRBM.

We conclude this introduction by an outline of the paper. In Section 2, we define precisely the
process under study and its normalization to a quadrant. We also give the functional equation
that characterizes the Laplace transform ®(z,y) (or more precisely, the corresponding transform
©(x,y) on the quadrant). We finally state our results in detail. In Section 3 we introduce the
notion of invariant, and relate it to a boundary value problem satisfied by ¢. In Section 4
we exhibit a simple invariant w, which is D-finite, explicit, and exists for all values of the
parameters. Moreover, we prove that w is canonical in the sense that any invariant is a rational
function in w. In Section 5 we show how to construct an invariant involving ¢, provided a certain
decoupling function exists. We then show that such a function exists if and only if one of the angle
conditions (7) or (8) holds. These two cases are then detailed, respectively, in Sections 6 and 7.
In particular, we obtain an expression of ¢ (and @) in terms of w, from which D-algebraicity
follows. The D-transcendence condition is established in Section 8. Section 9 is devoted to the

case /7 € Q.
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To preserve the reading flow, we have put in appendices the proofs of a number of technical
lemmas. Another appendix is devoted to the construction of a meromorphic lifting of the Laplace
transform.

2. PRELIMINARIES AND MAIN RESULTS

Let us begin with some basic notation. We denote by Ny := {0,1,2,...} the set of natural
integers; and by N := Ny \ {0} the set of positive integers. We denote by R4 (resp. R_) the set
of positive (resp. negative) real numbers.

2.1. THE SEMIMARTINGALE REFLECTED BROWNIAN MOTION (SRBM) IN A WEDGE

A simple linear transformation maps the reflected Brownian motion discussed in the intro-
duction (with covariance matrix the identity) onto a reflected Brownian motion in the first
(non-negative) quadrant with non-trivial covariance matrix. Most of the time we will work in
the quadrant, but it will sometimes be important to switch between these two representations,
as some quantities are more simply computed or understood in one or the other of the two
frameworks. To describe explicitly the quadrant normalization, we first need to define precisely
what is a SRBM in the quadrant.

We consider (Z;)¢>0, an obliquely reflected Brownian motion in the first quadrant, of covari-
ance Y, drift p and reflection matrix R, where

T — 011 012 L p= H1 . R= (Rl’Rz) _ i1 Ti12 :
012 022 U2 T21 T22

with 711 > 0 and 799 > 0. The columns R' and R? of the matrix R represent the directions
in which the Brownian motion is reflected on the boundaries; see Figure 3, left. The so-called
orthogonal reflections case corresponds to 712 = 797 = 0.

The process Z; exists as a semimartingale if and only if

det R>0 or (ri2>0andre >0). 9)

See [41, 36] for a proof of a multidimensional version of this statement, and [46] for a general
survey of the SRBM in an orthant. In this case, the reflected Brownian motion may be written
as
1
Zi=Zy+Bi+p-t+R- ; )
L
where Zj is an inner starting point, (B;);>0 is a Brownian motion with covariance ¥ starting
from the origin, and (L} );>o (resp. (L?);>0) is (up to a multiplicative constant) the local time
on the y-axis (resp. z-axis). The process (L} )¢ is continuous and non-decreasing, starts from
0, and increases only when the process Z; touches the vertical boundary, which implies that for

allt >0, fg ]l{Z#O}dLL}, = 0. Of course, a similar statement holds for L?.

FI1GURE 3. Transformation of the quadrant into a wedge of opening angle 3. The
new parameters 3, 1, 0 and € are given by (10), (12) and (16), respectively.
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We now describe the linear transform that maps the Brownian motion in the quadrant with
covariance matrix ¥ to a Brownian motion with covariance matrix the identity, confined to a
wedge of opening /3 (see Figure 3 and [20, Appendix A|). We take

012
= arccos | ———— | € (0,m), 10
’ < m) 0 "
so that
sin § — det X '
011022

Then we define a linear transformation 7', which depends only on X,

1 ¢4 1 022 012
——— CO -
T — sin 3 Vo1l ) _ det ¥ \/02% det 2 . (11)
0 1 0

V22 VOo22

This is easily inverted into

det 2 012
o 0 sin — cos
71 = 1 g 8 = 022 \/ 022

0 v/ 0922 0 1 0 \/0_722

Under the transformation 7', the reflected Brownian motion Z; associated to (X, u, R) becomes
a Brownian motion with covariance matrix the identity in a wedge of angle 8 with parameters
(Id, fz, 0, ). More explicitly, we first have i = T'u, that is:

i = H1022 — (2012 and fig = M2 (12)
\/Uggdetz ‘/0'22’
so that
1] VdetX i
tan§ = g = H2VEE = sin ) (13)
022 — g H1 /o223
H1 H1022 — (20712 RV + cos 3
or more precisely
. ~ —H
0:= arg(—f1) = —sgn(p2) arccos | —=—= (14)
VU T s
= — sgn(ue) arccos 2'u2012 M2 > . (15)
V22 111022 — 2p1 p2012 + P30

Later we will assume ps < 0, thus simplifying the above formula a bit. The new reflection angles
0,e € (0,7) are given by:

sin sin
tand = b and tane = b , (16)
riz fozn ro1 fon
T22 011 + cos B T11 022 + cos /8

see [20, Appendix A]. Then one can prove that the semimartingale conditions (9) for the quadrant
translate into the conditions (3) for the S-wedge (see Lemma A.1 (i)). The second result of
Lemma A.1 states that Condition (4) is equivalent to the drift u being negative:

p1 <0,  pp<O0. (17)

This assumption is standard and appears for instance in [17, 16, 11, 18, 20].
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2.2. INVARIANT MEASURES AND LAPLACE TRANSFORMS

Assuming that Conditions (9) hold, the reflected Brownian motion in the quadrant has a
stationary distribution if and only if [27]:

det R >0, rogpuy —rigp2 <0,  riapg —ropn <0, (18)

which strengthens the first condition in (9). Assuming (4), or equivalently (17), Condition (18)
can be seen to be equivalent to Conditions (3) and (5) combined (see Lemma A.1 (4i7)). From
now on, we assume that (18) is satisfied and we denote by II the stationary distribution, which
is an invariant probability measure [25]. Then there exist two finite boundary measures v; and
v on the coordinate axes, defined, for i = 1,2, by

1
vi(-) = En [/0 liz. e .}dLi} ;

where Z, follows the law II. These measures may be considered as invariant measures (or
stationary distributions) on the axes, see [25]. The measure vy (resp. v2) has its support on the
vertical (resp. horizontal) axis, where z; = 0 (resp. z2 = 0). Let ¢ denote the Laplace transform

of II:
plo.9) = Bulesp (@) Z) = [[ | exp((o9) - 211(2),

and let 1 and 9 the Laplace transforms of vy and vs:
v1(y) = / exp(yze)rvi(dze) and @o(x) = / exp(zz1)va(dz). (19)
R, R,

The measures vy, v, are also bounded [25] and thus these three Laplace transforms exist and are
finite at least when x and y have non-positive real parts.

It is known that for all values of x, y for which ¢(x,y) is finite, the transforms ¢;(y) and
@a(z) are finite as well, and that ¢(z,y) is then a linear combination of ¢1(y) and w2(z) with
rational coefficients |9, Lem. 4.1]:

—y(z,y)e(z,y) = 1z, y)e1(y) + 2z, y) (), (20)
where
1 1 2 2
V(z,y) = 5((56, YE) - (z,y) + (z,y) p= 5(011$ + 20122y + 022y°) + T + p2y,
Y (2,y) = (z,y)R' = riz + ra19, (21)

Yo(2,y) = (2,y)R? = 1127 + 122y.

By letting = and/or y tend to zero and noticing that ¢(0,0) = 1, we can conversely express ¢
and (2 in terms of ¢:

1722 — HU2T12
1(0) = —————

)
12721 — 711722

H2T11 — paT21
12721 — 11722

H2T11 — paT21
*riara1 — rire’
and symmetrically for ¢o(z). Hence (20) can also be seen as a functional equation in ¢ only.

Finally, the Laplace transform of II and the Laplace transform of the corresponding stationary
distribution for the Brownian motion in the S-wedge T(R?) (with 7" given by (11)) are related
by a linear change of variables:

p2(0) = (22)

ro191(y) = — (u2 + 0229/2) 0(0,y) — 2

o, y) = o((z,y)T ).
This is proved in [20, Cor. 2| when 017 = 092 = 1 and still holds in our more general setting.

From this, and the above relations between ¢, 1 and @2, we see that determining the differential
and algebraic nature of ® boils down to studying the nature of 1 and 3.
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Proposition 2.1. The Laplace transform ¢(x,y) is rational (resp. algebraic, D-finite, D-
algebraic) if and only if v1 and @o are rational (resp. algebraic, D-finite, D-algebraic). The
same holds for the Laplace transform ®(x,y).

We have used implicitly various properties of rational/algebraic/D-finite/D-algebraic func-
tions: they include rational functions, form a ring, are closed by specialization of variables, by
composition with an affine function... We refer to [33, 34, 40| for classical references on D-finite
functions, and to [6, Sec. 6.1] for D-algebraic ones.

2.3. MAIN RESULTS

Recall that 11 > 0 and r92 > 0, and that we work under the following additional assumptions:
e existence of a stationary distribution:

det R >0, roou1 —riope <0, 71102 — 72101 <0,
e negative drift in the quadrant model:
w1 <0, o < 0.
In terms of the g-wedge, we recall that these combined conditions translate into:
d—m<P—e<h <, 0<b<p (23)

(see Lemma A.1 (ii7); it seems that these equivalences were never formerly established in the
SRBM literature.)

We focus on ¢q(y), since the study of ¢y(z) is obviously symmetric. If we apply an z/y-
symmetry to the quadrant model, thus exchanging ¢ and 2, then the angle 8 is unchanged,
while the angles § and ¢ are exchanged (see (10) and (16)). Moreover, the angle # becomes 5 — 6.
This implies that the parameter « is unchanged, while oy and ai are exchanged. Since the angle
conditions stated in Theorems 2.2 and 2.3 below are expressed in terms of o, a1 and o, and are
symmetric in o7 and ag, the transforms 1 and @y are always of the same nature, in the sense
of the hierarchy (6) — and of the same nature as ¢(x,y) and ®(z,y), by Proposition 2.1.

We distinguish two cases, depending on whether the angle /3 is a rational multiple of 7, or not.
As shown already by Table 1, we state our conditions in terms of the Brownian motion in the
B-wedge. Note that the conditions are very compact. For comparison, this is not the case when
one tries to understand the algebraic/differential nature of the generating function that counts
discrete walks in the quadrant [5, 13].

Theorem 2.2. Assume that 5/m ¢ Q. Then p1(y) is differentially algebraic over R(y) if and
only if one of the following angle conditions holds:

0+e€ BZ+nZ, thatis, aEZ—i—%Z, (24)
or -
{2¢ + 6,20 — 0} C BZ + 7Z, thatis, {o1,c0} CZ+ 5 Z, (25)

where B, 0, € and 6 are defined in (10), (16) and (15), while o and the «; are the quantities
of (1) and (2). Moreover, 1 is differentially finite if and only if

0+e€ —pNg+nZ, thatis, «a€ —Ng+ %Z,

or

{2¢4+0—-3,20 -0} C (BZ+m)U(—PN+xZ), thatis, {ai,a2} CZU (—N+ ZZ) .

The function @1 is algebraic if and only if
0+e€ —pBNyg+m, thatis, o€ —Np,

or
{26 +6,20 — 0} C BZ + m, thatis, {o1,as} CZ.
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Finally, ¢y is rational if and only if « € —Ny.
We now move to the case where g is a rational multiple of .
Theorem 2.3. If /m € Q, then édd%, the logarithmic derivative of @1, is D-finite over R(y).

In particular, p1 is differentially algebraic. Moreover, 1 is algebraic if and only if (7) or (8)
holds, and this is the only case where it is D-finite. Finally, ¢1 is rational if and only if o € —Ny.

Moreover, when (7) or (8) holds, we obtain closed form expressions of ¢; in terms of Gauss’
hypergeometric function o F';. These expressions, which are valid whether 8 /7 is rational of not,
are given in Theorems 6.3 and 7.4. These theorems could qualify as the third main result of
this paper, but their statements requires more definitions that Theorems 2.2 and 2.3 and we
will only state them later. Our results apply in particular to three cases in which Condition (7)
holds and the Laplace transform is known to take a particularly simple form (see Figure 4 for an
illustration):

e The skew symmetric case § + € = 7, or equivalently the case o = 0, studied for instance
in |23, §10], [26] or [10].

e The (more general) Dieker and Moriarty case o € —Ny (see [11]).

e Orthogonal reflections in the quadrant model [19], corresponding to ri2 = 791 = 0, or
equivalently to 6 = e = 3 (see (16)).

The transform ; is rational in the first two cases, and 1/ is D-finite in the third one. We
review these examples in Section 6.3, together with a fourth (D-finite) example, § + & + 5 = 27,
for which we work out explicitly the recurrence relation satisfied by the moments of ;. In
Section 7.3 we present other interesting cases, this time where the double angle condition holds,
with an emphasis on models where, unexpectedly, ¢; is algebraic while the angle § is not a
rational multiple of .

& A5
s=8

£ =

FIGURE 4. Three interesting cases. From left to right: skew symmetry, Dieker
and Moriaty condition (for &« = —1) and orthogonal reflections.

3. INVARIANTS

In this section we first study the curve y(x,y) = 0, where v(x,y) is the quadratic polynomial
involved in the functional equation (20) satisfied by ¢ (Sections 3.1 and 3.2). Then we introduce
the notion of invariant and relate it to a characterization of the function ¢j(y) obtained in [20].

3.1. THE KERNEL AND ITS ROOTS

We start from the functional equation (20) relating the Laplace transforms ¢, ¢1 and ¢2. The
quadratic polynomial v(z,y) occurring as the coefficient of p(z,y) is called the kernel. The roots
of the kernel (when solved for z, or for ) are algebraic functions X*(y) and Y*(z) defined by

Y(XE (), y) = (2, YE(z)) = 0.
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They can be expressed in closed form:

X:I:(y) _ —(o12y + 1) = \/yQ(o'%2 — 011092) + 2y(p1012 — pooi1) + M%
2 i 5 (26)
— (0123 + p2) £ /22(0%, — 011022) + 22 (p2012 — [11022) + 3
022

Yi(x) =

Each of the discriminants (that is, the polynomials under the square roots in (26)) admits two
roots, which are the branch points of the functions X* and Y*. They are respectively given by

+ (po12 — poonr) £ v/ (po1s — poo11)? + pf det B

ot = (2012 — pio2) £ \/(M2012 — p1022)2 + p3 det
- det Y '

Since the covariance matrix ¥ is positive-definite, the quantities in the square roots of (27) are
positive, so that the roots y* (as well as 2%) are real. Moreover, the product yTy~ has the
2
sign of #111022 = —p?/dety, which is negative. Hence y* and y~ are of opposite signs.
12
We take y~ < 0 < yT. Analogous results hold for z*. The discriminant in the expression of
X+ is negative when y is real and large in modulus, so that the branches X* are analytic on
C\ ((—o0,y~]N[y™,0)) (we take the principal determination of the square root on C\ (—o0, 0]).

Similarly, the branches Y'* are analytic on C\ ((—oco,z~] N [z7T, 00)).

Remark 3.1. For x € (—oo,x~| U [zT,00), the roots of y(x,y) = 0, solved for y, are complex
conjugate. We still denote them Y+ (z), but they are only defined up to conjugacy.

The following lemma is proved in Appendix B.1.
Lemma 3.2. We have 0 < Y*(z7) < y™.
3.2. PARAMETRIZATION OF THE CURVE ~(x,y) = 0

It will be very convenient to work with a rational uniformization (or parametrization) of the
kernel, rather than with the variables x and y. Let us introduce the curve

S ={(z.y) € (CU{ox})* 1 9(w,y) = 0},
which is a Riemann surface S of genus 0, see [18|. The following uniformization of S is established
in [18, Prop. 5]:

S ={(z(s),y(s)) : s € CU{o0}}, (28)
where
T+~ R
x(s) = ;— + 7 (s + i) ;
+ - +_y= [ s P (29)
y(s) =" ;y + 7 4y <eiﬁ S).

Recall that the angle 3 is defined in (10), while % and y* are the branch points given by (27).
The points s = 0 and s = oo are sent to the (two) points at infinity of the surface S. We now
introduce the transformations

)=~ ns)=——  C(s)=né(s) = €"s. (30)

By construction, £ (resp. n) leaves x(s) (resp. y(s)) invariant. By analogy with discrete models,
the group (£,7n) generated by & and n will be called the group of the model. Tt is finite if and
only if ¢ has finite order, i.e., if and only if /7 € Q.

Observe that for any s, we have the following equality of sets:

{Y " (@(), Y™ (2(5)) } = {y(s), y(1/5)} (31)
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FIGURE 5. The complex s-plane, from which the uniformization (29) of S is
expressed. The unit circle corresponds to the real points of S.

and analogously,
(X (), X))} = {als), 2(e*7/5)} .
Also, it follows easily from (29) that
p(l) =z, a(-1)=a", y()=y", y(-e) =y

Having in mind that the index 1 (resp. 2) refers to x (resp. y), we will denote

sf=1, sy =-1, s§= s, Sy = —e'B. (32)
These special points are shown in Figure 5. The map s — z(s) is 2-to-1 from (—o0,0) onto
(—o0, 27 ], except at s = —1. Analogously, it is 2-to-1 from (0, +00) onto [z, 4+00), except at

s = 1. Similarly, the map s + y(s) is 2-to-1 from e””R_ (resp. e’’R,) onto (—oo,y~| (resp.
[yT, +00)), except at the point —e®® (resp. e*f).

The proofs of the next two lemmas are not especially illuminating, and are given in Appen-
dices B.2 and B.3 respectively.

Lemma 3.3. The pair of equations z(sg) = y(so) = 0 has a unique solution, which is:
so = —e,
where we recall that 0 = arg(—f) is given by (15).

Consider now, for ¢ € {1,2}, the following equation in s:

iz (s), y(s)) = 0, (33)
where ~;(z,y) is the bilinear function given by (21). Since z(s) and y(s) have degree 2, the
above equation is quadratic in s and thus has two solutions. One of them has to be sy (because
(x(s0),y(s0)) = (0,0) obviously cancels v;(z,y)). We denote the other solution by s;.

Lemma 3.4. The solutions s and s2 of (33) (distinct from sg) satisfy:
s0s1 = €29 gnd  spsy = e
where the angles § and € are defined by (16). That is,

— _i(28-2:-0)

s = — 25-0)

and SS9 = —eil )

The following lemma will be useful to reformulate in simpler terms a condition occurring
in [20]. It is proved in Appendix B.4.
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Lemma 3.5. We have v1(x~,Y*(z7)) > 0 (resp. = 0) if and only if 28 — 2 — 0 > 0 (resp.
=0).
3.3. BOUNDARY VALUE PROBLEMS AND INVARIANTS
Let us consider the following curve in C:
R ={yeC:v(x,y) =0 for some x € (—o0,z" |}. (34)

By Remark 3.1, the curve R is symmetric with respect to the real axis (Figure 6). Moreover, as
shown in |2, Lem. 9|, it is a branch of a hyperbola, which intersects the real axis at the point
Y~ (z7) =Y " (27) € (0,y"] (see Lemma 3.2). We further introduce the domain Gg, which is
the (open) domain of C containing 0 and bounded by R. Finally, we denote by Gr = Gr UR
the closure of Gg.

¥y o0 p Y*(a) y*

<

FIGURE 6. The curve R, the domain G and the possible pole p of ¢;. The
branch point y* (resp. y~) lies outside (resp. inside) Gg.

The following lemma is proved in Appendix B.5.

Lemma 3.6. Lety € R. There exists a unique x € (—oo, x| such that {y,y} = {Y*(z),Y ()}
Moreover, this value z coincides with X~ (y), but also with X~ ().

We now recall, and slightly reformulate, a crucial result from [20], which states that the Laplace
transform ¢ satisfies a boundary value problem.

Proposition 3.7. The Laplace transform @1 is meromorphic in an open domain containing Gr.
It satisfies the boundary condition

1) = Gy)ei(y),  VYER, (35)
with
i - V2 ey —
Gly) = (X~ (v),9) (X~ @).9), (36)
72 "
where v1 and o are the bivariate polynomials of (21).

The function @1 has at most one pole in Gr. This pole exists if and only if 28 — 2 — 6 > 0.
It is then simple, and its value is

2r11(para1 — parin)
2 2 '
T{1022 — 2r117121012 + 15,011

The pole coincides with Y*(x7) = y(—1) if and only if 28 — 2 — 6 = 0.

p=y(s1) =

Note that the condition (35) is consistent with G(y) = 1/G(y).



STATIONARY DISTRIBUTION OF THE SRBM: DIFFERENTIAL PROPERTIES 13

Proof. By Lemmas 3 and 5 in |20], the transform ¢; can be extended meromorphically to the
set

{e C\ (¥, 00) : R(y) <0 or R(X(y)) <0},
which is open, simply connected, and contains Gg. This proves the first statement of the propo-
sition.

The boundary condition is established in [20, Prop. 6]. In this proposition it is also stated
that ¢ has a pole in Gg if and only if v (x~,Y*(27)) > 0, and that this pole coincides with
Y*(27) if and only if y1(2~,Y*(27)) = 0. By Lemma 3.5, this gives the conditions stated in
the proposition. The simplicity of the pole comes again from |20, Prop. 6], and its value is given
by [20, Egs. (18-19)]. O

A boundary value problem like the one of Proposition 3.7 is said to be homogeneous if the
function G in (35) is simply 1. In this case we say that the function that satisfies it is an
tnoartant.

Definition 3.8. A function I from Gr to C is said to be an invariant if it is meromorphic on a
domain containing Gr and satisfies the boundary (or invariant) condition

I(y)=1(y), VyeR.

There exists in the literature a stronger notion of invariant [5, Sec. 5], where one requires
that I(Y*(x)) = I(Y~(x)) for all z. This implies the above boundary condition by taking
x € (co,z7].

In the following section we exhibit a simple, explicit and D-finite invariant w. In the next
one, we show how to construct another invariant, this time involving the unknown function ¢,
provided one of the angle conditions holds.

4. A CANONICAL INVARIANT

In this section we introduce a key invariant, denoted w(y), and study its algebraic and dif-
ferential properties. It is expressed in terms of an explicit hypergeometric functions 7,, which
generalizes the Chebyshev polynomial of the first kind, obtained for a € Ny.

Below, we use the words “rational”, “algebraic”, “D-finite” and “D-algebraic” without specifying
whether we request the coefficients of the corresponding algebraic/differential equations to be real
of complex. The reason is that a function which, like 1, T, or w, is analytic in the neighborhood
of a real segment, and takes real values on this segment, is, say, D-finite on R(y) if and only if it
is D-finite on C(y) (analogous statements hold for the other three classes of functions).

4.1. A GENERALIZATION OF CHEBYSHEV POLYNOMIALS

For z € C\ (—o0,—1] and a € R, let us define
11—z
T =oF (_ , A5 53 7)7
o(z) =2F1(—a,a 5 3
where o F'y is the classical Gauss hypergeometric function. In other words, T, is the analytic
continuation to C\ (—oo, —1] of the following series, which converges for |1 — z| < 2:

Tux) =3 - i . <“2+n”) 2 (2 — 1),

n>0

When a = m € Ny, then the above sum ranges from 0 to a, and T, is the classical Chebyshev
polynomial. The function T, is D-finite for all values of a, as the hypergeometric function itself.
It satisfies the following differential equation:

(1 — 2T/ (z) — 2T (x) + a®T,(x) = 0. (37)

Other useful expressions are
T, (z) = cos (a arccos ) (38)
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(see [1, 15.1.17]) which is valid for z in C\ ((—o0, —1] U [1,00)), and
1
Tu@) = 3 ((@+ Va2 = 1)"+ (e - Va* = 1)") (39)

(see [1, 15.1.11]) which is valid for 2 in C\ (—oo, —1] (here we take Vreit := \/reit/? for t € (—m, 7]
and u® := exp(alogu) with the principal determination of the logarithm on C\ R_). The latter
expression shows that T, is algebraic when a € Q. The Schwarz list [38] implies that T, is
transcendental otherwise. This can be also proved by looking at the growth of Ty (z) at infinity.

We will also use the fact that both 1 — T, and 14 T, are squares of D-finite functions. In
fact, it follows from (38) and elementary trigonometry that we can take

V1+T, = \/5 Ta/27 (40)

with the same domain of definition as T,,. Analogously, we can take \/1 — T, (z) = v/2sin (a/2 arccos ),
which satisfies the same differential equation as T}, /,. Moreover,

1 /1 —-T,(x)

- 7=2F1(

a 1—= (41)

—a+1la+1 31—z
2 72 2 2 )
and this function is analytic on the same domain as Tj,.
Our final property deals with rational functions in 7.

Proposition 4.1. Let S/R be an irreducible fraction with coefficients in C. Then (S/R)(T,) is
D-finite if and only if either a € Q or R is constant.

Proof. If a € Q, we have seen that T, is algebraic, and then so is any fraction in 7,. If R is
a constant, then (S/R)(T,) is D-finite because D-finite functions form a ring. We now assume
that (S/R)(T,) is D-finite and want to prove that either a € Q or R is a constant.

Let us first suppose that S is a constant. In this case, both R(T},) and 1/R(7,) are D-finite.
By a result of Harris and Sibuya [22], the function (R(7,))'/R(T,) is algebraic.

If R is non-constant, there exist k # 0, 21, ..., 2z, € C and positive integers n, m1, ..., m, such
that

n
R(z) = K,H(Z —z)™.
i=1
With this notation, one has

(REE) N~ m
RT@) 0T e “2)

In addition to its second order linear differential equation (37), the function T, (x) = cos(a arccos x)
satisfies a first order non-linear differential equation:

1—a?
T + Tufa) = 1,
which gives
1 — Ty(x)?
Té(l‘)2 = CL2 1 _ax.2 :

Since (42) is algebraic, we conclude that the function

o (L)

i=1

is also algebraic. This function is a non-trivial fraction in 7, (because of the multiple poles in
the denominator). This implies that T, is algebraic, so that a € Q.

To conclude, consider the case of a non-constant polynomial S. The fraction (S/R)(z) being
irreducible in C(z), it comes from the classical Bézout theorem that there exist two polynomials
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U and V such that US + VR = 1. Dividing by R, it follows that U% +V = %. This shows that
if % is D-finite, then % should also be D-finite. (Il

4.2. THE INVARIANT w

We now define a function w, which is analytic on C\ [y, c0), by:
2y — (y* +y~
w(y) = T% <— JE — ) .
yr -y
Note that when y = y(s) is given by the parametrization (29), the argument simplifies into

1 S +eiﬁ
2 \ eib s )

In particular, we derive from (39) that for s € C \ e”’R,,

o =4 (57 (-2)7"). o

if we define the a-th power on C\ R_ as before (with a = w/f). This can be rewritten as:
1

w(y(s) = =5 (=977 + (=) /7). (45)

provided we now take the principal determination of the logarithm on C\ e’’R_.

(43)

The function w inherits the algebraic and differential properties of 17 /5.

Proposition 4.2. If% € Z, the function w is a polynomial. [f% € Q\ Z, the function w is
algebraic but irrational. [f% ¢ Q, the function w is D-finite but not algebraic.

The functions /1 —w and /1 +w are D-finite.

Finally, a rational fraction in w, say (S/R)(w), is D-finite if and only if either B/m € Q or
S/R is a polynomial.

We will express ;1 in terms of w, using the fact that w is, in a certain sense, a canonical
invariant. The following lemma proves that it is an invariant (in the sense of Definition 3.8),
and its canonical properties are described in Proposition 4.4.

Lemma 4.3. The function w is an invariant in the sense of Definition 3.8. More precisely, it
satisfies the following properties:

(1) it is analytic in an open domain containing Gr, namely C\ [yT,o0),

(2) it goes to infinity at infinity, with

us

~ B
w(y) kY

for some constant k # 0,
(3) it is bijective from Gg to C\ (—oo, —1],
(4) it satisfies the boundary condition
w(y) =w(y), VyeTR,
(5) it is 2-to-1 from R\{Y*(z7)} to (o0, —1),
(6) around the point Y*(x7) = y(—1),
272
Byt —y~)?sin’ B

w(YH@)—y)=-1+ y> +O(y*)

asy — 0.

We will denote by w=' the analytic function from C\ (—oo,—1] to Gr that maps a complex
number to its unique preimage lying in Gr.



16 M. BOUSQUET-MELOU, A. ELVEY PRICE, S. FRANCESCHI, C. HARDOUIN, AND K. RASCHEL

Proof. The first two points follow from known properties of Gauss’ hypergeometric function. The
next two can be found in [19, Lem. 3.4].

The fifth point follows from (45). Indeed, assume that w(y;) = w(y2) with y; and y2 in R.
Then there exist ¢; and ¢2 in R_ such that y; = y(¢;). By (45), and the fact that (—t;) is a
positive real number, we conclude that either t; = o, or t; = 1/t3. In the former case, y1 = yo.
In the latter one, we have z := 2(t1) = z(t2) € (—o00,27], hence y; and ys are the two conjugate
solutions of v(z,y) = 0.

For the last point, we first recall that Y*(2~) = y(—1), so that

CWEET) - +y)
yt -y
In particular, w(Y*(z7)) = T /3(cos B) = cos(m) = —1 by (38). More generally, by differentiat-
ing (38) twice, we obtain:

= cos 3.

71'2

(2sin? B’
and the final property follows. O

T;/B(cos B) =0, TTIFI/B(COS B) =

Let us now explain in what sense the invariant w is canonical.

Proposition 4.4. Assume that I is an invariant which has a finite number of poles in Gr and
grows at most polynomially at infinity. Then there exist polynomials R and S in C[z] such that

_ Sow

 Row’

Proof. Let us consider the function I o w™!, where w~! is the analytic function in Lemma 4.3.
By composition, I o w™! is meromorphic on C \ (—oo, —1]. Moreover, for z € (—oco, —1] we can
define I o w™!(2) := I(y) = I(}), where y and ¢ are the two values of R such that w(y) = z.
By Morera’s theorem, I o w™! is analytic at z unless y (and 7) is a pole of I. If yg € R is
one of the poles of I then zg = w(yg) is an isolated singularity of I o w™!. Let £ € N be such
that (w(y) — w(yo))I(y) tends to 0 as y tends to yo or 7o in Gr. Such an /£ exists since I is
meromorphic and w analytic in neighborhoods of yp and 7. If a sequence (zy,), tends to zp in
C\ (=00, —1], then for n large enough, w=1(2,) is arbitrarily close to yo or arbitrarily close to
7o (since these are the only two pre-images of zg by w). Hence (2, — 20)‘I o w™'(z,) tends to 0.
This proves that zy is a pole of T o w™!.

The function I ow™?! is thus meromorphic on C. Each of its poles is the image by w of a pole
of I lying in Gr. Hence I ow™! has finitely many poles, and can be written as S/R where R is a
polynomial and S is entire. Finally, since w™! has polynomial growth at infinity by Lemma 4.3,
the same holds for S = R-(Iow™1!). This implies, by a standard extension of Liouville’s theorem,
that S is a polynomial. U

I

5. AN INVARIANT INVOLVING THE LAPLACE TRANSFORM

Let us now return to the inhomogeneous problem of Proposition 3.7. A natural idea to
transform it into an homogeneous one is to observe that the function G in (36) may be written
as a ratio

Fo(y)

Gy) = ==
) Fo(w)
with Fy(y) = %(X‘(y), y). Then the boundary condition (35) rewrites as:
(Fo - ¢1)(y) = (Fo-01)(®m), VyeR.

The function Fyp; would thus be an invariant if Fy was meromorphic in a neighbourhood of Gx.
But this is a priori not the case, as the algebraic function X~ which enters the definition of Fj
is not analytic in the neighbourhood of the interval (—oo,y ™), which is contained in Gg.

(46)
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Solving the boundary value problem of Proposition 3.7 in full generality is the main contribu-
tion of [20], where an explicit expression for ¢; is obtained in terms of contour integrals. Our
point in the present paper is different: we want to characterize the cases for which the boundary
condition (35) may be transformed into an homogeneous one, which is then easy to solve in terms
of the canonical invariant of Section 4. This transformation relies on the notion of decoupling
functions.

5.1. DECOUPLING FUNCTIONS

Definition 5.1. Let m be a positive integer. A quadrant model with parameters p, > and R is
m-~decoupled if there exist rational functions F' and L such that

() -5

whenever y(x,y) = 0. By this, we mean that any of the two following equivalent identities between
algebraic functions holds:

n\" _FYT (@) n\" ey o FOT (@)
) oot @) ero-SEt o

The functions F(y) and L(x) are then said to form a decoupling pair for the model, and more
precisely an m-decoupling pair.

A few remarks are in order:

e First, the two identities of (47) are equivalent because any rational relation between
xr and Y~ (z) must hold as well with  and Yt (), by irreducibility of the quadratic
polynomial y(x,y) (recall that Y*(z) are the two roots of this polynomial).

e As will be seen in Theorem 5.6, there may exist several decoupling pairs.

e In the enumeration of discrete walks confined to the quadrant [5], decoupling pairs are
defined as solving the equation zy = F(y) + L(z) on a certain curve. In contrast, we
have here a multiplicative version of this notion.

We now relate the decoupling property to factorizations of G(y) (or even G™(y)) of the
form (46).
Lemma 5.2. A model is m-decoupled if and only if one of the following equivalent assertions
holds:

e There exists a rational function F' such that the following identity between algebraic func-

tion holds: .
(B) @Y @) py-@) 8)
(2) @y FO@)
e There exists a rational function F' such that for all y € R,
iy = LW

Moreover, any rational function F satisfying (48) satisfies (49), and vice-versa. We call F' an
m-~decoupling function, and define

F Y_(i))
m
e
Then L is a rational function in x and (F, L)
tion 5.1.

s an m-decoupling pair in the sense of Defini-

Note that Condition (48) is left unchanged upon exchanging Y (z) and Y~ (z).



18 M. BOUSQUET-MELOU, A. ELVEY PRICE, S. FRANCESCHI, C. HARDOUIN, AND K. RASCHEL

Proof. Assuming that the model is decoupled, we obtain (48) by taking the ratio of the two
identities in (47).

Now assume that F' satisfies (48). Let y € R, and let = = X~ (y) = X~ (y) be the unique real
number in (—oo, ™| such that {y, 5} = {Y(x),Y (z)} (Lemma 3.6). Writing (48) for this pair
(x,y) gives (49), by definition (36) of G(y).

Now assume that (49) holds. As we have just observed, this means that (48) holds for = €
(—o0, 7). Since Y*(z) are the roots of a quadratic polynomial over R(z), there exist rational
functions L(x) and M (x) such that

F(Y*())
(2)" @.y=@)

= L(z) + M(2)Y*(2).

Specializing this to x € (—oo,z~] (using (48)) shows that M (z) = 0 on this half-line, and thus
everywhere since M is rational. Hence (47) holds, and the model is decoupled with (F, L) as
decoupling pair. [l

The following simple observation underlines that decoupling functions yields invariants.

Lemma 5.3. If F' an m-decoupling function, then the product function Fip1™ is an invariant in
the sense of Definition 3.8.

Proof. This follows directly from (49) and Proposition 3.7. O

5.2. THE RATIONAL FUNCTION FE(s)

In Section 5.3, we will prove that decoupling functions exist if and only if one of the angle con-
ditions (24) or (25) holds (Theorem 5.6). One important tool is the rational parametrization (29)
of the kernel.

Let us return to the function G given by (36). By the definition of s; and sg given above
Lemma 3.4, there exist constants ¢; and cs such that

s71(2(s),y(s)) = e1(s — s1)(s — s0) and  sy2(x(s), y(s)) = ca(s — s2)(s — s0)-

Let us introduce the following rational function:

E(s) = %(x(s»y(s))%(z(l/sm(l/s)) (50)

25(3—52)(5—5)‘ (51)
Lemma 5.4. For s € (—o00,0), we have y(s) € R,
X" () =x(s),  yls)=y(l/s) and X (y(1/s)) = x(s).
Moreover, for these values of s,
G(y(s)) = E(s), (52)
where E(s) is the above rational function.

Proof. When s € (—00,0), then z(s) € (—oo,z7). Of course, y(z(s),y(s)) = y(s) lies
on the curve R defined by (34). Thanks to Lemma 3.6 we have X~ (y(s)) = ( ( )) = x(s).

Moreover {y(s),y(s)} = {Y*(x(s)),Y " (2(s))}, so that by (31), we must have y(s) = y(1/s).
The first part of the lemma is thus proved.

Now in order to prove (52), we start from the definition (36) of G(y) and apply the three identi-
ties that we have just established, as well as z(s) = x(1/s). We thus end with the expression (50)
of E(s). O
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For ease of notation, we denote by g the complex number

q=é*b.

Note that the condition /7 € Q translates into the fact that ¢ is a root of unity.
Now assume that the model is m-decoupled, and take s € (—o0,0). By Lemma 5.4, y(s) and

y(1/s) = y(s) lie in R. Hence by (49), there exists a rational function F' such that

o Fly(s)
W) = T sy

But by Lemma 5.4, this is also E™(s). Hence the rational fractions E™(s) and FlEZSZ(/l(jl)))’ which

coincide on (—o0,0) must be equal, which gives

o PO )
B = B /e) ~ Flles) sfe) =uias). 9

H(s)
= with  H(s) = F(y(s)).
i () = Fly(s))
It is thus natural to ask when the rational function E™ can be written in the form —5((;8)). This is

answered by the following elementary lemma, which shows how Conditions (24) and (25) natu-
rally occur. This lemma, proved in Appendix C, follows from a more general result, Lemma C.4,
that applies to an arbitrary rational function.

Lemma 5.5. Let E(s) be the rational function given by (51):

s3(5—s1)(s = 3)

51 (s — s2)(s — %)

E(s) =

The following statements are equivalent:

e there exists m € N and H € C(s)* such that E™(s) = 5(((158)),

e the elliptic divisor of E relative to q (defined in Definition C.3) is zero,
e one of the conditions (24) and (25) holds; that is,

s
3—1 eqt  or (s% € q” and 53 € qZ> . (54)
2

Moreover, if these conditions hold, the first one holds for m = 2.

The reader should not worry about the terminology elliptic divisor, as the third condition
is a straightforward translation of the second. In the following subsection, we construct H(s)
(and even F(y)) explicitly assuming that (24) or (25) holds. Hence the part of the proof that is
really delayed till Appendix C is the fact that these conditions are necessary. The equivalence
between the two conditions in (54) and Conditions (24) and (25), respectively, directly follow
from Lemma 3.4, and (54) turns out to be a convenient formulation.

5.3. EXPLICIT DECOUPLING FUNCTIONS

We can now establish the equivalence between the simple and double angle conditions and the
existence of decoupling functions, and provide explicit decoupling functions.
For r € Z and o € C, let us define a rational function F,. , by:

—L

Proly) =]y —yloa™) ifr=o0,

Fow)=y | " ) (55)
— =[] ——— ifr<o.
Qroly) 5 (W —ylog))
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We further define P, ,(y) = 1 when r < 0 and @, »(y) = 1 when r > 0, so that we can write in
full generality

PT o
F.,=——.
"7 Qro
Moreover, we note that for any r, we have P, ;4r = Q_ s and Q. sq- = P—, +, so that
1
Fryor = . 56

For e and ¢ in {0, 1}, let us define the polynomial f, . by

1 if e =0,
fe,e(y) - {y_y((_l)g\/a) ife: 1’ (57)

with /g = e’ Equivalently, returning to the definition (29) of y(s):
1 if e =0,

fec(y) =< y—yt ife=1ande=0,

Y-y

ife=1ande=1.

When Condition (24) holds, we choose r € Z such that
si/s2=14q". (58)

Analogously, when Condition (25) holds, we choose integers r; and r2, and numbers e, e, €1, €2
in {0, 1}, such that

s1=(=1)/q"¢"" and s2=(-1)72/qq¢"™. (59)

Theorem 5.6. There exists an m-decoupling pair in the sense of Definition 5.1 if and only if
any of the following equivalent conditions holds:

(1) there exists a rational function F such that E™(s) = Fy(s))
(2) there exists a rational function H such that E™(s) =
(8) one of the angle conditions (24) or (25) holds.

If these conditions hold, the function F' of Assertion (1) is an m-decoupling function in the sense
of Lemma 5.2.
Moreover, when (24) holds and r satisfies (58), we can take

m=1 and F=F,,. (60)
When (25) holds and the r;,e; and e; satisfy (59), we can take

F 2
m=2 and F= ( rhsl) . fel’gl. (61)
FT‘27S2 f62,52

Notice that the roots and poles of these decoupling functions are real, since ¢, s; and so have
modulus 1 and s +— y(s) sends the unit circle on the real line.

Proof of Theorem 5.6. We have already explained in the previous subsection that if the model
is m-decoupled in the sense of Definition 5.1, then Assertion (1) holds (see (53)). Conversely,
if this assertion holds, we can work out the same argument backwards to conclude that (49)
holds (because R = {y(s),s € (—00,0)}), so that the model is decoupled by the second point of
Lemma 5.2.

We now focus on the assertions (1), (2), (3), and prove that (1)= (2)= (3)= (1).
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Assume that (1) holds, and define H(s) = F(y(s)). Then (2) follows from the fact that
y(1/s) =y(gs).

Now assume that (2) holds. By Lemma 5.5, one of the angle conditions (24) or (25) holds.
This gives (3).

It remains to check that if one of these conditions holds, the functions F' given by (60) and (61)
are indeed m-decoupling functions, for m = 1 and m = 2 respectively. We first observe that
y(s) —y(og™ 7) is a Laurent polynomial in s, of degree 1 and valuation —1, that vanishes for
s =o0q 7 and s = ¢/T! /o (because y(s) = y(q/s)). Hence there exists a constant x (depending
on o and j) such that

y(s) —ylog™7) =k (s¢’ — o) (q]:l - 0) :

It follows that, for any r > 0,

0 (59t —0) (£ o) @ s=1/o s—ofq

Fol(s) -0 20) 1 smo s—qe
Fr 5 (y(gs)) r

A similar calculation, or more directly the identity (56), proves that this still holds for r» < 0.
Given that
s (s — 51) )

(=)
B = a1y

this already establishes (60) when s; = ¢"s2.
Furthermore, if 0 = (—1)5\feq7" with r € Z and e, e € {0, 1}, we derive from (62) that

( (s )) l s—0 .(_1)5\/668_1' (63)
ro(ylgs)) o s—=1/0 s—(=1)5/q°
The rightmost ratio reduces to (— ) if e =0, and its square is thus 1. If e = 1, its square is
((— Vs — 1) _ s+ —2(-1)°va _ylas) —y((-1)°VD) _ feely(as)
s—(-1fva) s+ i-2-0a  y(s) —y((-1)Fva)  feely(s))”
where f, . is defined by (57). Hence, whether e = 0 or e = 1, we obtain, by squaring (63):

(G +57%) - (7o) 2 Pt

Returning to the above expression of F(s), this implies that the function F' given by (61) is
indeed a 2-decoupling function when the double angle condition (59) holds. Il

o i

(62)

]:

S —

‘”\HS\H

S —

We have thus proved some parts of Theorems 2.2 and 2.3, which we state as a corollary.

Corollary 5.7. Assume that one of the angle conditions (24) or (25) holds. Then there exist
m € {1,2}, a rational function F, and polynomials S and R, such that

Fly)ef (v) = 5 ouly),

where w is the canonical invariant of Section 4. In particular, @1 is D-algebraic, and algebraic
if B/m € Q.

Proof. The function F¢!" is an invariant (Lemma 5.3), to which Proposition 4.4 applies. This
gives the expression of ¢7". The algebraic/differential properties of ¢; come from those of w
(Proposition 4.2) and classical closure properties. [l

In the next two sections, we will make the expression of " more explicit, by giving the degrees
of S and R in terms of the parameters of the model. Since every pole or root of S/R comes from
a pole or root of F or ¢y lying in Gr, we need to clarify how many of the roots or poles of the
function F; , defined by (55) lie in Gr. In the following lemma, we focus on those that lie in Gg.
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Indeed, since all roots and poles of F;. , are real, lying on the curve R simply means being equal
to y(—1). It will be convenient to use the following notation: for o € C, and a,b € Z:

ms(oya,b) =4{j:a<j<b:rog? =-1}. (64)
Note that m4(o;a,b) =0 if b < a.

Lemma 5.8. Let 0 = e™ be a complex number of modulus 1. For r > 0, the number of roots of
the polynomial F, »(y) = Prs(y) that lie in the open domain Gr is

V_IJ . V—l—rfJ —m_(0;0,7 — 1).

For r <0, the function F,s(y) = 1/Q:+(y) is the reciprocal of a polynomial, and the number of
poles of Fy.,(y) that lie in the open domain Gr is

1 1
B;T . fJ - {;’r - 2J (o5, ).

Proof. First, we note that

y(s) € Gr < arg(s) € (m, 7+ 25) mod 27 (65)
y(s) € R <= arg(s) € {m, 7+ 26} mod 2. (66)

In other words, the preimage by y of R is R_ U e*SR_ and the preimage by y of Gr is the
green /shaded area in Figure 5 (in particular, y(—e*®) = y~ € Gr).

Hence, when > 0, the question is to determine how many of the points 0¢ 7, for 0 < j < r—1,
have their argument in (7,7 + 2/3) modulo 27. This argument is w — 2j.

This kind of counting problem is standard in the study of Sturmian or mecanical sequences [35,
Chap. 2|. Denoting by {z} := z — |z| the fractional part of z, we want to determine

Hivosi<n{Z-3-i2lewsm}.

Let us begin by counting those values of j for which

{o-5-i2}enpm. (67)

Observing that the difference

takes values in {0, 1}, and equals 1 if and only if (67) holds, we conclude that

ﬂ{j:0§j<r,{;‘7’r—;—jf}6[075/ﬂ>}=§q;—;—jﬂ - {;‘;‘(j“)ﬂ)

Jj=0

We need to subtract the number of j for which the fractional part shown in (67) takes the value 0,
which is equivalent to saying that og™/ = —1. This proves the lemma when r > 0.

When r < 0, the result follows by observing that the poles of F;., are the zeroes of F_, .,
and applying the above result. O
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6. EXPRESSION OF THE LAPLACE TRANSFORM WHEN «a € Z + wZ/3

Let us assume that the simple angle Condition (24) holds. Then by Theorem 5.6, there exists a
1-decoupling function F', and by Corollary 5.7, the function F'; can be written (S/R)ow for some
polynomials S and R. In this section we determine the degrees and roots of these polynomials.
Recall that we have chosen an integer r such that s; = ¢"so. Returning to Lemma 3.4, this
defines an integer k£ such that

0+e=01-r)+ 1+ k).
Equivalently,
T+ —-0—e=p1—-a)=rp—kn. (68)
If ¢ is not a root of unity, that is, if /7 ¢ Q, then the choice of r and k is unique. Otherwise,
write 8 = nr/d, with n and d relatively prime and 0 < n < d. Then if (r,k) is a solution,
all other solutions are of the form (r + jd,k + jn), for j € Z. In particular, there always exist

solutions such that |r| < d, or even —|d/2| <r < [(d+1)/2]. Such a choice of r will sometimes
simplify certain expressions, but what follows holds for any choice of r.

6.1. PRELIMINARIES

A first simple task is to determine the difference of the degrees of S and R, that is, the
behaviour of S/R at infinity.

Lemma 6.1. There exists a constant k # 0 such that

26 = (e F)w () et

Proof. By Proposition 19 in [20], there exists a constant x # 0 such that
a—1
pry) YT (69)

where a = (0 +¢& — )/ is the key parameter introduced in (1). Since a —1 = k7% —r (see (68))
and F(y)= Frs, (y) - y" (see (55)), it follows that for some k # 0,
y—00

el

(1F)(y) ~ wy's.

Y—00

Then as w(y) ~ K'ys (see Lemma 4.3), the inverse function w='(z) grows as /™, and we
y—00

deduce that for some constant x,

(prF)(w ' (2)) ~ w2t

Yy—00

O

We now apply Lemma 5.8 to the decoupling function F' = F} ;,, to determine how many poles
and roots of F' lie in Gg. When r > 0 (resp. r < 0), we write F' = P (resp. F' = 1/Q) to lighten
the notation P, s, (resp. 1/Q s, ). Recall the notation my(o;a,b) defined in (64).

Lemma 6.2. Let us write as before § +¢ = (1 —r)B+ (1 +k)w. Then either r < 0 and k < 0, or
r >0 and k > 0. The 1-decoupling function F given in (60) is rational with real roots and poles.

(1) If r > 0, so that F(y) = P(y), the number of roots of F' (counted with multiplicity) lying
in the open region Gr (or equivalently in (—oo,y(—1)) = (—oo, Y *(27))) is:

rp=k+ lag_9._g>0 — m—(s1;0,7 — 1).
(2) If r <0, so that F(y) = 1/Q(y), the number of poles of F lying in Gr is

pr = —k — Llag_2c—g>0 — m+(s1; 1, |r]).
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If g is not a root of unity, the cardinalities m4 occurring in this lemma are 0 or 1. Otherwise,
as discussed at the beginning of the section, we can always choose r so that this property still
holds.

Proof. Recall from (23) that 0 < 6 + ¢ — 8 < 7. This implies that r cannot be 0, and that r < 0
implies k < 0, while » > 0 implies k£ > 0.
Now recall that ' = F. 5, and let us apply Lemma 5.8 with ¢ = 51, or equivalently
w=nw+28-2e—0=—-m14+26 — 0+ 2rp — 2knw.
From the first expression of w, we derive
w 1] |28-2-0| 1
o 9| = | T o | T ~l2s2e-0<0
by the angle assumptions (23). Moreover, the second expression of w given above leads to
1 26 — 0
i———ré =—k—1+ =—k—1,
2t 2 m | 27

again by (23). Then Lemma 5.8 gives the announced expressions for the number of roots of @
and P lying in Gp. O

6.2. EXPRESSION OF (1

We can now describe precisely the polynomials .S and R such that Fp; = % ow.

Theorem 6.3. Let us assume that Condition (24) holds, that is, « € Z+nZ/3, and let k,r € Z
be chosen so that 6 +¢ = (1 —r)B+ (1 4+ k)w. Let F be the decoupling function of Theorem 5.6.
Depending on the sign of r, we have F = P (when r > 0) or F' = 1/Q (when r < 0), where P
and Q are (real-rooted) polynomials of degree |r|.

The Laplace transform o1 defined by (19) can be meromorphically continued to C\ [yT, 00).
Moreover,

(1) ifr <0, then k <0 and
Qy)
where R is a polynomial of degree |k| whose roots (taken with multiplicity) are

o the w(y(si1¢’)) for j =1,...,r such that y(s1¢’) € Gr,

e plus w(y(s1)) if 26 —2e —6 >0,

e and finally w(y(—1)) = — 1, with multiplicity m4(s1;0, |r| — 1).
(2) if r >0, then k >0 and

S(w(y))

e1(y) Ply)
where S is a polynomial of degree k whose roots (taken with multiplicity) are
o the w(y(sig™)), forj=1,...,7 — 1 such that y(s1qg77) € Ggr,
o plus w(y(s1)) if y(s1) <y(—1) and 2 —2e — 6 <0,
e and finally w(y(—1)) = — 1, with multiplicity m_(s1;1,r — 1).
In particular, p1 is always D-algebraic. It is D-finite if and only if either /7 € Q or a €
—Ng + %Z. It is algebraic if and only if B/m € Q or a € —Ny. It is rational if and only if

a € —Np.

Remarks

1. As discussed earlier, there is always a choice of r that gives the value 0 or 1 to the multiplicities
m4(s1; a,b) that occur in the theorem.

2. The above theorem characterizes the polynomials R and S up to multiplicative constants that
can be adjusted thanks to the value ¢1(0) given in (22). Thus we can compute ¢;(y) explicitly,
using the simple characterization of points s such that y(s) € Gr given by (65). Several examples
are worked out in Section 6.3.
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Proof of Theorem 6.3. By Corollary 5.7, there exist two polynomials R and S such that
S
Fpp = —=o(w).
¥1 R (w)

Given the properties of the map w (Lemma 4.3), any zero (resp. pole) zg of S/R is the image
by w of a zero (resp. pole) yo of Fo; lying in Gr. Moreover, if yg € Gr, its multiplicity in F;
(as a zero or pole) is the same as the multiplicity of 29 in S/R. If yo = y(—1) = Y*(z7), its
multiplicity in Fp; is twice the multiplicity of zo = —1 in S/R (by Lemma 4.3 (6)).

First case: » < 0. Then k£ < 0 and F = % The decoupling function F' has pr poles in Gg,
where pr is given by Lemma 6.2. Moreover, the multiplicity of y(—1) as a pole of F' is

t{i1<j<lrlsig € (-1, —a}}
:ﬁ{j:1§j§\r!,slqj:—1}+ﬁ{j:0§j< ]r\,slqj:—l}
=24{j:1<j<lrl,s1¢/ = =1} + 1, gy + D=1
=2m4(s1;0,|r| — 1) + 1s,=—1,

as s1¢/"l = s is never equal to —1 due to the assumptions (23). This multiplicity is not always
even, but we should remember that ¢ has a (simple) pole at y(—1) if 28 — 2 — § = 0. Due to
the assumptions (23), this condition is equivalent to s; = —1. Consequently, the multiplicity of
y(—1) as a pole of Fpy is 2m(s1;0,|r| — 1). Finally, recall that ¢ has a simple pole at y(s1)
when 28 — 2¢ — 6§ > 0. These considerations lead us to introduce the polynomial R described in
the theorem. Its degree is

pr + lag_ocgs0 +my(s1;0,|r| = 1) = —Fk.

We have used again the fact that s;¢/"l # —1 and that s; = —1 < 23 —2¢ — 60 = 0. Now
consider the invariant F(y)p1(y)R(w(y)). By construction, it has no pole in Gz. Hence by
Proposition 4.4, it is of the form S(w(y)) as claimed. Finally, since R has degree —k, S must be
a constant by Lemma 6.1.

Second case: © > 0. Then k£ > 0 and F' = P. The decoupling function F' has rg roots in Gg,
where rp is given by Lemma 6.2. If y(s1) < y(—1), one of them is y(s;), which coincides with
the pole of 1 when 23 — 2¢ — § > 0. Moreover, the multiplicity of y(—1) as a root of F is

t{j:0<j<rsig? e {-1,-q}}
=4{j:0<j<rsigd=-1}+8{j:1<j<rsig?=-1}
=2{j:1<j<rsig? =—1}+ 151+ 1,,—
=2m_(s1;1,r — 1)+ 1s,=—1,

by the same arguments as in the case r < 0. This multiplicity is not always even, but we should
remember that ¢ has a (simple) pole at (—1) if 26—2¢—6 = 0, that is, if s; = —1. Consequently,
the multiplicity of y(—1) as a root of Fy; is m_(s1;1,7 — 1). These considerations lead us to
introduce the polynomial S described in the theorem. Its degree is

rr —lag_2e_gso +m_(s1;1,7r — 1) = k.

Now consider the invariant F'(y)e1(y)/S(w(y)). By construction, it has no pole in Gg. Hence by
Proposition 4.4, it is of the form S(w(y)) for some polynomial S. Finally, since S has degree k,
the polynomial S must be a constant by Lemma 6.1.

Now that we have given expressions for ¢1, its meromorphicity on C \ [yT, 00) follows from
the fact that the canonical invariant w is analytic on this domain. Moreover, ¢ is D-algebraic
because w is D-finite.

Let us now discuss the other differential /algebraic properties of ¢;, starting from rational
cases. If k = 0, that is, a € —Ng, then ¢ is the reciprocal of a polynomial, hence a rational
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function. Conversely, if o1 is rational, then (69) implies that « is an integer, and thus belongs
to —Np since we have assumed a < 1. If k£ # 0, it follows from the expressions of ¢; that if ¢ is
algebraic then so is w, which forces 8/m € Q by Proposition 4.2. Conversely, if 3/7 € Q then w is
algebraic and so is 1. Finally, the characterization of D-finite cases stems from Proposition 4.2.
Indeed, ¢; is D-finite if and only if (S/R)(w) is D-finite, and R is non-trivial as soon as r < 0.
Hence ¢; is D-finite if and only if either 5/m € Q or > 0. The latter condition translates into
a € —Ny+ %Z. O

6.3. EXAMPLES

We now give four applications of Theorem 6.3. We start with the three already known cases
mentioned in Section 2.3 and illustrated in Figure 4, and we conclude with a case that is entirely
new. Recall that we choose integers r» and k£ such that

S+e=(1-r)B+(1+k)m

The skew symmetric case. The model is said to skew symmetric if  + & = 7, that is, a = 0.
It can be shown thanks to (10) and (16) that this is equivalent to

T21 712
20’12 = —011 + —092.
T11 722
One can take in this case r = 1 and £k = 0. Then Theorem 5.6 gives the decoupling function
P(y) =y —y(s1). Theorem 6.3 (2) implies that for some constant x,

_h_y(s)e(0)
P =P Ty g

where ¢1(0) is given by (22) and y(s1) by Proposition 3.7.
If we invert the Laplace transform, we find that the density of the invariant measure vq is
exponential. This result is very well known and can be found for instance in [23, 26, 10].

The Dieker and Moriarty condition [11]. It reads o =

previous case. We can take r =1 —a > 0 and £ = 0. The decoupling function F(y) = F;.5, is
given by (55), and it is a polynomial P(y). Theorem 6.3 (2) implies that for some constant x,

(HET—W € —Ny and generalizes the

P(y)

When all roots of P are simple, we obtain by inverting the Laplace transform that the density
of 1 is a sum of exponentials. In fact, we can show using (55) and the expression of s; given in
Lemma 3.4 that P has a multiple root if and only if 26+6+3j5 = 0 mod 7 for some j € [0, 2r—A4].
Equivalently, since & = —r + 1, this is equivalent to saying that § — 2§ — j5 = 0 mod 7 for some
J € [2,—2a]. This condition for all roots to be simple is equivalent to the condition “6 € ©;”
occurring in [11, Thm. 1.

P1(y) =

The orthogonal case. In this case R is a diagonal matrix, or equivalently § = ¢ = 3. Thus
we can take 1 = —1 and & = —1. The decoupling function F,;, = 1/Q of Theorem 5.6
reads F' = 1/(y — y(s19)) = 1/(y — y(s2)). Since y2(x,y) = ro2y in the orthogonal case, we
have y(s2) = 0 by definition of s3. Hence Q(y) is simply y. Theorem 6.3(1) gives R(w(y)) =
r(w(y) —w(y(s2))) = k(w(y) — w(0)) for some constant k. Using the identity ¢1(0) = —p1/m11
derived from (22), we obtain

which is the main result of [19].
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A D-finite example: recurrence for the moments. Suppose now that
§+e+p8=2m, (70)

that is, a = n/f — 1. Then we can take r = 2 et k = 1. Applying Theorems 5.6 and 6.3, we
obtain

p1(y) =k wly) — o
(v —y(s1))(y = y(s1/q))"
where the constant x can be derived from the normalisation (22), and
w(y(s1/q)) if y(s1/q) € Gr,
wo = { wy(s1)) if y(s1) < y(—1) and 26 — 2 — 6 <0,

w(y(=1)) = -1 if s, = —q.

These three cases are those of Theorem 6.3. Using (65) and the expression of s, as well as (70)
and the basic conditions (23), they can be rewritten respectively as

2¢e + 0 < 2m, 21 < 2e+6, and 2e¢+46=2m.
These three cases actually occur, for instance with the three following values of (S, 9, ¢, 0):
(27 /3,57 /6, /2, w/4), (27 /3,47/9,87/9,7/4), (2w /3,7 /12,37 /4,7/2).

Starting from the expression (43) of w in terms of T, (with a = 7/f3), the differential equa-
tion (37) satisfied by T, leads to a (non-homogeneous) second order linear differential equation
satisfied by ¢1(y). Upon expanding it in y, it gives a linear recurrence relation between the
moments

M, = /R+ t"vi(dt) = nlly"]e1(y).

This recurrence is found to be of fourth order. Its coefficients are polynomials in n, of degree 4.
We refer to the MAPLE worksheet available on MBM’s webpage for details. We have used the
GFUN package to derive the recurrence relation from the differential equation [37].
To show that this is perfectly explicit, let us focus on the simplest case, that is, 2 + 0§ = 27.
Then »
w(y) +1
T

or equivalently, denoting z := 2y/(y* —y ™),
’ Ta(62 — Z) +1

= 71
¥1 (y) (62 —c — 2)2 ) ( )
with
vty
a:7r/,3, CQZF:COS(IB—G), ClZCOS/B.

We have derived this expression of cp from the fact that y(sg) = 0. Setting z = 0 gives

2 2

(2 —c1)® _
To(c)+1 7

where ¢1(0) is given by (22). Then, writing

(02—

— <P1(0) T(WQ/ﬁy

that is,
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we obtain the first two coefficients M,, from (71):

— ~ 2 asin(wd/3)
My = ¢1(0), My = ¢1(0) (62 —¢ sin(B-6)(1— cos(w@/ﬁ))) ’

and then the sequence Mn satisfies the following recurrence relation, valid for n > 0:

(1 — c%) (c1 — 02)2 ]\A/.fn+2 = a2/<;’]ln:o+(02 —c1) (2 (0201 —2¢% + 1) n+ cocr — Hex? + 4) Mn+1
+((012 — 6eger + 692 — 1) n?—3 (20201 — 3%+ 1) n—(c — 02)2(12 —2¢901 +4e° — 2) Mn
—-n (2 (2¢3 —c1)n? +3con+2(c; — o) a® + 62) Mn_l +n(n-—1) (n2 — a2) ]\7”_2.

7. EXPRESSION OF THE LAPLACE TRANSFORM WHEN a1,02 € Z + wZ/3

We now assume that the double angle Condition (25) holds. Then by Theorem 5.6, there
exists a 2-decoupling function F, and by Corollary 5.7, the function Fp? can be written S/Row
for some polynomials S and R. In this section we determine the rational function S/R. Recall
that we have chosen integers 71 and ro, and ey, e1,e1,€2 in {0, 1}, such that s; = (=1)%,/g“¢"
for i = 1,2. Returning to Lemma 3.4, this defines two integers k1 and ko such that the arguments
of s1 and so are respectively:

w1 :=7T+2,3—2€—9:(2T1+61)5—<2k1+51)ﬂ', (72)
wo i=—m+25—0 = (27‘2 + 62)5 — (2k‘2 -+ 62)71'. (73)

Equivalently, given the definition (2) of a7 and ax,
1l—oa1=2r1+e1 — (2]€1+€1)

=3 ™A

Qg = 2r9 + €9 — (ka + 62)

Note that we now have
el —e g1 —¢€
5+s=(1—r1+r2— — 2)B+<1+k1—k2+ - 2>7r,

which should be compared to the condition § +¢& = (1 — )8 + (1 + k)7 of the previous section.

As in the previous section, the numbers r; (and e;, and k;, and ¢;) are uniquely defined when ¢
is not a root of unity. Otherwise, if 5 = 7n/d with 0 < n < d, we may always choose each r;
such that |r;| < d, or even —|d/2| <r; < |(d+1)/2]. Such a choice of r; will sometimes simplify
certain expressions, but what follows holds for any choice.

7.1. PRELIMINARIES

A first simple task is again to determine the difference of the degrees of S and R, that is, the
behaviour of S/R at infinity.

Lemma 7.1. Then there exists a constant k # 0 such that

S 2 —1 2k1—2ko+e1—eo
2(2) = (P w () .
Proof. The arguments are the same as in the proof of Lemma 6.1. Ignoring multiplicative factors,

the behaviour at infinity of ¢1(y) is ¥y, where now a = (§ + & — 7) /3 satisfies

; T
a—1= 5 <2r2—2r1+62—e1+(2k1—2k2+51_52)ﬁ>'
The behaviour at infinity of the decoupling function F'(y) of (61) is y2r-trate—es hence it
follows that
(F)(y) ~ yPo-thate-e)f

Yy—00
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The result then follows from the fact that w='(z) grows as z%/7. ]

Our next lemma prevents several polynomials from having common factors, under an addi-
tional assumption.

Lemma 7.2. Assume that the simple angle condition (24) does not hold, that is, s1/s2 & q~.
Then there exist no integers i and j such that y(s1q") = y(s2q”).

Proof. Recall that y(s) = y(s') if and only if s’ = s or s’ = ¢/s. Hence if y(s1¢°) = y(s2¢’), then
either s1/s9 € q%, or s1s9 € ¢%. Since s% € ¢%, in both cases we would have s1/s9 € q%, which
we have excluded. O

Let us denote, for short:
Fi = FT‘i,Siv PZ = P’ri,siv Q’L = Q'r’i,si- (74)
We now apply Lemma 5.8 to determine how many poles and roots of F; lie in Ggr, for i =1, 2.

Lemma 7.3. Let us write the arguments wy and wy of s1 and sz as in (72) and (73).

e When r1 > 0, the number of roots of Fy = Py (counted with multiplicity) lying in the
open region Gr is

rr = ki1 4+ Log_9.—g>0 — m—(s1;0,7 — 1).
o When r1 <0, the number of poles of F1 = 1/Q1 lying in Ggr is
PR = —k1 — log_o._g>0 — my(s151,|r1]).
o When ro > 0, the number of poles of 1/Fy» = 1/ Py lying in Gr is
PR, = ko —m_(s2;0,72 — 1).
e When ro <0, the number of roots of 1/Fy = Q2 lying in Gr is
TR, = —ka —my(s2;1,|ra|).

Observe that if ¢ is not a root of unity, all the sets occurring in this lemma have cardinality 0
or 1. If ¢ is a root of unity, we may choose the 7;’s so as to minimize |r;|, and then each of these
sets has cardinality O or 1.

Proof. We recall the assumptions (23) on the angles involved in the definition of the model, and
apply Lemma 5.8. We have

wi 1| _|28-2-0]_
- o - 23—2e—0<0>

1 1-—
{M__ﬁﬁJ:_kl_Hrlm €1J:_,€1_17
s 2 2

2-3)- 2t -
2 2 27

1 1-—
\‘M——TgﬁJ_—kQ—lﬁ-\\egﬂﬁ‘ ng_—kQ—l,
™

o 2

and this gives the announced formulas.
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7.2. EXPRESSION OF (3

We can now describe precisely polynomials S and R such that Fy? = % ow. In order to avoid
having four different cases depending on the signs of the r;’s, we will use a compact form. In
the simple case where o € Z + w/f7Z, studied in the previous section, we could have written, for
compactness:

where P = P, 5, Q = Q,s,, and
either (P=1and S=1) or (Q=1and R=1).

When a1, ay € Z + 7/ BZ, we will express ¢ in compact form as well. First, for ¢ = 1,2 we use
again the notation (74), as well as f; = fe, ;- We further denote

a~ = eje] — €€ and at =e1(1 —¢e1) —ea(l —e2), (75)
so that
fl(y) _ _o=\a T (. \aT
Also, let
b:€1(1—61)—82(1—62). (77)

Observe that a™,a™ and b take their values in {—1,0,1}.

We finally introduce four polynomials denoted R; and S;, for i = 1,2. In fact we only define
them up to a constant factor, by giving the list of their roots. The values of their degrees easily
follow Lemma 7.3, as will be established in the proof of Theorem 7.4 below.

e If r; <0, we take Ry to be a polynomial of degree —k; whose roots (taken with multi-
plicity) are
— the w(y(s1¢?)), for j = 1,...,|r1| such that y(s1¢’) € Gr,
— plus w(y(sy)) if 28 —2e — 0 > 0,
— plus w(y(—1)) = —1 with multiplicity m(s1;0, |r1]).
If 1 > 0, we take Ry to be constant.
o If 1 > 0, we take S1 to be a polynomial of degree k1 whose roots are
— the w(y(s1¢™7)), for j=1,...,71 — 1, such that y(s1¢™7) € Ggr,
— plus w(y(s1)) if y(s1) < y(—1) and 28 —2¢ — 6 <0,
— plus w(y(—1)) = —1 with multiplicity m_(s1; 1,7 — 1).
If 1 <0, we take S7 to be constant.
e If ro <0, we take Ry to be a polynomial of degree —ks whose roots are
— the w(y(s2q?)), for j=1,...,|ra|, such that y(s2¢’) € Gr,
— plus w(y(—1)) = —1 with multiplicity m (s2; 1, |ra|).
If ro > 0, we take Ry to be constant.
e If ro > 0, we take S5 to be a polynomial of degree ks whose roots are
— the w(y(seq 7)) for j =0,...,79 — 1, such that y(s2q /) € Ggr,
— plus w(y(—1)) = —1 with multiplicity m_(s2;1,r2 — 1).
If ro <0, we take Sy to be constant.

Theorem 7.4. Let us assume that Condition (25) holds, that is, o,y € Z + wZ/[3. Let the
integers i, ki, e;, i, fori = 1,2, satisfy (72) and (73). The 2-decoupling function of Theorem 5.6

reads:
(P @)\ A
F_<Q1 Pz) I

and, if o1 denotes the Laplace transform defined by (19), the function I := F@? is an invariant.
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The function @1 can be meromorphically continued to C\ [y*,o0). Moreover, the polynomials
R; and S; defined above (up to a multiplicative constant) can be chosen to satisfy

(@1 P S1 Ry 1—w(y) wl—f—w
e1(y) = P Qs (y) - RS, (w(y)) - . (78)
1 2 1 02 y—vy \/ﬂ
where a™, a~ and b are defined by (75) and (77) and take their values in {—1,0,1}.
The function @1 is always D-algebraic. It is D-finite if

B/reQ or {ai,as} CZU <—N + gz> : (79)

and algebraic if

B/meQ or {a1,a2} CZ. (80)
If the simple angle condition (24) does not hold, that is, s1/ss & q%, Condition (79) (resp. (80))
is also mecessary for p1 to be D-finite (resp. algebraic), and moreover oy is never rational.

As in the simple case studied in the previous section, the polynomials R; and S; are only
determined up to a multiplicative constant. These constants can be adjusted using the value
©1(0) given in (22). Several examples are worked out in Section 7.3.

Proof of Theorem 7.4. We consider each element of the decoupling function F separately, starting
with P and ()9, which are a bit simpler than their counterparts P; and Q.

e When ro > 0, the fraction 1/P, has pp, poles in Gr, where pp, is given by Lemma 7.3.
Moreover, the multiplicity of y(—1) as a pole of 1/P5 is

1{7:0<j <7207 € {~1,~q}}
=t{j:0<j<rysq =1} +4{j:1<j<ro 5007 =-1}
=2%{j:1<j<rosoq? ==1}+1,,rn__y,
since sg never equals —1 by the assumptions (23). This leads us to introduce the polynomial S,
defined above. Its degree is
pr, +m_(s2; 1,12 — 1) = —ka.

By construction, Sa(w(y))/Pa(y) has at most one pole in G, namely a simple pole at y(—1) if
s9¢7 " = (—1)72,/q“* = —1, or equivalently if e2(1 — e2) = 1 (recall that ¢ # 1). Let us finally
recall that w(y(—1)) = —1. Consequently,

SQ(w(y)) 2 w e2(l—e2)
() i + 1) 1)

has no pole in Gr.
e When ry < 0, the polynomial ()2 has rg, roots in Gr, where rp, is given by Lemma 7.3.
Moreover, the multiplicity of y(—1) as a root of Q2 is

871 <5 <lralis2¢” € {~1,—q}}
=t{j:1<j<I|ralis2¢’ = —1} +4{j: 0 <j <[raf, 52’ = —1}
=24{j: 1<j<|ralys2d’ = —1} = Ly,

since s9 never equals —1 by the assumptions (23). This leads us to introduce the polynomial Ry
defined above. Its degree is

TRy, +my(s2; 1, ra|) = ka.
By construction, Q2(y)/R2(w(y)) has at most one pole in G, namely a simple pole at y(—1) if
Soq~ " = —1, or equivalently if e5(1 — e2) = 1. Consequently,

) =
(y) ea(l—e2)
<R2< <y>>> (wiy) +1) (82)
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has no pole in Gr.

e When r; > 0, the polynomial P; has rp, roots in Gg, where rp, is given by Lemma 7.3.
If y(s1) < y(—1), one of them is y(s1), which cancels with the pole of ¢; at this point when
23 —2¢ — 0 > 0. Moreover, the multiplicity of y(—1) as a root of Pj is

1{j:0<j< r,s1q77 € {-1,—q}}

=24 {j:1<j<risig? =—1}+ 11+ 1n_1.

Recall that ¢; has a pole at y(—1) if s; = —1. This leads us to introduce the polynomial S;
defined above. Its degree is

rr — log2. 60 +m_(s1;1,71 — 1) = k.

By construction, P;(y)1(y)/S1(w(y)) has no pole in Gg, but has a simple pole at y(—1) if

s1¢~™ = —1, or equivalently if e1(1 — e;) = 1. Consequently,
Pi(y)eri() ) 1 (83)
Si(w(y) / (w(y) +1)m0-)

has no pole in OR.

e When r; < 0, the fraction 1/Q; has pp, poles in Gg, where pp, is given by Lemma 7.3. Recall
that ¢ also has a pole in Gg, located at y(s1), if 28 — 2e — 6 > 0. Moreover, the multiplicity of
y(—1) as a pole of 1/Q) is

t{i:1<i<Imlsig € {-1,-q}}

= 211 {.7 0<) < ‘7’1’, Slqj = _1} - ]151:—1 - ]lslq*lefl'

Recall that ¢; has a pole at y(—1) if s; = —1. This leads us to introduce the polynomial R;
defined above. Its degree is

pr + Log2ep50 + my (5150, |r1]) = —k1.

By construction, ¢1(y)R1(w(y))/Q1(y) has no pole in G, but has a zero at y(—1) if s1¢7 " = —1,
or equivalently if £1(1 — e;) = 1. Consequently,

e1(y)Ri(w(y)) ) 1
( Q1(y) > (w(y) + 1)e1(t=e) (84)

has no pole in Gg.

We have now constructed polynomials R; and S; from ¢1, the P;’s and the @Q;’s. We still
need to investigate the term fi/fe, given by (76). Recall that y~ lies in Gg, but not y*.
Indeed, y(—1) < y* by Lemma 3.2, and we cannot have y(—1) = y* = y(,/q) because the
only values s such that y(s) = y(—1) are —1 and —q. Moreover, it follows from (44) that
w(y~) = w(y(—e®)) = 1. This leads us to include a factor (1 — 2)® in S/R. By construction,

L 1

7 (y) - A= wy)" (85)

has no pole in Gr.
So let us now define the rational funtion

2
20 = (pegE) a-ar 1+
where b = g1(1 — e1) — 2(1 — e3). It follows from the definition of the invariant I = F3?,
and from the fact that the functions (81), (82), (83), (84) and (85) have no pole in Gr, that

I(y)R(w(y))/S(w(y)) is an invariant that has no pole in Gr. By Proposiion 4.4, it is a polynomial
S in w(y). But the behaviour at infinity of R/S(z) is in 2%, where

d=2ky —2koy+a +b=2k1 —2ky + 1 — 9.
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By Lemma 7.1, S is thus a constant, and we have obtained the expression of ©?. Recall now that

both /1 +w(y) and /(1 —w(y))/(y — y~) are defined analytically on C\ [y*,00) (see (40),
(41) and the definition (43) of w in terms of 77, /3). The announced expression of ¢ follows, and

1 is meromorphic on C \ [yT, 00).

Let us now discuss the differential /algebraic nature of ¢1. Since w is D-finite, and any algebraic
function of a D-finite (or even D-algebraic) function is D-algebraic. Hence 7 is D-algebraic.

D-finiteness. For 1 to be D-finite, it is necessary that its square is D-finite, that is, that

S Ry\” .
(&52) (w) - (1 —w)® (14 w)’
is D-finite. By Proposition 4.2, this holds if and only if either f/m € Q (in which case ¢; is
algebraic), or the rational function

S Ry \? -
() @ a-o s (80
has no pole. Recall that one of Ry and S; (resp. R and Ss) is always a constant, and observe
that all roots of Ry and S (resp. Rz and Ss) are of the form w(y(s1¢?)) (vesp. w(y(s2¢”))) for
some integer j.

Let us assume that s1/sy & ¢%. Then y(s1q*) # y(s2¢”) for all integers 4,j (Lemma 7.2), and,
since w is injective on (—oo, 1] (Lemma 4.3), we conclude that SRy and R;S2 have no common
root. Since a~ and b are at most 1, and RS is squared in (86), we can rephrase the conditions
for ap% to be D-finite as follows: either 3/7 € Q, or the three following conditions hold:

(7) Ry and Sy are constants,
(ii) if a= = —1, that is, g = e3 = 1, then 1 must be a root of Sj Ry,
(7i7) if b = —1, that is, e9 = 1 and ey = 0, then —1 must be a root of S Rs.

By definition of R; and Ss, the conditions (7) read:
ry >0or (rp <0and k; =0), (87)

and

rg < 0or (rp>0and ky =0). (88)
It follows from (72) and the assumptions (23) that if r; < 0 and k; = 0, then we cannot have
e1 = 1. This adds to the second condition in (87) the condition €1 = 0. We end up with r > 0
or k1 = &1 = 0, which translates into oy € —N+ 7/8Z or oy € Z.

If eg = e3 = 1, that is, s = —¢"2,/q, we want one of the roots of S1Rs to be 1 = w(y~) =
w(y(—vq)) = w(y(s2¢~")). By Lemma 7.2, this cannot be true for any root of S;. The
description of Ry shows that it contains a factor (z — 1) if and only if 72 < 0.

Similarly, if e2 = 1 and ex = 0, that is, so = —¢"2, we want —1 = w(y(—1)) = w(y(s2¢™"?))
to be a root of S1Ry. Again, this is the case if and only if ro < 0. Hence, in summary, we want
ro < 0 if eg = 1. This adds to the second condition occurring in (88) the condition 9 = 0. Thus
the conditions on 79, €9, ko and €9 now read

ro <0or (ro =0and g2 =0) or (ro >0 and ky =e9 =0).

Let us examine the case ro = 0 and €3 = 0. The assumptions (23) then imply k2 = 0. Hence
we can summarize the above conditions into 7o < 0 or kg = €9 = 0, that is, as € —N+ 7/5Z or
Qg € 7.

We have thus proved that if s1/s2 & ¢ and ¢y is D-finite, then either 3/7 € Q (in which case
1 is algebraic) or

{061,062} CcZU (—N—i— gZ) ,

as claimed in the theorem.
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Now assume that the latter condition holds, that is,
(ri>00rk;=¢e1=0) and (ro <0or kg =¢e2 =0).

Then we can check that the above conditions (7), (i7) and (#77) hold, so that (86) is a polynomial.
Moreover, all its roots have an even multiplicity, with the possible exceptions of —1 and 1. But

v/1 + w is D-finite. Hence

<;11};22)(w)\/1—wa_\/1+wb

is D-finite, and 7 is D-finite as well.

Algebraicity. It follows from the expression (78) of ¢ that ¢ is algebraic if and only if either
w is algebraic (that is, 8/m € Q) or

(2];22) (VI—2" VT2 (89)

is in fact independent of z. This forces a~ = b = 0, that is, ey = e3 = 0. If 51/s2 & ¢%, then
S1Ry and R1S5 have no common root, and this forces the R;’s and S;’s to be constants. That
is, k1 = ko = 0. Hence oy and as must be both in Z. Conversely, one readily checks that these
conditions imply that (89) is independent of z, so that ¢ is algebraic.

Rationality. If o is rational, then (69) implies that « is an integer. But then the simple angle
condition (24) holds. O

7.3. EXAMPLES

We now give several applications of Theorem 7.4, focussing on cases where 7 is algebraic,
even if 3 is not a rational multiple of .

Algebraic cases. We have seen that ¢ is algebraic if a; and as are both integers. That is,
k; =¢e; =0 for i = 1,2. We focus here on this case:

B(l—ai)=7m+4+28—2c—0=(2r1 +e1)p, Bag = —m+ 20 —0 = (2rs + e2)p.

We assume that e; # es, otherwise o = (a; + a2 + 1) /2 is an integer and we are in the rational
case, studied in Section 6. The condition « < 1 translates into 2ro + eo < 2r1 + e1. As seen in
the proof of Theorem 7.4, the expression of ¢; does not involve w(y) and reduces to

o1(y) = <Ql . P2> W T

P Q
because a~ = b = 0 and a™ = e; — es. Observe that if e; = 1 and 1 < 0, then @1 contains a
factor (y —y(s1¢7™)) = (v — y(v/2)) = (v — yT), and symmetrically for ez and Q.
Let us be more explicit in five cases where the polynomials P; and ); have small desgrees.
e Take r1 = 0,72 = 0,e; = 1 and e3 = 0. That is, s = \/g and sy = 1. Then P, = Q1 = P» =
(@2 = 1. There exists a constant x such that
K

e1(y) = \/ﬁ

It follows that the measure v /¢1(0) is a Gamma distribution of parameters 1/2 and 1/y™, with
density
\/yj ety
T Vi
for ¢ > 0.

e Take 71 = 1,75 = 0,e; = 1 and ez = 0. That is, s1 = ¢\/q and s3 = 1. Then P = (y — y(s1))
and Q1 = P» = ()2 = 1. There exists a constant « such that

K 1
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e Take 71 = 1,73 = 0,e; = 0 and e3 = 1. That is, 51 = ¢ and s2 = /g. Again P = (y — y(s1))
and Q1 = P, = Q2 = 1. There exists a constant x such that

Vyt —y

e1(y) = =)

e Take 11 = 0,72 = —1,e; = 1 and e = 0. That is, s; = /q and sy = 1/q. Then Qo =
(y —y(s2q)) = (y —y(1)) and P, = Q1 = P, = 1. There exists a constant x such that

K 1

o Take 1y = 0,7y = —1l,e; = 0 and e = 1. That is, s; = 1 and so = 1/,/g. Then Q2 =
(y —y(s2q)) = (y —y™) and P, = Q1 = P, = 1. There exists a constant x such that

K

v1(y) = \/ﬁ

As in the first example, the measure v1/¢1(0) is a Gamma distribution of parameters 1/2 and
1/y*.

8. DIFFERENTIAL TRANSCENDENCE WHEN [ ¢ 7Q

The aim of this section is to complete the proof of Theorem 2.2, which deals with the case
B/m ¢ Q. Comparing its statement with the conclusions of Theorems 6.3 and 7.4, we see that
the only point that remains to be proven is the following:

if neither of the angle conditions (24) or (25) holds, the Laplace transform ¢y is
not D-algebraic.

To prove this, a key tool is difference Galois theory. This theory builds a dictionary between
the algebraic relations satisfied by the solutions of a linear difference equation and the algebraic
dependencies among the coefficients of the difference equation. We refer to [43] for a complete
introduction. This theory also has applications to the study of the differential properties of the
solutions, which is what we use here.

Our strategy will be first to transform the boundary value condition (35) into a finite dif-
ference equation (Section 8.2; see (92)) and then to apply a Galoisian criterion for differential
transcendence (Section 8.3). This criterion is presented in Section 8.1.

8.1. GALOISIAN CRITERIA FOR DIFFERENTIAL TRANSCENDENCE

The classical difference Galois theory studies algebraic relations between solutions g, ..., gn

of difference equations of the form

o(g:) = gi + bi, (90)
for 0 < ¢ < n, where the coefficients b; lie in a field K endowed with an automorphism o. In
particular, a theorem due to Ostrowski gives a necessary and sufficient condition for the algebraic
independence of gy, ..., g, in terms of algebraic relations satisfied by the coefficients b;.

This setting allows one to study as well the differential algebraicity of a function g satisfying
o(g) = g + b, provided that the derivation (denoted 9) commutes with o. Indeed, the functions
gi = O'g then satisfy a system of the form (90), with b; = 9%, and are algebraically related if
and only if g satisfies a differential equation of order at most n.

We will use as a black box the following theorem, proved in [12]. It relaxes some assumptions
of [21] (in particular, it does not require that f belongs to a difference field).

Theorem 8.1 (Thm. C.8 in [12], case A = 0). Let K be a field endowed with a field automor-
phism o and a derivation O commuting with o. We assume that the field K ={f € K : o(f) =
[}, called the field of constants, is relatively algebraically closed in K, that is, there is no proper
algebraic extension of K in K.
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Let L be a ring extension of K endowed with an automorphism oy, extending o and a derivation
Jr, extending 0. Let g € L satisfy or.(g) = g+ b for some b € K. If g is O-algebraic over K
then there exist N € Ny, constants cq,...,cny € K7, not all zero, and finally h € K such that

cob 4 c10b 4 - - - + endN (b) = a(h) — h.

The difference equation that we will derive from the boundary condition satisfied by G is not
additive as above, but multiplicative, of the form o(f) = af (see (92)). But a simple logarithmic

transformation yields an additive equation for g := 7
8f> d(af)
olg)=0c|— | = =g+b,
0-7(7) ="

with b = da/a. Moreover, g is D-algebraic if and only if f is D-algebraic. We thus obtain the
following result.

Theorem 8.2. Under the same assumptions on K and L as in Theorem 8.1, let f be invertible
in L and satisfy op(f) = af for some a € K. If f is Op-algebraic over K then there exist
N € Ny, constants cy,...,cy € K%, not all zero, and finally h € K such that

0 0 0
Cofa +c10 (a> + ey (a) =o(h) — h.
a a a
8.2. A FINITE DIFFERENCE EQUATION

Recall that ¢ is defined to be €2, and is thus a root of unity if and only if 3/7 € Q. All
results of this subsection also hold whether this is the case, or not.

By Proposition 3.7, the function ¢ is meromorphic in a domain containing Gz. As observed
in (65-66), the map s ~ y(s) defined in (29) sends the closed wedge arg(s) € [r, 7 + 28] to Gr.
Hence we can define ¢1(s) := ¢1(y(s)), at least in a neighbourhood of this wedge.

Let us specialize the boundary value condition (35) to y = y(s) with s € (—o00,0). By
Lemma 5.4, this gives

e1(y(1/s)) = E(s)e1(y(s)),

where E(s) is the simple rational function (51). Equivalently, since y(1/s) = y(¢gs) and arg(gs) =
7T + 255

¢1(gs) = E(s)p1(s). (91)
However, we cannot apply directly Galois theory techniques to this g-difference equation, because
we would need 1 to be defined in a domain closed under the rotation s — ¢s. We prove in
Appendix D (Corollary D.6) that ¢; may be continued as a meromorphic function on the slit
plane C\eiﬁ R, but again, this is not enough. We will remedy this by a second parametrization,
this time of the s-plane, in terms of a new variable w.

Let us write s = ™ with w € C. This transformation of w into s sends the strip [r, 7 +23]+iR
in the wedge arg(s) € [, 7+ 28]. Hence we can define, at least in a neighbourhood of this strip,

1(w) = P1(e™) = p1(y(e™)).
Note that for w € 7 + iR, we have 91 (w +25) = @1 (qei“"), so that the g-difference equation (91)
becomes a finite difference equation 11 (w + 28) = E(e™)11(w). Moreover, we show in Appen-
dix D how to extend #; (and its counterpart t)2) meromorphically to the whole complex plane,
starting from the basic functional equation (20) (see Theorem D.5 and (119)).

Proposition 8.3. The function 1 can be continued as a meromorphic function on C that
satisfies

Y1(w+2B) = M(w)¥r(w), (92)
where M (w) = E(e™), and E(s) is the rational function given by (50-51).

We now relate the differential properties of ¢1,®; and ;. The proof of the following lemma
is analogous to the proof of [14, Prop. 2.3] and is therefore omitted.
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Lemma 8.4. The following statements are equivalent:

® o is d%—algebmic over C(y),

d

e o1 is 0-algebraic over C(s) with 0 = is;,

e U is %—algebmic over C(e™).
Remarks
1. Of course, since y is %—algebraic over C, we could replace in the first statement the field C(y)
by C, or even R. A similar remark applies to the other two statements. However, we choose
to keep this formulation to emphasize the fact that (91) and (92) have coefficients in these base
fields.
2. The choice of the derivation 0 might seem peculiar since % would do as well. But it will
crucial in Section 9.2 because 0 commutes with the multiplication of s by ¢q. That is, if we define
the operator ¢*, acting on C(s), by ¢*f(s) = f(sq), we have

aC* = C*O. (93)

(The notation ¢* has been chosen so as to match the map ¢ defined by (30).) Moreover, for any

analytic function f(s), we have

L (7)) = @), (91)

8.3. DIFFERENTIAL TRANSCENDENCE OF THE LAPLACE TRANSFORM

We now assume that /7 is irrational, that is, that ¢ is not a root of unity. We will prove the
“only if” part in the first statement of Theorem 2.2.

Proposition 8.5. Assume that q is not a root of unity, and that ¢1(y) is d%—algebmic. Then
one of Conditions (24) or (25) holds.

Proof. Assume that ¢1(y) is d%-algebraic. Then Lemma 8.4 implies that ) is %—algebraic.
Recall from Proposition 8.3 that ¢, satisfies the difference equation 11 (w + 28) = M (w)1(w)
with M (w) = E(e™). We now apply Theorem 8.2 to this equation, with « = M (w) and the

following algebraic setting:

— the field K is C(e™), endowed with the automorphism o(h)(w) = h(w + 23), and the
derivation %,

— the ring L is C(ei“’)[l/wl,wl,%(wl),...,%(1&1),...] (derivatives of 11 of any order
exist since 11 is meromorphic), with the same automorphism and derivation (we prove
stability of L by o below).

Let us check that the assumptions of Theorem 8.2 (or Theorem 8.1) hold. We begin with the
assumptions on K. First, o clearly commutes with the derivation. Then, since ¢ is not a root of
unity, it is well-known, and easy to see, that K = C. This field is algebraically closed, hence
relatively algebraically closed in K. Regarding L, we first note that this ring is obviously closed
by the derivation %. Moreover, since % and o commute, the following formula holds for all

J € Np:
& @ @
7 (f7n) = s (o) = s (1))
by Proposition 8.3. It follows that L is fixed by o. Finally, ¢ is invertible in L by definition
of L.

The functional equation of Proposition 8.3 now reads o(f) = af with f = ¢; and a =
M(w)= E(e) € K. Since we have assumed that ¢, is D-algebraic, Theorem 8.2 implies that
there exist N € Ny, constants ¢y, ...,cy € C, not all zero, and finally h € C(e™), such that
M d (M’ av <M’

co—r(w) +c1— M)(w)+"'+CNM M

L) et ) @) = e 2) — e,
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where M’ = %. Upon replacing €™ by s, and recalling that %(f(eiw)) = (0f)(e™) (see (94)),
we conclude that
OFE OF OF
— 0| — - N =) =¢"(h)—h
COE+C1<E>+ ten (E) ¢*(h) = h,
where we recall that (*(h)(s) = h(gs).

We now apply to this equation Lemma 3.8 of [21]| (with n = 1), and conclude that the elliptic
divisor of E must be zero (this lemma is only proved in [21] when |¢| # 1, but the proof works
verbatim as long as ¢ is not a root of unity, which we have assumed here). By Lemma 5.5, this
means that one of Conditions (24) or (25) holds. This completes the proof of Proposition 8.5,
and of Theorem 2.2. O

9. WHEN 3 € wQ

We now consider the case where ¢ = €2 is a root of unity, and prove Theorem 2.3 in two
steps.

9.1. D-FINITENESS OF THE LOG-DERIVATIVE

The first part of Theorem 2.3 will follow from an explicit integral expression of 7 given in [20,
Thm. 1]. This theorem states that there exists constants ¢ in C* and x € {0,1} such that

n =< (5o ma) o (5 fp- o500 [ "y 5w )

where p is the pole of ¢; lying in Gg, if any (see Proposition 3.7), R~ = RN{y € C: Sy < 0} is
the bottom part of the the branch of hyperbola R defined by (34), G is the algebraic function (36),
and w is the canonical invariant (43). When /7 € Q, then w is algebraic (Proposition 4.2). As
observed in |20, Prop. 22|, we can rewrite the above expression as

e1(y) = g(y) exp(h(y)),
where g, as w itself, is algebraic and h is D-finite (because the integrand is D-finite, and the

integral of a D-finite function along an algebraic curve remains D-finite. Thus

/ /
ﬁ:2+h’
¥1 g

is clearly D-finite.
9.2. D-FINITE/ALGEBRAIC/RATIONAL CASES

Assume now that ¢;(y) is D-finite, and let us prove that it is in fact algebraic, and that one
of the angle conditions (24) or (25) holds. Since ¢/ /¢1 is D-finite as we have just established, we
can apply the final statement of [39], and conclude that ¢} /¢; is in fact algebraic. This implies

that f = % is algebraic over C(s), where as before ¢1(s) = ¢1(y(s)) and 9 = is%. Recall that
for s € (—o0,0), the following equation holds (see (91)):

CH(@1) := @1las) = E(s)@1(s)-
Since 9 commutes with ¢* (see (93)), the above defined function f satisfies
. . [ 0¢1 oC*p1  O(Egr oF
cn-c () -%a _AE o8
P1 o1 Ep: E
Write the minimal polynomial equation satisfied by f over C(s) as
cot+ef+-+fi=0,
and apply the operator (*. This gives

d—1 d
clen+cen (14 ) 4 vl (1+52) T+ (142 <o
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Comparing with the previous equation, and using minimality, gives, for j =0,...,d — 1:
d . i—j
i OE\""’
s=ew() (%)
i=j

with ¢4 = 1. In particular,
OF

Cd—1 = C*(Cd—l) +d B
Hence we can write BTE = (*(h) — h where h = —¢4—1/d € C(s). Let n > 0 be such that ¢" = 1.
Applying ¢*/ with j =0,...,n — 1 to the latter equation, we obtain

- OF . .
¢ (%) =< - ¢
E
Summing these identities and noting that ¢*" is the identity on C(s), we find

n—1 n—1 rxj

=0 [j=o ¢/ (E)
The latter identity uses the fact that 0 and ¢* commute (see (93)). Thus there exists ¢ € C*
such that H?;ol ¢*(E) = ¢. By specializing s to 0, we find that ¢ = F(0)* = (s1/s9)". If
instead we let s tend to infinity, we find that ¢ = (s2/s1)™. Hence (s3/s1)" = +1. Moreover,
the norm of (s2/s1)E with respect to the field extension C(s™) C C(s) is equal to 1. By

Hilbert’s Theorem 90 [31, p. 288|, there exists H € C(s) such that (s2/s1)E(s) = I?((S‘?). Since
H(s)

(s2/s1)?™ = 1, it follows that E(s)?" can be written as o) We conclude, using Lemma 5.5,

that one of the angle conditions (24) or (25) holds. But then Theorem 6.3 or Theorem 7.4 applies,
and tells us that ¢ is in fact algebraic (since 8/7 € Q).

We have thus proved that ¢; is D-finite if and only if it is algebraic, and that in this case one
of Conditions (24) or (25) holds. To conclude the proof of Theorem 2.3, we now investigate the
rational cases.

If & € —Ny, then Condition (24) holds, and ¢, is rational by Theorem 6.3. Conversely, if ¢
is rational, then av € —Ny by (69).

The proof of Theorem 2.3 is now complete. ([

Acknowledgements. The authors are grateful to Sébastien Labbé for his advice on the counting
problem of Lemma 6.2, related to Sturmian sequences.

APPENDIX A. BASIC CONDITIONS: FROM THE QUADRANT TO THE ﬂ-WEDGE

In this appendix, we prove the equivalence between various conditions on the parameters of
the model, considered in a quadrant or in the S-wedge. Surprisingly, we could not find these
proofs in the literature.

Let us recall the angle conditions met in Sections 1 and 2 of the paper. The first four are
relevant to the S-wedge:

(3):d+e—7m< B, orequivalently «a <1,

(4):0<6<p,

(5):f—e <O <,

B)+4)+(B)=(123):0—nm<f—-e<b<d, 0<0<p,
while the next three are relevant to the quadrant:

(9):det R>0 or (ri2>0andry >0),

(17) tpr <0, p2 <0,

(18) :det R >0, 72op1 —r12p12 <0, 71182 — 2141 < 0.

Recall finally the natural reflection conditions, which hold throughout the paper:
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e in the S-wedge, the reflection angles 0 and ¢ lie in (0, 7),
e in the quadrant, the reflection matrix R satisfies 711 > 0 and 792 > 0.

Lemma A.1. We have the following equivalences:

i) The semimartingale condition for the 3-cone (3) is equivalent to the semimartingale con-
dition for the quadrant (9).
ii) Condition (4) is equivalent to the drift condition (17).
iii) Condition (23) = (3) + (4) + () is equivalent to (17) 4 (18).

Proof. First of all recall that 8,9 and ¢ lie in (0, 7). Also, recall from (16) and (13) that:

tand = sin 5 , tane = sin 5 , tanf = sin 5 . (95)
r o T o I o
This implies that
sin 8 sin 8
tan(B —¢e) = , tan(B8 — @) = . 96
=2 L /222 4 cos 8 -8) B2 [O1L 4 cos 3 (56)
T21 J11 H1 022

We will use repeatedly the fact that the cotangent function is decreasing in (0, 7). For instance,

since by (95),
1 1 1
cote —cot 8 = — = jou >
tane tanfB 111\ o9sinpf

e< &y >0. (97)

we have

Recall also that cot z = cot(z + ).
We now begin with the proof of i). We have the following sequence of equivalences, starting
from Condition (3):

d+e—nm<pfe(0<i<f—c+nm<m) or(f—ec=0) as 6 € (0,m)
1 1
d > b
©<tan(ﬁ—s)<tan6 an r21<0> orry =0 y (97)
<:><T11<T12 and r21<0) or 791 =0 by (95-96)
Tl T2

= (7’11T22 — 119791 > 0 and ro1 < 0) or ro1 = 0.

A case analysis reveals that this is equivalent to Condition (9), namely det R > 0 or (ro; >
0 and 712 > 0).

We go on with the proof of ii). First, it follows from (14) and (12) that 6 > 0 is equivalent to
o < 0. Hence we will now assume that 8 > 0 and ps < 0, and prove, under these assumptions,
that 0 < B is equivalent to u; < 0. We have the following sequence of equivalences:

1
6 &
<p tan < tan 6
M1
& —>0 by (95)
M2
< pp <0, since 2 < 0.

Let us now prove iii). We have already seen that (4) and (17) are equivalent. We thus assume
that they hold, that is, that 0 < # < 8 and p1, p2 < 0, and prove the equivalence of (3)+ (5) and
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(18) under this assumption. Starting from the first part of (5), we have the following sequence
of equivalences:

1
- 0= p—0 &
pe< & <€ fane © tan(s — 0)
o R by (95) and (96)
i M
< Tiipe < T21M41 as u; < 0.

We recognize the third part of (18). In a similar fashion we can show that the second part of (5)
is equivalent to the second part of (18):

1
<& <
tand  tané
o2 M by (95)
Tog U2
< Tagp1 < T1242 as g < 0.

Assume now that (18) holds. The above two calculations show that (5) holds as well. Moreover,
the first part of (18) implies (9), which implies (3) by item 1).

Conversely, assume that Conditions (3) and (5) hold. The above two calculations show that
the second and third parts of (18) hold as well:

roop1 < riope  and  riipe < rorp. (98)

Moreover, by item i) we have det R > 0 or (r12 > 0 and r9; > 0). If det R > 0 we are done,
since this is the first part of (18). If (r12 > 0 and r9; > 0), it follows from (98) and the fact that
p#1 < 0 and pe < 0 that

roa/ri2 > pa/p1 and  ri1/ror > pu/pe.

This implies that roori1/(r21712) > 1, so that det R > 0 again. This concludes the proof. O

APPENDIX B. PROOFS OF SOME KERNEL LEMMAS

B.1. PrRooF oF LEMMA 3.2

We have
o (12012 — p11022) — /(12012 — (11092)2 + p3 det -
det X
and
Vi) = _Jnr i
022

Recall that 27 < 0, g1 < 0, po <0, 092 > 0, 011 > 0 and det X > 0.

We first want to prove that Y+ (z7) is positive. Let us first assume that o5 > 0. It follows
that o120~ + 2 < 0 and then Y+ (27) > 0.

Now assume that o120 < 0. We have the following equivalences:

Yi(xf) >0& 0198 +pue <0

_ 012
det ¥

012
\/(,u2012 - ,u1<722)2 + M% det¥ < —pg — m(MWu - M1022)-
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Both sides of the inequality are positive. By squaring them, we obtain

2
_ o
Yi(m )>0& detl;lz ((,ugalg — p1099)% + i3 det Z)

‘7%2 012
det X2 det ¥
& oiyus < pizdet T+ 2u0012(p2012 — p1022)

< p3+ (2012 — p1092)% + 2u9 (n2012 — p1022)

& 0 < 3011092 — 2401 H20220712.
But the last equality holds because pyp2o1a < 0.
Let us now prove that Y*(z~) < y*. The equation (in z) y(x,Y*(z7)) = 0 admits a real

root, namely 2~. This implies that the value Y*(27) is not in the cuts of the functions X+ and
X, that is, that y~ < Y*(z7) <yt O

B.2. PrRooF oF LEMMA 3.3

The existence of sy is guaranteed by the fact that v(0,0) = 0, and that (z(s),y(s)) is a
uniformization of the curve y(x,y) = 0. Using (29), we are going to derive the following two
explicit expressions of sg:

i (eP(xt + T4y
0= — ( (+ v ) v y_> (99)
sinf3 Tt — Yyt —y
x4 420 —ata (100)
N = —at ’

The first equality follows from eliminating % between the two equations z(sp) = 0 and y(sg) = 0.
The second arises when solving z(s) = 0 using the first equation of (29). The sign in front of the
square root is chosen so that 3sg < 0 (recall that ™ and 2~ have opposite signs), an inequality
that follows from (99). Indeed, since sin 3 > 0 and ™ > 2~ , we have

xt —a~
sgn(Ssp) = sgn (cos,B (zt +a27) - H(gfr + y)> .
We now use (10) to express cos 3, and (27) for the numbers #& and y*. In particular, we find:
+
x

- 022
— = 101
yt -y 011 (101)

Cee) 2412 >
sgn(Jsp) = sgn ( =
which is negative since the drift p is negative (see (17)). So we have indeed chosen the sign
correctly in (100).
Now starting from (100), one readily checks that sp has modulus 1. Since J(—sp) is positive
and 0 € (0, 3) C (0, ), proving that —so = €% boils down to proving that the tangent of #, given
by (13), coincides with 2v/—x~at /(2™ + 27), which is readily done using (27). O

This leads us to

B.3. PROOF OF LEMMA 3.4
Using the relations between roots and coefficients in the quadratic equation (33), we obtain:

ri(at — 7)o (yt —y)e” _ (ra(zt —az7) +raly™ —y )ezﬁ)
(et —z7) +ra(yt —y)e |rii(xt —x=) +ro1(yt — y*)elﬂ\2

5081 =

Hence we can write sps; = €', where w; is defined (modulo 7) by:

tanwy = 21 (y+ _ y_) sin = ra5in
7‘11(.%"" - SU—) + T2l(y+ - y_) cos 3 711 % + 721 cos 8
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by (101). This coincides with tan(5 — ), which is given by (96). This concludes the proof for
S1.

Analogously,
_ N g\ 2
S08y = (7"12(55‘Jr —z7 )+t -y )elﬁ) _ Q2w
- . 2 - )
ri2(zt —27) + roa(yt —y~ )|
where N
tanw, = . 7“22Ey —Y )imﬁ, _ 722 8in 3 — tans
7“12((13 - )+r22(y -y )COSB 712 %4—7@2(}055
11
by (95). The proof is now complete. O

B.4. ProoF oF LEMMA 3.5

We first want to write 1 (z(s), y(s)) explicitly. The definition of sy, given just above Lemma 3.4,
implies that for some constant ¢; we have

s71((5),y(s)) = e1(s — s1)(s — s0)-

The constant can be determined looking an equivalent of svy1(x(s),y(s)) at s = co. We thus
obtain:

+_ + .
c1 = Tll% + 7“21%6_26.
It follows from (101) and (95) that
ro1 Yyt —y~  sinf
— = —cosf3
r1 zt —a~ tane
Hence
+ _ — .
€= 7"11u <1 + (smﬂ - cosﬁ) (cos B — isinﬁ))
4 tane
at —x"sinf, : : .
= ((sin Bsine + cos Bcose) + i(cos Bsine — sin B cose))
sine
+ _ — .
= rllus%nﬁei(ffﬁ)‘ (102)
4 sin e

Hence ¢ lies in eC=AR . Observe that for s = —1, we have (z(s),y(s)) = (z~,Y*(27)). Thus

(@, YE@)) 20 m(a(-1), y(-1)) > 0
= 01(—1 — 81)(—1 — 80) <0

& (72270 _ 1) (e —1) <0 by Lemmas 3.3 and 3.4

& P9 gin(B — e — 0/2)e/%isin(0/2) <0

& sin(f —e —6/2)sin(0/2) > 0 by (102)

Ssin(f—-e—-60/2) >0 as 0 >0

S p—e—0/220 as —m<fB—e—0/2<m/2 by (23).
The same calculation proves that v;(z~,Y*(27)) = 0 if and only if 8 — & — 6/2 = 0. O

B.5. PROOF OoF LEMMA 3.6

By definition of R in (34) there exists x € (—oo, x~] such that y(x,y) = 0, that is, y = Y+ ().
Let us assume that y = u + iv, with v and v real. Then, returning to the expression (26) of Y+,
we can write:

,_ (ot p) + isgn(v)/(@ —a7)(@ —aF)det™ _ (103)
022




44 M. BOUSQUET-MELOU, A. ELVEY PRICE, S. FRANCESCHI, C. HARDOUIN, AND K. RASCHEL

The fact that v(x,y) = 0 implies that z is one of the values X (y) or X~ (y), and exactly one
unless y = y* (in which case X (y) = X (y) and there is nothing to prove). We want to
determine which one. Given that

—(oy+m) £V/—(y—y )y —yt)dets
011

X*(y) =

we have

V= =y )y —y*)dets

o1 '
Let us first assume that v # 0. One of the values X*(y), being , has imaginary part 0, but
the above formula shows that the other has non-zero imaginary part. Given that det® > 0, it
now suffices to compare the signs of o190 and $/—(y — y~)(y — y1): if they have the same sign
then X~ (y) # 0 and thus z = X (y), and otherwise z = X~ (y). Since we always take the
principal determination of the square root on C\ R_, we have

IXE(y) = L PSS
o11

sen SV —(y -y )y —y*) = —senS((y —y )y —y")):
Now, writing y = u + iv, we first obtain:
Sy—y )y —y") =vu—y" —y7),
and, using (103) to express u, and the expressions of y* and z%, we obtain:

+ p—
— o2 (" +x
Sy —y ><y—y+>=2v(—x).
09292 2

This has the same sign as o19v, hence o120 and $/—(y — y~)(y — y*) have opposite signs and
z = X~ (y) as announced.
Finally, if v = 0, that is, y = Y*(27), then the two values X*(y) are real, one of them being
o = x~. The other one cannot be less than 2~ (because y = Y*(x) would not be real). Then
x~ = X (y) by continuity of X~ as x approaches ™ from below.

[l

APPENDIX C. PROOF OF LEMMA 5.5

Several of the results that we prove here were already proved in [21], but assuming that |g| # 1.
Unfortunately, our value of ¢ in this paper is 2’ which has modulus 1. However, the proofs
of |21] apply verbatim as soon as q is not a root of unity, so we often focus here on the case where
q is a root of unity, that is, when /7 € Q.

We choose an arbitrary system S C C* of representatives of C*/¢%. In other words, S is a
subset of C* such that for any z € C* there exists a unique 2z’ € S such that z = ¢‘z’ for some
¢ € 7. We denote by [z] the equivalence class of z for the relation defined by z ~ 2’ if z/2’ € ¢%.

Definition C.1. Let a € C(s). We say that a is standard if for any z € C*, at most one element
of [z] is a zero or a pole of a, possibly of multiple order.

Lemma C.2. Let a € C(s). There exist f € C(s)* and @ € C(s) standard such that a =@ Ias),

Proof. We refer to [21, Lem. 3.3| for a proof that holds when ¢ is not a root of unity. If ¢ is a
root of unity of order n, let us write

n—1
a= ks H H(qks — z) Mz (104)

z€S k=0
where ¢ € Z, my,, € Z and k € C. Define

a= kst H(s —2) Koo Mz

z€S
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Then @ is clearly standard and one easily checks that a =@ (( )) with
n—1k—1 .
g H H H(q.js — Z)mk,z‘
2€S8 k=0 j=0

O

Definition C.3. Let a € C(s). If q is a root of unity of order n, let us write a as in (104). The
elliptic divisor of a is defined as the formal sum

divg(a) =) (Z my, ) 2.

z€S
If q is not a root of unity, let us write
a=rs' H H z)Mho=
z€S kEZL
where £ € Z, k € C and finitely many of the my, , € Z are non-zero. We define the elliptic divisor

of a as the formal sum
divg(a Z (Z o Z)

z€S \k€Z
One can easily prove that
e for a and b in C(s), divg(ab) = divy(a) + dive(d),

o for f € C(s)", divy(5)) = 0.

Lemma C.4. Let a € C(s). The following statements are equivalent:

o there exist k € C, L € Z and f € C(s) such that a = /isw;((qss)),

o the elliptic divisor divy(a) = >, .gn.[2] is zero, that is, n, =0 for all z € S.

Proof. 1t is clear from the above observations that the first condition implies the second, as
div,(s’) = 0. We now assume that divy(a) = 0, and prove that the first condition holds. As
before, we refer to |21, Lem. 3.5] when ¢ is not a root of unity, and assume that ¢ is a root of
unity of order n. Let us write a=af(sq)/f(s) as in Lemma C.2, with @ standard. Using again
the remark above, and the assumption div,(a) = 0, we find that divy(a@) = 0. Let us write
@ = ks’ [[,es(¢"s — 2)™= where k. € Z and only finitely many of the m. € Z are non-zero.

Then
0 = div,(a Z m.[z
z€S
which implies that all exponents m, are zero, so that @ = xs’. This concludes the proof. O

We are no ready to prove Lemma 5.5.

Proof of Lemma 5.5. Assume that there exists m € N and H € C(s) such that E(s)™ = g((qss)).
By Lemma C.4, one has 0 = divy(E™) = mdivy(E), so that divy(E) = 0.

Now let us prove the equivalence between the second and third conditions of Lemma 5.5. Since
divy(E) = [s1] + [é} — [s2] — [i], saying that the elliptic divisor of E' is zero means that either
[si] = [S%] for i = 1,2 or that [s1] = [s2] (in which case [i] = [é]) The first case can be restated
by saying that s? and s3 belong to ¢Z, and the second by saying that s1/s2 € ¢Z.

Finally, if the elliptic divisor of E is zero, then Lemma C.4 implies that E(s) = rs’f(gs)/f(s)
for some k € C, £ € Z and f(s) € Q(s). We can assume without loss of generality that f(s)
tends to a non-zero finite limit as s tends to infinity. Indeed, if f(s) grows like s¢ for some e € Z,
the function f(s) := s~¢f(s) also satisfies E(s) = fs’f(gs)/f(s) for another constant &. So let

us assume that f(s) tends to a non-zero finite limit as s tends to infinity. By letting s tend to
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infinity, we see that £ = 0 and s2/s1 = k. By setting s = 0, we see that s1/s9 = k. Hence
k=1/k = £1, and E?(s) = f?(qs)/f?(s). O

APPENDIX D. LIFTING OF ¢; AND 3 ON THE UNIVERSAL COVERING OF S\ {0, 00}

In this section, we explain how the function

Y1(w) = p1(y(e))
that has been used in Section 8, originally defined as a meromorphic function in a neighbourhood
of the strip Rw € [r, ™ + f], can be extended to a meromorphic function on C, together with its
counterpart 1o defined by s (w) := @a(x(e™)). The key idea is to use the relation

(2(s),y(8)e1(y(s)) +12(2(s), y(s)) 2 (x(s)),

derived from the basic functional equation (20), to construct ¥; and 1 on larger and larger
domains.

D.1. CONSTRUCTION OF THE UNIVERSAL COVERING

The uniformization (29) allows us to constructively and explicitly identify S, the Riemann
surface of genus 0 defined in (28), with C U {co}. Let us consider C* = S\ {0, 00}, which is
mapped by (29) to the finite points of the surface. This surface is then homeomorphic to a
cylinder and may be considered as an infinite vertical strip whose opposite edges are identified
(Figure 7, top). Informally, the universal covering SofS \ {0,000} may be viewed as infinitely
many such strips glued together and covering the complex plane (Figure 7, bottom).

%]

FIGURE 7. An informal construction of the universal covering S of S \ {0, 00}

More precisely, let us define the map A by
A §=C — C*=8)\{0,00}
w o— Aw) = e,

This is a 27-periodic, non-branching covering map from C to S\ {0,00}. Every segment of
the form [a + ib, a + 27 + ib], with a and b real, is projected onto a closed curve of S\ {0,000}
homologous to a curve going around the cylinder.
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Given s € S\{0,00} and S € S\ {0, 00}, we will use the notation § and S for their preimages
by A in some prescribed vertical strip of width 27 (which is often taken to be {0 < Rw < 27}, but
not always). In particular, given that A\(7+60) = sg = —e¥, A\(1) = s] = —1, A(m+) = s, = —¢'#
(see Lemma 3.3 and (32)), we will write:

So=m+0, 5 =m, 55 =7+ .

Every conformal automorphism x of S\ {0, 00} may be lifted to a conformal automorphism
X = Ay of the universal covering C. The function A~' being multivalued, this continuation
is uniquely defined if we fix the image by X of given point wgy € C.

Recall the definitions (30) of the _maps &, nand (. Recall in particular that & fixes 1 and —1,
while 7 fixes +e?. Let us define 5 (resp. ) by choosing its fixed point to be 5] = 7 (resp.
5, =m+ ). Using (30) we have

fw)=—-w+2r and Hw) = —w+2(x + B).

These are central symmetries of respective centers §; and 55 . It follows that 7 E and E 7 are just
translations by 25 and —24:

W) =w+28 and En(w)=w—28. (105)
D.2. SOME IMPORTANT DOMAINS AND CURVES

The initial domain of definition of the Laplace transform po(z) is {z € C : Rz < 0}. Returning
to the uniformization (29) of the curve y(z,y) = 0 by the variable s, we define A; = {s €
S\ {0,00} : Rz(s) < 0} and we introduce its lifting

A :={weC:0< Rw < 27 and Rz(\w) < 0}. (106)

The goal of this subsection is to study the curves that bound this lifted convergence domain. We
denote by Z, the curve where the value z(e™) is purely imaginary:

7, = {w e C:0 < Rw < 27 and Rz(\w) = 0}.
The following lemma is illustrated in Figure 8, which we have completed by more examples in

Figure 9.

Lemma D.1. The curve fx consists of two connected branches, with vertical asymptotes at
Rw € {n/2,31/2}. Denoting w = u + v, with w and v real, these branches lie in two disjoint
vertical strips and are defined by the equation:

cosd {ue (r/2,7 — O] U[r +0,37/2) if 0 <n/2,

ho = —
cosmy u€r—0,7/2)U(3r/2,7+0] if 0 >m/2.

cosu’ (107)

The case @ = /2 is degenerate, with . consisting of two vertical lines at abscissas 7/2 and 37 /2.

We denote by f; the rightmost branch, which goes through S9 = w46, and by fj the leftmost

one, which goes through §( := §(§0) =m — 0. The notation fi comes from the fact that Ry(Aw)

18 posztwe (resp. mon-positive ) on I+ (resp. I ). The automorphzsmf exch(mges the branches
I+ and I . Finally, the domain A1 is the area lying between the two branches on

Proof. Let us observe that, for w = u + v,

+ 4o + -
:L‘(/\w):x —;—:p + 2 23: (cosucoshv — isinusinhv),
+ _ —
= % (cos @ + cosucoshv — isinusinhv) . (108)

The latter expresssion is obtained by specializing w to 746, using the fact that z(sg) = 2(—e') =
0 (Lemma 3.3). An elementary study, based on (108), establishes equation (107).
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Since z(€s) = x(s), the curve Z, is fixed by the automorphism &. Since & swaps the two
vertical strips that contain the branches of Z,, we conclude that it exchanges these two branches.

Let us now justify the notation fxi First, we derive for y(Aw) the following counterpart
of (108):

y(Aw) = v ;—Zf + v ; y (cos(u — B) coshv — isin(u — /) sinh v)
= y*;y (cos(0 — B) + cos(u — B) coshv — isin(u — ) sinhv) .

By combining this equation with (107), we see that on the curve 7., the value Ry(Aw) has the
sign of
cos

., sin(f0 —u
cos(f — ) — cos(u — mcosu =sind (Eosu)

that is, the sign of sin(f — u)/ cosu. The result follows by considering separately the two vertical
strips of (107) and the two cases § < w/2 or 0 > /2.

The domain A is the area lying between the two branches of I, indeed, one can check that
at w = 7, we have Rz(\w) < 0. O

i3+ 3m/2

o9
Bl

FIGURE 8. In red, the domain @1, and its boundary fm show with its asymptotes.
In blue, Ag, and its boundary Z, shown with its asymptotes. In this example,
0 <m/2and §— 6 < w/2. More examples are shown in Figure 9.
In a similar fashion we now define Ay = {s € S\ {0,000} : Ry(s) < 0} and
Ag:={weC: B < Rw< B+2r and Ry(\w) < 0}. (109)

Note that we have taken this lifting in the translate of the vertical strip [0, 27] by 8. We define
1, as I, but again in the translated strip:

fy::{wE(C:B<§Rw<ﬁ+27rand%y()\w):0}.

Recall that 0 < 0 < 8 < 7 by assumption. We have the following counterpart of Lemma D.1
(see again Figures 8 and 9 for various illustrations).
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N
B

FIGURE 9. Some examples of the domains A; (red) and Ay (blue), for various
values of § and 3: left, § < /2 and f—6 < 7/2; middle, § > 7/2 and f—0 < 7/2;
right, § < 7/2 and § — 6 > 7/2. Given that 8 < m, it is not possible to have
0>mn/2and 5 —0>m/2.

Lemma D.2. The curve fy consists of two branches, with vertical asymptotes at Rw € {8 +
/2,8 4 37/2}. Denoting w = u + v, with u and v real, these two branches lie in two disjoint
vertical strips and are defined by:

Coshv__cos(ﬁ—ﬁ) for ue(B+7/2,m+0lU[r+28—6,5+2n) if B—60<m/2,
cos(u — f3)’ uelr+6,0+7/2)U(B+3n/2,mr+28—-0] if 3—0>m/2.
The case B — 60 = /2 is degenerate, with fy consisting of two vertical lines at abscissas 3+ 7/2
and f + 3w /2. We denote by I, the leftmost branch, which goes through So = m+ 0, and by
f; the rightmost one, which goes through 8 := N(80) = m + 28 — 6. The curve fy 18 ﬁ\xed by
the automorphism 1), which swaps its two branches. The value of Rx(Aw) is positive on I; and

non-positive on f?j The domain 32 lies between f?j and f?j

The proof is a straightforward adaptation of the one of Lemma D.1. Finally, the following
lemma is illustrated in Figure 8, and can be checked further on the examples of Figure 9.

Lemma D.3. The domain 82 contains the branch f;, The domain 31 contains the branch fy_

Proof. By Lemma D.1, the value of Ry(Aw) is non-positive in f; : hence this branch is included

in Ay by definition (109) of this domain. In the same way, the second property follows from
Lemma D.2. O

D.3. LIFTING OF ©1 AND @2 TO THE UNIVERSAL COVERING

As the Laplace transform z +— ¢a(x) is defined and continuous in the set {x € C : Rz < 0}
and analytic in its interior, we can lift it to Ay = {s € S\{0,00} : Rz(s) < 0} by setting
P2(s) = pa(xz(s)) for all s € Ay. The set Ay is the image by A of A;. Since

xt —ax~

1
x(s) = 5 <8—|— . —|—200$9>
(we have used again the fact that x(sq) = 0, with s = —e'), it is the part of the plane
bounded by the curve R(s + 1/s) + 2cosf = 0 that contains —1 = A(w). This curve consists
of two branches, symmetric in the z-axis, which come infinitely close to 0, and have a vertical
asymptote at Rs = —2cosf. See Figure 10 for examples.

Since the map =z is analytic on C*, the lifting @5 is analytic in the interior of A; and continuous
at each point of the curve R(s +1/s) +2cosf = 0.

In the same way we can lift ¢; by setting ©1(s) = ¢1(y(s)) for all s € Ag. This set is the
part of the plane containing (™) that is bounded by the curve R(se=*® + € /s) 4+ 2 cos(f —
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b z 3 a=—2cosf
Al A1
a= —2cosf 3 Z,
sy —1
0 a ’/a
cilm20-)
AQ z; A A2
@ dos(f) + bsin(B) = —2cos(8 — ) "= __ A bsih(B) = —2cos(9 — B)

FIGURE 10. In red, the set Ay for 8 < 7/2 (left) and 6 > /2 (right). In blue,
the set As.

0) = 0. It is symmetric in the line that goes through 0 and e'™tB8)  Now the asymptote is
R(se™®) = acosf + bsinf = —2cos(B — ) with s = a + ib. Recall that we have already
defined ¢; in Section 8.2, in fact in a larger set than Ay. Indeed, we had defined it in the wedge
arg s € [m, 7 + 2], which is sent by the map y on Gg while Ay is only sent on Ry < 0.
We then lift the functions ¢1(s) and @a(s) analytically to the sets Ay and A; defined in the
previous subsection. That is,
Yi(w) == E10w) = p1(y(e™)), Vw e Ay, (110)
bo(w) 1= F20w) = pa(a(), Vo € A,
Again, these maps are continuous at each point of the boundary of their domains. Then for all
w inside Ay N Ay, the main functional equation (20) yields

T (z(Aw), y(Aw))ihr(w) + 72(z(Aw), y(Aw))iha(w) = 0. (111)

Note that the intersection 31 N 32 is non-empty: in fact it is the area lying between the curves
7, (to the left) and Z (to the right).

D.4. MEROMORPHIC CONTINUATION ON THE UNIVERSAL COVERING

We can now extend meromorphically ¢ and 19 to the interior of

A = 31 U 32
by means of the formulas
1 (w) = —%(x()\w),y(kw))l/}g(w) if we Ay, (112)
Ya() = = (rOW) yOw)a ) ifw € B, (113)

see |20, Lem. 3| or [18, Lem. 6]. Note that (111) guarantees that the values (110) and (112)
actually coincide on A1NA,. We also extend these functions on the boundary of A by continuity.
A similar statement holds for 5. The fact that this extension is only meromorphic, rather
than analytic, comes from the division by 77 and =9, which may create poles. The functional
equation (111) now holds on the whole interior of 3, and also on its boundary by continuity.
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In order to extend %7 and ¥y to C = .§, we will need the following lemma, which states in
particular that the complex plane is completely covered by translates of the set A by shifts of 2.
We recall that a translation by 20 is precisely the effect of 7¢ (see (105)).

Lemma D.4. Recall that A = Ay U Ay, where Ay and Ay are defined by (106) and (109)
respectzvely The set A is bounded by IJr (on the left) and IJr (on the right). Moreover, I++2ﬁ -
Ay and Izj — 28 C Ay. This implies that

C=J@A+2mp) = @A

neZ nel
Moreover, ANTA = Ay, and ANEA = A.
Proof. The first statement follows from the discussion in Section D.2, see Figures 8 and 9. Now

I} +2B8 =n¢Z;

=1L, since E exchanges the two branches of 7, (Lemma D.1)

T

C 7732 since fl,_ - 32 (Lemma D.3)

C Ay since Ay is left invariant by n (Lemma D.2).

A similar argument proves that { + = I+ 28 C Al C A. The above propertles are illustrated

in Figures 11 and 12. They imply that C can be covered by translates of A by multiples of 2.
Let us nOW prove that A N 77A Ag Since nAg = Ag, we have Ag cAN 77A Now let us
take w € Ay \ A,. This point thus lies to the left of the curve I . Then nw lies to the right of

777* = I*, and thus cannot be in A. We prove the final statement of the lemma in a similar
fashlon O

A +28

I +28%

FIGURE 11. The set ﬁ, in grey/green, and its translates by +23 (dashed areas).

To lighten notation in the functional equation (111), we will denote

M) == n(z(dw),y(w)) and Fa(w) := 12 (z(dw), y(Aw)).
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>

i3
+248

\
[

sl i s =l e e 5= [ a-
1.7, 26 1 | I 4287, 1,1,

FIGURE 12. The set A and, in dotted lines, the translates of the branches f;“
(red) and I; (blue) by 28 and —23, respectively. In all cases, these translated

branches fit in the domain A .

Theorem D.5. The functions 11 and e, which are so far defined on the interior of 3, can be
continued meromorphically to the whole of C. For all w € C, these functions satisfy

(Y1 (W)Y (w) + Y2 (w)ha(w) = 0, (functional equation) (114)
P1(Nw) = Y127 + 28 — w) = Y1 (w), (invariance of 1 by 1) (115)
¢2(,§w) = 2 (2m — w) = Pa(w), (invariance of 1o by E) (116)
Y1) = a(w +26) = Z2E)Z (), (shift of 26) (117)
V2(E00) = da(w — 26) = ZHA) 2 (@aw).  (shift of ~28). (118)

Note that (117) can be rewritten as

Y1 (w+28) = 72(56(62%;:3
= E(e") i (w), (119)

where E(s) is defined by (50). This is the formula announced in Proposition 8.3.

Proof of Theorem D.5. We have constructed ¥, and ¥y meromorphically inside A. Our first task
will be to prove the identities (114-118) where they are well defined. We have already seen that
the functional equation (114) holds in A (see the discussion following (113)).

Let us now prove that the invariance formula (115) holds where it is well-defined, that is, for
w e ANHA = Ay (Lemma D.4). But for w € Ay, the value 91 (w) only depends on y(Aw)
(see (110)), and y o A is invariant by 7. Hence (115) holds. In the same way, we prove that (116)
holds for w € AN EA: Ar.

Let us now establish the translation formula (117) where it is well-defined, that is, for w €
ANEA =AN ( — 2f). This is the area located between the branches f;r and ZA,';F — 20 (see
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Figures 11 and 12). In particular, w € Ay (Lemma D.4), hence gw € A; as well. We have:

1 (Hew) = 1 (Ew) by (115), given that féw € A and &w € A,
= 72(5@1# (gw) by (114), given that Ew € ﬁ,

M1 (éw)
- (f“’)w (w) by (116), given that fw € A and w € A,

M1 (éw)

_ Plw) iw)
A (Ew) F2(@)
This completes the proof of (117). We prove (118) in a similar fashion for w € A N7HEA.

P1(w) by (114), given that w € A.

We will now continue 11 meromorphically on successive translates of A by multiples of +27,
using the translation formulas (117) and (118). Let us first define 11 on N§A = A 4 25. For
w € A we set

T2 (6w) 71 (w)
M (£w) Yo(w)
Since (117) holds on AN Eﬁﬁ this is consistent with the already defined values of wl We thus
obtained a meromorphic extension of 11 on AU n{A (recall that A N n{A AN (A + 205) has
a non-empty interior). Let us now define ¢; on {nA A - 26. For w € A - 20, we set:

A1 (6w) Fo(w)
o (Ew) A1 (@)
Again, the fact that (117) holds on AN Eﬁﬁ guarantees that we have indeed an extension of ;.
With the same translation procedure we now propagate the construction of ¥ to
EN"AU- UGAUAUREAU - U@)"A= ] (A+2kB)

ke[—n,n]

U1 (w + 28) = ¢ (HEw) = Y1 (w).

U1 (w) = 1 (Ew).

for all n € N. Lemma D.4 guarantees that we finally cover the whole of C.

We continue 12 meromorphically to C using a similar procedure, based now on (118). The
principle of analytic/meromorphic continuation implies that the equations (114-118) are satisfied
on the whole of C. O

Corollary D.6. The function $; may be continued meromorphically on the slit plane C\ e’’R,. .

Proof. Let us recall from (110) that @ (e™) = v (w) for w € Ay. The domain Ay contains in
particular a neighbourhood of m+ 3 +iR. Let log be the determination of the complex logarithm
in the slit plane C\ e’ R, that satisfies log(e™) = iw when Rw = 7 + . In a neighbourhood of
arg s = m + 3, we now have

P1(s) = Y1 (—ilog s).
But Theorem D.5 states that 11 can be continued meromorphically to C. Then the above formula
allows us to continue @; meromorphically to C\ e R. ]
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