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Abstract

Spatial constraint systems (scs) are semantic structures for reasoning about spatial and epistemic information
in concurrent systems. We develop the theory of scs to reason about the distributed information of potentially
infinite groups. We characterize the notion of distributed information of a group of agents as the infimum
of the set of join-preserving functions that represent the spaces of the agents in the group. We provide
an alternative characterization of this notion as the greatest family of join-preserving functions that satisfy
certain basic properties. For completely distributive lattices, we establish that the distributed information
of ¢ amongst a group is the greatest lower bound of all possible combinations of information in the spaces
of the agents in the group that derive c. We show compositionality results for these characterizations and
conditions under which information that can be obtained by an infinite group can also be obtained by a
finite group. Finally, we provide an application on mathematical morphology where dilations, one of its
fundamental operations, define an scs on a powerset lattice. We show that distributed information represents
a particular dilation in such scs.
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1. Introduction

In current distributed systems such as social networks, actors behave more as members of a certain group
than as isolated individuals. Information, opinions, and beliefs of a particular actor are frequently the result
of an evolving process of interchanges with other actors in a group. This suggests a reified notion of group
as a single actor operating within the context of the collective information of its members. It also conveys
two notions of information, one spatial and the other epistemic. In the former, information is localized in



compartments associated with a user or group. In the latter, it refers to something known or believed by a
single agent or collectively by a group.

In this paper we pursue the development of a principled account of a reified notion of group by taking
inspiration from the epistemic notion of distributed knowledge [1]. A group has its information distributed
among its member agents. We thus develop a theory about what exactly is the information available to agents
as a group when considering all that is distributed among its members.

In our account a group acts itself as an agent carrying the collective information of its members. We can
interrogate, for instance, whether there is a potential contradiction or unwanted distributed information that
a group might be involved in among its members or by integrating a certain agent. This is a fundamental
question since it may predict or prevent potentially dangerous evolutions of the system.

Furthermore, in many real life multi-agent systems, the agents are unknown in advance. New agents can
subscribe to the system in unpredictable ways. Thus, there is usually no a-priori bound on the number of
agents in the system. It is then often convenient to model the group of agents as an infinite set. In fact, in
models from economics and epistemic logic [2, 3], groups of agents have been represented as infinite, even
uncountable, sets. In accordance with this fact, in this paper we consider that groups of agents can also be
infinite. This raises interesting issues about the distributed information of such groups. In particular, that of
group compactness: information that when obtained by an infinite group can also be obtained by one of its
finite subgroups.

Context. Constraint systems (cs)? are algebraic structures for the semantics of process calculi from
concurrent constraint programming (ccp) [4]. In this paper we shall study cs as semantic structures for
distributed information of a group of agents.

A cs is typically formalized as a complete lattice (C,C) [5]. The elements of C represent partial in-
formation and we shall think of them as being assertions. They are traditionally referred to as constraints
since they naturally express partial information (e.g., x > 42). The relation C corresponds to information
order; ¢ C d, often written d J ¢, means that ¢ can be derived from d, that d represents at least as much
information as ¢, or that if we assume that d holds true then c also holds true (e.g., z > 42 J x > 41). The
join LI, the meet M, the bottom true, and the top false of the lattice correspond to conjunction, disjunction,
the empty information and, the join of all (possibly inconsistent) information, respectively. For example,
(x> 42Uz < 42) = false and (z > 42 x < 42) = true’.

The notion of computational space and the epistemic notion of belief in the spatial ccp (sccp) process
calculi [6] is represented as a family of bottom and join-preserving maps s; : C — C called space functions.
A cs equipped with space functions is called a spatial constraint system (scs). From a computational point
of view, s;(c) can be interpreted as an assertion specifying that c resides within the space of agent i. Thus,
given a constraint s = s;(c) L 5,(d) U e we may think of ¢ and d as holding within the spaces of agents i
and j, respectively. Similarly, s;(s;(c)) can be viewed as a hierarchical spatial specification stating that ¢
holds within the space the agent ¢ attributes to agent j. From an epistemic point of view, s;(c) specifies that
i considers c to be true. An alternative epistemic view is that ¢ interprets c as s;(c). All these interpretations
convey the idea of ¢ being local or subjective to agent i *.

This work. In the spatial ccp process calculus sccp [6], scs are used to specify the spatial distribution of
information in configurations (P, ¢) where P is a process and c is a constraint, called the store, representing
the current partial information. E.g., a reduction { P, s1(a)Us2(b) ) — ( Q,s1(a)Us2(bU ¢) ) means that
P, with a in the space of agent 1 and b in the space of agent 2, can evolve to () while adding c to the space

2For simplicity we use cs for both constraint system and its plural form.
3The inverse of any boolean algebra is a cs. The opposite is not true since distributivity of meets over joins is not required in cs.
4A polymodal algebra [7] is a boolean algebra with top and meet preserving functions over it. By duality, its inverse is a spatial cs.
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of agent 2.

Given the above reduction, assume that e is some piece of information resulting from the combination
(join) of the three constraints above, i.e., e = aL1bLIc, but strictly above the join of any two of them. We are
then in the situation where neither agent has e in their spaces, but as a group they could potentially have e by
combining their information. Intuitively, e is distributed in the spaces of the group I = {1, 2}. Being able to
predict the information that agents 1 and 2 may derive as group is a relevant issue in multi-agent concurrent
systems, particularly if e represents unwanted or conflicting information (e.g., e = false).

In this work we develop the theory of group space functions D; : C — C to reason about information
distributed among the members of a potentially infinite group I. We shall refer to D as the distributed space
of group I. In our theory d J D;(e) holds exactly when we can derive from d that e is distributed among
the agents in /. For example, for e = a LIb LU ¢ given above, we will have d = s1(a) Us2(b LI c) I Dy 2y (e)
meaning that from the information s1(a) U s3(b U ¢) we can derive that e is distributed among the group
I = {1,2}. Furthermore, D;(e) 3 D ;(e) holds whenever I C .J since if e is distributed among a group I,
it should also be distributed in a group that includes the agents of .

Distributed information of infinite groups can be used to reason about multi-agent computations with
unboundedly many agents. For example, a computation in sccp is a possibly infinite reduction sequence ~y
of the form ( Py,co ) — (Pi,c1) — --- with¢g C ¢; © ---. The result of y is | |,,~ ¢, the join of
all the stores in the computation. In sccp all fair computations from a configuration have the same result [6].
Thus, the observable behaviour of P with initial store ¢, written O(P, ¢), is defined as the result of any
fair computation starting from (P, ¢). Now consider a setting where in addition to their sccp capabilities
in [6], processes can also create new agents. Hence, unboundedly many agents, say agents 1,2, ..., may
be created during an infinite computation. In this case, O(P, ¢) J Dy(false), where N is the set of natural
numbers, would imply that some (finite or infinite) set of agents in any fair computation from (P, ¢) may
reach contradictory local information among them. Notice that from the above-mentioned properties of
distributed spaces, the existence of a finite set of agents H C N such that O(P,¢) J Dy(false) implies
O(P,c) 3 Dy(false). The converse of this implication will be called group compactness and we will
provide meaningful sufficient conditions for it to hold.

Contributions and Organization.

The paper starts with some background on lattice theory in Section 2 and on spatial constraint systems
in Section 3. The main contributions are given in Sections 4 and 5 and are listed below:

1. We characterize the distributed space D as the greatest space function below the space functions that
represent the spaces (or beliefs) of the agents of a possibly infinite group I (Section 4.2).

2. We provide an alternative characterization of a distributed space as the greatest function that satisfies
certain basic properties (Section 4.5).

3. We show that distributed spaces have an inherent compositional nature: The information of a group is
determined by that of its subgroups (Section 4.9).

4. We provide a group compactness result: Given an infinite group I, we identify a meaningful condition
under which ¢ J Dy (e) implies ¢ J D ;(e) for some finite group J C I (Section 4.7).

5. We then show that without this meaningful condition we cannot guarantee that ¢ J Dj(e) implies
¢ Jy(e) for some finite group J C I (Section 4.8).

6. We provide a characterization of distributed spaces for distributive lattices: Given an infinite group I,
D;(c) can be viewed as the greatest information below all possible combinations of information in the
spaces of the agents in [ that derive ¢ (Section 4.9).



7. Finally, we investigate applications of the theory developed in this paper to geometry and mathematical

morphology (MM) (Section 5). Below we use A, B, ... to denote sets in a vector space. In geometry,
the Minkowski addition is given by A® B ={a+b|a € A,b € B} [8]. It is well-known that the
distribution law A @ (BN C) = (AN B) @ (AN C) holds for convex sets® but not in general. As
a simple application of our theory, we identify a novel and pleasant law for A ® (B N C'): Namely,
A (BNC)=Nxca(X@&B)U((A\X)®C).
In MM, a dilation by a structuring element A can be seen as a function ¢ 4 that transforms every input
image X into the image §4 (X) = A @ X [9]. We show that dilations are space functions and that
the distributed space corresponding to these dilations is the dilation that arises from the intersection
of their structuring elements: i.e., if 51 = d4 and s = 6 then Dy; 9y = dans.

All in all, in this paper we put forward an algebraic theory for group reasoning in the context of ccp that
can also be applied to other domains. The theory here developed can be used in the semantics of the spatial
ccp process calculus to reason about or prevent potential unwanted evolutions of ccp processes. One could
imagine the incorporation of group reasoning in a variety of process algebraic settings and indeed we expect
that such formalisms will appear in due course. We will also show that our algebraic theory can be applied
to prove new results in other realms such as geometry and mathematical morphology.

Remark 1. This paper is the extended version of the CONCUR’19 paper in [10] with full proofs and the
contributions described above in the points 5, 6 and 7. For the sake of the reviewers we also include contents,
index and subject tables and for Sections 4 and 5, which contain the main contributions, we include a
summary at the end of each section. O

2. Background

We presuppose knowledge of basic notions from domain theory and order theory [11, 12, 13]. In this
section we present notation and definitions that we use throughout the paper.

Notation 1. Let (P,C,) be a poset and let S C P. We use | |, S to denote the least upper bound (lub) (or
supremum or join) of the elements in S, and [ | » S is the greatest lower bound (glb) (infimum or meet) of the
elements in .S. We shall often omit the index P from Cp, | | » and [ -~ when no confusion arises. As usual,
if S = {c,d}, cUd and c¢Md represent | |.S and [].S, respectively. If S = ), we denote | | .S = ¢rue and
[1S = false.

An element e € S is the greatest element of S if and only if for every element ¢’ € S, ¢’ C e. If such an
e exists, we denote it by max S.

The dual (or inverse) of a poset (P, C) is the poset (P, C°P) where ¢ C°P d holds if and only if d C ¢
holds.

The next definition introduces complete lattices and some of their basic properties.

Definition 1 ([14]). Let (P, C) be a poset

(i) P is said to be a complete lattice if and only if | | S and [ ] S exist for every S C P.
(i) P is distributive if and only if for every a,b,c € P,alU (bM¢) = (ab) M (aUc).

5 A convex set is a set of points such that, given any two points in that set, the line segment joining them lies entirely within that set.
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(iii) A non-empty set D C P is directed if and only if for every pair of elements z,y € D, there exists
z € Dsuchthat x C z and y C 2, or, equivalently, if and only if every finite subset of D has an upper
bound in D.

(iv) Anelement ¢ € P is compact if and only if for any directed set D C P, ¢ C | | D implies that ¢ C d
for some d € D.

(v) P is said to be a completely distributive lattice if it is a complete lattice and for any doubly indexed
subset {xij}iej)jeji of P

U (M) =11 (U

i€l \jeJ; feEF \iel

where F is the class of choice functions f choosing for each index ¢ € I some index f(i) € J;.

Our space functions will be defined as self-maps with some structural properties intended to capture our
notion of space.

Definition 2 ([13]). Let (L, =) be a complete lattice. A self-map on L is a function f from L to L. Let f be
a self-map on L.

(i) f is monotonic if for every a,b € L such that a C b, then f(a) C f(b).

(ii) We say that f preserves the join of a set S C L if and only if f(| |.S) = | [{f(c) | c € S}.
(iii) We say that f preserves arbitrary joins if and only if it preserves the join of any arbitrary set.
(iv) f is continuous if and only if it preserves the join of any directed set on L.

We conclude this background section with a well-known fact about continuous functions.

Proposition 1 ([15]). Let (P, C) be a poset where P is a countable set. Let f be a self-map that preserves
the join of increasing chains, i.e., for every S = {c1,¢a,...} C P such that ¢y T ¢co C .-+, we have

F(ULS) =K f(c) | c € S}. Then f is continuous.

3. Spatial and Standard Constraint Systems

In this section we recall the notion of constraint system and its spatial extension [6]. Furthermore, we
generalize this extension to allow for infinitely many agents and state some results that will be used in later
sections.

3.1. Constraint Systems

Constraint systems (cs) [4] are semantic structures to specify partial information. Following the tradi-
tional approach in [5], a cs can be formalized as a complete lattice (C, C). The elements of C are called
constraints and they represent (partial) information.

Definition 3 (Constraint Systems [5]). A constraint system (cs) is a complete lattice (C, C). The elements
of C are called constraints. The symbols LI, true and false will be used to denote the join operation, the
bottom, and the top element of C.

‘We changed this
paragraph.



Remark 2. Some readers familiar with boolean algebras may feel uneasy about referring to the bottom and
top as true and false, respectively. Nevertheless, this is the traditional information order in cs [16]. One can
think of cs as the the dual of boolean algebras without the distributivity requirement. In fact the Herbrand
cs [5] given below is not distributive. O

The term constraints has been traditionally used in the realm of concurrent constraint programming to
refer to partial information for historical reasons; they were developed as a generalization of assertions or
restrictions over variables. For example, constraints can be instantiated as arithmetic assertions such as
x > 42 or as a set of equalities between Herbrand terms such as {x = a,y = b} where z, y are variables
and a, b are constants [5]. In fact, much of the terminology for the abstract definition of cs is derived from
concrete constraint systems such as the Herbrand cs illustrated below in Ex. 1. We will use this concrete cs
to give some intuitions about the intended meaning of cs.

The relation C represents information order. Thus ¢ C d, alternatively written d J ¢, means that the
information represented by c¢ can be derived from the information represented by d, that the assertion d
represents at least as much information as ¢, or that if d holds then ¢ must also hold. For example, we
shall see that {x = y} C {& = a,y = a} in the Herbrand cs below. This realizes the intuition that if
x = a Ay = aholds then x = y holds.

The operator Ll represents join of information; ¢ LI d results from joining the information from both ¢ and
d. Notice that clUd is the least constraint that allows us to derive both c and d, i.e., cld 2 cand cUd 2 d. The
join is typically interpreted as the conjunction of information and in the concrete case of Hebrand cs below is
obtained by set union. For instance, in the Herbrand cs below fore = {2 = a}U{y =b} = {z = a,y = b},
we have e J {2 = a} and e J {& = b}. This realizes the intuition that if x = a A y = b holds the both
x = aand y = b also hold.

The top element of the cs represents the join of all, possibly inconsistent, information, hence it is tradi-
tionally refereed to as false. For example {x = a} U{x = b} = false where a and b are different constants.
This realizes the intuition that assertion x = a A = = b is inconsistent. The bottom element true represents
empty or null information, i.e., from ¢rue you cannot derive anything else, true 2 e for any e # true. In
the particular case of the Herbrand cs below, true is the empty set.

The following examples recall two standard concrete cs. The former captures syntactic equality between
terms based on a first-order alphabet and, the later shows that boolean assignments can be made into a cs
and logic propositions can be interpreted on it.

Example 1 (Herbrand Constraint System [5]). The Herbrand cs captures syntactic equality between termsjli
t,t',... built from a first-order alphabet £ with variables z,y, ..., function symbols, and equality =. The
constraints are (equivalence classes of) sets of equalities over the terms of £: E.g., {x = t,y = t} is a con-
straint. The relation ¢ C d holds if the equalities in ¢ follow from those ind: E.g., {x =y} C {z = t,y = t}.
The constraint false is the set of all term equalities in £ and true is (the equivalence class of) the empty set.
The compact elements are the (equivalence class of) finite sets of equalities. The join is the (equivalence
class of) set union. Fig. 1 depicts the Herbrand cs for variables x and y and, terms (constants) a and b.  [J

In the above example constraints are represented as set of equations and thus the join of constraints
corresponds to the equivalence class of union of their equations. We can also view a constraint ¢ as a
representation of a set of variable assignments [17]. For instance, a constraint z > 42 can be thought of as
the set of assignments mapping z to a value greater than 42; i.e., the solutions to (or models of) x > 42.
In this case the join of constraints naturally corresponds to the infersection of their assignments, false as
the empty set of assignments, and true as the set of all assignments. For example, the interpretation of the
constraint x > 42 A x < 50 corresponds to the intersection, hence the join, of the interpretation of the
constraints > 42 and x < 50. Below we illustrate this in more detail for the case of boolean assignments.
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Figure 1: Herbrand cs for variables « and y and, constants a and b.

Example 2 (Boolean Constraint System [18]). Let ® be a set of primitive propositions. A boolean (or
truth) assignment 7 over ® is a total map from & to the set {0, 1}. We use A(P) to denote the set of all
such boolean assignments. We can now define the boolean cs B(®) as (P(A(®)), 2): The powerset of
assignments ordered by D. Thus constraints in B(®) are sets of assignments, C is 2, false is 0, true is
A(®), the join operator L! is N, and the meet operator 11is U. A constraint ¢ in B(®) is compact iff A(®) \ ¢
is a finite set.

Notice that logic propositions can be straightforwardly interpreted as constraints in B(®). Let Ly(®P) be
the propositional language built from ® by the grammar

oty = ploAY | €]
where p € ®. Asusual F = pA—pforsomep € ¢, T = —F, pVp = ~(—dA—)) and, ¢ = ¢ =~V A
boolean assignment 7 satisfies ¢ iff m = ¢ where |= is defined inductively as follows: 7 = p iff 7(p) = 1,
ThEOANYiffr|E ¢dandm =, and 7 | ¢ iff m & ¢. We interpret each formula ¢ as the constraint
B[¢] = {7 € A(®) | 7 |= ¢} in B(®). Under this interpretation, we clearly have the following equalities:
B[F] = false =0
B[T] = true = A(®)
Blp] = {r € A(®) [ (p) = 1}
Blo A ¢] = Bl¢] UB[Y] = B[o] N B[]
B[-¢] = A(®) \ B[4].
Also notice that B[¢] T B[¢] holds iff ¢ = ¢ is valid, i.e., satisfied by every truth assignment. O

Other typical examples include constraint system for streams (the Kahn cs), rational intervals, and first-
order theories [4].

3.2. Distributive Constraint Systems
Distributivity is ubiquitous in order theory and it plays a fundamental role in the results of this paper. We
consider three forms of distribution.

The next exam-
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Definition 4 (Distributive cs). A cs (C,C) is said to be distributive (completely distributive) iff it is a
distributive (completely distributive) lattice. It is said to be a constraint frame iff its finite joins distribute
over arbitrary meets. More precisely, cLU[ ]S =[|[{cUe | e € S} forevery c € Cand S C C.

Clearly every completely distributive cs is a constraint frame and every constraint frame is also distribu-
tive cs. For finite constraint systems all the three notions of distributivity are equivalent.

Constraint frames allow us to include the subtraction operator from co-Heyting Algebras, the dual of
Heyting algebras [19]. The subtraction operator d © c in our setting corresponds to the weakest constraint
one needs to join ¢ with to derive d.

Definition 5 (Subtraction [20]). Let (C,C) be acs. Defined © cas[]{e € C|cUe Jd}.

The following properties of subtraction correspond to standard logical properties if we interpret LI as
conjunction, J as entailment, and d © c as the logical implication of d by c.

Proposition 2 ([18]). Let (C,C) be a constraint frame. Then for every ¢,d € C the following properties
hold: (1) cU(doc¢)=cUd, (2)d3 (dSc), (3)dS ¢ = trueiff c J d.

Notice that under the above logical interpretation, Prop. 2 (1) corresponds to Modus Ponens. Let us now
illustrate a simple application of this proposition.

Example 3. Constraint systems of the form (P(U), D) as B(®) in Ex. 2 are completely distributive lattices,
hence constraint frames. It is easy to see that B[¢ = 1] = B[¢]©B[¢]. From Ex. 2, we have the following
equality B¢ A (¢ = ¢)] = B[¢] UB[¢ = ¢]. Thus using Prop. 2 (1) we obtain B[¢ A (¢ = ¢)] =
B[¢ A ] as expected. O

The powerset ordered by inclusion is a stereotypical example of completely distributive lattice.

Example 4 (Powerset Constraint System). The power set of any set .S ordered by inclusion (P(S), C) is
a cs. In fact it is the stereotypical example of completely distributive cs. In this case C = C, true = 0,
false = S, forevery A BC S, AUB=AUB,ANB=ANB,BSA=B\A. O

We conclude this section by discussing the distributivity of the cs of our previous examples.

Remark 3. Notice that the cs in Ex. 2 and Ex. 4 are distributive as they are powersets ordered by (reversed)
inclusion, whereas the Herbrand cs in Ex. 1 is not. To see this consider the constraints ¢ = {z = a},
d={xr=a,y=a}and e = {z =b}inFig. 1. We have

cU(dne)=cUtrue=c# (cUd)N(cUe)=dnN false = d.

3.3. Spatial Constraint Systems

The authors of [6] extended the notion of cs to account for distributed and multi-agent scenarios with
a finite number of agents, each having their own space for local information and their computations. The
extended structures are called spatial constraint systems (scs). In this section we adapt scs to reason about
possibly infinite groups of agents. First we recall the intuition about scs given in [6].
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Remark 4. In Remark 2 we pointed out that (distributive) cs are the dual of boolean algebras, the algebraic
generalization of propositional logic. The extension of cs to scs from [6] is much like the extension of
boolean algebras to (poly)modal algebras [21], the algebraic generalization of the K, propositional modal
logic. A modal algebra is a boolean algebra equipped with unary operators, called modalities, that preserve
meets and top. Dually, a scs is a cs equipped with functions, called space functions, that preserve joins and
bottom.

Roughly speaking, the preservation of joins by a space function f, i.e., f(cU d) = f(c) U f(d), cor-
responds to the Distribution Axiom K, of modal logic which states that box modality [] distributes over
conjunction. The preservation of bottom, i.e., f(true) = true, corresponds to Generalization Axiom N,
that states that if a formula ¢ is valid, hence equivalent to true, then the formula (¢ is also valid.

Furthermore, if these space functions are also closure operators (i.e., idempotent and extensive space
functions), the corresponding scs is called epistemic scs [6] and they correspond to the S4 modal logic of
knowledge and belief. In fact epistemic scs are dual to closure algebras [22] which are modal algebras
whose modalities are closure operators. Closure algebras are the generalization of the S4 modal logic for
knowledge. The extensiveness of a space function f, i.e., f(¢) 3 ¢, corresponds to the Truth Axiom T of 54,
O¢ — ¢, stating that if ¢ is known then it must be true. Idempotence of a space function f, f(c) = f(f(c)),
corresponds to the Axiom 4 of S4, O¢ — O¢, stating that it is known what it is known (the implication
U0¢ — O¢ follows from Axiom T).

Modal logics have been widely used to reason about space, knowledge, and belief [23, 24, 25, 26]. They
typically arise as restrictions over the Kripke models of the above-mentioned modal logic K,,. For this
reason we will focus on scs in general rather than in the more restrictive epistemic scs. This will allow us to
interpret scs as structures for space, belief or knowledge.

Below we shall often use the term epistemic to refer to both belief or knowledge. When necessary we
will use the more specific term doxastic to refer to belief. O

A scs is defined over a set (or group) of agents G. Each agent i € G has a space function s; : C — C
that preserve joins and bottom. Recall that constraints can be viewed as assertions. Thus given ¢ € C, we
can then think of the constraint s;(c) as an assertion stating that ¢ is a piece of information residing within
the space of agent i. Some alternative epistemic interpretations of s;(c) is that it is an assertion stating that
agent i believes c, that ¢ holds within the space of agent ¢, or that agent ¢ interprets c as the constraint s;(c).
All these interpretations convey the idea that c is local or subjective to agent <.

The reader familiar with modal logic may notice that the above intuition about representation of infor-
mation in scs is fundamentally different from the representation of information in epistemic/doxastic logic,
or in modal logic in general. In epistemic logic, the statement w = K;(¢) means “at world w, agent i
knows fact ¢,” or “at world w, agent ¢ possesses information ¢.” Here w is a world (or state), part of the
model, describing a potential situation or state of affairs, and ¢ and K;(¢) are formulas, representing pieces
of information. In scs, on the other hand, the statement s;(d) C ¢ means that when c is actually true, agent ¢
knows/believes d, or possesses information d. In this case, unlike in epistemic logic, one constraint (c) rep-
resents a (possibly partial) description of the actual state of the world, and another constraint (d) represents
a description of the information that an agent possesses, and a third constraint, s;(d), represents the fact that
agent ¢ possesses information d.

We now introduce the notion of space function.

Definition 6 (Space Functions). A space function over a constraint system (C, C) is a continuous self-map
f : C — C such that for every ¢,d € C :
(S.1) f(true) = true, and

(82) fleud) = f(c) U f(d).
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Figure 2: Cs ordered by logical implication and space function s1.

We shall use S(C) to denote the set of all space functions over C.

In Remark 4 we pointed out that S.1 and S.2 correspond to Axioms N and K of modal logic. From a
spatial point of view, the assertion f(c) can be interpreted as saying that c is in the space represented by f.
Property S.1 states that having an empty local space amounts to nothing. Property S.2 allows us to join and
distribute the information in the space represented by f.

A spatial constraint system is a constraint system with a possibly infinite group of agents each one having
a space function. We specify such a group as a tuple of space functions.

Definition 7 (Spatial Constraint Systems). A spatial constraint system (scs) is a constraint system (C, C)
equipped with a possibly infinite tuple s = (s;);ec of space functions in S(C).

We shall use (C, C, (s;);c¢) to denote an scs with a tuple (s;);eq. We refer to G and s as the group
of agents and space tuple of C and to each s; as the space function in C of agent i. Subsets of G are also
referred to as groups of agents (or sub-groups of 7).

As mentioned before we can think of scs as the dual of polymodal boolean algebras [21] without the
distributivity requirement, where each space function corresponds to a modal operator.

In Remark 4 we pointed out that epistemic scs are those scs whose space functions are idempotent and
extensive. They were used in [6] to reason about knowledge. Here is an example of such a scs.

Example 5 (Knowledge). Consider the cs in Fig. 2 and the space function s; defined on it. It is easy to
see that 51 is an idempotent and extensive space function. If we want to determine what agent 1 knows at g,
we have no problem because ¢ = s1(q), meaning that agent 1 knows ¢. On the other hand, for p V ¢, it is
more difficult to determine what agent 1 knows because there is no constraint ¢ such that s1(c) = p V ¢. We
solve this problem by considering the constraints below p V q. Since ¢ C p V q means that p V ¢ logically
implies ¢, if we can find a constraint ¢ where ¢ C p V ¢ and ¢ = s1(¢’) for some constraint ¢/, we know that
p V q logically implies s1(c’), so at p V ¢, agent 1 has information ¢’. Finally, by taking the join (logical
conjunction) of all such ¢/, we take into account all of the information that agent 1 possesses at p V . O
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The idempotence or extensiveness of space functions from epistemic scs allows for knowledge interpre-
tations but it may be too restrictive. For example, notice that extensiveness implies that s; (false) = false
and s;(c¢) U s;(d) = false if ¢ U d = false. This would rule out interpretations we wish to allow for general
scs as those given below.

Doxastic and Spatial Interpretations. We could have a scs where s;(false) # false for some agent i. This is
referred to as inconsistency confinement and, intuitively, can be seen as if inconsistencies generated within
an agent’s space are confined to its own space. We also have the possibility that given two different agents
iand 7, 5;(x > 42) Us;(x < 42) # false, despite © > 42 U o < 42 = false. The spatial interpretation is
that z > 42 is in the space of ¢ while x < 42 is in the space of j, so there is no conflict or contradiction.
The doxastic interpretation is that agent ¢ believes x > 42 while agent j believes that z < 42. We refer to
this as freedom of opinion. Agents could have different information or perception about the same subject.
Another aspect is information blindness. It is possible that an agent cannot distinguish between two different
constraints, e.g., a color blind agent ¢ that cannot distinguish red from green, i.e., s;(red) = s;(green) as
shown in the next example.

Example 6 (Color Perception). Table 1 describes color perception for four agents. The underlying cs is
based on four colors ordered by color brightness. We define space functions s, s2, 53 and s4 as shown in
the table. In these situations, agent 1 perceives colors accurately, but agent 2 is colorblind and cannot tell
any difference between yellow, red and green, i.e., so(yellow) = so(red) = so(green). Similarly, agent 3
cannot distinguish between red and yellow, i.e., s3(red) = s3(yellow). Finally, agent 4 is totally blind, he
perceives all the colors as black. O

Our next example illustrate a simple scs that will be used throughout the paper.

Example 7 (Proposition Perception). The scs (C,C, (s;);e{1,23) in Fig. 3 is given by the four-element
boolean algebra (isomorphic to the complete lattice M) and two agents. We have C = {pV —p, p, —p, pA
—p} and ¢ C d holds if ¢ is a logical consequence of d. The top element (false) is p A —p, the bottom element
(true) is p V —p, and the constraints p and —p are incomparable with each other.

The set of agents is {1, 2} with space functions s; and s depicted in Fig. 3. The intuition is that the agent 2
sees no difference between p and false while agent 1 interprets —p as p and vice versa. O

We conclude this section with the Kripke scs from [18] which can be used to interpret modal, doxastic
and epistemic logics. Other examples of scs for epistemic reasoning are Aumann structures and they will be
illustrated in Sec. 4.4.

3.4. Kripke Spatial Constraint Systems

We now extend Ex. 2 by moving from the set boolean assignments to the set of (pointed) Kripke struc-
tures.

Definition 8 (Kripke Structures [24]). An n-agent Kripke structure (model) (KS) M over a set of atomic
propositions ® is a tuple M = (S, 7, R1,...,R,) where

* S'is a nonempty set of states,

e m:S — (P — {0,1}) is an interpretation that associates with each state a truth assignment to the
primitive propositions in ®, and

* R, is a binary relation on S.
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Agent 2 is color blind, he perceives red and
green as yellow.

Agent 3 cannot distinguish between red and | Agent 4 is completely blind.
yellow.

Table 1: Cs (isomorphic to the four-element boolean algebra) of colors ordered by color brightness. Space functions s1, 52, §3 and s4.
Perception of color by agents 1, 2, 3 and 4.
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Figure 3: Cs given by the four-element boolean algebra ordered by logical implication and space functions s1 and sa.

Notation 2. The states of a KS are often referred to as worlds. Each R; is referred to as the accessibility or
possibility relation for agent i: (s,¢) € R; is meant to capture that agent ¢ considers world ¢ possible given

its information in world s. We use s —); t to denote (s,t) € R; in the KS M. We use W;(M,s) =

{t | s — t} to denote the worlds agent i considers possible from a state s of KS M. The interpretation
function 7 tells us what primitive propositions are true at a given world: p holds at state s iff 7(s)(p) = 1.
We use 7, to denote the interpretation 7 of the KS M.

Recall that in Ex. 2 constraints are sets of boolean assignments. This allowed us to interpret each propo-
sitional formula as a constraint; the set of assignments that are models of (or satisfy) the formula. Similarly,
in the following example (spatial) constraints are sets of (pointed) KS models. A pointed KS is a pair (M, s)
where M is a KS and s, called the actual world, is a state of M. This will allows us to interpret each modal
formula as its set of pointed KS models; i.e., a spatial constraint.

Definition 9 (Kripke scs [18]). Let S,,(®) be a non-empty set of n-agent Kripke structures over . Let A
be the set of all pointed Kripke structures (M, s) such that M € S,,(). We define the Kripke n-scs for
S, (P) as the tuple

K(S,(®)) =(C,C,Ky,...,K,)

where C = P(A), and forevery X, Y e C: X C Y iff Y C X, and
Ki(X) = {(M,s) € A|Vt:s —sp timplies (M,t) € X} )
for every agenti € {1,...,n}.

The Kripke n-scs K(S,(®)) is a complete lattice given by a powerset ordered by O. The L is set
intersection, the top element false is (), and the bottom true is the set A of all pointed Kripke structures
(M, s) with M € S, (®). It is easy to verify that K;(true) = true and K;(c; Uco) = K;(er) U Ki(eo).
Similar to Ex. 2, a constraint ¢ in K(S,,(®)) is compact iff A \ ¢ is a finite set [18].

Proposition 3 ([18]). Let K(S,(®)) = (C,C, K3, ..., K,,) be as in Definition 9. Then K(S,,(®)) is a scs.
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A modal language. Modal formulae can be interpreted as constraints in the scs K(S,,(P)).
The modal language £,,(®P) is obtained by extending the grammar for the propositional language L (P)
in Eq. 1 with modalities [J;¢ in the standard way.

Definition 10 (Modal Language). Let ® be a set of primitive propositions. The language £,,(®) is given
by the following grammar:

G thy. = ploAY | ¢ | Lig 3)
wherep € ®and i € {1,...,n}.

The semantics of modal logics is typically given using KS’s. We say that a pointed KS (M, s) satisfies
¢ iff (M, s) = ¢ where |= is defined inductively as follows: (M, s) = piff mpr(s)(p) =1, (M, s) E ¢ AW
iff (M, s) = ¢and (M,s) E v, (M,s) = —¢iff (M,s) = ¢, and (M, s) E O;¢ iff (M, t) = ¢ for every
t such that s —1>M t.

As in Ex. 2 we can interpret each formula ¢ as constraints in Kripke constraint systems.

Definition 11 (Kripke Constraint Interpretation). Let C be a Kripke scs K(S,,(®)). Given a modal for-
mula ¢ in the language £,,(®), its interpretation in the Kripke scs C is the constraint C[[¢] inductively defined
as follows:

Clpl = {(M,s) € Almu(s)(p) =1}
Clonyl = Cleluclyl
Cl-¢l = A\Cl9l

C[Oig]l = Ki(Clg])

where A is the set of all pointed Kripke structures (M, s) such that M € S,,(®).

Notation 3. Notice that the interpretation of [J;(¢), C[0;(¢)], is equal to the constraint K;(C[¢]) in
K(S,,(®)). Often, by abuse of notation, we shall suppress the semantic symbols C[ | from formulae-e.g.,
we write K;(¢) for the constraint K;( C[¢] ).

Following our intended meaning of constraints, we think of K;(¢) as stating that ¢ holds in the space of
agent ¢, or as an epistemic assertion stating that agent ¢ considers/believes ¢ to be true.

3.5. Continuity

In [6] space functions were not required to be continuous. Nevertheless, we will argue later, in Remark 7,
that continuity comes naturally in the intended phenomena we wish to capture: modeling information of
possibly infinite groups. In fact, in [6] scs could only have finitely many agents. In this work we also extend
scs to allow arbitrary, possibly infinite, sets of agents. We illustrate scs with infinite groups in the next
section.

Notice that the continuity and preservation of finite joins by space functions will provide us with their
preservation of arbitrary joins. The following proposition gives us sufficient conditions for the existence
of the join of an arbitrary set on a given poset. A sketch of its proof is presented in [27], for the sake of
completeness we present our own proof of it.

Proposition 4 ([27]). Let (P,C) be a poset. Suppose that | | F and | | D exist for every finite set F C P
and for every directed set D C P. Then | | A also exists for every A C P.

15

We reorganized
the next two
paragraphs.



Proof. Let A C P be an arbitrary setand let D = {| | F | F C A and F is finite}. First we prove that D is
directed. For Fy, F5 C A, both finite sets, the elements | | F,| | F> € D and the set F5 = F} U F5 C Ais
finite. Then | | F5 € D and, both | | Fy C | | F5 and | | F; C | | F} hold.

To complete the proof we show that for every ¢ € P:

¢ is an upper bound of D if and only if ¢ is an upper bound of A.

For the “only if” direction, we prove its contrapositive. Let ¢ € P. If ¢ is not an upper bound of A, there is
an a € A such that a IZ c. Notice that {a} C A and thus | [{a} = a € D but a [Z c. Hence c is not an upper
bound of D.
For the other direction, assume that ¢ € P is an upper bound of A. Let F' be any finite subset of A. Since
e C cforevery e € F, then | | F' C c. Therefore, c is an upper bound of D.

We then conclude | | A = | | D as wanted. O

The following proposition states two useful properties of space functions: monotonicity and preservation
of arbitrary joins.

Proposition 5 ([28]). Let f : C — C be a function over a c¢s (C,C). Then

1. If f is space function then f is monotonic.
2. f is space function if and only if it preserves arbitrary joins.

4. Distributed Information

This section contains the main technical contributions of this paper. In particular, we will characterize
the notion of collective information of a group of agents. Roughly speaking, the distributed (or collective)
information of a group I is the join of each piece of information that resides in the space of an agent ¢ € [.
For each constraint ¢, the distributed information of I w.r.t ¢ is the distributive information of I that can
be derived from c. We wish to formalize whether a given constraint e can be derived from the collective
information of the group I w.r.t c.

The following examples, which we will use throughout this paper, illustrate the above intuition.

Example 8. Consider an scs (C,C, (s;)icq) Where G = N and (C,C) is a constraint frame. Let ¢ =

s1(a) Usz(bo a) Uss(e©b). The constraint ¢ specifies the situation where a,b © a and e © b are in the

spaces of agent 1, 2 and 3, respectively. Neither agent necessarily holds e in their space w.r.t c. Nevertheless,

the information e can be derived from the collective information of the three agents w.r.t ¢, since from Prop. 2
we have a Ul (b © a) U (e © b) J e. Let us now consider an example with infinitely many agents.

Infinitely Many Agents. Suppose that there exists an element ¢’ € C and an increasing chain ag C a1 C

- such that | |,.ya; 2 ¢ and ¢’ [Z a; for every i € N. Therefore ¢’ is not compact (see Def. 1). Let

; def

¢ = |J;en 5i(as). Notice that for no agent 7 € N holds (or can derive) €’ in their space since e’ £ a;. Yet,
from our assumption, ¢’ can be derived from the collective information w.r.t ¢ of all the agents in N, i.e.,
Llienwa: 3 €. L

The above example may suggest that distributed information can be obtained by joining individual local
information derived from c. Such information can be characterized as the i-projection of agent ¢ w.r.t c.
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(a) Projections 71 (dashed) and 72 (dotted) given s1 and s5. (b) Dy with I = {1, 2} given 51 and s2.

Figure 4: Projections (see Def. 12) (a) and distributed space function (see Def. 15) (b) over four-element boolean algebra.

Definition 12 (Agent and Join Projections). Let (C,C, (s;);cc) be an scs. Given i € G, the i-agent pro-
jectionof ¢ € Cis defined as 7;(c) = | |{e | ¢ 3 s4(e)}. We say that e is i-agent derivable from c if and only
if ;(c) J e. Given I C G the I-join projection of a group I of ¢ is defined as 77(c) = | [{m(c) | i € I}.
Similarly, we say that e is I-join derivable from c if and only if 7;(c) J e.

The i-agent projection of ¢ € G of ¢ naturally represents the join of all the information that agent ¢ has
in c¢. The I-join projection of group I joins individual ¢-agent projections of ¢ for ¢ € I. This projection can
be used as a sound mechanism for reasoning about distributed-information: If e is I-join derivable from c
then it follows from the distributed-information of I w.r.t c.

Example 9. Let ¢ be as in Ex. 8. We have 71(¢) 3 a, ma(¢) 3 (b © a) and 75(¢) 3 (e © b). Indeed e is
I-join derivable from c since 71 5 33(c) = m1(c) U ma(c) Ums(c) I e. Similarly, we conclude that ¢’ is
I-join derivable from ¢’ in Ex. 8 since mn(c’) = | ;e mi(c) 2 ;e ai 2 €. O

Nevertheless, I-join projections do not provide a complete mechanism for reasoning about distributed
information as illustrated below.

def

Example 10. Let d = s1(b) M s2(b). Recall that we think of LI and MM as conjunction and disjunction of
assertions: d specifies that b is present in the space of agent 1 or in the space of agent 2 though not exactly
in which one. Thus from d we should be able to conclude that b belongs to the space of some agent in
{1,2}. Nevertheless, b is not necessarily I-join derivable from d since from 7y 2} (d) = 71(d) U m2(d) we
cannot, in general, derive b. To see this consider the scs in Fig. 4a, taking b = —p. We have 7y 2)(d) =
m1(d) U mo(d) = true U true = true 2 b. One can generalize this example to infinitely many agents.
Infinite Many Agents. Consider the scs in Ex. 8 and let d’ = [1;cn 5:(0"). We should be able to conclude
from d’ that &’ is in the space of some agent in N but, in general, b’ is not N-join derivable from d’. O
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4.1. Distributed Spaces

We have just illustrated in Ex. 10 that the 7-join projection of ¢, 7;(c), the join of individual projections,
may not project all distributed information of a group I. To solve this problem we develop the notion of
I-group projection of ¢, written as II;(c). We will first define a space function D; called the distributed
space of group I. The function D; can be thought of as a virtual space including all the information that can
be in the space of a member of /. We will then define an /-projection, I1;, in terms of D; much like 7; is
defined in terms of s;.

Set of Space Functions

We now introduce a new partial order induced by C: The set of space functions ordered point-wise.
Recall that S(C) denotes the set of all space functions over a cs C (Def. 6). For notational convenience, we
shall use (f7)rcc to denote the tuple (f7)rep(q) of elements of S(C).

Definition 13 (Function Order). Let (C,C) be a cs. Given f,g : C — C define f C; g iff f(c) T g(c)
for every c € C.

An important design aspect of our structure is that the set of space functions S(C) can be made into a
complete lattice.

Lemma 1 ([29]). Let (C,C) be a cs. Then (S(C),Cs) is a complete lattice.

In the next section we use the properties of (S(C), C) to formalize the distributed space of a group I
as the greatest space function below every space function s; with ¢ € I.

4.2. Distributed Spaces as Max Spaces
We can now give the definition of distributed spaces. It is convenient to give the following intuition first.

Remark 5. Suppose that f and g are space functions in S(C). Intuitively, f(c) means c is within the space
represented by f. By definition, f T, g means f(c) C g(c) for every ¢ € C. Intuitively, from the assertion
that ¢ is in the space represented by g we can derive that c is also in the space represented by f. This can
be interpreted as saying that the space represented by g is included in the space represented by f; in other
words the bigger the space, the smaller the function that represents it. Thus every c in g is also in f, hence
f is a bigger space. O

Following the above intuition, the order relation C of S(C) represents (reverse) space inclusion and the
join and meet operations in S(C) represent intersection and union of spaces. The biggest and the smallest
spaces are represented by the bottom and the top elements of the lattice S(C), here called A, and A+,
respectively, and defined as follows.

Definition 14 (Top and Bottom Spaces). Let S(C) be the lattice of space functions. Define A and At in
S(C) as follows: A\ | (¢) = true for every ¢ € C; and A1 (c) = true if ¢ = true and A7 (c) = false if ¢ #
true.

The distributed space Dy of a group I can be viewed as the function that represents the smallest space that
includes all the local information of the agents in /. From Remark 5, D; should be the greatest space function
below the space functions of the agents in I. The existence of such a function follows from completeness of
(8(C), Cy) stated in Lemma 1.
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Definition 15 (Distributed Space). Let (C,C, (s;);cc) be an scs. The distributed spaces of C are given
by D= (DI)IQG where

D; Zmax{ f € S(C) | f C, s;foreveryicI}.

We shall say that e is distributed among I C G w.r.t ¢ if and only if ¢ 3 D (e). We shall refer to each Dy as
the (distributed) space of the group I.

Remark 6. From Lemma 1, D; = | |gc){ f € S(C) | f Cs s;foreachi € I} = [gc){si | i € I}
where | |5 and [ ] ¢ are the join and meet in the complete lattice (S(C), Cs). O

Let us consider a concrete example.

Example 11. Fig. 4b illustrates an scs with space functions s1 and s2, and their distributed space Dy 2.
The reader can verify that Dy; 5y is indeed the greatest function such that Dy; o3 E 51 and Dy 5y S 5.
Notice that s1(p) LI s2(—p) 2 Dy1 21 (p U —p) = Dy 93 (false) meaning that if agents 1 and 2 had p and —p

in their corresponding spaces, as a group they could derive an inconsistency. O
We added the

In [6], shared information of a group I specifies the fact that a given constraint e resides within the space = | next paragraph
of every agent in a group I. In contrast, distributed information specifies that e is distributed among the
members of I. The next example illustrates this difference.

and example to
address N41.

def

Example 12. Let I = {1,...,n} and let s;(e) = | |;; 5:(e) as in [6]. Here s;(e) specifies that e is shared
by the agents in I: e is present in the space of ¢ for every ¢ € I. Instead, D;(e) means that the information
e is distributed among the spaces of the members in I. To see the difference, let I = {1,2} and consider
the scs in Fig. 4b. Let ¢ = s1(p) U s2(—p). Notice that p A —p is distributed in I w.r.t ¢: ¢ 3 Dyr(p A —p).
However, p A —p is not shared information of I w.r.t ¢, namely, ¢ 2 s;(p A —p). O

4.3. Compositionality of Distributed Spaces

Distributed spaces have pleasant compositional properties. They capture the intuition that the distributed
information of a group I can be obtained from the the distributive information of its subgroups.

Proposition 6. Let (D;);cq be the distributed spaces of an scs (C, T, (s;)icq). Suppose that K, J C I C
G.

1. Dy =Arif I =0.

2. D] =5; lfI: {Z}

3. DJ(G) [ DK(b) Q D](a L b)

4. Dy(a) UDk(c©a) ADy(c) if (C,C) is a constraint frame.

Proof. 1. It follows directly from Def. 14 and Def. 15.

2. Let I = {3}, from Def. 15, D; = max{f € S(C) | f Cs 5;} = ;.

3. Assume K,J C I. From Def. 15 we conclude D; T, D; and D; C, Dg. Thus Dy(a) 3
D;(a), Dk (b) 3 Dy(b) and therefore D ;(a) UD g (b) I Dyr(a) UD;(b). Since Dy is a space function,
D;(a) UD;(b) = Dy(a U b), then we obtain D j(a) U Dg(b) I Dy(a U b) as wanted.

4. Tt follows from part (3) with a = a and b = ¢ & a, and Prop. 2.
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Recall that At corresponds to the empty space (see Def. 14). The first property realizes the intuition
that the empty subgroup () does not have any information whatsoever distributed w.r.t a consistent c: for if
¢ J Dg(e) and ¢ # false then e = true. Intuitively, the second property says that the function D; for the
group of one agent must be the agent’s space function. The third property states that a group can join the
information of its subgroups. The last property uses subtraction, hence the constraint frame condition, to
express that by joining the information a and ¢ © a of their subgroups, the group I can obtain c.

Let us illustrate how to derive information of a group from smaller ones using Prop. 6.

Example 13. Let ¢ = s1(a) U s2(b© a) U s3(e ©b) as in Ex. 8. We want to prove that e is distributed
among I = {1,2,3} wrtc, ie, ¢ 3 Dy 333(e). Using Properties (2) and (4) in Prop. 6 we obtain
c Jsi(a) Use(boa) = Dyy(a) UDgoy(bo a) I Dy 23(b), and then ¢ I Dy 03(b) U sz(e©b) =
D{1,2} (b) (] D{g} (6 S b) | D{17273} (6) as wanted.

Remark 7 (Continuity and Infinitely Many Agents). The example with infinitely many agents in Ex. 8
illustrates well why we require our spaces to be continuous in the presence of possibly infinite groups.
Clearly ¢ = | |,y 5i(ai) 2 |;enDn(as). By continuity, | ], oy Dn(a;) = Dy(| ;e @i) which indeed
captures the idea that each a; is in the distributed space Dy.

4.4. Distributed Spaces in Aumann and Kripke Structures

We now consider an important structure from mathematical economics used for group epistemic reason-
ing: Aumann structures [3]. We illustrate that the notion of distributed knowledge in these structures is an
instance of a distributed space.

Example 14. Aumann Constraint Systems [6]. Aumann structures are an event-based approach to mod-
elling knowledge. An Aumann structure is a tuple A = (S, P1,...,P,) where S is a set of states and each
P; is a partition on S for agent 7 [3]. The sets of each partition P; are called information sets. If two states
t and wu are in the same information set for agent ¢, it means that in state ¢ agent ¢ considers state u possible,
and vice versa. An event in an Aumann structure is any subset of S. Event e holds at state ¢ if ¢ € e. The set
P;(s) denotes the information set of P; containing s. The event of agent i knowing e is defined as

Ki(e) ={s €S| Pi(s) Ce},

and the distributed knowledge of an event e among the agents in a group I C {1,...,n} is defined as
D;(e) = {s eS| nPi(s) C e} .
il

An Aumann structure induces the spatial constraint system C(.A) with events as constraints, i.e., C = {e |
e is an event in A4}, and for every ey, es € C, e1 C eq iff ea C e;. The operators join (L) and meet (1) are
intersection (N) and union (U) of events, respectively; true = S and false = (}°. The space functions are
the knowledge operators, i.e., 5;(c) = K;(c).

The next proposition states that in fact distributed knowledge and distributed information coincide.

Proposition 7 (Distributed Spaces in Aumman Structures). Let A = (S, Py,...,P,) be an Aumann struc-
ture and let C(A) be its induced scs. Then Dy = Dy forevery I C {1,...,n}.

Notice that in this cs we use the reverse inclusion which is the dual of the powerset example in Ex. 4. Then, the join and meet
operators and, the top and bottom elements, are swapped.
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Therefore distributed knowledge in Aumann structures is indeed an instance of distributed information.
The proof uses one of the main results of this paper (Th. 4). For the sake of the presentation, we postpone it
to Sec. 6.1. U

The next example shows that distributed knowledge in epistemic logic is also an instance of distributed
information.

Example 15 (Distributed Spaces in Kripke Structures). Distributed knowledge in logic is expressed with
the formula D;(¢) whose intended meaning is that the knowledge ¢ is distributed among the members of
I. Tts semantics is expressed in terms of its Kripke models; i.e., the models of D;(¢) are given by D;(X)
defined next where X are the models of ¢ [24].

Let K(S,(®)) = (C,C, K, ..., K,) be a Kripke n-scs as in Def. 9. The function D : C — C is
defined as

Di(X) = {(M,s) EA|Vt:(s,t)€ ﬂ R; implies (M, t) € X} .
icl
The following proposition states that D; = D;. As for Prop. 7, we use Th. 4 to prove it. The proof is given
in Sec. 6.2.

Proposition 8 (Distributed Spaces in Kripke Structures). Let K(S,,(®)) = (C,C, K1, ..., K,,) be a Kripke
n-scs as in Def. 9. Then Dy = Dy forevery I C {1,...,n}.

Hence we can extend the semantics in Def.11 to distributed knowledge formulae D;(¢) as C[D(¢)] =
D;(Cle] ). O

In Prop. 6 we listed some useful properties about (D) ;c¢. In the next section we shall see that (D7) ;ca
is the greatest solution of three basic properties.

4.5. Distributed Spaces as Group Distributions Candidates.

We now wish to single out a few fundamental properties on tuples of self-maps that can be used to
characterize distributed spaces.

Definition 16 (Distribution Candidates). Let (C, C, (s;);cc) an scs. A group distribution candidate (gdc)
of Cisatuple d = (dy);cq of self-maps on C such that for each I, J C G:

(D.1) dy is a space function in C,

(D2)d; =s; if I = {i},

(D3)d; 3, dyif I C J.

Property D.1 requires each d; to be a space function. This is trivially met for d; = D;. Property D.2
says that the function d; for a group of one agent must be the agent’s space function. Clearly, d;, = Dy
satisfies D.2; indeed the distributed space of a single agent is their own space. Finally, Property D.3 states
that d;(c¢) 3 dy(c), if I C J. This is also trivially satisfied if we take d; = D; and d; = D,. Indeed
if a group I has some distributed information c then any group .J, that includes I, should also have c. This
realizes the intuition in Remark 5: The bigger the group, the bigger the space and thus the smaller the space
function that represents it.

Properties D.1-D.3, however, do not determine ID uniquely. In fact, there could be infinitely-many tuples
of space functions that satisfy them. For example, if we were to chose dg = A1, dy;y = s; forevery i € G,
and d; = A, whenever |I| > 1 then D.1-D.3 would be trivially met. But these space functions would not
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capture our intended meaning of distributed spaces: E.g., we would have true J d;(e) for every e thus
implying that any e would be distributed in the empty information #rue amongst the agents in I # ().
Nevertheless, we prove that (D7) ;c ¢ is the greatest solution satisfying D.1-D.3.

Theorem 1 (Max gdc). Let (D) cq be the distributed spaces of (C,C, (s;)icc). Then
1. (D;)rcq is a gde of C.
2. If (dr)ice is a gdc of C then d; T Dy for each I C G.

Proof. Let (D) c¢ be the distributed spaces of C.

1. We need to prove that (D) ;c¢ satisfies properties D.1-D.3 in Def. 16.
Property D.1 follows from definition of D; (see Def. 15). Property D.2 is proven in Prop. 6 part (2).
For property D.3,1et I, J C G such that I C J. Notice that {f € S(C) | f C; s; foreveryi € I} C
{fe€S(C)| fCss;forevery j € J}. ThenD; T, Dy.

2. Since (dj);cq is a gde, we have d; T dy;y = s, forevery i € I. Thend; € {f € S(C) | f E;
s; for every ¢ € I} which implies d; Cg Dy.

O

Therefore, Th. 1 tells us that distributed spaces could have been equivalently defined as the greatest space
functions satisfying Properties D.1-D.3. We shall use the characterization of distributed spaces in Th. 1 in
the proofs of Prop.9 and Th.5 in the next sections. Let us first illustrate the use of such properties in the
following example.

Example 16. Let (C,C, (s;);cc) and ¢ = s1(a) U s2(b S a) U s3(e © b) as in Ex. 8. Here we shall show
that e can be derived from the distributed information among I = {1, 2, 3}.

We want to prove ¢ J Dy(e) for I = {1,2,3}. Since C is a constraint frame, by Def. 16 and Prop. 2 we
have

c= ]D){l} (a)U ]D){Q} (boa)u D{g}(e o b) (Def. 16 D.2)
ID;(a) UD;(bS a) UD;(e ©b) (Def. 16 D.3)
=D;(aU(bsa)U(ecd)) (Def. 16 D.1)
JDy(e). (Prop. 2)

Thus ¢ J Dy (e) as wanted.
Infinitely Many Agents. Recall the case with infinitely many agents from Ex. 8. Similarly, we can show
that ¢’ is distributed in N w.r.t ¢’:

¢ =| |Duy(ai) 3| | Di(as) =Dy <|_| ai> Dy (€).
i€N ieN i€N
Now consider our counter-example in Ex. 10 where we have d = s1(b) M s5(b). Recall that d specifies
that b resides either within the space of agent 1 or in the space of agent 2, although we do not know exactly
in which one. Here we wish to prove that b is distributed in the group {1, 2}, i.e., b can be derived from d as
being in a space of a member of {1,2}. We want to prove d J Dy (b) for I = {1, 2}:

d=sq (b) M Sg(b) = ]D){l}(b) 1 ]D){Q} (b) (Def. 16 D.2)
2 Dyy,23(b) MDyy 23(b) (Def. 16 D.3)
= Dy 23(b) (Prop. of 1)
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Then d 3 Dy 9 (b) as wanted.

Infinitely Many Agents. If we have d’ = [],_y 5:(b") we can show that b’ is distributed in the group N
wrtd:d =[],cy Dy (V) 3 [en Dn(0') = Dy (). O

The above example shows the capability of D to express the distributed information of a group [ in
different scenarios. In the later sections we shall provide properties of D; and its characterization for com-
pletely distributive lattices.

4.6. Group Projections

As promised at the beginning of Section 4.2 we now give a definition of Group Projection. The function
I1; (¢) extracts exactly all information that the group I may have distributed w.r.t c.

Definition 17 (Group Projection). Let (D;);c¢ be the distributed spaces of an scs (C, C, (s;);ec). Given

the set I C G, the I-group projection of ¢ € C is defined as TI;(c) = | |{e | ¢ 2 D;(e)}. We say that e is
I-group derivable from c if and only if II;(c) 3 e.

Much like space functions and agent projections, group projections and distributed spaces also form a
pleasant correspondence: a Galois connection [11].

Proposition 9. Ler (D7) ;cq be the distributed spaces of an scs (C,C, (s;);ec). For every c,e € C,

1. ¢ 3 Dy(e) ifand only if 111 (c) Jde.
2. ;(c) IMy(e) if J C I
3. T;(c) 3 ms(c).

Proof. Let (Dy) c¢ be the distributed spaces of C and let ¢, e € C.

1. Let S = {d | ¢ 2 Dy(d)}. First, assume that ¢ J D;(e). Since e € S, by Def. 17, II;(c) = | | S D e.
Second, assume II;(c¢) O e. Then by monotonicity, D;(IT;(¢)) 3 Dy (e). From continuity of Dy, we
know that D;(IT;(¢)) = Dy (| S) = |L{Ds(d) | d € S} and by definition of S, for every d € S, we
have ¢ I Dy(d), then ¢ I | |{D;(d) | d € S}. Therefore, ¢ J Dy(e).

2. Given that (D) c¢ is a gde (see Th. 1), if J C I, then D; O D;. Hence {d | ¢ I D,(d)} C {d |
¢ I D;(d)} and thus II;(¢) J I1;(c) for every c € C.

3. By part (2), for every {i} C I and every ¢ € C, we have II;(c) 3 Ilg;(c). It implies, 117 (c) 3
Lies iy (c), forevery ¢ € C. Then | J;c iy (¢) = Uie {LHd [ ¢ 2 Dyiy(d)}} = Lie {LHd [ 2N
si(d)}} = | ;e {mi(c)} = m1(c). Therefore, I7(c) 3 71(c), for every c € C.

O

The first property in Prop. 9, a Galois connection, states that we can conclude from c that e is in the
distributed space of I exactly when e is I-group derivable from c. The second says that the bigger the group,
the bigger the projection. The last property says that whatever is /-join derivable is I-group derivable,
although the opposite is not true as shown in Ex. 10.
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4.7. Group Compactness.

Suppose that an infinite group of agents I can derive e from ¢ (i.e., ¢ J Dy(e)). A legitimate question
is whether there exists a finite sub-group J of agents from [ that can also derive e from c. The following
theorem provides a positive answer to this question given that e is a compact element (see Section 2) and
I-join derivable from c.

Theorem 2 (Group Compactness). Let (D) ;cq be the distributed spaces of an scs (C,C, (s;)icc)- Sup-

pose that ¢ Dy (e). If e is compact and I-join derivable from c then there exists a finite set J C I such that
C g DJ(E).

Proof. Suppose that ¢ 3 Dy (e). If I is finite then take J = I. If I is not finite, since e is I-join derivable
from ¢ we have w7 (c) = | ]S 3 e where S = {m;(c) | i € I}.

Define Dy = {m;(c) | J C I and J is finite}. Take any 7y (c), 7k (¢) € D;. Since H and K are finite,
their union K U H must also be finite and included in I. Hence wyuk (¢) € Dy. Therefore, Dy is a directed
set.

Since S = {m;(c) | i € I} = {m;;(c) | i € I} is included in Dy, we obtain | | Dy 3 ]S Je. Buteis
compact and D; directed hence there must be 7;(c) € Dy, with J a finite set, such that 7 ;(c) 3 e. From
Prop.9 (3) and Prop.9 (1), we conclude ¢ J D ;(e) as wanted. O

Let us illustrate Th. 2 with our recurrent example.

Example 17. Consider an scs (C, C, (s;);c) where G = N and C is a countable set. Let d = | |, 5i(a;)
for some increasing chain ag C a; C --- ,and b € C such that b C |—|i€N a;. )

Notice that d J Dy(b) and mn(d) 3 b. Hence b is N-join derivable from d. If b is compact, by Th. 2
there must be a finite subset J C N such that d J D ;(b). O

4.8. Group-Compactness without I-join derivability

Let us assume ¢ J Dy (e) as in Th. 2. By Prop. 9 (1), we know that e is I-group derivable from c but not
necessarily I-join derivable from c. The problem in establishing group compactness in the absence of I-join
derivability has to do with d’ in the infinite case in Ex. 10. We have d’ =[], 5:(0"). Notice that we cannot
guarantee that b’ is N-join derivable from d’ (mn(d’) 3 b). One can verify that ' 3 Dy('), i.e., b’ resides
in the space of agent ¢ for some i € N. Then, b’ is I-group derivable from d’ (Ily(d’) 3 b'). Nevertheless
we cannot guarantee the existence of a finite J C N such that that d’ J D ;(b’). In fact, the existence of such
a J cannot be guaranteed even if e (b’ in Ex. 10) is compact as stated in the next theorem.

Theorem 3 (Non-Compactness). There exists an scs (C, C, (s;)icq) with distributed spaces (D) cq such
that for some c,e € Cand I C G: (1) e is compact, (2) ¢ 1 Dy (e) but (3) there is no finite subset J C I
withc I Dj(e).

Proof. Consider the scs (C, <, (8, )nen) (Fig. 5) defined by

1 1 1 Lol 2>
C=1:0,-,U<= —’ >1 d ={2"m U=
{ 2} {2+2n "= } and  su(z) {0 x <

where s, is a self-map on C for every n > 1. For n = 0, s,,(z) = 0 for every z € C.
First we prove that for every n € N, s,, is a space function. From Def. 6 we prove:

N NI
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3/4

1:/2 + 1/2n
1:/2

0

Figure 5: Constraint system (C, <) with C = {0, %} U {% + ﬁ |>1}.

a. s, preserves 0 and binary joins.

Recall that for every n € N, 5,(0) = 0. If v < l2and y < /2, then s,,(x Uy) = 0 = 5, (x) U s, (y).
If either z > 1/2 or y > 1/2 hold, then 5, (x U y) = 12+ 1/2n = 5,,(z) U s, (y).

. S, 1S continuous.

For n = 0, it is immediate that s,, is continuous.

Since C is countable, from Prop. 1 it suffices to prove that s,, preserves the join of increasing chains.
For any n > 1, consider any increasing chain z; < 2o < --- in (C, <). To prove | |, sn(2;) =
Sn (l_li21 xz) .

Let J,K C N\ {0} be two index sets such that: if x; < 1/2 then ¢ € J and if z; > 1/2 then
i € K. Notice that JN K = @ and JU K = N\ {0}. Then using this and part (a), we

have Sn(uz'zﬂci) = 5n((|_]j6,xj) U (Ukerk)) = 5n(|_]j€ij) U sy (Uyex zn).  Also,
Ljeszj = 0and |,z > 1/2, therefore s, (L]jeij) Usn(Upex xr) = 0U (L2 + L/2n) =

Ljes OU Uper (V2 +Y2n) = Lje g 8n(@5) U ek $n(@k) = Lisq $n(@i). Then s, ([_|i21 IZ) =
U¢21 s, () as wanted.

To complete the proof we now show that given the above scs (C, <, (s, )nen) for I = N\ {0} and
¢ =e=1/2: (1) e is compact, (2) ¢ > D;(e) but (3) ¢ 2 Dy (e) for any finite set N C 1.

1.

1/2 is compact. This follows directly from the definition of our constraint system (C, <).

2. 1/2 > Dy(1/2). By definition of D7, D7 (1/2) < 5,,(1/2) forevery n € I. Then D7 (1/2) <[, 5.('/2)

Since for every n > 1, 5,,(1/2) = /2 4+ 1/2n > 1/2 then [7,5 5,(1/2) = /2. Thus, 1/2 > Dy (1/2).

. 1/2 % Dy(1/2) for any finite set N C I. Notice that, for any finite set N C I, Dy (1/2) = s,,,(1/2) >

1/2, where m = max(N). Hence, 1/2 2 Dy (1/2).
0
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4.9. Distributed Spaces in Completely Distributive Lattices

In this section we present another characterization of distributed spaces for distributive lattices: For a
group I, D;(c) can be understood as the greatest information below all possible combinations of information
in the spaces of the agents in [ that derive c. We also provide compositionality properties capturing the
intuition that just like distributed information of a group I is the collective information from all its members,
it is also the collective information of its subgroups. We shall argue that the following results can be used to
produce algorithms to efficiently compute D;(c) for finite constraint systems.

We recall J-tuples, a general form of tuples that allows for an arbitrary index set J.

Definition 18 ([30]). Let J be an index set. Given a set X, a J-tuple of elements of X is a function x :
J — X.If j € J, we denote x(j) by x; and refer to it as the j-th coordinate of x. The function x is denoted
itself by (z;);es. We use X to denote the set of all .J-tuples.

The next theorem is one of main results of this paper. It establishes that for completely distributed
lattices, Dk (c) is the greatest information below all possible combinations of information in the spaces of
the agents in K that derive c.

Theorem 4. Let (Dr);cq be the distributed spaces of an scs (C,C, (si)icc). Suppose that (C,C) is
completely distributive. Let D : C — C, with K C G, be the function defined as follows:

Dg(c) = |_|{ |_| sk(ax) | (ax)rex € CK and |_| ap 3 c}.

keK keK
Then ]D)K = EK.

The above theorem is presented in [10] for finite cs. Here we extend this for completely distributive
lattices.

For the sake of the presentation, we give the proof of the above theorem in Section 6. Nevertheless,
we would like to mention that the central and non-obvious property used in the proof is that of Dy being a
continuous function. The distributivity of (C, C) is crucial for this. In fact without it the equality Dx = D
does not necessarily hold as shown by the following counter-example.

Example 18. Consider thg lattice M3, v@ich is not (comgletely) (gstributive, and the space fungtions 51 and
sy in Fig. 6b. We obtain D;(bU c) = D;(e) = a and Dr(b) UD;(c) = blUa = b. Then, Dr(blUic) #
D;(b) U Dy(c), i.e., Dy is not a space function. O

We can use Th.4 to prove the following properties characterizing the information of a group from that of
its subgroups.

Theorem 5. Let (D;);cq be the distributed spaces of an scs (C,C, (8;)icc). Suppose that (C,C) is
completely distributive. Let I, J, K C G be such that I = J U K. Then the following equalities hold:

1.Ds(c) = []{Ds(a)uDk(b)|a,beC and albIc}. 4)
2.D/(c) = [ ]{Ds(a)UDk(cSa)|acC}. 5)
3.D(c) = [|{Ds(a) UDk(cSa)|acC and aC c}. (6)
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(@ ForI = {1,2},01(c) = |_|1.EI s;(c) is not a space function: (b) For I = {1, 2}, s1 (---—) and s (--») are space functions.
or(pU—p) # or(p) Uor(—p). The function Ds (—) in Th. 4 is not a space function: Dy (b) U
Di(e)=b#a=Dr(bUc).

Figure 6: Counter-examples over the four-element boolean algebra (a) and non-distributive lattice M3 (b).

We find it convenient to give the proof of Th. 5 in Section 6. The properties in this theorem bear witness
to the inherent compositional nature of our notion of distributed space. The first property in Th. 5 essentially
reformulates Th. 4 in terms of subgroups rather than agents. It can be proven by replacing D ;(a) and D (b)
by Ds(a) and Dg (b), defined in Th. 4 and using distributivity of joins over meets. The second and third
properties in Th. 5 are pleasant simplifications of the first one using co-Heyting subtraction. These properties
realize the intuition that by joining the information a and ¢ & a of their subgroups, the group I can obtain c.

In Section 6 we use Th.4 to prove Th. 5. We now conclude this section with a brief discussion on how to
use Th.4 to solve a computational lattice problem.

Computing Distributed Information. Let us assume that C is finite and distributive. We wish to compute
D;. Notice that under this finiteness assumption, space functions are exactly those that preserve the join
of finite sets, also known as join-endomorphisms [29]. Recall that S(C) denotes the set of space functions
(join-endomorphism in this case) over C.

From Remark 6, computing the distributed space Dy is then equivalent to the following lattice problem:
Given a finite set S = {s; | i € I} of join-endomorphisms over the finite distributive lattice C, find its meet
[ s(C) S. Even in small lattices with four elements and two space functions, finding D; = [] s(C) S may
not be immediate, e.g., consider S = {s1, 5o} in Fig. 4b.

A naive approach would be to compute each D;(c) by taking the point-wise meet construction o7 (c) =
[ {si(c) | i € I'}. But this does not work in general since [ |{s; | ¢ € I}(c) is not necessarily equal to oy(c).
In fact o7 Jg D; but o7 may not even be a space function as shown in Fig. 6a.

A brute force solution to computing Dy (c) is to generate the set { f(c) | f € S(C) and f C s; forall i €
I} and then take its join (see Remark 6). This approach works since for any set .S of join-endomorphisms
(Usee 9)(e) =Ue{f(c) | f € S}. The problem, however, is that the number of join-endomorphisms over
a distributive lattice can be non-polynomial in the size of the lattice [31].
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Nevertheless we can use Th. 4 to obtain a worst-case polynomial bound for computing ;. The next
proposition shows this.

Proposition 10. Let C be a distributive lattice of size n. Let S = {s; | i € I}, where I = {1,...,m}, bea
set of join-endomorphisms over C. Assuming that binary meets and joins over C can be computed in O(1),
the meet D = [|g(c S can be computed in O(mn3) worst-case time complexity.

Proof. Let C be a distributive cs (lattice) of size n and let 5; and s, be space functions (join-endomorphisms)
over C. From Th. 4, the value D (c) = (s, Msc) 5k)(c) = Dk(c), with K = {j, k}, can be computed
in O(n?) by performing O(n?) joins and O(n?) meets. Hence the function D can be computed in O(n?)
whenever | K| = 2.

We now proceed by induction on the size of S = {s; | ¢ € I} where I = {1,...,m}. Suppose that
m = 1. We can then compute D;;3 = s; in O(n) and hence in O(n?). Assume that Dy1,....m—1} can be
computed in O((m — 1)n3). From the associativity of the meet operation, D; = Dy1,.om=13 Msey Sm-
Thus, we can compute first D¢y, 13 in O((m— 1)n?) and then Dy, with s; = ]1])%17___7,,n_1} and 5, = 5,,,,
in O(n?). The total worst-case time complexity for computing Dy is then in O(mn?). O

4.10. Summary of Section 4

In this section we presented the main technical results of this paper. We have formalized and developed
the theory of the collective information of a group of agents I as the space function D;. Intuitively, the space
function D; represents the smallest space that includes all the local information of the agents in /.

We first constructed the complete lattice (S(C),C;) (Lemma 1) where S(C) is the set of all space
functions defined on the complete lattice (C, C). We then defined D; as the greatest space function in S(C)
below the space functions of agents in I (Def. 15) and presented some of its basic compositional properties
(Prop. 6). We showed that D could also be alternative defined as the greatest group distribution candidate
(gde) (Th. 1). We illustrated in Ex.14 that D; can be interpreted as Distributed Knowledge in Aumann
structures, a representative model for epistemic group reasoning. Furthermore, in Ex. 15 we showed that
distributed knowledge in epistemic logic is also an instance of distributed information.

We also defined agent, join and group projections (Def. 12, Def 17). Group (agent) projection of a given
¢ € C represents the join of all the information that the group (agent) has in c¢. Join projections are the
join of individual agent projections. We stated that group projections and distributed spaces form a Galois
connection (Prop. 9). We then provided a group compactness result: Given an infinite group I, we identified
Jjoin-derivability (Def. 12) as a condition under which ¢ J D;(e) implies ¢ J D ;(e) for some finite group
J C I (Th. 2). We then showed that without this condition we cannot guarantee the existence of such finite
set J C I (Th. 3).

Finally we showed that if C is completely-distributive, D (c¢) can be characterized as the greatest infor-
mation below all possible combinations of information in the spaces of the agents in I (Th. 4) that derive ¢
and, more succinctly, as the combination of the information of its subgroups (Th. 5) that derive c. For the
finite-case we briefly explained how Th. 4 can be used to compute distributed space functions in polynomial
time.

5. Applications to Minkowski Addition and Mathematical Morphology

In this section we shall show that some fundamental operations from Mathematical Morphology (MM)
have a counterpart in the theory we developed in the previous sections. In particular we shall show that
distributed spaces, the central notion of this paper, have a natural interpretation in MM. Furthermore, we
shall use our results on distributed information to provide new constructions and results for MM.

28

We added the
next phrase.



5.1. Modules

We assume that the reader is familiar with basic concepts of abstract algebra [32, 33]. To present the
results in this section uniformly we shall use a fundamental structure from algebra, namely, that of a module.
Recall that a module M over a ring R is a generalization of the notion of vector space. In a vector space the
ring R needs to be a field. We shall take the liberty of referring to the elements of M and R as vectors and
scalars, resp. The former will be written in boldface to distinguish them from the latter.

More precisely, a module M over a ring R [33], also called an (left) R-module M, is a set that satisfies
the following three conditions. It must be closed under addition and scalar multiplication: u 4+ v € M
and ru € M whenever u,v € M and r € R. It must also form an abelian group under addition: + is a
commutative and associative operator with 0 as additive identity and with an additive inverse —u for every
u € M. Finally, it must also satisfy the following axioms for scalar multiplication: For every u,v € M and
every 7, s € R, r(su) = (rs)u, r(u+v) = ru+rv, (r + s)u = ru + su, and lu = u where 1 is the
multiplicative identity of R.

We shall use the following basic properties of modules. The additive identity for any module M and the
additive inverse for every u € M are unique. If R is a field then the R-module M is a vector space over R.
If M is a vector space over R then 1 is the only multiplicative identity for M.

The following examples of modules are fundamental in Mathematical Morphology. One of them is not
a vector space; it justifies using modules rather than vector spaces as the underlying structure.

Example 19. The set R" of all n-tuples of elements of a ring R can be made into an R-module. Given
u=(p1,...,pn) € R",v=1_(q1,.--,qn) € R"andr € R, defineu+v = (p1 +q1,...,pn + ¢n) and
r-v = (rp1,...,rpy). The module additive identity O is (0,...,0) € R™, where 0 is the ring additive
identity, and the module inverse additive —u is (—p1, ..., —p,) Where —p; is the ring additive inverse of p;.

The Euclidean n-dimensional space R™ is obtained by taking R as the set of reals numbers R in the
above example. Since R is also a field, R"™ is also a vector space. The n-dimensional grid 7" is obtained by
taking R as the set of integers Z. This is an example of a module that it is not a vector space since the ring
Z is not a field. O

5.2. Minkowski Addition

In geometry, vector addition is extended to addition of sets of vectors in an operation known as Minkowski
addition. From now on we shall omit mentioning the ring of the module when it is unimportant or clear from
the context.

Definition 19 (Minkowski Sum [8]). Let M be a module and A, B C M. The Minkowski addition of A
and B is defined thus A@ B={u+v|u€ Aandv € B}.

It is easy to see that & is associative and commutative, it has {0} and () as identity and absorbent
elements, resp., and that it distributes over set union.

Proposition 11 ([8]). Let M be a module. Then (P(M), ®) is a commutative monoid with zero element ()
and identity {0}. Furthermore, X & (AU B) = (X @ A) U (X @ B) for every X, A, B C M.

Recall that a convex set is a set of points such that, given any two points in that set, the line segment
joining them lies entirely within that set. It is well-known that the distribution law A @ (BN C) = (AN
B) @ (AN C) holds for convex sets [8]. Nevertheless, in general, @ does not distribute over set intersection
as illustrated next.
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Example 20. Take the Euclidean one-dimensional vector space R and let X = {0,1}, A = {1} and B =
{2}. One can verify that ) = X & (AN B) # (X ® A)N(X & B) = {2}. O

However, as part of the application results in this section we shall establish a pleasant new equation for
X @& (AN B). Namely, for every module M and for all X, A, B C M we have

X®(ANB)= (| (Y&A)U(X\Y)a B). (7)
YCX

The Minkowski sum has been applied in mathematical morphology as well as in collision detection, robot
motion planing, aggregation theory [34, 35, 36]. In this section we focus on applications to mathematical
morphology.

5.3. Mathematical Morphology

Mathematical morphology (MM) is a theory developed for the analysis of geometric structures [37] . It
is founded upon, among others, set theory, lattice theory, geometry, topology and probability. Basically, this
theory considers an arbitrary space M where its objects are transformed by two fundamental operations:
dilation and erosion.

In [9] dilations and erosions are typically defined in terms of Minkowski additions over the modules R"
or Z™ given in Ex. 19. Here we generalize the definition in [9] to arbitrary modules.

Definition 20 (Dilations and Erosions in Modules). Let M be a module. A dilation by S C M is a func-
tion 65 : P(M) — P(M) given by 65 (X) = X © S = Uyeg X © {u}. An erosionby S C M is a

def

function e : P(M) — P(M) givenby e5 (X) = X © Swhere X © 5 = [,cs X ® {—u}.

In MM, a binary image X is typically represented as a subset of the module M = Z2? where a pixel
is activated if its corresponding coordinate (or position vector) is in X. The translation of a vector u by
a vector v is given by u + v. The dilation d5 (X) describes the interaction of X with another image S
referred to as a structuring element and typically assumed to include the center, i.e., 0 = (0,0) € S. The
dilated image ds (X)) “inflates" the original one by including X and adding the pixels from the translation
of every v in X by each u in S. Intuitively, s (X) can be viewed as redrawing the image X with the
brush S [9]. This is illustrated in Fig. 7 where an image X is dilated by the structuring element S =
{(0,0), (0,—-1)}, and in Fig. 8 where an image X is dilated by two different structuring elements A =
{(1,1),(0,0),(1,0),(-1,-1),(0,—-1)} and B = {(-1,1),(-1,0), (0,0), (0,-1),(1,—1)}.

Furthermore, the erosion g (X) in R™ or Z™ can be defined in terms of the translations of S that are
contained in X. The next proposition states this result for modules.

Proposition 12. Let M be a module and S, X C M. Theneg (X)) ={ue M | S® {u} C X}.

Proof. Let M be amodule and S, X C M. From Def. 20, we will prove that (). g X ®{—u} = {u € M |

S@{u} C X}. Takeany v € [),cg X © {—u}, then forevery u € S, v =w + (—u) for some w € X.

Since foreveryu € S,u+v e S@ {v}landu+v =w € X (see Prop. 11), we have S @ {v} C X.
Therefore,ve {ue M | S® {u} C X}.

Now, letv € {ue M | S®{u} C X}, then S @ {v} C X. Notice that forany w € S, w + v €

S @ {v} € X and therefore v = (w +v) + (—w) € X @ {—w} forevery w € S. Thenv € [|,cg X @

0

{—u}.
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Figure 7: Example of Galois connection between dilations and erosions: §g (X) C Y iff X C eg (Y). Here X and Y are images, S is
the structuring element (centered at the origin), dg (X)) is a dilation and e 5 (Y") is an erosion. Pixels added/removed by dilation/erosion
are depicted in dark/light gray.

Assume that S includes the center. The above proposition tells us that an erosion g (X) reduces the
image X by erasing the pixels in X whose translation by some element of S is not within X. This can
also be easily seen from the fact that erosions satisfy the equation e (X) = {u € M | foreachv € S :
u+ v € X} which follows directly from Prop. 12. Fig. 7 illustrates the erosion of an image Y by the
structuring element .S.

5.4. Dilations as Space Functions
We now state that the power set with the usual order and the set of all dilations over it form a (completely
distributive) spatial constraint system; i.e., an scs whose underlying lattice is completely distributive.

Theorem 6. Let M be a module. Then (P(M), C, (0s)sc ) is a completely distributive scs.

Proof. The power set of any set ordered by inclusion is a completely distributive lattice with join Ll = U and
meet 1 =N [11]. Hence (P(M), C) is a completely distributive cs.

It remains to prove that for any S € P (M), the dilation dg is a space function. From Prop. 5 part (2) it
suffices to show that d5 (lJ; Ai) = U, ds (A;) for every arbitrary union | J; A; € P(M). This follows from
the following equations:

ds (U/L) = {ereXGUAiandeGS}

={x+e|xe A forsomeiande € S}
={x+e|x+ecis(A;) forsomei}

= Jds (4)
Thus, (P(M), C, (6s)sca) is a completely distributive scs.
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Figure 8: From left to right, image X, structuring elements A, B and AN B, dilations d 4 (X) and 65 (X), and dilation Dy 4 g} (X).
Structuring elements are centered at the origin. Pixels added by dilation are depicted in gray.

The above theorem states that dilations are space functions. Erosions, on the other hand, are space
projections (see Def. 12).

Proposition 13. Let M be a module. For every S C M, the function g is the S-projection in the scs
(P(M), S, (6s)scn)-

Proof. Let M be a module and S C M. To prove that g is an S-projection we show that dilations and
erosions form a Galois connection, i.e., for every X, Y C P(M), §s (X) CY iff X C eg (V). It is known
that a Galois connection determines each function uniquely. Therefore from Prop. 9 (1) it follows that the
erosion € g must then be a projection.

Pick arbitrary X,Y,S C P(M). We have 05 (X) = U,eg X © {v} C Y iff for every u € S,
X @ {u} C Y. Furthermore, with the help of the monoid laws for & (Prop. 11) we can show that for every
ues:

Xe{ulCY

ifff (Property of C)
(X®{uhuy =Y

iff (z=z@{0} and {0}={—u}&{u})
Xe{uhuY e{-ute{u})=Y

iff (X®(AUB)=(X®A)U(X&B))
(
(
(

~

XU @{—u}))e{u}=Y
iff (Adding {—u} by €B>

XU o{-u})d{utd{-u}=Y & {-u}
iff ({—u}o{u}={0} and Z&{0}=2)

XU ®{-u})=Y @ {-u}
lff <Pr0perty of §>

XCYo®{—u}
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Clearly foreveryu € S, X CY @ {—u}iff X C [, cgY @ {—v} = 5 (Y). We have then established
that §s (X) CY iff X C g5 (V) as wanted. O

In the proof of the above proposition, we show that dilations and erosions form a Galois connection.
This is a known fact in the MM community for R™ or Z™ space [38]. Here we proved a more general version
of it for modules.

Remark 8 (An Epistemic Interpretation of MM operations). Since we have shown that dilation is a spacel] [ We extended the

function, and erosion is a space projection, we can now think of these functions in terms of information avail-
able to an agent. Thus, for example in Fig. 7, when Y is the actual state, €5 (Y') shows what S perceives.
The interpretation of Jg is more complicated: in fact, we interpret X as the information available to, or
perceived by, agent S, when dg (X) is the real situation.

We notice that with the interpretation of dilations as visual perception, an agent with perfect vision has
the structuring element which is a single pixel at the origin, and if structuring elements S; C Ss, then
So represents vision which is more blurry than the vision represented by S, as seen in Fig. 9. Thus, the
agent only perceives some of the real information, and some parts of the actual state of the world are hidden
from the agent. Specifically, we can consider this as an agent with blurred vision who does not perceive
some of the edges of objects. In the instance of Fig. 9, there are two agents, agent 1, corresponding to
structuring element .Sy, with slightly blurred vision, and agent 2 with corresponding structuring element Ss,
with extremely blurred vision. Neither agent can perceive the edges of the objects. So, when dg, (X) is the
true state of affairs, S7 perceives the information in X; in effect, losing one pixel at the edge of each object.
On the other hand, when dg, (X) is the real situation, So perceives it as X, because this agent loses two
pixels from the edge of every object.

Thus, given an agent S, we may think of g (X) as the situation where agent S has information X, because
X is what the agent perceives when dg (X)) is the real situation.

In contrast, in Fig. 9 we note that if X represents the real situation, then agent 1 perceives g, (X),
losing one pixel at the edge of each object. Similarly, agent 2 perceives eg, (X) losing two pixels at the
edge of each object.

In Fig. 7, the agent’s vision is blurred in the vertical direction: they only perceive a pixel if it also has
another pixel below it, but they are unable to perceive the bottom edge of any object. O

One may wonder if every space function over (P(M), C) is a dilation dg for some S C M. Prop. 15
answers this question negatively. First, we need to introduce a new family of functions over modules.

Definition 21 (Scale Function). Let M be a module over a ring R. Given r € R, a scale by r is a function
$p:P(M) — P(M) defined as s, (X) = {ru|ue X}.

It is easy to see that s, is a space function over (P (M), C).

Proposition 14. Let M be a module over a ring R. Then for every r € R, s, is a space function over
(P(M), ).

Proof. Let M be a module over a ring R. From Prop. 5 (2), it suffices to show that given » € R and an
arbitrary | J; A; € P(M), s (U; 4i) = U, sr (A;). Indeed, we have s, (J, 4;) = {ru|u e |J, 4} =
{ru|u e A; forsomei} = {ru|ru € s, (A4;) forsomei} = J; s, (4;) as wanted. O

The following proposition gives us a necessary and sufficient condition for a scale function to be a
dilation. In particular, it tells us that we can have infinitely many space functions that are not dilations by
some structuring element if the underlying module is, for example, the Euclidean vector space R™ or the
grid Z" (see Ex. 19).

33

following re-
mark according
to N46. Also we

added Fig. 9



images/mathmorph-all.png

Figure 9: From left to right, image X, structuring elements Sp and Sa, dilations dg, (X) and dg, (X), and erosions 5, (X) and
€5, (X). Structuring elements are centered at the origin. Pixels added/removed by dilation/erosion are depicted in dark/light grey.

Proposition 15. Let M be a module over a ring R. Then for eachr € R, s, = dg for some S C M if and
only if r is a multiplicative identity for M.

Proof. Suppose that 7 is a multiplicative identity for M. Take S = {0}. Clearly s, = 0(oy. For the other
direction we proceed by contradiction. Let us suppose that r is not a multiplicative identity for M but that
there exists S such that s, = dg. By applying both space functions to {0}, we obtain s, ({0}) = {r0} =
{0} = 45 ({0}). Then for every v € S, 0 + v = 0, hence v = 0. Thus S = {0}. It follows that for every
u € M, s, ({u}) = {ru} = d;0y ({u}) = {u}. This implies that for every u € M, ru = u, thus r is a
multiplicative identity for M, a contradiction.

O

5.5. The Distributed Spaces and Dilations

We have shown that dilations are space functions while erosions are space projections. However, the
main construction of this paper is that of distributed spaces: The greatest space function below a given set
of space functions. The problem we shall address is the following: Given two dilations 4 and 0, find the
greatest space function Dy 4 py below them. Let us consider some issues regarding this question.

Recall that join and meet operations of the power set (P (M), C) are set union and intersection. No-
tice that simply taking the point-wise greatest lower bound does not work, i.e., in general, the equation
Dga,py(X) = 04(X) N0p(X) does not hold.

Example 21. Consider Ex. 20 with the Euclidean one-dimensional vector space M = R, X = {0,1},
A={1}and B ={2}. Let f(Y) =04(Y)Ndp(Y) forevery Y C M. One can verify that f({0} U{1}) =
{2} # 0 = f({0}) U f({1}), hence f is not even a space function. O

Furthermore, notice Prop. 15 tells us that there are space functions over (P(M), C) that are not dilations.
Thus, in principle it is not clear if Dy 4 py is itself a dilation and if it is, we would like to identify what its
structuring element should be.

The main result of this section, given next, addresses the above issues.

Theorem 7 (Distributed Spaces as Dilations). Suppose that M is a module. Let (Dg)sc ar be the distributed
spaces of the scs (P(M), C, (6s)scar). Then Dya gy = 6anp for every A, B C M.
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Therefore, the greatest space function below two dilations is a dilation by the intersection of their struc-
turing elements. According to our intuition about dilations, the theorem tells us that given 4 and 6, the
dilation Dy 4 py applied to an image X can be intuitively described as the image obtained by re-drawing X
with (the brush) A N B. This is illustrated in Fig. 8 by showing D 4 ) applied to an image X 7

We now devote the final part of this section to illustrate the application of the theory developed in
previous sections to prove the above result.

5.6. Application: Proof of Theorem 7

We wish to prove that Dy 4 gy = danp for A, B C M. From Def. 20, we have § 15 (X) = X @ (ANDB)
and, from Th. 5, we have D4 g} (X) = Ny cx (Y @ A) U (X \Y) @ B). Therefore, it suffices to show
that N

XeAnB)= (| (YeA4u(X\Y)aB)
YCX
for all X C M. Recall that the above equality is the distributivity equation for the Minkowski addition
discussed in Eq. 7. It is important also to recall the equation X @ (AN B) = (X @ A) N (X & B) does not
hold in general. Nevertheless, it does if X is a singleton set as shown next.

Let us consider the singleton case: Suppose that X is an arbitrary set of the form {v}. We obtain the

following equations:

Diasy({vh) = [ Y@ AU(X\Y)eB)

(e Au(vieB)n({viedu@e b))
=({vieB)n({vi®A)
={v+w|weB}In{v+w|we A}
={v+w|weANB}

=d0ans ({v}).

Now for the general case we will use the continuity of space functions. Suppose that X is an arbitrary
set. From Def. 15 and Th. 6 we know that D4 py and d anp are space functions. Furthermore from Prop. 5
it follows that space functions preserve arbitrary joins. Thus, with the help of this preservation of arbitrary
joins (unions) and the singleton case above, we can obtain the desired result in a simple way; namely
Dya,py(X) =

D4,5) ( U {v}) = U Dy v = | dans ({v}) = dans (U {v}> =bans (X).

veX veX veX veX

5.7. Summary of Section 5

In this section we provided an application of the theory developed in Section 4 to geometry and Math-
ematical Morphology. First, we recalled the notion of Minkowski addition of sets in vector spaces as an

7The result of Dy 4, B} (X) was computed using the O(n?) procedure mentioned in the beginning of the proof of Prop. 10 from
Section 4.9.
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operation in the algebraic structure of modules (Section 5.1) and showed some of its basic properties (Sec-
tions 5.2 and 5.3). We then proved that given a module M, the structure (P(M), C, (ds)sca) is an scs
where dilations are space functions (Section 5.4). Furthermore, we showed that erosions are space projec-
tions (Prop.13). Since space functions and projections can also be viewed as the information a given agent
sees, we then gave a natural epistemic interpretation of these MM operations as an agent’s perception of a
given image (Remark 8).

In Sec. 5.5 we proved that given two dilations d 4 and dp, the distributed space function of the group
{A, B} (i.e., Dy 4 p}) corresponds to the dilation 0 4o . Finally, in Section 5.6 we used the theory developed
in previous sections to prove Th. 7 and a novel law for X & (AN B):ie, X ® (AN B) =(Nycx Y @
AU((X\Y)eB). N

6. Proofs of Section 4

In this section we present proofs of some results from Sec. 4.

6.1. Proof of Proposition 7

Let A = (S,P1,...,Pn) be an Aumann structure and let C(.A) be its induced scs defined in Ex.14.
Then D; = Dy forevery I C G = {1,...,n}.
Proof. Let I C G. We shall prove that (i) D; € S(C), (ii) D;(¢) I D;(¢) and, (iii) D7 (¢) C Dy(c).

(i) Recall thatin C(.A) joins are intersections (Sec. 4.4). From Prop. 5 (2), it suffices to show that given an
arbitrary (); A; € C, Dy (ﬂj Aj) =; D1(A;). Indeed, we have D; (ﬂj Aj) = {5 MNics Pi(s) €
;A5 ={s|Micsr Pi(s) € Aj forevery j} = (1 {s | ;e; Pi(s) € A;} =, Dr(4;) as wanted.

(ii) By definition of K; and Dy (see Sec. 4.4), we know that for every ¢ € C, K;(¢) € D;(c). This implies
D;(c) C Ki(c). Then Dy(c) is a lower bound in S(C) of the set of all the K;(c). Thus, by Remark 6
D;(c) 3 Dy(c) for every ¢ € C.

(iii) Now, lett € Dy(c). Then, by definition of Dy, we have (,.; Pi(t) C c. From Th. 4,

D (c) = J {ﬂ Ki(ei) | [)ei C c}.

i€l i€l

Take e¢; = P;(t) for every i € I. By assumption, (),.; ¢; C c and, by definition of K;, we know that
t € Ki(e;). Therefore, t € (,c; Ki(es), ie., t € Dy(c) for every ¢ € C. Thus D;(c) E Dy(c) for
every ¢ € C, as wanted.

O

6.2. Proof of Proposition 8

Let K(S,(®)) = (C,C,Ky,...,K},) be an scs where S,,(®) is a non-empty set of n-agent Kripke
structures over ® as in Def. 9. Then D; = Dy forevery I C G = {1,...,n}.

Proof. Let I C G. We shall prove that (i) Dy € S(C), (ii) D;(c) 3 Dy(c) and, (iil) D;(¢) C Dy(c).
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(i) Recall that in K (S, (®)) joins are intersections (Def. 9). From Prop. 5 (2), it suffices to show that
given an arbitrary (); A; € C, Dy (ﬂj Aj) =; D1(4;).

Indeed, we have Dl(ﬂj Aj) = {(M,s) € A|Vt: (s,t) € [,y Ri implies (M, 1) € ﬂj A} =
{(M,s) € A|Vt: (s,t) € [Ny Riimplies (M, 1) € Ajforevery j} = (;{(M,s) € A | Vt:
(s,t) € (;e; Ri implies (M, t) € A;} = [); D;(A;) as wanted.

(ii) Recall that in K(S,,(®)), forevery i € {1,...,n}, s; = K; (Prop. 3). By definition of K; and Dy (see
Def. 9 and Ex. 15), we know that for every X € C, K;(X) C D;(X). This implies D;(X) C K;(X).
Then D;(X) is a lower bound in S(C) of the set of all the K;(X). Thus, by Remark 6 D;(X) 3
D;(X) forevery X € C.

(iii) Now, let (M, s) € Dr(X). Then, by definition of D;, we have for all ¢, (s,t) € [;c; R; implies
(M,t) € X. From Th. 4,

Dr(X) = {ﬂKi(Xi) )X < X}.

i€l icl

Take X; = {(M,t) | (s,t) € [\;c; R} for every i € I. Itis clear that (), ., X; € X. Notice
that by definition of K, we know that (M,s) € K;(X;). Therefore, (M,s) € (,c; Ki(Xy), ie.,
(M,s) € Dr(X) forevery X € C. Thus D;(X) T Dy (X) forevery X € C, as wanted.

O

6.3. Proofs of Section 4.9

This section is devoted to the proofs of the compositionality properties of distributed spaces given in
Section 4.9. To simplify our notation, we define sets of .J-tuples whose join derive a given constraint c.

Definition 22. Let (C,C) be a cs and .J some index set. For every ¢ € C, let ) = {(a;)jes € C’ |
L] e 3 c}. For simplicity, we use T instead of T/ when no confusion arises.

6.4. Proof of Theorem 4
The function D is defined in Th. 4. Here we find it convenient to use the following simplified version.

Proposition 16. Dy (¢) = [{,cx 5k(ar) | (ar)rex € Te}-
The following is an immediate consequence of the above definition.
Proposition 17. The function D is monotonic.

Proof. Let ¢ J d. We have {Ukex sk(ar) | (ax)rerx € T} € {{Upex Sk(ar) | (ar)rex € Tq}. Thus
DK(C) g ]D)K(d) O

~ Next lemma states that Dy is a space function. As pointed out in Section 4.9, the proof of continuity of
Dy uses the assumption of (C, C) being completely distributive.

Lemma 2. Let (C,C, (s;)icc) be an scs. Suppose that (C, E) is completely distributive. Then, for any
K C G, Dy is a space function.
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Proof. Let (C,C, (s;)icc) be an scs and assume (C, C) to be completely distributive. To show that D is
a space function we prove: (i) it satisfies S.1 and S.2 in Def. 6, and (ii) it is continuous.

(i) Dy satisfies S.1 and S.2.
For S.1, one can verify that Dg (true) = true.
To prove S.2, it suffices to show that Dy (c Ui d) C Dg(c) U Dx(d). The other direction follows by
monotonicity (Prop. 17). Consider the following derivation:

DK(C) L EK(d)

= <Deﬁnition of EK>

Dg(c)U |_|{ || sk(0k) | (bk)nex € Td}

keK

= <u distributes over I‘l>

[ {Dz«(e) U || seOn) | (bi)rex € Td}

keK
= <Deﬁnition of ﬁK>

[ {H{ || sk(an) | (ar)rer € TC} U] sk (0r) | (0k)kex € Td}

keK keK

= <u distributes over I‘l>

[ {I_I{ || se(ar)u || se(on) | (an)rex € Tc} | (b )rex € Td}

keK keK

= <Associativity of Fl>

|_|{ | | sklar) U | | sk(o) | (ax)rex € T.and (bp)rex € Td}

keK keK

= <Associativity of u>

|_|{ | | (sk(ar) Usi(br)) | (ax)rex € T.and (bp)rex € Td}

keK

= <5k is a space funclion>

|_|{ |_| sp(ar Ubg) | (ar)verx € T and (by)ker € Td}

keK

; <Ck:ak|_lbk; (|—|k€K Ccr = I_lkeK(akl—’bk) | Cud) implies (Ck)kgxeTcud>

|_|{ I_I si(cx) | (cr)rer € Tcl_ld}

keK
= <Deﬁniti0n ofﬁK>
EK (C [ d)
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(ii) Dy is continuous. B B
Let D be any directed set on C, we will prove D (| | D) = | {Dx(d) | d € D}. We proceed with
Dk (D) C |J{Dk(d) | d € D}. The other direction follows by monotonicity.
By definition of D, | [{Dx(d) |d € D} = | {[ W Urex 5k(ar) | (ar)rex € Ta} | d € D}. Since
(C, E) is completely distributive (see Def. 1), for the subset {| |;.c x 5% (ax)}aeD,(ay) of C, we
have

kek €T4

e T {Llskm)} =|‘|{u{|_|sk<fk<d>>}}

deD | (ar)rex€Ta \kEK fer \deD \kek

where F'is the class of choice functions f choosing for each d € D some index f(d) € T,. Recall that
fx(d) is the k-th element of K-tuple f(d). We can rewrite the right-hand side of the above equality
using U properties and the fact that s, preserves arbitrary joins (see Prop. 5). Then we obtain

L [ {Uﬁk(ak)} |_|{|_|sk<|_| fk(d)>}.
deD | (ar)rex€Ta \kEK fer \kekx deD

We now show that for every f € F, (|_|d€D fk(d))
le-,eK fx(d) 3 d. We have

L <|_| fk(d>> =1 (I_I fk(d>> 3| Jda=||D.

keK \deD deD \keK deD

vk € T.,p. Notice that for every d € D,

Therefore (| ;. fk(d))keK € Tup (see Def. 22).

Then, for every f € F, the element I_lkeKsk(I—ldeD fk(d)) € {Upex sx(ar) | (ax)rex € TUp},
this implies

{ | ] 5k<|_| fk(d)> ‘ fe F} - { || sk(ar) ‘ (ak)rek € TuD}.

kEK deD keK
Consequently,
|_| { |_| 5k<|_| fk(d)>} = |_|{ |_| sk (ar) ‘ (ar)rek € TuD} ZEK<|_|D)~
feF \keK deD keK

Thus, we conclude D is continuous.

Finally we prove Th. 4. Its statement now is simplified due to Prop. 16.

Theorem (4). Let (Dr);cq be the distributed spaces of an scs (C,C, (s;)iec). Suppose that (C,C) is a
completely distributive lattice. Then D = D.

Proof. Let (D;)cq be the distributed spaces of an scs (C, C, (s;);e¢) and assume (C, C) to be completely
distributive. - o
We divide the proof in two parts: I. D T, D and I[I. D T D
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L. D C. Dk.
Recall that from Def. 15, Dx = max{h € S(C) | h Cs s, for all k¥ € K'}. Thus we have to prove: (i)
Dk € S(C) and (ii) D Cg s, forevery k € K.
From Lemma 2 we have (i). For part (i), let c € C and S = {| |, c x 5x(ax) | (ax)rex € Tc}. From
definition of D, for every k € K, the element s;(c) = s,(c) U Ljex\(ry 5 (true) € S. Then for
every ¢ € C, Dx(c) =[S C si(c). Therefore for every k € K, Dy T, s5. Then, Dy T, Dg
holds.

II. Dg C, Dg.
Let c € Cand S = {| | cxsr(ar) | (ar)rex € Tc}. Notice that, for any (ag)rex € T,
Lrex Px(ar) T | ;e 5k (ax). Since D is a space function and monotonic, we know that

|_| ]D)K(ak) = DK< |_| ak> Q DK(C).

keK keK

Thus, for every (ax)rex € Te, we have Dx (c) E | |, cx 5k(ar), ie., Di/(c) is a lower bound of S.
Then for every ¢ € C, Dg(c) T[S = Dg(c). Therefore Dy T Dy as wanted.

Thus, from (I) and (IT), we conclude Th. 4, i.e., Dg = Dg. O

6.5. Proof of Theorem 5

We now prove the compositional properties of distributed spaces introduced in Th. 5.
Theorem (5). Let (D;);cq be the distributed spaces of an scs (C,C, (s;)iec). Suppose that (C,C) is
completely distributive and let 1, J, K C G be such that I = J U K. Then

1. Di(e) =T1{Ds(a) UDK(b) | a,b € Cand aUb I c}.

2. Di(e) =[1{Ds(a) UDk(c©a) | a € C}.

3. Di(e) =[1{Ds(a) UDg(cSa) | a € Canda C c}.

We present the proof of each item separately.

PROOF OF THEOREM (5 (1)). Let (D7) c be the distributed spaces of an scs (C, C, (s;)iecr) where (C, CJ|
) is completely distributive. Let I, J, K C G be suchthat [ = JU K.

* Di(c) ET{Ds(a) UDK(b) | a,b € Cand a Ub I c}.
Let a,b,c € C such that a Ub J c. Since (Dr);cq is a gdc (see Th. 1) and, both J C I and
K C I hold, for every ¢ € C, we have D;(e) C Dy(e) and D;(e) C Dg(e). Then Dy(a) U
D;(b) C Dy(a) UDk(b). From the fact that D; is a space function and hence monotonic we conclude
D;(c) C Dy(a) UD;(b). Therefore Dy (c) C Dy(a) UDg(b). Thus, D;(c) C [{Dy(a) U Dk (D) |
a,be Canda b Jc}.

* Di(c) I[{Dy(a) UDk(D) | a,b € Canda b I c}.

Letc€ Cand S = {| |..;5:(ci) | (ci)icr € TL}. We first show the following claim:

i€l
Claim. For every | |;c;si(c;) € S, there are some a,b € C such that (i) a Ub I c and (ii)
Lliersi(ci) 3 Dy(a) UDk (D).
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Let | |;c;5i(ci) € S. Since I = J U K, we have | |;;5i(ci) = |jc;8(c;) U pes 5k(ck). Let
a= |_|j€J cjand b = |_|k€K ci. From Th. 4, we have

D) =13 Ll ss(@) | (@))ses € T p and Dic(6) =[] { L se(b) | (b)rex € TF } .

JjeJ keK

Given that (C, C) is completely distributive and by associativity of 1, D;(a) U Dg (b) =[] R where
R = {Ujes5i(a5) Ullerc 100 | (ay)jes € T and (bi)wex € Tf}. Clearly a b 2 ¢ and
|lic;5i(ci) € R. Then| |;c;5:(c;) D[R =Ds(a) UDg(b). This shows (i) and (ii).

From the above claim and Th. 4, we obtain D;(¢) =[S I [ {D(a) UDk(b) | a,b € Cand alUb 3
¢} as wanted. O

PROOF OF THEOREM (5 (2)). Let (D) c¢ be the distributed spaces of an scs (C, C, (s;) ;e ) where (C, CJ
) is completely distributive. Let I, J, K C G be such that I = J U K.

Let a,c € C. Recall that ¢ © a represents the least element e € C such that a U e J ¢. Take any
b € Csuchthat a Ub J ¢. Then b J ¢S a and since space functions are monotonic D;(a) U Dg (b) I
Dy(a) UDg(c© a). From this it follows that [ (S U {D;(a) UDg(c©a) ,Dy(a) UDg(b)}) =[](SU
{Dj(a) UDk(c©a)}) forany S C C.

From Th. 5 (1) and the above argument, we have

Ds(c) =[ [{Ds(a) UDk(b) [aLb D c}
=[ ({Ds(a) UDk(b) [aUb D c} U{D;(a) UDk(cOa)|a € C})
=[ {Ds(a) UDk(cSa) |a € C}.
Thus D;(c) = [{D,(a) UDg(c S a) | a € C}. O

PROOF OF THEOREM (5 (3)). Let (D) c¢ be the distributed spaces of an scs (C, C, (s;) ;e ) where (C, CJ
) is completely distributive. Let I, J, K C G be such that I = J U K.

Let ¢ € C and take any o’ IZ c. It suffices to find @ € C such that e C cand D;(a’) UDg(c©a’) 3
Dj(a) UDgk(c & a) since then [ |(SU{Dy(a) UDg(coa) ,Dy(a") UDg(coad)}) =[1(SU{D;(a)U
Di(c©a)}) forany S C C.

Given o’ [Z ceither (a) ' ¢ or (b) @’ and ¢ are incomparable w.r.t C, written a’ || ¢.

* Suppose (a) holds. Then take a = ¢ thus ¢ & a = true. By monotonicity we have Dy (a’) U
Di(coad) IDy(a) UDk(c© a) as wanted.

* Suppose (b) holds, i.e., a’ || ¢. Notice that ¢ & o’ C ¢. By cases, assume ¢ & o’ = ¢. Then we can
take a = true, and thus ¢ © a = ¢ = ¢ © a/. By monotonicity we have D;(a’) UDg(c©d') 3
Dj(a) U Dk (c & a) as wanted. Now suppose ¢ & a’ C ¢ holds. We can build a poset P = ({a’ U
¢, d, e, cod, dMN(ced)}, L) which is a non-distributive sub-lattice of (C, C), isomorphic to a
lattice known as N5 (see Fig. 10). But this contradicts (C, C) to be distributive (see [11]).
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Figure 10: Poset ({a’ U c,a’,c,c& a’,a’ M (c S a’)}, C) isomorphic to lattice Ns.

From Th. 5 (2) and the above argument, we have

D;(c) =[ [{Ds(a) UDk(cSa) |a € C}
:|_| ({Ds(a) UDg(coa)|aCct U{Dy(a) UDg(coa)|aZc})
=[ {Ds(a) UDk(cSa) [a L c}.

Thus, D7 (¢) = [ {Ds(a) UDK(c© a) | a C c}. O

7. Conclusions and Related Work

We have introduced an algebraic theory for reasoning about possibly infinite groups of agents. We have
also shown that the theory can be applied to other domains such as geometry and mathematical morphology.

This paper is an extended version of our CONCUR’19 paper [10]. With respect to that work, we have
provided significant advances in both the theoretical and practical implications of our notion of distributed
spaces in scs. On the theoretical side, we characterized spatial functions as maps preserving arbitrary joins
(Prop. 5). This allowed us to delve into the interpretation of space functions of distributed spaces as mean-
ingful operations in the field of mathematical morphology. We also pursued the study of conditions under
which a piece of information derived by the combined local information of an infinite group of agents could
be derived by some finite subgroup of those agents. We showed that this is the case when the information
inferred by the group from a given supplied piece of information, is itself compact, and derivable from the
combination of what each agent can infer from it in the local space (Th. 2). We further showed, however,
that compactness does not hold in general without those conditions (Th. 3).

Furthermore, we showed a fundamental result that provides a way to compute, for completely distributive
lattices, the greatest information that can infer some other given piece of information, and is below all
possible combinations of local informations deriving that piece in the spaces of some given group of agents
(Th. 4). This result is presented in [10] for finite cs; in this work we extended it for completely distributive
lattices. In [10] we had also stated some properties relating the information of a group of agents w.r.t the
information of subgroups of those agents but only for finite cs. In this paper we generalized these for
completely distributive lattices (Th. 5).
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Finally, we used the developed theory to investigate applications in mathematical morphology (MM). In
this domain, two fundamental operations, dilation and erosion, provide ways to perform geometric trans-
formations, in particular within the realm of image processing based on so-called structuring elements. We
considered these MM operations, generalized with Minkowski addition over modules, and used our theory
to derive some interesting distribution properties. We also gave the interpretation of maps in group spatial
constraint systems as MM operations over structuring elements and showed that the maximum map under
two given group distribution maps (seen as dilations) corresponds to the dilation over the intersection of their
structuring elements. In so doing we provided a proof that erosion and dilations for structuring elements that
are modules form a Galois connection (Prop. 13). This allowed us to prove that the operation of erosion
corresponds to our defined operation of projection of information into the spaces of the structural element
(Def. 17). We also discussed an interpretation of dilations and erosions as epistemic as an agent’s perception
of a given image (Remark 8).

7.1. Related Work
Below we discuss closely related work divided into four categories.

Algebraic Epistemic/Spatial Reasoning. There are two major branches of approaches to modal logic: Kripke
semantics and Algebraic semantics [39]. The majority of modern work on epistemic logic has taken the
Kripke semantics approach, whereas algebraic semantics are more common in the general study of modal
logic. This is probably explained by the fact that the study of epistemic logic is most common in philos-
ophy and computer science, with specific applications in both fields, and Kripke semantics are often the
most practical approach for these applications. The Handbook of Epistemic Logic, a good survey of the
recent state of work on epistemic logic, does not include algebraic semantics [40]. The correspondence
between modal logic and boolean algebras with operators, and lattice theory more generally, however, is
well known [41, 7, 39]. Since concurrent constraint programming (ccp) uses lattices as the underlying struc-
ture [16], in our first work adding epistemic information to ccp [6], it was natural to take the algebraic
approach to epistemic logic, rather than the Kripke structure approach which is much more common in
computer science applications of epistemic logic and modal logic in general. We continued to develop our
theory of modal constraint systems [42, 43, 44, 18, 45, 10, 31], and besides its applicability to ccp, it has the
added advantage of providing a more natural method than Kripke semantics for talking about infinite groups
of agents, which is a focus of the present paper.

Since we take the algebraic approach which is less common in epistemic logic, there is not a great deal
of recent work in epistemic logic which is closely related to the present paper. As already mentioned, spatial
constraint systems (scs) were developed in [6] and are dual to (poly)modal algebras [21]. These algebras
are boolean algebras that preserve meets and top and, they characterize the minimal (multi)modal logic
K,, [46]. McKinsey and Tarski extended the Stone representation theorem for Boolean algebras to modal
algebras whose operators are closure operators to give topological semantics for the epistemic modal logic
S4 [22]. Epistemic constraint systems (ecs) are scs where the space functions are closure operators and thus
they are dual to closure algebras [47]. There is more recent work on the relation of several modal logics and
topology, among many others S5, K D45, and first-order extensions of modal logic (see [48]).

The work in [49] generalizes the epistemic update from the Logic of Epistemic Actions and Knowl-
edge [50], to a general class of algebras. In the future, it will be interesting to study whether these epistemic
updates on algebras apply to our systems. There is also work on proof theory for versions of epistemic logic,
taking the algebraic approach [51].

Nevertheless none of the above-mentioned works deal with an algebraic characterization of distributed
knowledge/information/space. To our knowledge this paper provides the first-algebraic characterization for
distributed information of infinitely many agents.
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Constraint Systems. The closest related work is that of [6] (and its extended version [52]) which introduces
spatial constraint systems (scs) for the semantics of a spatial ccp language. Their work is confined to a
finite number of agents and to reasoning about agents individually rather than as groups. We added the
continuity requirement to the space functions of [6] to be able to reason about possibly infinite groups.
In [18, 44, 43, 53] scs are used to reason about beliefs, lies and other epistemic utterances but also restricted
to a finite number of agents and individual, rather than group, behaviour of agents.

Distributed Knowledge. Our work is inspired by the epistemic concept of distributed knowledge [24].
Knowledge in distributed systems was discussed in [54], based on interpreting distributed systems using
Hintikka’s notion of possible worlds. In this definition of distributed knowledge, the system designer as-
cribes knowledge to processors (agents) in each global state (a processor’s local state). In [1] the authors
present a general framework to formalize the knowledge of a group of agents, in particular the notion of
distributed knowledge. The authors consider distributed knowledge as knowledge that is distributed among
the agents belonging to a given group, without any individual agent necessarily having this knowledge.

Infinitely many agents. In [3] the authors study knowledge and common knowledge in situations with in-
finitely many agents. The authors highlight the importance of reasoning about infinitely many agents in
situations where the number of agents is not known in advance. Their work does not address distributed
knowledge but points out potential technical difficulties in their future work. In the realm of Economics and
game theory, models of infinitely many agents are used to discover mass phenomena that do not necessarily
occur in the case of a fixed finite number of agents [55, 56, 57, 58]. Also infinite sets of agents are used in
game theory [59, 60]. For example for games played with two teams, we may want to specify that everyone
in a team knows that everyone in the other team knows a given proposition, regardless of the team size. This
could be naturally specified with infinitely many agents.

Mathematical Morphology and Topology. Complete lattices have been used as a framework to define mor-
phological operators specifically to study grey-level images [38]. In this context, dilations and erosions are
defined as operators that preserve arbitrary suprema and infima, resp. This proposal is a generalization of
what we studied in Section 5 where we present dilations and erosions by some structuring element. As a
novelty, we proposed the scs (P (M), C, (dg)sc ) where M is a module and (ds) sc as are dilations defined
on the cs (P(M), Q). It allowed us to apply our theoretical results to prove MM properties, e.g., that dila-
tions and erosions form a Galois connection (Prop. 13). Also, we provided the interpretation of distributed
information for images. Namely, we showed that given two dilations § 4 and 5, the greatest dilation below
them is exactly Dy 4, gy which in turn equals  an g (Th. 7). As a future work, we plan to explore these results
for grey-scale images.

We note that the §g function bears a superficial resemblance to the topological notion of closure, and ¢
resembles topological interior. Topology has important connections with modal logic and S4 type epistemic
logic in particular [48, 61]. However, in the case of mathematical morphology, the transformations are
different from topological operations, most importantly because the operators are not necessarily idempotent,
whereas closure and interior operators must be idempotent.

Other related work. 1In [31] the authors investigate the cardinality of the set £(L) of all join-endomorphisms
of a given lattice L. (A join-endomorphism is a self-map that preserves finite joins, hence it is a space
function without the continuity requirement.) The authors also provide efficient algorithms to compute the
meet of a given set of join-endomorphisms. In this paper, we briefly illustrated the use of Th.4 to derive a
polynomial complexity bound for computing this meet.
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There are other group phenomena that are closely related to the group phenomena here studied. In
particular, group polarization [62, 63], from social sciences, and group improvisation [64], from computer
music. Group polarization refers to the natural tendency of a group to make more extreme decisions than
their individuals. Group improvisation involves constraining musical pattern variation choices of a partici-
pant according to choices made by others in the group. We plan to study these phenomena in future work by
building upon the present work.

7.2. Future Work

Some of the proofs of the main results of this work rely on the completeness of the lattice of the underly-
ing constraint system (Th. 4). As future work we would like to generalise our results to the directed-complete
partial orders, the central semantic structure of domain theory [13]. In fact, Scott-continuity is a central con-
cept of our theory, hence this research direction seem promising.

We plan to extend our work with a process calculus with dynamic creation/removal of agents. The idea
is to investigate situations where we could prove that it is not possible to reach a state where D 4(e) holds,
with A as the set of all possible agents and e is some sensible information. This could be interpreted as
saying that the agents will never be able to derive s by pooling or joining their own information. Along the
same lines, for meaningful scs such as Kripke scs with infinitely many agents, we would like to study, the
decision and complexity problem of whether ¢ J Dy (e) given c, e and infinite set I under the conditions of
our compactness result (Th.2). Notice that our compactness result, does not provide us with a bound on the
size of the finite subset J C I such that d J Dy (e).
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Group non-compactness, 24
Group projection, 23

Increasing chain, 6
Join projection, 17
KS, Kripke structures, 12

Mathematical morphology, 30

Maximum group distribution candidate, max
gdc, 22

Minkowski addition, 29

Module, 29

Ring, 29

S.1, first space axiom, 10
S.2, second space axiom, 10
Scale function, 33
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