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Conical square functionals on Riemannian manifolds

Thomas Cometx - Institut de Mathématiques de Bordeaux

Abstract: Let L = A + V be Schrédinger operator with a non-negative potential V
on a complete Riemannian manifold M. We prove that the conical square functional
associated with L is bounded on LP under different assumptions. This functional is
defined by
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For p € [2,400) we show that it is sufficient to assume that the manifold has the volume
doubling property whereas for p € (1,2) we need extra assumptions of LP — L? of diagonal
estimates for {vtVe™F ¢t > 0} and {vtv/Ve L, t > 0}. Given a bounded holomorphic
function F' on some angular sector, we introduce the generalized conical vertical square
functional

o dtd 2
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and prove its boundedness on LP if F' has sufficient decay at zero and infinity. We also
consider conical square functions associated with the Poisson semigroup, lower bounds,
and make a link with the Riesz transform.
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1 Introduction

In this paper, we study conical vertical square functionals in the framework of Riem-
mannian manifolds. Let M be a complete non compact Riemannian manifold. The
Riemannian metric on M induces a distance d and a measure p. We denote by V the
Levi-Civita connection or the gradient on functions. Let L = A + V be a Schrédinger
operator with V' a function in Llloc. Except when specifically precised, V' is non-negative.
The conical vertical square function associated with L is defined by
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where B(z,t'/?) is the ball of center 2 and radius t'/? and Vol(z,t'/?) its volume. We
consider the question of boundedness of G, on LP(M). We also compare Gy, with the
vertical Littlewood-Paley-Stein functional
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Both of these functionals were introduced in the Euclidean setting and L = A by Stein
in [22] where he proved their boundedness on LP for all p € (1, +00). Similar functionals
associated with divergence form operators L = div(AV.) on R™ have been considered by
Auscher, Hofmann and Martell in [3]. They showed that

1/2
—tL dtdy
/ / (z,t1/2) )l Vol(y, t1/2)> SCHpr

p

for p € (p~,00) where p~ < 2 is the infimum of p such that {v/tVe ™t t > 0} satisfies
LP — L? off-diagonal estimates. In particular, if A is real then p~ = 1. Chen, Martell
and Prisuelos-Arribas studied the case of degenerate elliptic operators in [§]. The vertical
Littlewood-Paley-Stein was studied by Stein for the Laplace-Beltrami operator in [22, [24]
where he prove the boundedness of Ha on LP for p € (1,2] without any assumption on
the manifold, and for p € (2,00) in the case of compact Lie groups. In [13], Coulhon,
Duong and Li proved the weak type (1,1) for Ha if the manifold satisfies the volume
doubling property and A satifies a Gaussian upper estimate for its heat kernel. In [21],
Ouhabaz proved that Hp is always bounded on LP for p € (1,2] and is unbounded for
p large enough. Cometx studied the case of Schrédinger operators with signed potential
in [10].

Concerning Gy, in the Riemannian manifold setting, we show that the situation for

€ (1,2] and p € [2,4+00) are different. If p € [2,+00), it is proved in [3] that the

conical square functional is bounded in the LP norm by the vertical one. We prove that

the conical square functional is bounded on L? for all p € [2, +00) provided the manifold
satisfies the volume doubling property.



In contrast, the vertical Littlewood-Paley-Stein functional Hy, may be unbounded on
LP for p large enough (see [II], Section 7). This shows that Hy and G;, have different
behaviours on LP. If p € (1,2], then Hy is always bounded on LP for any complete
Riemannian manifold.

Following the proofs in [3] and [8], we show in the Riemannian manifold setting that
Gr, is bounded on LP provided {vtVe™*} and {vtv/ Ve F} satisfy LP — L? off-diagonal
estimates. In particular, if in addition the heat kernel of e ' satisfies a Gaussian upper
bound, then Gy, is bounded on LP for all p € (1, +00).

We also introduce generalized conical square functions, inspired by the generalized
Littlewood-Paley-Stein functionals in [IT], namely

1/2
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for F' a bounded holomorphic function in some sector X(u) = {z # 0, |arg(z)| < p} for a
fixed p € (0,7/2). We assume that the manifold satisfies the volume doubling property
and F has sufficient decay at zero and at infinity, that is

|21
<(——
FE) < O
for § > 1/2 and 7 > Y2, Then G¥ is bounded on LP for all p € [2, +00).

In addition to Schrodlnger operators we also consider conical square functionals as-
sociated with the Hodge-de Rham Laplacian on 1-differential forms. That is

1/2
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where d* is the adjoint of the exterior derivative d. We show again that if the manifold is
doubling then G is bounded on L? for all p € [2, 00). This boundedness is rather suprizing
since the semigroup e t& may not be uniformly bounded on LP for p # 2 (see [9]). In the
case p < 2, then G is bounded on_)Lp under the assumptions that M satisfies the volume
doubling property and {v/td*e™*2 t > 0} satisfies L? — L? off-diagonal estimates.

We also consider conical vertical square functions for Schrédinger operators with a
potential V' which have a non-trivial negative part V'~ and also such functionals associ-
ated with the Poisson semigroup. In addition we give lower bounds and an application
to the Riesz transform.

Notations. Throughout this chapter, we denote by p’ ~=7 the dual exponent
of p € [1,00]. We denote by C,C’, ¢ all inessential positive constants. Given a ball
B = B(z,r) C M and A > 0, AB is the ball B(x, Ar). For a ball B and j > 1, Cj(B) (or
C;) is the annulus 277! B\2/ B and Cy(B) is B.

We recall that M satisfies the volume doubling property if for all z in M and r > 0
one has

Vol(z,2r) < CVol(z,r) (D)



for some constant C' > 0 independent of r and x. This property self-improves in
Vol(z, Ar) < CANVol(z,r) (D)

for some constants C' and N independent of x,r and A > 1.
The Hardy-Littlewood maximal operator M is defined by

1
M) = sup s /B Wl

Given p € (0,7), X(p) is the angular sector {z # 0, larg(z)| < p} and H*>(X(n)) is the
set of bounded holomorphic functions on X (u).

2 Conical square functionals

As mentionned in the introduction, the conical vertical functional associated with the
Laplace-Beltrami operator A is defined by

1/2
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The so-called conical horizontal square functional is defined by

1/2
/ / 2 dtdy /
B(x,t1/2) VOl( Vol(y,t4/2) .

The functional Sa is linked to the Hardy spaces HZ. The space HZ is the completion
of the set {f € HX,||Safl, < +oco} with respect to the norm [|Saf,- The norm on
HR is 1|2 = [|Safllp- Here HZ is the closure of R(A) with respect to the L? norm.
The boundedness of Sa on LP is equivalent to the inclusion LP C H Z. The Hardy space
is important in the study of singular integral operators such as the Riesz transform. We
refer to [4, [7, [15], 177, 18] for more on this topic.
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Similarly, for a Schrédinger operator L = A+ V with 0 < V € L} we define

loc
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For the Hodge-de Rham Laplacan A = dd* + d*d on 1-differential forms we define
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Note that here we may also consider variants where one replaces d* by the exterior
derivative d or by the Levi-Civita connection V.

As in the case of the Laplace-Beltrami operator A on functions, one can define the
Hardy spaces H? and H% throught Sz, and S. See again [4 [7, [15] 17, [18].

We note that Sy, is a particular case of square functions

1/2
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where ¢ is a bounded holomorphic function on some angular sector . These ones are
comparable with horizontal square functions associated to L (see Proposition .

Following [3], we define
1/2
/ / )2 dydt (5)
B(z,t) vt tVOl(y, )

v = ([ rmor) )

for any function F’ which is locally square integrable on M T := M x R,. The functions
V(F) and A(F') are measurable on M and they are comparable in the following sense.

and

Proposition 1 (3], Proposition 2.1). Assume that M satisfies the doubling volume
property (D). For every F in L} (M™) we have

1. For p € [2,400), [|A(F)[l, < C|[V(F)[lp.
2. Forp € (0,2], [V(F)], < CIAF)|lp.
Remark 2. In [3], counter-ezamples for the reverse inequalities are given.

Recall the vertical Littlewood-Paley-Stein functional is

(9] 1/2
HL () (@) = ( [t V\e‘thIth> |

As a corollary of Proposition [T] we have.

Proposition 3. 1. Forp € [2,4+00),

1GL(Nlp < CIHLAI, -
2. Let p € [2,+00) and ¢ be a bounded holomorphic function on the angular sector
¥(0) :={z # 0,larg(z)| < 0} with 6 € (arcsin’% - 1’ ,7/2) such that |p(z)| <

C1+\ kS for some a > 0 and all z € X(0). Then |Ssfllp, < C|lfllp-

5



Proof. The first item is an immediate consequence of Proposition [I| with F(z,t) =
|tVe_t A f|. For the second one, using again Proposition [1 I we obtain

</0m ¢(tL)f|2C1t)1/2 |

Since L is the generator of a sub-Markovian, it has a bounded holomorphic functional
calculus on LP for all p € (1,00). This was proved by many authors and the result had
successive improvements during several decades. The most recent and general result in
this direction states that L has a bounded holomorphic functional calculus with angle
Hp = arcsin(|% —1|) + € for all € > 0. We refer to [5] for the precise statement. The
existence of a bounded holomorphic functional calculus implies the so-called square func—
tions estimates, that is for all F' € H{(X(pp)) = {F € H®(X(up)), |F(2)] < Ctms
for some a > 0 and all z in ¥(pp)}, one has for all f in LP(M),

H (/ooo ¥ <tL>f<x>l2it)l/2 ,

See [14] for more on the link between square functions estimates and bounded holo-
morphic functional calculus. The square functions estimate with F' = ¢ finishes the
proof. O

186 (Hllp < C

o)
T

< Ol £y

Remark 4. The first item of the last proposition shows that if the Littlewood-Paley-
Stein functional Hy, is bounded on LP, then Gr is also bounded on LP. Note that Hy, is
bounded on LP for some p € [2,00) if and only if the sets {V/tv/Ve tF} and {V/tVe '}
are R-bounded on LP (see [11], Theorem 3.1).

A natural choice for ¢ is ¢o(z) = z'/2e=% so that

/2
1/2 —tA £12 dydy
Soalf ( [ et )) . @

We shall use this functional in Section [I0] in connection with the Riesz transform. We
make the following observation.

Proposition 5. 1. For p € [2,00), S¢, is bounded on LP,

2. Forp € (1,2], there exists C' > 0 such that for all f € LP,

1fllp < CllSgo ()lp-

Proof. The first item follows from Proposition 8] For the second, fix p € (1,2], then



P €[2,00). For all fin LP and g € L” one has

‘/ f(x)g(x)dz| = ‘/ / —gt(e_mfe_mg)dtdx
/ / Ae 2 fe t2g + eftAfAe*tAg} didz
M
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_ _ dy
=2 A2 A F AV2e A gdtde——
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< 2[1Sg0 (9) 1 [|Sg0 ()l
< 2[|gllp S0 (£)lp-

Here the two first inequalities respectively come from Cauchy-Schwarz with measure

% and Holder with exponents p and p’. The last inequalities comes from the first
item. We obtain the result by taking the supremum over f in LP. O

3 Tent spaces and off-diagonal L” — L? estimates

In this short section, we recall the definition of tent spaces on manifolds some properties
they satisfy. For any p € [1,+00), the tent space T¥ is the space of square locally
integrable functions on M such that

1/2
© dzdt
= F(z,t)|* ——— e LP(M).
(/0 /B(z,t)‘ (01 V05($,t)> A

17z = [|ACE) [lp-

For p = 400, T5° is the set of locally square integrable functions on M ™ such that

dydt 1/2
Flpso := F(y,t))? :
Pl = (sup [ [ PP ot ) < o

Here the supremum is taken on all balls B in M and rp is the radius of B.

Tent spaces form a complex interpolation family and are dual of each other. Theses
results remain true for tent spaces on mesured metric spaces with doubling volume prop-
erty. In particular it is true for tent spaces of differential forms. We refer to [7] or [4] for
proofs and more information. Precisely,

Its norm is given by



Proposition 6. Suppose 1 < pg < p < p1 < 00, with % = 113;09 + pil for some 0 € (0,1).
Therefore [T, T8 = T%.

Proposition 7. Let p be in (1,+00) and p’ be its dual exponent. Then Té’, 1s identified

as the dual of TY with the pairing < F,G >= fo( F(x,t)G(m,t)dﬁdt.

0,400)

We shall use Proposition [6]to prove the boundedness of the conical square functions on
LP. Actually, the boundedness on L? of G canonically reformulates as the boundedness
of f— tVe 'L f and f s tv/Ve "L f from LP to T¥. For p € [2,+00) the strategy is

1. Prove that Gy, is bounded on L2,
2. Prove that f — tVe*tQLf and f — tﬁe*tQLf are bounded from L* to T5°,
3. Deduce by interpolation that Gy, is bounded on LP for all p € [2, +00).

We use the same strategy for gf and G X in the forthcoming sections.

In order to prove the boundedness of f — tVe "L f and f s tv/Ve UL f from L®
to T5°, we need Davies-Gaffney estimates for ViVe tL and VY2 \/te tE. One says that
a family T, of operators satisfies Davies-Gaffney estimates if for all f in L?(M) and all
closed disjoint sets E and F' in M,

IT=(fxE)| 2y < Cem FEDVE| £ 1o 8)

In [2] and [3], the authors show that a good condition to prove the boundedness of
conical square functions on LP for p € (1,2] is LP — L? off-diagonal estimates for a well
chosen family of operators. Let 1 < p < ¢ < +oo. We say that a family (7})i>0 of
operators satisfies LP — L9 off-diagonal estimates if for any ball B with radius rp and for

any f,

1/q ; B 1/p
J .
/ IT: fxs|1dx < Cl - sup (27"3, ﬁ) e B/t (/ Ifl”dx> -
C;(B) w(B)»a vt ' 2rp B
(9)

We mostly use the case ¢ = 2, that is

C 20 t - P
[ impiar) < —Cpan (22 YUY e ([ (pas)
Cy(B) u(B)r 2 vt 2rp B

(10)
for all j > 1 and some 3,C > 0 independent of B, j and f. Here C;(B) = 2t B\2/B.
One can also consider analytic families of operators and then one can write the previous
inequalities for z in some sector X(u) = {z # 0, |arg(z)| < p} for a given p € (0,7/2).
In several cases, the uniform boundedness of the semigroup on LP for implies that
VtVe tF satisfies (L0). This is the case if the manifold has the volume doubling property




and its heat kernel associated with A satisfies the Gaussian upper estimate .
Recall that the heat kernel p; associated with A satisfies the Gaussian upper estimate

(G]) if there exist constants C, ¢ > 0 such that the heat kernel p; satisfies for all z,y € M
o e—ch(J:,y)/t a

<(—.
pt(m’y) — VOl(y,t1/2) ( )

For LP — L1 off-diagonale estimates for Schrédinger operators on manifolds with subcrit-
ical negative part of the potential, see [I]. In the case of the Hodge-de Rham operatorn,
see Section [}, or [20].

4 Study of Gy,

In this section, L = A + V is a Schridinger operator with 0 <V € LloC We make some
remarks about the case of a signed potentiel at the end of the section. Recall that Gy, is

defined by
o dtd 12
_ Ve tL 2 | Ve tL 2 ddy _
(/0 /B(ac,tl/2)| VI W) Vol(y,t1/?)

In this section, we prove the boundedness of Gy, on LP(M) under some assumptions
depending on p € (1,2] or p € [2,+00). In the framework of second order divergence
form operators L = div(AV.) on R? it has been proven in [3] that G, is bounded on L?
for all p € (1,400) and of weak type (1,1) if A is real.

This functional is easier to study for p € [2,00) and its boundedness comes from an
argument from [16]. The only assumption we need on the manifold here is the volume
doubling property . We start by the boundedness on L2.

Proposition 8. Gy, is bounded on L>.

Proof. We compute

2 o ~tL 2 —tL o dydtdr
IGL(f)ll5 = /M/O /B(m,t1/2) Ve ™ f(y)|” + Ve ™ f(y)] Vol(y,tl/Q)

o _ _ dzdtdy
— Ve tL 2+V€ tL 2
) o W VI
/(] TVt () 4 VIt £ (y) P [ dee) S
M \JO Y Y B(y,t1/2) Vol(y,t!/2)

/ </Oo! Ve " f(y)? +Vye—th(y)|2dt> dy

- / / (A4 V) f(y) - e f(y)dt dy
1713

M\H



For p € [2,00), we have the following theorem.

Theorem 9. If M satisfies the doubling volume property (D)), then Gy, is bounded on
LP for all p € [2,00).

Proof. Let T' be either V or the multiplication by v/V. We show that f — tFe_tsz is
bounded from L* to 75°. By interpolation it is bounded from L? to T% for all p € [2, o],
what reformulates as the boundedness of Gy, on LP.

Recall that the norm on T5° is given by

L)

where the supremum is taken over all balls B in M and rpg is the radius of B. Fix a ball
B and decompose f = fxap + fx@p)c- For the local part fxs4p we have

) oo 1/2
/ / |tI‘e_t Lf ‘dedt f ) (/ |F€_thX4B|2dt>

¢ 2
<
S M<B)HfX4BH2

|Fllzse = <sup

2

2

< CIf1%

We now deal with the non-local part. We decompose fx@p) = 2322 Ixc;, where
C;(B) = 2971 B\2/ B. Davies-Gaffney estimates (8) for vtVe L give

1/2
]. /TB/ 7t2L dedt
— tTe fxel"——
w(B) Jo B’ ]22; | t
_432 1/2
dzdt
ey (7 / e
j>2
A 1/2
N B *4“Bdt
<C / e 2 fl2da
j§<u<0j> ; T Jo, >
< O fllso-

We obtain that f +— tFe_th is bounded from L to 75°. It is then bounded from LP to
T¥ for all p € [2,00] by interpolation. This gives that Gy, is bounded on LP. We see this

10



by writing

1/2
_ _ dydt
tL £12 tL g2
174 e
/ /zt1/2 P+ Vie™ sl Vol(y,t1/2)>
( sVol(y, s

1/2
dyd
|SF6 s Lf’2 ‘7| 782Lf‘2 yas ))

L\D\»—l [\.’J\v—l T

1/2
where F(z,s) = <|SV6_52Lf\2 + ‘SVE_SQLfP) . Then

1
G (Nl = S1Elzg < ClIfllp-
O

Remark 10. We give two examples which show that the Littlewood-Paley-Stein functional
and the conical square functional have different behaviors for p € [2,00).

1. InR?, under reasonable assumptions (see [Z1)]), if V is not identically equal to zero,
then Hp is unbounded on LP for p > d, whereas Gy, is bounded.

2. Let M be the connected sum of two copies of R® glued among the unit circle. The
Littlewood- Paley-Stein functional Ha is unbounded on LP for p € (d,+0o0) whereas
GA is bounded (see [0]).

The case p € (1,2] is more difficult. We have to assume off-diagonal LP — L? estimates
for the gradient of semigroup, namely

IVEVe™  fllzzc,) + IVEVVeE ™ fll 2
< 70 Sup(2jr i) —4irp2/t
(B 7172 "N iy
Note that these estimates are always true in the case of R” if V' > 0. For a signed
potential V' = VT — V'~ the discussion is postponed to the end of the section.

Theorem 11. Assume that M satisfies the doubling property and {\/tVe 't} and
{VtVVe LY} satisfy LP — L? off diagonal estimates for some p € [1,2). Then Gy, is
of weak type (p,p) and bounded on L1 for all p < q < 2.

I fllzemy- (11)

Remark 12. The proof is the same as in [§] where the authors deal with divergence form
operators on R™. We reproduce the details for the sake of completeness. We write down
the proof for the gradient part

dydt 2
—tL £|2 Yy
o </ /mm Vel Vol(y tm)) '

The proof is the same for the part with V'V .

11



Proof. Fix p € [1,2). Gr, is bounded on L?(M), then by the Marcinkiewickz interpolation
theorem it is enough to prove that Gy, is of weak type (p,p). Fix A > 0 and f € LP, we use
the LP Calderon-Zygmund decomposition (see [§] or [23]) of f by writing f =g+ >, b;
where

1. (Bj)i>1 is sequence of balls of radius r; > 0 in M such that the sequence (4B;);>1
has finite overlap number, that is sup,ens > ;~; XaB, (T) < 00,

2. |g| < CX almost everywhere,
3. The support of b; is included in B; and [ [b;[Pdz < CAu(B;),
4. Y u(Bi) < 5 [y 1f (@) Pde,

For 81mphc1ty, we write down the proof in the case p = 1. It is the same for any
€(1,2). Set Ay, :=1— (1 — e*Tz‘QL)K for K a positive integer to be chosen. One has

u{z: G (f) (@) < A}) < p({z - gW)( )(z) < A/3})
+u{z G O Arnbi) (@) < A/3})
+u{e 6 O - e-w%)(x) <A/3})
=]+ IT+1II.

Using the boundedness of Q(LV) on L? and the properties of the Calderon-Zygmund de-
composition, it is a classical fact that I < %||f||1 It remains to estimate I and I11.
We first estimate I1. Take 0 < ¢ € L?(M) with norm [|¢||2 = 1. One has

1/2
/M D Anbi@) | () < 30N ( /C . |Anbl-2dx> ( /2 o dex> "

i>1 520

We note that A,, satisfies LP — L? estimates (10). The notation we use is
I4r fli2(ey) < i sup(2, 279 eV ] (12)
rJIL2(C;) = 1(B)1/2 Pl LY(B)

for some v > 0. It leads to

)12 o
/ S Avb ¢dx<ZZC” @ 52 e [sup(2?,279)]

i>1 i>1 7>0

x ( I \birdx) inf M) (2)
[ MA@

U; B;

<l B2

< OV FIVR.
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Since Y, A;,b; is in L?, the boundedness of g](:V) gives IT < Cx||f|l1. The two last
inequalities come from Jensen and the boundedness of M. Since Y, A,,b; is in L?, the

boundedness of QI(LV) on this space gives I] < %H fll1. Finally, we estimate I71. Markov
inequality gives

I <p (U 5Bl~) + ({x e M\ J5B;, gmzu — e Yy (2) > )\/4}>

7

1 1 (V) _ —r2L\K \2
<ol [ el u e (a:)da:].

i

Set h; := (I — e "iE)Kb;. One has

g(v) hz 2 d
Lo on (e

2
& dadt
< C/ / X4B; (Y tVe_tQLhi w(B(y,t 5B
0 M‘zz: 45.(0) \U tVly,)
dzdt
t —tQLhZ- (B(y B;)
yjtve ue U5 tVol(y, )

=C [Kloc + Kglob] .

We start by estimating Kj,.. Given y € 4B;, if there exists © € B(y,t)\ U, 5B;, then
t > r;. Therefore,

dydt

o0 00 2
Kppe <C / / tVe_tZLhi Y (y,t 5B;)
0 SODL | o 119 O] BN U3B e
0 00 9
<cy / / ‘tVe_t2Lhi(y)‘ dydt.
i=1 T 4Bi

The off-diagonal estimates give

2 1/2 C T
W)
o

</43i ‘tve_tQL(hi(y)Xwi)

13



By the same arguments and expending (I — e":£)™ we obtain

. b N\ 1/2
(/ ’tVe’ hi(y)X@4Bi)) dy)
4B,

2 1/2

/ ST tve  hiy)xe, | dy

¢ 1>2

—t2L 2 2
= 322:2 </2j+13. ’tVe hi(y)xe; >
coy 2 ny? Y —kriLp,| 4
= ZH(QJHB (t) Z:l / ‘ Z Z‘ Y

>2
923 (B+7) N8 o
= C; L(2F1B;)1/2 (?) € (/B ’b”dy) '

The properties of the Calderon-Zygmund decomposition and the volume doubling prop-

erty give

E: 29(6+7) ri\® v 2B u(Bi) (1B o
- (= —c4 < D) —c
>2 (241 B;)1/2 ( t ) ‘ (/B b ]dy) C)\Z (20+1B;)1/2 ( ) eA
i>

g

<oy ()

By the properties of the Calderon-Zygmund decomposition again we have
o rri\ 26 dt
Kioe < C)\in:,u(Bi) / (55
<COND (B
i

< CAll £l

Finally, we deal with K. Take ® > 0 in L2(M*, %94 with norm ||®]|s = 1. Set

b)i= [ 00T

14



We have

s

dydt

> xp Ve hily)| By )=

i>1
ZXC‘ (B:) Ve Lhi(y)

L LEE
cosx ([ / o) ([T ewrtst)”

dydt

(y,t) ;

i>1 j>2
<Y Y Liul(C5(B)? inf (M(@)(a))”
i>1 j>2 ‘

where

oo 1/2
= / / (Ve ) PayS | < OBy 22
0 JCj(Bi)

by Lemma [13] below. Therefore,

_ dydt
[ [ wmpe weve o) w02
i>1

<O Y u(B)V2u(C(Bi)*27K inf (M(D)(x))"/?

i>1 j>2 2€B;
<CONY N (B2 I BKN) inf. (M(®)(z))Y/2.

A
i>1 7>2

Choosing K > N/4 gives

AEZJ‘ 92N ing (M(B)(@)!? < VT u(B) fnf (M(B)(2)
i>1 5> i>

< C)\/ (M(B))2de
Usi

< Coau(| JBi)'?

<AV2| |1y,

Here the last inequality comes from the properties of the Calderon-Zygmund decompo-
sition. Hence, ITT < A7Y|f|l1 and we obtain the result. O

In the proof, we use the following lemma which follows from functional calculus on
L2(M) (see [8]).
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Lemma 13. For anyi>1 and j > 2,

0o 1/2
Ii; = / / ]tVeftthi(y)de% < CN(Bi)1/227j(2K)'
0 C;(B;) t

The classical setting of doubling manifolds with an heat kernel satisfying a Gaussian
upper estimates is covered by the theorem.

Corollary 14. Assume that M satisfies the doubling property and that the heat
kernel associated with A satisfies the Gaussian upper estimate . Then Gy, is bounded
on LP for all p € (1,4+00).

Proof. Assume that M satisfies the doubling volume property and that the heat
kernel associated with A satisfies the Gaussian upper estimate (G]). Then {\/tVe L}
and {V/tvVe 'L} both satisfy LP — L? estimates for all p € [1,2]. Hence, Gy, is bounded
on L? for all p € (1,2] by Theorem[11} The case p € (2, +00) comes from Theorem[)] O

In the case of Schrédinger operator with signed potential L = A+ V™ —V~, we can
state similar results. The conical vertical square functional for L is defined by

1/2
_ > —tL 2 —tL o dydt
gL<f><x>—</0 L 7S VI 1) V()KM/Q)) -

Theorem 15. Assume that M satisfies the doubling property . Suppose that V7~ is
subcritical with respect to A+ V'™, that is there exists o € (0,1) such that for all smooth
and compactly supported function f,

Ve < a/ V24|V fPda. (13)
M M

Then,
1. G, is bounded on LP for all p € [2,00).

2. Assume in addition that the kernel associated with e~*> satisfies the Gaussian upper
estimate . If N < 2, then G, is bounded for all p € (1,+00). If N > 2, set

Py = ﬁ% Then Gr, is bounded for all p € (po, +00).
Proof. Let p be in (1,2] if N < 2 or in (pp, 2] otherwise. In [I] the authors prove that,
under the assumptions of the theorem, both {vtVe L} and {Vt|V|'/2e~t) satisty
Davies-Gaffney estimates and off-diagonal estimates (10). The same proof as in the
case of a non-negative potential applies and gives the boundedness of Gy.. O

16



5 Generalized conical square functions associated with Schrodinger
operators

In this section, we introduce generalized conical square functions for Schrédinger oper-
ators L = A+ V with 0 <V € L} . Let F be an holomorphic function in H®(%(u)),

loc*

with ¥(u) = {2z # 0,|arg(z)| < p} for some p € (up,7/2). We have already men-
tioned and used that L has a bounded holomorphic functional calculus with angle
wE (up = arcsin|% — 1|,7/2) on LP(M) for p € (1,400). In particular, F(L) is a
bounded operator on LP(M) for F € H*®(X(u)). We define G (f) by

1/2
B 00 dtdy
gf(fxa:)( I/ (M\VF(tL)fW+V|F<tL>f<y>PW) -

We start by the case p = 2.

Proposition 16. Assume there exist C,e > 0 and 6 > 1/2 such that |F(z)| < % as
|z| = 400 and |F'(z)| < kl% as z — 0. Then G is bounded in L*(M).

Proof. The boundedness of

1/2

[ (/OOO \VF(tL)f|* + V|F(tL)f|2dt>

on L?(M) from [I1] (Theorem 4.1) gives

1722
dtdy /
)

IE(£)13 = ( I/ o VFGLIGP + VIFGD WP 5l s

2
1/2]|?

- </OOO IVFE(tL)f)? + V|F(tL)|2dt>

< C|If113.

2

O]

Recall that a family {7;,7 € I} of operators is R-bounded on LP if there exists C' > 0
such that for all n € N and all i1, ...,%, € I and for all fi,..., f, in LP,

n 1/2 n 1/2
(z mm) <0 (zw)
i=1 =1

V4 V4

It is known from [II] that the R-boundedness is linked with the boundedness on LP of
the Littlewood-Paley-Stein functionals. We have

17



Proposition 17. Given p € [2,400) and F € H>®(X(p)) with p € (pp, m/2). Assume
that there exist Cye > 0 and § > 1/2 such that |F(2)| < % as |z| = oo and |F'(2)| <

M% as z — 0. If the families {V/tVe '} and {\/tvV'Ve 't} are R-bounded on LP(M),
then GE' is bounded on LP.

Proof. By Proposition [I one has

00 1/2
5l < || ([ imrearsr+ viras s2a)

p

< CIfl,-

The last inequality comes from the R-boundedness of {v/tT'e™**} on LP(M) for either
' =V orT'=+V (see [T1], Theorem 4.1). O

Remark 18. Let T' be either V or the multiplication by 'V .

1. It follows from [I1] (Proposition 2.1) that the boundedness of the Riesz transform
TL~Y2 on LP implies the R-boundedness of {v/tTe "2},

2. One can generalize Proposition as in [I1]. Consider hy,...,h, bounded holo-
morphic functions on X(u) = {z # 0,|arg(z)| < p}. Under the assumptions of
Theorem 17 there exists C > 0 such that for all f1,..., f, € LP(M),

n 1/2
~ | ()2 | (2 dtdy
'( [ i SIVHEIFEDAQE + VI FeL i) Vol(y’tm))

n 1/2
<C (Zfiﬁ)

=1
p

We state another positive result concerning the boundedness of Qf , assuming the
function F' has sufficient decay at zero and at infinity. We start by giving Davies-Gaffney
estimates for F(tL). This lemma is inspired by Lemma 2.28 in [I9] where a similar result
is proven for F(tL) instead of \/tI'F(tL).

Lemma 19. Let u > 0. Let F be an holomorphic function on a the sector X(u) such
that there exist 7,0 > 0 such that for all z € X(pn), |F(z)| < C% Then for all
f € L3(M) and all disjoint closed subsets E and G of M,

T+1/2
VIFCD el < C (ggge) I, (1)

Here T is either V or the multiplication by \/V.

18



Proof. The functionnal calculus for L on L? gives the representation formula
TF(tL)f = / Le *Lfn, (2)dz + / e L fn_(2)dz, (15)
Iy Ty
where

1

) = i [ PO
i )+

Here I'f = R e*(™/279) for some 6 € (0,7/2) and 4+ = Rye*™ for some v < §. Under

our assumption on F', we obtain

1) < |1 lFeolic

SC/ |eCZ|Ld§
s

1+ |t¢|te
t¢|” t¢|”
<C / e — g +/ L M
cert o<t LA RG] cert ot LRI
=C[J1 + J2].
We bound
_ tC|”
L <C e—olalic__16C” e
Cevt [¢I<1/t 1+ [t¢|™te
7 00 6p
t’T
<C .
T ™

Here § € (0,1) depends on 0 and u. Besides,

Jy < C 2¢O d¢
CevE >/t

t T+1
<C <> t—’T—O’—l/ ‘C‘—T—O’—ld(
2] CervElcl>1/t

T
< C‘Z|T+1 :

Hence,
tT
Int|(z) < Cw- (16)
Then and together give that for all f in L? and all disjoints closed sets E and
Gin M,

T

t t7
L —zL
/F el = + /F e ) s

0

ITF(L) fllr2) < C

19



We bound the first term. The second is bounded by the same method. Davies-Gaffney
estimates () for {\/zI'e *L} give

-z T\ |—T— T |—T— —c 2/|z
/FJr HFe LfHLQ(G)t ‘Z‘ Lz <C (/F‘th ‘Z’ 3/2e d(E,G)? /| dZ) HfHLQ(E)
0 0

< CU(d(E,G)?)71/2 ( / sl sds) | fllz2(m)
0

C t T+1/2
< % (CZ(EG)Q> 1 fllz2(E)-
]

As a consequence of these Davies-Gaffney estimates, we obtain the boundedness of
generalized conical square functionals.

Theorem 20. Assume that M satisfies the doubling property , Let F be an holo-
morphic function on a sector X(u) = {z # 0, |arg(z)| < p} such that for all z in X(u),
|F(z)| < o for some T > (N —2)/4 and § > 1/2, where N is as in (D). Then

14|z|7+9
GF is bounded on LP for all p € [2,+00).

Proof. The boundedness of GI" on L? follows from Theorem and [11], Theorem 4.1. Let
I" be either V or the multiplication by v/V. We use the same proof as for Theorem @ to
prove that f + tT'F(t?L)f is bounded from L to 75°. Recall that the norm on 75 is

given by
1 s dazdt\ /2
FToo:<sup // F(z,t)|? >
1|l B,U(B)BO|( =

where the supremum is taken over all balls and rp is the radius of B. Fix a ball B and
decompose f = fxap + fXx@up)c- We start by dealing with fx4p. One has

1 / /TB , Jdedt 1 / /°° , ,dzdt
—_— tI'F(t°L _— < — tVF(t°L —_—
,Uf(B) 5o ‘ ( )fX4B‘ i = ,U,(B) v Jo | ( )fX4B‘ n

() 1/2
|( / \FF<t2L>fX4B|2tdt)
0

The boundedness of [ — (fooo \FF(SL)fX4B|2ds) Y2 on L2 and the doubling property

give

2
< 1
~ u(B)

2

2
1

1 B 2 5 dxdt 0o ) 1/2
IU(B)/B/O [tCF(tL) fx4B| — = 2:(B) ‘(/0 ITF(sL) fxaB]| ds)

C 2
< -
< M<B)||fX4BH2

< CIf1%-

2
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We now deal with the non-local part fxpye. We decompose fxupye = 2322 Ixeys
where C; = 2771 B\2/ B. Lemma [14] and the doubling volume property yield

1/2
1 2 § 2 T
(#(B) /B ETF(EL) §>2 Pxe, 1 )
1 ) ) 1/2
<X (o [ Irr@Dre Pas)

Jj=2

1/2
t27+1,u,(C )1/ ,
<CZ B)2(C;) /224143 (r172) /of dz
J

7j>2 'u

iN/2427+1 , 1/2
CZ 1/2T2T4JT /Cj f dz

j>2 'u

2JN/2t2r+1
< CZ gy I s

t2’7’+1
27-+1 ||f”00

The convergence of the sum comes from the choice 7 > (INV — 2)/4. Therefore,

L[ dadt rp ydr+l
B TF(#L 2 < 2 /
B) /O' /B |t (t )fXCj| t — CHfHoo 0 7147_+2dt

< CIIfI%-

Hence [[tLF(t*L)f|rge < C||fllp- By interpolation, we obtain that f — tTF(t2L)f is
bounded from LP to T4 for all p > 2. This gives the boundedness of Qf on LP. Indeed,

1/2
9 5 dydt
G () ( L TR viFens w)
1/2
_1 > 2 2 2 o dyds
- </0 /B(x,@ SVF(s2L) f[2 + V|sF(s*L) f| SVOZ(W)>
= SAW) (@)
where U(z,s) = (IsTF(s2L)f| + VIsF(s*L)f?)/%. Then |GF(F)l, = 1]z <

Cliflp- O

Remark 21. 1. This result still holds replacing F(tL) by h(L)F (tL) where h is holo-
morphic and bounded. Actually, for all f in LP we have

1/2
> dydt
( /O /B i) IVh(L)F(tL) f|* + \Wh(L)F(tL)pW) <N £llp-

p
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2. If V is a signed potential with subcritical negative part, we obtain the boundedness
of gf on LP for all p € (2,00) whereas the semigroup does not acts boundedly on
LP for p large enough. It follows from the fact that the family {\/z2Te™*L'} satisfies
Davies-Gaffney estimates under the assumption of subcriticality (see [1]).

6 Study of é

The vertical conical square function assiocitated with A is defined by

1/2
/ / d* ftA ‘2 dydt

In this section, we apply the same techniques as for Gy to obtain the boundedness of G.
The following lemma, from [4], says that d*e ** satisfies Davies-Gaffney estimates.

Lemma 22 ([4], Lemma 3.8). The family \/fd*e*tﬁ satisfies Davies-Gaffney estimates,
that is for all closed sets E and F and for any differential form w in L?,

« —tA c _
ld*e™ Pwxpll 2 < —=e (B

<7 |wll22(E)- (17)

This lemma implies the boundedness of G on LP for all p € [2,400).

Theorem 23. Assume that M satisfies the doubling volume property , then G is
bounded on LP(AYT*M) for all p € [2,+00).

Proof. The proof is the same as for G;,. We reproduce it for the sake of completeness. As
for G, Proposition [1| gives that G is bounded on L? because the Littlewood-Paley-Stein

functional
0o N 1/2
w </ |d*e_mw]§,dt>
0

is bounded on L2. We show that w + td*e 5w is bounded from L™ to T5°. By inter-
polation it is bounded from LP to T for all p > 2, what reformulates as the boundedness

of G on LP. For interpolation of tent spaces, we refer to Lemma@ which remains true in
the case of tent spaces of differential forms.
Recall that the norm on 735° si given by

1/2
|||z = <sup / / ‘gdxdt>

where the supremum is taken over all balls B with radius rg. Fix a ball B and decompose
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w = wx4B +wx@4py- One has

1 "B ek dzdt 1 © R 1/2
o, e e < |</0 e Bl

< | [E:
= WX4B
2u(B) 2

2

2

< Cfwl|Z-

We decompose wx4pye = Zj>2 wxc;, where Cj = 2/+1B\2/ B. Minkowski inequality
and Davies-Gaffney estimates (17)) give

1/2
dadt
x —t2A 2
N
7j>2
—0437‘ 1/2
<oy / / o dedt
j>2
7C4J’I‘ 1/2
"B 2JN e dzdt
<cy |/ t / 22
j>2
R —c4d 2 dt 1/2
<CZ</ 9iN ¢ t23t> |w|loo
j>2
< Ofwlloo-

« 2R : : : « 2R
Then |td*e w|l7ge < Cllw|l- By interpolation we obtain that w ~ td*e w is
bounded from LP to T4 for all p € [2, 00|, what reads as the boundedness of G on LP.

Indeed,
1/2
( / / dretBp dudt )
z,t1/2) Vo l(y t1/2)
1/2
(/ / e By duds__ )
1
= 5 (z)
where ¥(z,s) = sVe=5"84. Therefore we have ||§(w)||p = %”\Ij”Tf < Cl|wllp. O

These case p € (1,2) is more complicated. Following the proof of Theorem we
have the following result.
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Theorem 24. Assume that M satisfies the doubling property and that the set
{Vtd e t™Y} satisfies LP — L? off-diagonal estimates for some p < 2. Then G if
of weak type (p,p) and is bounded on L1 for all p < q < 2.

As for Schrédinger operator, we can state positive results assuming smallness of the
negative part of the Ricci curvature.

Theorem 25. Assume that M satisfies the doubling property and that the kernel
associated with A satisfies a Gaussian upper estimate. Assume in addition that R~ is
subcritical with respect to V*V + R, that is there exists o € (0,1) such that for all
w € CR(AT*M),

/ <R w,w>dz < a/ < RTw,w > +|Vw|*dz.
M M

If N <2, then G is bounded for all p € (1,400). If N > 2, let pj = 1,\/2g%' Then

G is bounded for all p € (py, +00).

Proof. The Gaussian upper estimate , the doubling volume property together

with the subcriticality condition imply that v/td*e * satisfies the LP — L? estimates
(see [9], Theorem 4.6). We apply Theorem [24] to conclude. O

7 Conical square functionals associated with the Poisson
semigroup

In 3], the authors also introduce the conical square functionals associated for the Poisson
semigroup associated with divergence form operators on R%. For a Schrédinger operator
L = A +V with a potential 0 <V € Llloc, we define similar functionals by

1/2
_ _ tdtdy
P tL1/2 2 tL1/2 2 _

We denote by Pr; the time derivative part of P and P, the gradient part. If V' = 0,
we denote them respectively by P, P; and P,.

1/2
_ _ tdtdy
P :13 / / v tL1/2 2+V tL p(2 ’

1/2
(/ / 2 ‘2 tdtdy >/
Prq(f Vol(y. 1)
:):t

Vol(y,t
We ask whether Pp, is bounded or not on LP. We start by the case p = 2.

Proposition 26. Py, is bounded on L%(M).
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Proof. One has

2
© _ir1/2 0 _,r1/2 _r1)2 tdtdydx
HPL(f)H%:/M/O /B( ) Vye tr f]2+’8te R A T f\QW
yeL(x, )
0 2
:/ / Ve L7 F2 ’;e_tLl/Qf‘ + Vet f 2t dydt
M Jo
N 2/ T2 e pa
., ot
=2||f13.
O

Remark 27. The pointwise equality Pr(f) = (P? . (f) + Pr.(f))/? gives that Pp; and
Py, . are bounded on L2

In order to study the case p € [2,+00), we compare P, and G;. We start by the
following technical lemma concerning the volume of the balls.

Lemma 28. Assume that M satisfies the volume doubling property (D7), then |V, Vol(y,t)| <
Ct=Vol(y,t).

Proof. We start by the time derivative part. For all A > 0, one has by the doubling

property
Vol(y,t +h) — Vol(y,t) < C ((ch)N — 1) Vol(y,t)
=C ((1 + %)N — 1) Vol(y,t)
< Cht™Vol(y,t).

For the gradient part we have

Vol(z,t) — Vol(y,t) < CVol(y,t +d(z,y)) — Vol(y,t)

d(z,y) - d(z,y)
d(z,y) +t N Vol(y,t)
<o (@B 1)
<o ()

< Ct Wol(y,t).

The following lemma from [3] will also be useful to study to compare Pr, and Gy..
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Lemma 29. For any f € L? and x € M one has

o 2 dydt 12
—2L —tLY/? Y
(& —e —

1/2
_ _ tdydt
IV e LR+ Ve fP . (18
Proof. We note that

> 1/2 1/2 €T 1/2
= ([ [ s (252) g

where ¢ is a non-negative smooth function on Ry such that ¢(s) = 1 if s < 1 and
o(s) =0if s > 2. Set u:= e*tLl/Qf and v := e "L f. One has

Pr(f)(@) <C

Pr(f)(x)* < /M /0°° (Viyu.Viy(u—v) + Vu(u —v)] ¢? (d(xty y)> Vt;ijyt)

o d(z,y)\ tdtdy
2 9
- /M/O Vegu-Vego +Vuel ¢ ( t ) Vol(y,t)
=11 + 5.

By Cauchy-Schwarz and Young inequalities we obtain for all € > 0,

o0 d(z,y)\ tdtdy
I, < 6/ / Vi ul?d? ( >
2 0 B(z,2t)| eyl 0 t Vol(y,t)
[ d(z,y)\ tdtdy
+e 1/ / Vi) 2( 4 >
0 B(m,2t)| byl t Vol(y,t)
o0 d(m,y)) tdtdy
€ Vu? 2(
/o /B(m,Qt) ¢ t Vol(y,t)
1 [™ d(z,y)\ tdtdy
+e€ 1/ / Vo? 2( )
B(z,2t) ¢ t VOl(ya )
tdtd
_1 / / ’vt,yv|2 + Vo ] Yy
B(z,2t) ( )

The last inequality is obtained by choosing € small enough. Now we deal with I;. After
integrations by parts (in y and t) and using (&5 — A — V)e*tLl/Zf = 0 we obtain

e 2
< [ [ o, [0

(
Vol(y, t)
The doubling property (D) and Lemma [28| yield

(2 d(e, )] | dld(e,y)/00(d.y)/)
‘V“’{ Vol(y. 1) HSC Vol(y. 1) (19)

8t2

Viyu.Viy [ } ‘ dtdy
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where 0(s) = ¢(s) + |¢/(s)|. Hence, by Young inequality

tdtd dtd
Il < C / / ’Vt,y ‘2 y 1/ / 2 Yy
B(z,2t) Vo l yu B(z,2t) tVOl(y’ )
1 / / —of? dtdy
(z,2t) tVOZ (y> )
The last inequality is obtained by choosing epsilon small enough. O

As a consequence we can state the following theorem.
Theorem 30. Assume that M satisfies the doubling property , then Pr, is bounded
on LP for p € [2,+00).
Proof. Fix p € [2,400). Lemma [29] gives

1/2
2L £12 tdydt
IPL(H)lp < C |1GL()Ip + (/ /B ALy >>

- p

© DN g2 e\ 2
(/0 )(ew/_ tLM > ,,

The second part of the RHS term is the LP norm of the horizontal square function
1/2

associated with ¢(z) = e~ '~ —e™?, and is then bounded by C||f||,. 0

<Ol +

8 Study of P

In this very short section, we introduce the conical square function associated with the
Poisson semigroup on 1-forms. It is defined as follows.

1/2
= > iR e 0 _,R1/2 tdtdy
P _ dretAY2 12 L ige—tBY2 2 4| L tA 2
(w)(x) (/o /B(I’t)] e w|” + |de w|® 4+ |8t6 W Vol(y. 1)

We denote by 13t the time derivative part of P, ﬁd the derivative part and ﬁd* the co-
derivative part. We denote by P, the part with both the derivative and the co-derivative.

/2
/ / o _tAl/Q |2 tdtdy
;L’t) VOl(y7 ) ’

1/2
ﬁx / / d* —tAl/ W|2+|d —tA1/2 |2 tdtdy
Bla,t) Vol(y,t)

We obtain as for Pr, the following result.
Proposition 31. P is bounded on L?

The boundedness of these functionals may have consequences concerning the bound-
edness of the Riesz transform. We make some comments in the following sections.
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9 Lower bounds

In this section, we prove that the boundedness of conical square functionals on LP implies
lower bounds on the dual space L.

Theorem 32. Let F : Ry +— C be a function in L*(Ry) such that F(0) # 0. If GF is
bounded on LP then there exists C > 0 such that for all f € LV,

171l < CNGL N,

Proof. Let f be in LP N L? and ¢ be in LY N L2 By integration by parts,

/ h VF(tL)fVF(tL)gdtdx+ / / VVF(tL) fV/VF(tL)gdtdx
0

/ / LF(tL)f.F{tL)gdtdz
_ /0 /MLyF(tL)y fgdtdz

Set F(A\) = [{7|F(t)|*dt. One has F(A\) — 0 when A — +oc. Therefore, the spectral
resolution gives F(tL)f — 0 as t — +o0o. The spectral resolution also implies that
2 F(tL)? = —L|F|*(tL). From this we obtain

/0°° /M L|F|*(tL) f.gdtdx
/ /M_f (tL) f.gdtdzx

= F(0)gda.
M

Using all the forgoing equalities and the same averaging trick as in the former proofs,

‘ / f.F(0)gdx
/ / VF(tL)fNF(L)g + VVF(tL) f/VF(tL)gdtdz
/ / / xtm) F(tL)fNVF(tL)g V(‘jlt(dg“jlyﬂ)
+/ / i \/VF(tL)f.\/VF(tL)gm
=[] TS
+/OOO /M/B o WF(tL)f.\fVF(tL)gm.
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The Cauchy-Schwarz (in ¢) and Holder (in y) inequalities give

o

1/2
dtdx
</ [/ L [FEGRE 4 VIR e, 7t1/2)]

dtd 12
VE(tL)g|? + V|F(tL 27”501
/ /B(ytm)' (L)l + VIF (L) o

< GL (NIIIGE (9)ll
< Ol 1161GE (9) -
We obtain the result by taking the supremum on f in the unit ball of LP(M). O

One can also state a result about lower bounds concerning the functionals associated
with the Poisson semigroup. They are not included in the latter theorem because of the
time derivative part.

Proposition 33. If Py, is bounded on LP, then the reverse inequalily

£l < ClIPLI]p
holds for all f € LY.
Proof. Fix f in LP N L? and ¢ in r' N L2 By integration by parts,

/ f(z 37:/ 875/ eftLl/Qf.eftLl/ditda:
> 82 tI1/2 tL1/2
- .e” dadt
=), tow e e
:/ 2t/ Ll/ze_tLl/Qf.L1/2e_tL1/29> dadt
/ / 7tL 1/2 7tL1/Zg> dzdt
dadt
= 2/ / tVIe*tL e f.tvme*tLl/Qg> aret
o Jm t

+ 2/00/ tVl/Qe_thf.tVl/Qe_tLl/Zg> 7da;dt

dxdt
2 —tL1/? t— —tL1/2
L ( Mo 9)

By Cauchy-Schwarz inequality (in t) and the same averaging trick as for Gy, we obtain

‘/f z)dz

The boundedness Pr, on LP and taking the supremum on f gives ||g|y < C||Pr(g)|ly. O

< CIPLNp P9y
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Remark 34. The same result still holds if we only consider Pr, . or Pr;.
We obtain the same result for P.
Proposition 35. If]3 1s bounded on LP, then the reverse inequality
el < CIP@)y

holds for all w € L¥' . The result remains true if we consider only P, or P,

10 Link with the Riesz transform

Some links between Littlewood-Paley-Stein functions and the Riesz transforms have been
established in [I2]. We make analogous links between conical square functions and the

Riesz transform. They rely on Theorem together with the commutation formula
dA = Ad.

Theorem 36. 1. If Pn s is bounded on LP and ]5; is bounded on LP" then the Riesz
transform is bounded on LP.

2. If 15:,3 s bounded on LP and Pa; is bounded on L? then the Riesz transform is
bounded on LP'.

_>
Proof. We prove the first item. The second is proven by duality considering that d* A~1/2

is the adjoint of dA~1/2. If the P, is bounded on L¥ | then by the reverse inequality on
LP one has

|df ||, < C||Pu(df)]l,

1/2
_ dydt
—-C |A1/2¢ tAL/2 gp12
</ /B(:r £1/2) f Vol(y, t1/2)

1/2
- C / / —tA1/2 1/2f’2 dydit
B(a,t1/2) Vol(y tl/Q)

waup

<cC A1/2pr.

For the second equality we used commutation formula dA = Ad. For the last inequality
we used of the boundedness of P, on LP. ]

Remark 37. 1. Fizp € [2 +00). Assuming (D), Py is bounded on LP. Then the
boundedness of P, on Lp implies the boundedness of Riesz transform on LP. Un-
fortunately, for p < 2, P, is even harder to bound than the horizontal Littlewood-
Paley-Stein function for A (which is known to be difficult for all p € (1,00)). This
can be done under subcriticality assumption on the negative part of the Ricci via
Stein’s method but we only recover a known result about Riesz transform.
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2. For p € [2,400), G is bounded on LP if we assume the (D). Using a similar proof

as in Theorem [30l we see that it is sufficient to bound the functional

_ dydy
A1/2 tA £(2
Soo(f (/ /xt1/2 fl Vol(y, t)

on LP to obtain the boundedness of the Riesz transform on LY.

We recover a result from [9], that is the boundedness of the Riesz transform under

the hypothesis of Theorem . The functional G is bounded on LP for p € (po,2) by
Theorem The functional Sy, satisfies the reverse inequality for p in this range, so
the adjoint of the Riesz transform d*A~/2 is bounded. It implies the boundedness of

dA~

1/2 on LP for p € [2,p). More generally, it gives a proof of the following theorem.

Theorem 38. Let p be in (1,2]. Suppose that M satisfies the doubling property and
that \/td*e *® satisfies LP — L? estimates , then the Riesz transform is bounded on

P
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