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Large time asymptotics of the wave fronts
length II:
surfaces with integrable Hamiltonians

Yves Colin de Verdiere*
January 5, 2021

In the paper [Vi-20], the author proves that the length |S;| of the wave
front S; at time t of a wave propagating in an Euclidean disk D of radius 1,
starting from a source A, admits a linear asymptotics as t — 4o00: [S;| ~
(2arcsina)t with a = d(0, A). In the paper [Co-Vi-20], we gave a more direct
proof and some improvements of that result.

Here, we will explain that this result is quite general for surfaces with
an integrable Hamiltonian. We discuss only the 2D case for simplicity. The
main idea is to use action-angle coordinates (section 2) in order to get a nice
integral expression for |S| (section 4). Integrable systems have in general
singularities, therefore we need to make some genericity assumptions (section
2) and to study what happens to the action-angle coordinates (section 3)
near these generic singularities. We need then to evaluate some oscillatory
integrals (section 6) using an ergodic lemma (Appendix B).

For the geodesic flow on closed manifolds of negative curvature, Margulis
[Ma-69] proved that the asymptotics of the length is exponential. The generic
behaviour is not known. Here we study the integrable case which is highly
non generic.

Before starting, let us give a rough version of the main theorem 5.1:

Let (X,g) be a 2D-Riemannian manifold. Let H : 7*X — R be
an integrable Hamiltonian near a given energy E. Assume that the
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energy shell ¥ := H'(FE) is compact and that dH does not vanish on
Y. We assume also that H satisfies some “generic properties”. The
wave front starting from a point A at energy F is the projection
onto X of ¢,(X4) where ¢, is the Hamiltonian flow of H and %4 :=
{(A,§)|H(A,§) = E} is assumed to be smooth. If the point A in X
is “generic” (see section 4), the g-length of the wave front starting
from A, at energy F, admits a linear asymptotics |S;| ~ \(A)t as t —
+00, where A\(A) expresses in terms of the action-angle coordinates.

1 Wave fronts

Let us consider a smooth 2D Riemannian manifold (X, ¢g) without boundary
and fix a real number F. Let H : T*X — R be a smooth Hamiltonian.
Assume that H !([E — a, E + a]) is compact for some positive a and that
dH does not vanish on ¥ := H '(F). Let us fix some point A € X and
put ¥4 := {(4,¢) € £}. We denote by w the generic point of 4. Assume
that d(H|r;x) does not vanish on ¥4, This implies that ¥4 is a 1D-compact
submanifold of 3. We denote by mx the canonical projection of ¥ onto X
and by ¢; : ¥ — X, t € R, the flow of H , the Hamiltonian vector field
derived from H. For any positive ¢, we define the wave front S; at time ¢
as the set of points of X of the form 7x(¢:(X4)). The wave front S; has a
smooth parametrization by $4. This allows to define its length | S;| using the
Riemannian metric g, assumed to be continuous and possibly degenerate:

51= [ 2 (8 oo )

where v = 7% (g). Note that S; admits in general some singular points
as a subset of X, namely cusps and transversal self-intersections. We are
interested in the asymptotic behaviour of |S;| as t — +o0.

Ezxamples:

1. Geodesic flows: H = %g* is the Hamiltonian of the geodesic flow of a
closed Riemannian manifold (X, g). Let us fix E = 2. Then ¥ is the
unit cotangent bundle and, on X, ¢; is the geodesic flow with speed 1.
In this case, S; is the image by the exponential map at the point A of
the circle of radius ¢ in the tangent plane T4 .X.



2. Schridinger Hamiltonians: Let (X, g) be a Riemannian manifold with-
out boundary, V' : X — R a smooth function and F a real number. We
take H := ¢*+V. Our assumptions are satisfied if V(] —o0, E+a]) is
compact for some a > 0, dV does not vanish on V"!(E) and V(A) < E.

2 Integrable Hamiltonian flows

For this section, one can look at the chapter 4 of [Vu-06] and the section 1 of
[Co-Vu-03]. We will assume that the Hamiltonian H is integrable near the
energy F. “Integrability” means that there exists a positive number a and
a smooth map M = (I,J) : H}(JE — a, E + a[) — R?, called the moment
map, so that

e The Poisson bracket {I, J} vanishes identically.

e The critical points of M are of measure 0, i.e. the differentials dI and
dJ are almost everywhere independent.

e There exists a smooth function ® : M(H'(JE — a, E + a[)) — R so
that H = (I, .J).

Note that dI and dJ cannot vanish at the same point of 3 because dH does
not vanish there.

The main examples with the geodesic flows are the surfaces of revolution,
the tri-axial ellipsoids ([Ja-39]) and the Liouville metrics on 2D tori (Liouville
metrics are of the form ds® = (f(u) + g(v))(du® + dv?), see [B-S-K-97] Chap.
7). Usually, integrable systems have singularities. We will make the following
“generic” assumption which is already used in [Co-Vu-03]: we assume that
the moment map M satisfies the

(A1) Morse-Bott condition: at any point of ¥ where dI and
dJ are linearly dependent, i.e. where \d[l 4 pudJ = 0 for some pair
(A, 1) # (0,0), the function A + uJ, restricted to ¥, admits a crit-
ical manifold of dimension 1 with a transversally non degenerate
Hessian.

This implies that the singular set Z, C ¥, i.e. the set of critical points of
M located in X, is a finite union of periodic orbits of H. These periodic orbits
are either hyperbolic or elliptic according to the signature of the transversal
Hessian. We denote by Z C X the part of the preimage by M of the critical
values of M which is the union of Z; and all the stable and unstable manifolds
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of the hyperbolic periodic orbits. The open set ¥ \ Z; admits a smooth
Lagrangian foliation given by the level sets of M.

The open set X\ Z is foliated by 2D-tori on which the Hamiltonian flow
of H is quasi-periodic. The set of these tori is a smooth 1D-manifold. We
denote it by £ and by o the generic point of £. The manifold £ is a 1D-torus
in the case where there are no singularities, i.e. if Z is empty, and a finite
union of real lines D;, j =1,--- N if there are some singularities. If o € D;
tends to one of the infinity of D;, the corresponding torus T, converges to
a compact connected set T, ., of ¥ which is either an elliptic periodic orbit
of H or the union of a finite set of hyperbolic periodic orbits of H and some
cylinders which are connected components of their stable manifolds. In the
last case, T; is homeomorphic to a 2D torus or to a Klein bottle.

Let us denote by U, the open connected component of ¥\ Z which is the
union of the tori associated to the line D;. The projection of U; onto D; is a
smooth fibration by 2D-tori which is trivial, because it is a fibration on the
real line. There exist global coordinates (6,0) € T? x £ on 3\ Z so that the
torus T, is mapped onto T? x {o} and the Hamiltonian flow is mapped on a
vector field V(o) = A(c)dp, + B(0)0y, on T? with some smooth functions A
and B. Note that A and B have no common zeroes because the Hamiltonian
flow does not vanish on 3.

In what follows, we fix some component U;. Let us describe the action-
angle coordinates in some neighbourhood of U; in T*X: there exists a sym-
plectic diffeomorphism x; of some neighbourhood V; of U; onto an open set
T? x Q;, with ©; C R? contained in 7*T? \ 0 with canonical coordinates
(6, p), so that Hox;'(f,p) = K;(p) with K; a smooth function from €; into
R. In these coordinates, the vector field V; is given by V; = (0K;/0p1)0p, +
(0K /0ps)0p,. We note VI this non vanishing vector field. The vector field
VK; does not vanish and hence the curve C; = {p € R?K,(p) = 1} is
a smooth submanifold of §2;. The line D; identifies smoothly to the curve
C;. The manifold £ can be identified to the disjoint union of the curves Cj.
The coordinates p are called the actions: they are given by action integrals
Dj = fw a, where do is the symplectic form, and the loops 7;, j = 1,2 form
a basis of Hy(T,,Z) varying continuously in V;. Note that if o/ is another
primitive of the symplectic form, the difference o — o' is closed, hence the
action integrals differ by some constants. There are many choices for the
coordinates 6: if A C U, is a Lagrangian manifold transversal to the foliation
by the tori, one can choose # vanishing on A.



We will need one more “generic” assumption on the Hamiltonian flow:

(A2) For any j =1,---, N, there exists, at any point p of C;, two
integers £ > 1 and [ > 1, so that the derivatives of order k£ and [ of
the vector field VK along C; are linearly independent.

Note that this condition is independent of the parametrization of C;. For
example, k = 1,/ = 2 means that the curvature of the curve {VK;(p)|p € C;}
does not vanish while £ = 2,1 = 3 means a generic cusp for that curve.

The assumption (A2) implies that, for any v € R? \ 0, the map from C;
into R defined by p — (v|VK) has only critical points of finite order.

3 The behaviour of VK near 7

In this section, we forget about the index j: K denotes the expression of H
in some of the action-angle coordinates. We are interested at the behaviour
of VK near Z.

3.1 The Elliptic case

Lemma 3.1 Let v be an elliptic periodic orbit of H (included in Z,), then
K is a smooth function of p1 and py up to 7.

Proof.— There exists a symplectic chart of a neighborhood of the elliptic
periodic orbit of H so that H = @ (§,y* +n?) in (T*T),¢ x (T*R),, (see
[Vu-00]). The invariant tori are the level surfaces of the moment function
M(x,&y,m) = (& y* +n°). Let us choose 1 = {s — (s,&y,n)|s € R/Z}
and o = {s = (z,&,\/y?> + n?cos2ms, \/y? + n?sin27s)|s € R/Z}. If a =

&dx + ndy, we get the action integrals p; = € and py = 7(y? + n?). Hence

K(p1,p2) = (p1, p2/m). 0
We have the following

Corollary 3.1 The manifold L admits an extension as a manifold with
boundary at the elliptic periodic orbits of H and the 1-form dV K is smooth
and hence integrable on L near that boundary.

3.2 The Hyperbolic case

In this section, we will use Section 1 of [Co-Vu-03].



3.2.1 Functions of type (L)

Let us start with a

Definition 3.1 A function f : [0,c[— R, with ¢ > 0, is called of type (L) if
there exists two smooth functions ¢, : [0,c[— R so that

Vo € [0,¢], f(z) = ¢(x)logz +(x)

with ¢(0) = 0, ¢(0) £ 0.

This definition is invariant by any smooth change of variable from [0, ¢ into
[0,c[. Hence it extends to 1D-manifolds with boundaries. Such a function
is invertible in a small enough subinterval of [0, ¢[ and the inverse f~1 is C!
up to the boundary ¢ (0) = lim, o+ f(2).

Now let us describe the application that we have in mind.

Lemma 3.2 Let o be a smooth 1-form so that da is a volume form in
some neighbourhood |—d, d)* of the origin in the (y,n) plane. Let m;(s) =
(yi(s),m8)), 7 = 1,2, be two smooth curves with m,(0) = (e,0), mo(0) =
(0, f) and e, f €]0,d[, n1(0) > 0, y5(0) > 0 which are arcs transverse to each
of the coordinates azes. Then consider the integral I(t) = th o where Ty
is, for t small enough, the part of the hyperbola yn =t (t > 0) between the
curves my and my oriented in any of the two possible directions. Then I(t)
is a function of type (L).

This lemma follows from the Stokes formula: the isochoric Morse lemma
(see [Co-Ve-T9]) allows to reduce to the case where daw = dy A dn and to the
change of variable t — F(t).

3.2.2 The lines D; as 1D-manifolds with boundary

Let us put a structure of a 1D-manifold with boundary on the line D; in the
“hyperbolic case”. Let us recall that we denote be T, the limit of the tori
T, as o tends to one of the infinities. We showed that T, is the union of a
finite number of closed hyperbolic orbits and of a finite number of cylinders
which are parts of the stable an unstable manifolds of these orbits. Near
T \ Zo, the foliation by the level sets of the moment map is smooth. We
can choose any local transverse arc to that foliation. They are all equivalent
up to diffeomorphism along any connected component of Ty, \ Zy and give



Figure 1: the foliation by hyperbolae and the transverse arcs m; and ms

local parametrization of D; near that boundary by intervals [0, c[. How do
we pass from one component to the next by crossing Z,? We choose a
Poincaré section at a point of Z, and use the Morse lemma which gives local
coordinates (y,n) in that section so that (Al + uJ)(y,n) = cte+yn. The local
parameter is then the evaluation of the function yn which allows to pass from
the transversal n = 1 to the transversal y = 1. Both are locally parametrized
by the restriction of the function yn. This gives to D; the structure of a 1D
compact manifold with boundary. Note that this holds in a smooth way with
respect to E' close to E.

3.2.3 The asymptotic behaviour of the action integrals

There exists, in a neighborhood V; of Ty, invariant by the flows of I and
J_: an Hamiltonian P, Poisson commuting with I and J, whose orbits are
periodic of period 1 (Theorem 1.6 of [Co-Vu-03]). P is constant on Zj.
This gives a smooth action of the group S' on V;. Note that this action is
principal on (V; N X) \ Zy, but can get some non trivial isotropy Z/2Z on
Zo. Let 11(z2), z € V}, be the S'-orbits. They are all homotopic. If z lies
in some invariant torus, 7; is a homotopically non trivial loop in this torus.
We denote by p; the action integral on 7;(z) which is clearly smooth in V.
Note that p; is a function of P which is a local diffeomorphism.



We need to choose a loop 2 on the tori in V; which, with 7, generates a
basis of the homology of the invariant tori. Let Ry, := V; N P~*(h)/S* with
h close to P(Zy). The reduced manifolds (see Appendix C) is foliated by the
reduction of the integrable foliation restricted to P~'(h). Let us denote by
Zp, the singular set of that foliation. As does V; N, the orbifold R) consists
of a singular part Rng p, the quotient of Z;, NV}, which is homeomorphic to a
circle, and an open set smoothly foliated by circles which are the reductions of
the invariant tori. Together they give a topological foliation of R, depending
smoothly of h. The singular leaf Rgyg, is smooth outside the finite set of
points which are quotients by the S! action of the hyperbolic periodic orbits
of H. This foliation is smooth outside these singular points. We take for 7,
a lift of the projection of T, depending continuously of o.

Figure 2: a reduced manifold Ry,

We have the following crucial Lemma:

Lemma 3.3 The action integrals (p1, p2) on the previously choosen loops v
and o satisfy at the boundary

e the action py 15 smooth up to the boundary

e The action py as a function of o is of type (L) at the boundary and
depends smoothly of h and hence of p;.



Proof.— We saw already the smoothness of p;. The function py(o, h) —pa2(Z3)
is given by the symplectic area in Rj, between the reduction of v, and Zj.
Lemma 3.2 implies that ps is of type (L) depending smoothly of h and hence
of P1-

O

3.2.4 The asymptotic behaviour of VK

We have the following important

Corollary 3.2 The I-form dVK 1is integrable at any hyperbolic boundary
point of L.

Proof.—

Near a closed orbit of Zy, we have the normal form H = ®(&, yn) with
(x,&,y,m) € ;T x T;,R. We have py = £ up to a constant. We get
H = K(p1,p2) = ®(p1, F(p1,p2)) expressing H in terms of the actions. We
get

81K = 81(1) + 82(1) X (9F/8p1, 82K = 82(1) X 8F/(9p2

which are smooth outside ¥ and continuous on Y. Hence their derivatives
are integrable.

O

4 An integral formula for |S;|

One of the difficulties in extending the result for the disk to this case is the
fact that the action-angle coordinates only exist outside Z. Therefore, we
need to make some assumptions on the point A.

4.1 Assumptions on the point A

If A C T*X is a Lagrangian manifold, the caustic set of A is the set of
critical points of the projection wx restricted to A. We first need a

Lemma 4.1 Let us take wy € X4 so that (A, wy) & Zy and denote by Fy the
2D-leaf of the invariant foliation of ¥ containing (A, wy). If (A, wo) does not
belong to the caustic set of Fy, then ¥4 and Fy are transversal at the point

(A, WO) .



Proof.— ¥4 is a 1D-submanifold of 7% X and hence 7x(X4) = {A}. On the
other hand, the fact that (A,wp) is not in the caustic set means that (7x ),
is a local diffeomorphism onto X near (A,wp). The conclusion follows. [
We will assume:
(A3) The intersection of ¥4 with Z is a countable set.

Proposition 4.1 (A3) is satisfied as soon as there is only a finite number
of w € XA N (Z\ Zy) so that (A,w) is in the caustic set of the Lagrangian
leaf in which it lives.

Proof.— The intersection of ¥4 with Z, is a finite set. On the other hand, the
points w so that (A,w) is not a caustic point of the corresponding leaf are
isolated inside ¥4. Hence there is at most a countable set of such points. [J

(A4) The set of critical points of the smooth map w — o from
¥4N(X\ Z) into L is countable.

Proposition 4.2 (A4) is satisfied as soon as there is only a finite number
of w € AN (X \ Z) so that (A,w) is a caustic point of the invariant torus
containing that point.

The argument is quite similar to that of the proof of Proposition 4.1

4.2 Exact formulae for |S;|

We will compute the lengths of the wave front using the action-angle coor-
dinates.

We will start with the finite covering of ¥\ Z by the semi-global action-
angle charts. This allows a description of S; as follows: let x : U — T? x C
be one of these charts and let IIx : T2 x C' — X be the map 7y o xy L.

This way, if we call (6(w), p(w)) the image of w € ¥4 by , we can assume
that 6(w) vanishes identically, because T X is Lagrangian. We get that the
corresponding part of the wave front S; is defined by

S = {ILx (VK (p(w)), p(w) ) [ € B4}

where K is the Hamiltonian H expressed in the action coordinates and
(8(w), p(w) are the action-angle coordinates of w € 4. We get, using the
Assumption (A3), the expression

5=t [ ot ((FKG).p0) s LIKG) ) do
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where v is the pull-back of g by IIy. We can make a change of variable:
instead of w, one can use o € L thanks to assumption (A4). We get the

Proposition 4.3 The length of the wave front is given by
1S, =t / Na(o)y? ((NK(J),U) ;dW«(@)
L

where Na(o) = #{34N L}.

5 The main result

Theorem 5.1 Let (X, g) be a Riemannian manifold of dimension 2 with
g continuous, possibly degenerate. Let H be an Hamiltonian integrable at
energy E and satisfying the assumptions (A1) and (A2). Let A € X be a
point satisfying the assumptions (A3) and (A4). The length for the metric
g of the wave front Sy starting from A has a linear asymptotics |Sy| ~ A(A)t
ast — 00.

Let us denote be L the 1D-manifold of all invariant Lagrangian tori
Ly, 0 € L, filling ¥\ Z and consider the continuous density on L defined by

dor| = / (6,00 a(9K (o)) oo

where «y is the pull-back of g by the projection llx. The measure |do| is
independent of A. We have

AA) = [ Na(oldol 1)
c
with Na(o) == #{Z4N L, }.
Corollary 5.1 Let H be the Hamiltonian of the geodesic flow of a smooth
metric G on a closed manifold X. If D is a smooth domain with boundary
in X, the g—length of Sy N D, is given by

|SmD|~t/duA
D

where du is an absolutely continuous density dus = F|dx| with F € LY(X, |dz|).
whose integral is A(A).
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Proof of the Corollary.— Let v be a positive continuous function on X. We
can apply the previous theorem with ¢’ = 2¢. This way, we see that the
asymptotics of the ¢’-length of S; is given by replacing the measure |do| by
the measure

ol = [ wtmx(0.0))3(((0.00:d(TE (o)) ) o

This says that
Sy ~ t / bijia
X

where dpy is the pushforward by mx of the absolutely continuous (a.c. in
short) finite measure dMy = NA(J)V%(<(9,0);CZ(@K(G))> |df|, supported
by .

We need to show that we can apply this when ) is the characteristic
function of a smooth domain. In our situation ¥ is the unit cotangent bundle

and mx : X — X is a submersion. It follows that that du, is a.c. w.r. to
|dx|. O

6 Proof of Theorem 5.1

We start from the expression of |S;| given in Proposition 4.3. Let us show
that we can apply Lemma B.1 to the integral giving |S;|/¢. In the notations
of that lemma, we have V(¢) = VK (c). The Assumption (A2) implies that
the assumption on V of the Lemma is satisfied. The function F' is given by
F(0,0) = Na(o)y2 <9; d@K(a)/da)). The integrability assumption follows
from the Corollaries 3.1 and 3.2 and the upper bound

INA(o)y2 (0; W) | < C|W]|

The continuity with respect to € follows from the continuity of g and the
smoothness of the projection of any T, onto X. It is shown using Lebesgue’s
dominated convergence Theorem.
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7 Examples

7.1 Surfaces of revolution

Surfaces with a non trivial action of S* are tori or spheres. In both case, the
metric is given by g = a(s)?d#* + ds* where s € R/LZ in the first case and
s € [0, L] in the second (in this case s = 0 and s = L are the poles).

The assumption (A1) is satisfied if and only if a is a Morse function. The
assumption (A2) is satisfied for a generic a. Assuming (A1) and (A2), the
assumption (A3) is satisfied for any point of the torus and for A not a pole
in the case of the sphere. while (A4) is always satisfied. If A is a pole, |5
is periodic of period 2L.

7.2 'Tri-axial ellipsoids

The integrability was found by C. Jacobi ([Ja-39], see also [KI-82] and sec-
tion 3.2 of [Co-Vu-03]). Assumption (A1) and (A2) are satisfied. (A3) is
satisfied for A not an ombilical point while (A4) is always satisfied. If A is
an ombilical point, |S;| is periodic.

A Stationary phase

For this section, one can look at [Gu-St-77], chap. 1.
We want to evaluate the asymptotics as t — +o0o of integrals of the form

I(t) :—/Reits(w)a(x)dx

where S is a real valued smooth function and a € C°(R). We have the

Proposition A.1 Let us assume that the critical points of S, i.e. the zeroes
of S', are non degenerate, i.e. S"(x) # 0 if S'(x) = 0. Then, if x1,--- ,xN
are the critical points of S in the support of a, I1(t) admits an asymptotic
expansion given by

- N 27T€¢ej7r/4€its(xj) o
10 =3 o™ (ate) + 0() 2)

J=1

with e; = £1 depending on the sign of S7(0).
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In the case where the critical points are degenerate, we have the following
result:

Proposition A.2 If the zeroes of S" in the support of a are of finite order,
we have I(t) — 0 as t — oo.

Note also that in equation (2), the remainders “O(t)” are uniform if S’
(resp. a’) is close to S (resp. close to a) in the C'*° topology and the support
of a stays in some fixed bounded intervall.

B An “ergodic” lemma

This section could be of independent interest.

Lemma B.1 For s € J where J is an interval of the real line, let V (s) =
Ai(8)01 + Ax(s)Dy be a family of constant vector fields on T? depending
smoothly of s. Assume that, for any s € J, there exists two derivatives
V) (s) and VU (s) which are linearly independent.

Let F is a function on J x T? with F € C°(T? L'(J,ds)) satisfying the
following condition: there exists a function ¢ € L*(J,ds) so that

V(s,0) € J xT |F(s,0)] <(s) .

Then
lim [ F(s, [tV (s)])|ds| = / Fldsdo|
im0 J g JXT2
The assumption on the derivatives of V' have the following geometrical mean-
ing: if V'(sg) = 0, we get a cusp point which is of finite order; if V'(sq) # 0,
the curvature of the curve V vanishes at a finite order. In particular the
points where V/ and V" are linearly dependent are isolated.

Proof.— Tt follows from Lebesgue’s dominated convergence theorem, that
the map f : 0 — F(.,0) is continuous from T? into L'(J,|ds|). Let us choose
a finite covering of T? by balls of centers 6;, 1 < j < N, so that the L'-
oscillation of f is each ball is smaller than £/2 and a smooth finite partition
(¢;) of unity subordinated to that covering. Let F; € C$°(J) satistying
|F(.,0;) — Fj||.r < ¢e/2. Such functions do exist (see [Fo-99] Prop. 8.17). If
G(s,0) = >_;1;(0)Fj(s), we have

/J|F(s,0) —G(s,0)|ds| <e

14



This allows to reduce to prove the result for such a function G. We can
again approximate G by a function

L(s,0) = Z a,(s)exp(2mi < n|f >)

neZ?, ||n||<N

uniformly in L'(|ds|). We have aq(s) = [}, L(s,0)|df]. We are left with the
integrals

/ an<s)62i7rt<n\V(s)> |d8|
J

It follows from the assumption on V' that such integrals tend to 0 as t — co
for n # 0.
O

C Symplectic S'-reduction

Let P: M — R be an Hamiltonian on a symplectic manifold (M,w) so that
the vector field P is complete and generates an action of T onto M. Let us
assume that this action is almost free: it is free on an open dense subset of
M and all the isotropy subgroups are finite. Let us look at an energy shell
Sy, := P7Y(h) for some h € R. The quotient of S;, by the T-action is an
orbifold Rj,. Let us denote by m, the canonical projection of S) onto Ry.
The orbifold R, admits an unique symplectic structure 2 so that 7*(§2) = w.
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