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I. INTRODUCTION

Ferroelectrics are among the most interesting objects for fundamental and applied studies of spontaneous polarization dynamics, which is often characterized by a versatile morphology of multi-domain states with complex topology of electric dipoles [1,2,3,4]. Special efforts are intended to answer the question on how complex topological states [5,6,7,8,9], such as flux-closure domains, polarization vortices, or skyrmions, which sometimes exist in nanosized ferroelectrics, can be controlled by elastic forces and/or electric fields (see e.g.

Refs. [10,11,12,13,14] and citations therein).

Many recent works are devoted to the phase-field modeling of polarization vortices in nanosized ferroelectrics, such as nanodots and nanoparticles; their reaction to external stimuli, such as temperature changes [15,16] electric fields [17]; elastic strains induced by the substrate, dislocations and local clamping forces [14]. This is typically done in the framework of a continuum phenomenological Landau-Ginzburg-Devonshire (LGD) approach combined with electrostatic equations and phase-field modeling (see Ref. [18] and refs. therein). Special attention is paid to the role of size and shape effects [17], for instance, Mangeri et al. [19] considered noninteracting spherical ferroelectric nanoparticles embedded in a dielectric matrix and showed that the vortexlike polarization morphology is strongly affected by the particle diameter. Mangeri et al. [20] then proposed different ways for the electromechanical control of polarization vortices in interacting ferroelectric-dielectric dimers. Pitike et al. [21] revealed that the critical sizes of ferroelectric nanoparticles with vortex-like polarization textures are strongly dependent on the particle shape. Chen and Fang [START_REF] Chen | Study of electrocaloric effect in barium titanate nanoparticle with core-shell model[END_REF] studied the electrocaloric effect (ECE) in barium titanate nanoparticles with vortex polarization using a core-shell model.

Recently, we predicted that it is possible to control the domain structure of core-shell ferroelectric nanoparticles by using tunable shells [START_REF] Morozovska | Controlling the domain structure of ferroelectric nanoparticles using tunable shells[END_REF]. We then explored the possibility of electric field control of threedimensional vortex states in core-shell ferroelectric nanoparticles [START_REF] Morozovska | Electric Field Control of Three-Dimensional Vortex States in Core-Shell Ferroelectric Nanoparticles[END_REF]. The field-induced changes of the vortex structure are manifested in the appearance of an axial kernel in the form of a prolate nanodomain, the growth of the kernel, an increasing orientation of the polarization along the field, and the onset of a single-domain state.

The in-field evolution of the polarization includes the formation of Bloch point structures (BPS) located at two diametrically opposite positions near the core surface. An interesting aspect is that the classical behavior of the vortex axis can simulate a "qubit" at room temperature, since some basic properties of qubits necessary for a quantum computation [START_REF] Divincenzo | Quantum computation[END_REF][START_REF] Nielsen | Quantum Computation and Quantum Information[END_REF] can be simulated by the vortex+kernel states "±1" revealed in Ref. [START_REF] Morozovska | Electric Field Control of Three-Dimensional Vortex States in Core-Shell Ferroelectric Nanoparticles[END_REF]. However, one should bear in mind that the electrostatic interaction between the core-shell ferroelectric nanoparticles is different from the "true" entanglement of e.g. photons, because photons can be entangled at macroscopic distances, whereas coupling between nanoparticles decays at increasing distances due to the attenuation of the electrostatic field.

To the best of our knowledge, existing theoretical papers (cited above and many others) did not consider the influence of elastic properties of a shell on the core ferroelectric polarization and the morphology of its domain structure in the presence (or absence) of a flexoelectric coupling, which relates the electric polarization with an elastic strain gradient (or the strain with a polarization gradient). Motivated to fill this gap in knowledge, we simulate numerically the formation of complex three-dimensional domain structures in spherical nanoparticles consisting of a ferroelectric core covered with a paraelectric shell, and analyze how the domain structure and phase diagrams of the nanoparticles are influenced by the shell and core anisotropic elastic properties, electrostriction, flexoelectric coupling, and mismatch strains (arising from different lattice constants and thermal expansion coefficients of the core and shell materials).

The remainder of the paper has the following structure. The formulation of the problem is presented in Section II, which contains the method description and calculation details with emphasis on the mechanical state of the core covered by shells with different elastic properties. Results of numerical modeling and their analytical description are presented in Sections III-IV. The influence of electrostriction and flexoelectric coupling on the domain structure in a ferroelectric core covered with elastically soft shell is considered in Section III. The ferroelectric properties of a core covered with an elastically rigid shell is analyzed in Section IV, where special attention is paid to the influence of a mismatch strain between the core and the shell on the domain structure morphology in the core. Size-dependent phase diagrams of core-shell nanoparticles are discussed in Section V, and possible applications are discussed in Section VI. The obtained results are summarized in Section VII.

II. PROBLEM STATEMENT, METHODS, AND PARAMETERS

A. Methods, approximations, and limitations. We use the LGD approach combined with electrostatic equations, because this method has proven to be successful in establishing the physical origin of anomalies in phase diagrams, determining polar and dielectric properties of ferroelectric nanoparticles [START_REF] Lin | Size effect on the dielectric properties of BaTiO3 nanoceramics in a modified Ginsburg-Landau-Devonshire thermodynamic theory[END_REF][START_REF] Eliseev | Surface and finite size effects impact on the phase diagrams, polar, and dielectric properties of (Sr, Bi)Ta2O9 ferroelectric nanoparticles[END_REF], and calculating the changes of their domain structure morphology with size reduction [START_REF] Eliseev | Labyrinthine domains in ferroelectric nanoparticles: Manifestation of a gradient-induced morphological phase transition[END_REF][START_REF] Morozovska | Analytical description of domain morphology and phase diagrams of ferroelectric nanoparticles[END_REF]. The LGD approach allows for the consideration of various size and surface effects, such as correlation effects and depolarization fields arising in the case of incomplete polarization screening [START_REF] Morozovska | Phase transitions induced by confinement of ferroic nanoparticles[END_REF], surface bond contraction [START_REF] Huang | Surface bond contraction and its effect on the nanometric sized lead zirconate titanate[END_REF][START_REF] Huang | Grain-size effect on ferroelectric Pb(Zr1-xTix)O3 solid solutions induced by surface bond contraction[END_REF], and intrinsic surface stresses and strains [START_REF] Ma | Surface tension and Curie temperature in ferroelectric nanowires and nanodots[END_REF][START_REF] Wang | Phase transitions and domain structures of ferroelectric nanoparticles: Phase field model incorporating strong elastic and dielectric inhomogeneity[END_REF][START_REF] Wang | Strain effect on phase transitions of BaTiO3 nanowires[END_REF].

We perform finite element modeling (FEM) of the polarization, the internal electric field, and the elastic stress in a spherical BaTiO3 core covered with a "tunable" paraelectric shell. The relative dielectric permittivity S of the shell is ultra-high and temperature-dependent. The core-shell nanoparticle is placed in a polymer or liquid medium with a relative dielectric permittivity e. An external electric field is absent. The dielectric and elastic properties of the SrTiO3 shell and the BaTiO3 core are given in Table AI in Appendix A.

The main role of the shell is to provide an effective tunable screening of the core polarization [START_REF] Morozovska | Controlling the domain structure of ferroelectric nanoparticles using tunable shells[END_REF]. Note that a 10-lattice constant thick (∆𝑅 = 4 nm) or thicker shell with 𝜀 𝑆 ≥200 can maintain a remanent polarization of a BaTiO3 core with radius 𝑅 ≥ 2 nm, because of the effective dielectric screening in the shell. However, for shells significantly thinner than 10 lattice constants, different low-dimensional effects can change the dielectric and electronic properties. Two types of the shells are compared in this work: an elastically "soft" shell and a "rigid" shell, whose dielectric properties are the same as bulk SrTiO3, but with very different elastic modulus values.

The definition of a soft shell. A tunable shell with high dielectric permittivity is considered to be elastically soft if its elastic stiffness is rather small. Soft matter, including liquid crystals, can play the role of a soft shell. Note that different concentrations of oxygen vacancies can be present in perovskites like SrTiO3. These vacancies, being elastic dipoles [START_REF] Freedman | Elastic effects of vacancies in strontium titanate: Short-and longrange strain fields, elastic dipole tensors, and chemical strain[END_REF], are effective sinks for elastic stresses [START_REF] Kim | Strain screening by mobile oxygen vacancies in SrTiO3[END_REF]. In accordance with our estimates, the oxygen vacancies located in the shell can strongly reduce its effective elastic compliances, such that a SrTiO3 shell with more than (1 -3) vol. % of vacancies can be considered elastically soft (see Fig. A1 in Appendix A).

The definition of a rigid shell. A "vacancy-free", i.e. stoichiometric, SrTiO3 shell can be considered rigid, since the elastic stiffness and electrostriction tensor components of bulk crystalline SrTiO3 are relatively high (see Table AI in Appendix A). Unlike the case of the soft shell, the rigid shell can include a mismatch strain, which originates from different lattice constants and thermal expansion coefficients between the core and shell materials. In this work, we vary the mismatch strain 𝛿𝑢 between zero ("coherent" or "matched" case) and 𝑢 𝑚 =2.2% (maximal tensile strain at room temperature for the BaTiO3/SrTiO3 interface).

Elastic properties of the core. Similar to the case of the SrTiO3 shell, different synthesis paths can lead to a stoichiometric or oxygen-deficient BaTiO3 core [START_REF] Sundaresan | Ferromagnetism as a universal feature of inorganic nanoparticles[END_REF][START_REF] Johnson | Oxygen vacancies in BaTiO3 have a surprising impact on dielectric and ferroelectric properties[END_REF]. It follows from Table AI in Appendix A that the elastic stiffness and electrostriction tensor components of stoichiometric bulk crystalline BaTiO3 are of the same order as stoichiometric bulk crystalline SrTiO3; therefore, the stoichiometric BaTiO3 core can be regarded elastically rigid. We estimate that oxygen vacancies with a concentration of more than several volume percent can greatly reduce the effective elastic stresses in the oxygen-deficient BaTiO3 core, making it elastically "soft" (see Fig. A1 in Appendix A). Also, we note that vacancies located in the core can effectively screen elastic fields arising at domain walls and at the core-shell interface, and thus the oxygen-deficient core can be almost elastically isotropic. Below we consider an elastically isotropic core covered with a soft shell in comparison with an elastically rigid anisotropic core-shell pair.

FEM simulations are performed in COMSOL@MultiPhysics software, using electrostatics, solid mechanics, and general math (PDE toolbox) modules. The size of the computational region is not less than 404040 nm 3 , and is commensurate with the cubic unit cell constant (about 0.4 nm) of BaTiO3 at room temperature. The minimal size of a tetrahedral element in a mesh with fine discretization is equal to the unit cell size, 0.4 nm, and the maximal size is (0.8 -1.2) nm in the core, 1.6 nm in the shell, and 4 nm in the dielectric medium. The dependence on the mesh size is verified by increasing the minimal size to 0.8 nm. We verified that this only results in minor changes in the electric polarization, electric field, and elastic stress and strain, such that the spatial distribution of each of these quantities becomes less smooth (i.e. they contain numerical errors in the form of a small random noise). However, when using these larger cell sizes, all significant details remain visible, and more importantly, the system energy remains essentially the same with an accuracy of about 0.1%.

The mathematical formulation of the problem, comprising electrostatic equations and time-dependent

Euler-Lagrange equations with boundary conditions, is given in detail in Ref. [START_REF] Morozovska | Controlling the domain structure of ferroelectric nanoparticles using tunable shells[END_REF] and is repeated in Appendix A with the addition of anisotropic elastic properties of the shell, electrostriction, flexoelectricity, and mismatch strains. The simulated system is shown in Fig. 1a. Examples of tetrahedral meshes of a core-shell nanoparticle are shown in Fig. 1b-1c. To check the stability and convergence of the numerical algorithm, we use an entirely random distribution of polarization and strain as an initial configuration in the core. In order to obtain a rapid convergence, we use a 180º domain structure with straight domain walls oriented along different crystallographic directions (e.g. [100],

[110], or [111]) as the initial distribution of the polarization, which corresponds to the equilibrium domain structure in a BaTiO3 single crystal at room temperature. To facilitate the energy minimization starting from this artificial configuration, small-amplitude random fluctuations of polarization and strain are added to the 180º domain structure in the first time step. These fluctuations are very small in comparison with the values of the spontaneous polarization and strain for a bulk ferroelectric BaTiO3 crystal. Initial values of polarization and strain in the paraelectric shell are zero values, but they are different from zero in the ferroelectric core. The calculation is stopped once the system relaxes to an equilibrium state in which the energy remains constant during subsequent ). This happens because the small-size (20 nm) core compressed by anisotropic elastic stresses has a significantly lower transition temperature between the tetragonal and orthorhombic phase in comparison with bulk BaTiO3, such that the core becomes close to the orthorhombic (or even rhombohedral) phase at room temperature. An exception to this is the oxygen-deficient BaTiO3 core, where the elastic anisotropy is almost absent.

III. A FERROELECTRIC CORE COVERED WITH A SOFT TUNABLE SHELL

In this section, we analyze equilibrium distributions of the polarization and the electric and elastic fields in a ferroelectric core covered with a soft tunable shell. Typical equilibrium distributions of the polarization magnitude 𝑃 𝑟 = √𝑃 1 2 + 𝑃 2 2 + 𝑃 3 2 , its component 𝑃 3 , the electric potential 𝜑, and the radial stress 𝜎 are shown in Figs. 234.

For Fig. 2, the flexoelectric coupling is zero in both the core and the shell, and the electrostriction anisotropy is small or absent in the core. One can see a thermodynamically stable polarization vortex with a kernel, and the axis of vortex rotation coincides with one of the core pseudo-cubic axis [001]. Similar structures can be stable in the nanoparticles when there is a large number of elastic defects (e.g. mobile oxygen vacancies), whose redistribution is accompanied by a significant decrease in local stresses due to the Vegard effect (see Refs. [START_REF] Freedman | Elastic effects of vacancies in strontium titanate: Short-and longrange strain fields, elastic dipole tensors, and chemical strain[END_REF][START_REF] Kim | Strain screening by mobile oxygen vacancies in SrTiO3[END_REF] and Appendix A for details). This leads to the fact that a stable three-dimensional (3D) vortex has a polar anisotropy corresponding to the 4mm symmetry group with an equilibrium state in the form of a quasi-twodimensional vortex with a prolate dipolar quasi-kernel, which is quasi-uniformly polarized. We studied the formation of a similar structure in our recent work [START_REF] Morozovska | Electric Field Control of Three-Dimensional Vortex States in Core-Shell Ferroelectric Nanoparticles[END_REF]. Figures 2a and2b show that the polarization of the "vortex" part of the core is almost constant in amplitude and rotates in the same plane, while Figs. 2c-2d show a clear tetragonal anisotropy of the system: four symmetrical lobes of 𝑃 𝑟 develop in the equatorial plane and a rounded square-shaped section of the polarized kernel can be seen in the P3 component. In this case, the electrostatic potential reaches a significant value only near the "poles" of the kernel, defined as the points where the polarized kernel touches the surface (see Fig. 2e). The remainder of the core polarization is the vortex-like azimuthal distribution of the polarization. There are virtually no elastic stresses in the particle (see Fig. 2f), since the migration of elastic dipoles in the stress gradient compensates for the total stress and increases the "effective" elastic compliances of the material (see Fig. A1 in Appendix A). Note, that BPS are absent at zero external field 𝑬 𝑒𝑥𝑡 = 0 whereas, at 𝑬 𝑒𝑥𝑡 ≠ 0 two diametrically opposite Bloch points appear (i.e., point singularities of the polarization field at 𝑷 = 0), which are located at the vicinity of the core surface where they intersect the kernel [START_REF] Morozovska | Electric Field Control of Three-Dimensional Vortex States in Core-Shell Ferroelectric Nanoparticles[END_REF]. , and 𝑧. The coordinate "t" is chosen to be parallel to the central axis

[110] of the vortex-like polarization structure. Here, the flexoelectric coupling is absent in the core and the shell, but there is a strong and highly anisotropic electrostriction in the core. One can see a regular thermodynamically stable vortex-like polarization structure, which, in contrast to the previous case, develops without a kernel. The actual structure of the polarization distribution is more complicated than a simple vortex or skyrmion (see

Figs. 3a-d).

There is a vortex-like structure near the center of the core, where the polarization rotates in one plane around a fixed axis (see Figs. 3c-d). Near the "poles", defined as the intersection points of the vortex axis with the surface, the polarization rotation degenerates into an elongated vortex connecting a pair of 180º domains of the tetragonal phase (see Figs. 3a-b). However, the orientation of the domains near the two poles is "crossed", In Fig. 4, flexoelectric coupling and electrostriction are anisotropic and high, in both the core and the shell. The figure uses the same coordinate system as in Fig. 3, where 𝑡 = 𝑥+𝑦 √2 , 𝑠 = 𝑦-𝑥 √2 , and 𝑧. The coordinate 𝑡 is chosen to be almost parallel to the axis of the vortex-like polarization structure, whose very small deviation from the [110] direction is caused by the flexoelectric coupling. One can see a thermodynamically stable vortexlike polarization structure, which resembles a double vortex structure in the equatorial plane and has a complex cross-type "curled" morphology, which is very different from the "straight" crossed domain walls shown in Fig. 3. Similar to the situation shown in Fig. 3, the surface-closures of the crossed domains form two diametrically opposite curved segments of different lengths with a small polarization magnitude near the core surface. In contrast to Fig. 3, the central line, where |𝑷| is small, is absent. These segments may contain Bloch points (see Section VI for more details).

namely
For zero flexoelectric coupling, the internal electric field (the depolarization field), is very small due to the efficient minimization of charges by the polarization rotation inside the vortex (for details see Fig. A4a-b in Appendix A). This nearly solenoidal structure develops in the core covered by a soft shell, and the bound charges, 𝜌 𝑏 = -∇ ⃑ ⃑ ⋅ 𝑃 ⃑ , are virtually zero (see Fig. A5a-b in Appendix A). The condition divE0 follows from the zero divergence of the electric displacement D and polarization P. Small deviations from this condition are due to numerical errors.

To summarize, the room-temperature FEM of particles with the core covered by a soft shell shows that a single polarization vortex with a dipolar kernel can be stable in the core in the case of a relatively weak electrostriction coupling. The increase of anisotropic electrostriction coupling causes the disappearance of the vortex, and leads to the formation of 180º flux-closure domains, where the complex cross-type morphology is defined by the flexoelectric coupling in the core. (f) Radial stress in the cross-section {110} of the core. Core radius 𝑅 = 10 nm, shell thickness ∆𝑅 = 4 nm, and T = 298 K. The tunable shell with high dielectric permittivity 𝜀 𝑆 = 300 is regarded as being elastically soft, i.e., its elastic stiffness is negligibly small in comparison with the core values. For other parameters see Table AI in Appendix A.

IV. A FERROELECTRIC CORE COVERED WITH A RIGID SHELL

Our results show that the thermodynamically stable vortex-like flux-closure polarization structure corresponding to a combination of several vortices can be stabilized in the BaTiO3 core, when taking into account the realistic elastic and electrostriction properties of the SrTiO3 shell (see -7.

Here we use the rotated coordinate frame with the following coordinates: 𝜉 = (𝑥 -𝑦) √2 ⁄ , 𝜓 = (𝑥 + 𝑦 -2𝑧) √6 ⁄ , and 𝜔 = (𝑥 + 𝑦 + 𝑧) √3 ⁄ . As can be seen from Figs. 567, the polarization distribution has a vortex-like structure, where the vortex axis coincides with the 𝜔 axis; we refer to this as the polar axis of the vortex. The component 𝑃 𝜔 is the polarization component along the domain structure axis, which should be equal to zero in a "pure" vortex state without a kernel. Two different projections are used to visualize the polarization structure, namely the top view along [111]-direction at the pole of the vortex-like structure (a) and the side view along the [001]-direction (b). These projections show the formation of three-pointed star-like vortex structures near the poles, where the superposition of these structures forms a six-pointed star. We note that the polarization distribution is not limited to a purely azimuthal rotation of the P vector in the plane perpendicular to the polar axis 𝜔. As follows from Figs. 567, the polar component 𝑃 𝜔 changes its sign along the equator, resulting in a simple toroidal vortex splits into eight domains. The cross-shaped distribution of the polarization in the equatorial plane is due to the strong tetragonal anisotropy of the bulk ferroelectric.

The results in Fig. 5 show the case where the flexoelectric coupling and misfit strain are zero in the core and shell, while the electrostriction anisotropy is high. Without taking into account the flexoelectric effect, the domain structure of the ferroelectric core covered by a rigid shell consists of six blurred domains. The boundaries between the domains only become relatively sharp in the region near the particle poles, defined as the points at the core surface where the polarization vector modulus drops to zero, i.e. the Bloch points (see Fig. 5). Three 120° domains separated by flat walls are observed near the poles. In spite of the similarity of these domains, their orientation and the domain walls are different at the poles; in fact, one group of domains is rotated by 60° with respect to the other. Moving away from each of the poles, the domain walls broaden and blur, resulting in regions that eventually transform into domains with a different orientation. Near the equatorial plane, all six domains are equivalent, such that the configuration of the polarization vector becomes vortex-like. In this case the symmetry of the walls is more complicated than that of 120° domains, because of the pronounced polarization component along the polar axis of the core. One can see a regular, thermodynamically stable vortex-like polarization structure with the shape of a six-ray star.

A case in which both, flexoelectric coupling and electrostriction anisotropy are high in the core and the shell, but without mismatch strain (𝑢 𝑚 = 0) at the core-shell interface is shown in Fig. 6. It can be seen that the flexoelectric coupling increases the vorticity (compare Fig. 6d and5d). A contrasting example, where the flexoelectric coupling and electrostriction anisotropy are anisotropic and high in the core and the shell, and a tensile mismatch strain 𝑢 𝑚 = 2.2% exists at the core-shell interface, is shown in Fig. 7. In this latter case, it is seen that the mismatch strain compensates the curling of the flux-closure domains in the core confined by the elastically-anisotropic rigid shell. The flexoelectric coupling and mismatch strain result in a relatively strong electric field well-localized at the core surface, and consequently, the bound charges can be considered as surface charges (see Fig. A4d and A5d in Appendix A). 

V. PHASE DIAGRAMS AND THEIR DISCUSSION

For first-order ferroelectric phase transitions in BaTiO3 crystals, one should distinguish the difference between the cubic paraelectric (PE), tetragonal (FET), orthorhombic (FEO), and rhombohedral (FER) ferroelectric (FE) phases. The transition temperature between the PE and FE phases of the BaTiO3 core is defined by the condition of free energies being equal in the phases, 𝐺 𝑃𝐸 = 𝐺 𝐹𝐸 . The boundaries between the PE and FE phases can depend on the core radius R, temperature T, flexoelectric tensor components 𝐹 𝑖𝑗 , and mismatch strain 𝑢 𝑚 . Note that 𝐺 𝑃𝐸 = 0 for the case 𝑢 𝑚 = 0, and 𝐺 𝑃𝐸 ~𝑢𝑚 2 > 0 for 𝑢 𝑚 ≠ 0. Below we discuss the results for particles with a fixed shell thickness, ∆𝑅 = 4 nm, and a range of core sizes, 1 nm ≤ 𝑅 ≤ 25 nm, since the manifestation of size effects for bigger particles is rather weak as they tend to become single-domain in the central part of the core.

Our FEM calculations show that the BaTiO3 core with 𝑅 > 1 nm covered by a soft SrTiO3 shell is mostly in the FET phase in the vicinity of the PE phase. The FET, FEO, and FER phases coexist for 1.5 nm < 𝑅 < 2 nm, and the fraction of the core in the FER phase increases as R decreases. The core is almost completely in the FER phase for 𝑅 < 1.5 nm. These trends are in a good agreement with synchrotron XRD experiments reported by Zhu et al. [42], who observed the sequence of FET, FEO, and FER phases, as well as their coexistence and reappearance in BaTiO3 nanospheres with sizes below 20 nm (see e.g. Table I in [42]). The appearance of the FER phase with decreasing R agrees with a previous study [START_REF] Lin | Size effect on the dielectric properties of BaTiO3 nanoceramics in a modified Ginsburg-Landau-Devonshire thermodynamic theory[END_REF] in which a polarization gradient was not considered.

Counterintuitively, the core covered by a rigid shell is generally in the FER phase in the immediate vicinity of the PE phase. Although the core domain structure can reveal features of the FEO phase in a minority of cases, it is never observed to be in the FET phase. This result neither depends on the core radius, the flexoelectric coupling strength, nor, most surprisingly, on the type (compressive, zero, or tensile) of mismatch strain. A possible explanation of the effect could be related to the fact that the rigid SrTiO3 shell is elastically anisotropic, and that anisotropy enforces the direction of the axis of vortex-type structures to be close to

[111] or [110], but never along [001].
Typical phase diagrams of core-shell nanoparticles as a function of temperature T and core radius R, calculated for the BaTiO3 core covered with soft or rigid SrTiO3 tunable shells, are presented in Figs. 89. The boundaries between the FE and PE phases are shown by fitting curves to the symbols presenting FEM data points.

The R-dependence of the PE-FE transition temperatures 𝑇 𝑝𝑡 (𝑅), calculated by FEM, can be fitted with the analytical expression [START_REF] Eliseev | Surface and finite size effects impact on the phase diagrams, polar, and dielectric properties of (Sr, Bi)Ta2O9 ferroelectric nanoparticles[END_REF][START_REF] Eliseev | Labyrinthine domains in ferroelectric nanoparticles: Manifestation of a gradient-induced morphological phase transition[END_REF][START_REF] Morozovska | Analytical description of domain morphology and phase diagrams of ferroelectric nanoparticles[END_REF][START_REF] Morozovska | Phase transitions induced by confinement of ferroic nanoparticles[END_REF][START_REF] Morozovska | Flexo-chemo effect in nanoferroics as a source of critical size disappearence at size-induced phase transitions[END_REF]:

𝑇 𝑝𝑡 (𝑅) = 𝑇 𝑏 (1 - 𝑅 𝑔 2 𝑅 2 - 𝑅 𝑒 𝑅+𝑅 𝑚 𝑅 𝑠 𝑅(𝑅+𝑅 𝑠 ) ), (1) 
where 𝑇 𝑏 = 384 K is the bulk Curie temperature; and the fitting parameters 𝑅 𝑖 , with the subscript 𝑖 = 𝑔, 𝑒, 𝑚, and 𝑠, are given in Table I. The fit is accurate enough, and is in good agreement with FEM results. The fitting is particularly accurate for a rigid shell without misfit strain. The critical core radius, 𝑅 𝑐𝑟 , determined from the condition 𝑇 𝑝𝑡 (𝑅 𝑐𝑟 ) = 0, is 𝑅 𝑐𝑟 = 1 2 (𝑅 𝑒 + √𝑅 𝑒 2 + 4𝑅 𝑔 2 ) at 𝑢 𝑚 = 0, when 𝑅 𝑚 = 0. This expression, which is exact only at 𝑢 𝑚 = 0, is a good approximation for |𝑢 𝑚 | < 0.1%, since the last term in Eq.( 1) can be neglected for 𝑅 < 𝑅 𝑆 , where 𝑅 𝑆 ≫ 𝑅 𝑐𝑟 .

Table I. Fitting parameters for 𝑇 𝑝𝑡 (𝑅) defined from Eq.( 1)

System description Condition for 𝑻 𝒑𝒕 (𝑹) determination

Re (nm)

Rg (nm) Rm (nm) RS (nm) Soft shell, Figure 8a 𝐹 𝑖𝑗 = 0, 𝑢 𝑚 = 0 * (black curve) 𝐺 𝐹𝐸 = 𝐺 𝑃𝐸 = 0 ** 0.109 0.66 N/A 0 𝐹 𝑖𝑗 ≠ 0, 𝑢 𝑚 = 0 (blue curve) 𝐺 𝐹𝐸 = 𝐺 𝑃𝐸 = 0 0.084 (R) + 0.105 (T) + 0.66 (R) 0.58 (T) N/A 0 𝐹 𝑖𝑗 = 0, 𝑢 𝑚 = 0 (red curve) 𝐺 𝐹𝐸 = 𝐺 𝑃𝐸 + 𝑘 𝐵 𝑇 = 𝑘 𝐵 𝑇 0.067 0.65 N/A 0 𝐹 𝑖𝑗 ≠ 0, 𝑢 𝑚 = 0 (green curve) 𝐺 𝐹𝐸 = 𝐺 𝑃𝐸 + 𝑘 𝐵 𝑇 = 𝑘 𝐵 𝑇 0.044 (R) 0.098 (T) 0.64 (R) 0.50 (T) N/A 0 Rigid shell, zero misfit, Figure 8b 𝐹 𝑖𝑗 = 0, 𝑢 𝑚 = 0 (black curve) 𝐺 𝐹𝐸 = 𝐺 𝑃𝐸 = 0 0.126 0.66 N/A 0 𝐹 𝑖𝑗 ≠ 0, 𝑢 𝑚 = 0 (blue curve) 𝐺 𝐹𝐸 = 𝐺 𝑃𝐸 = 0 0.127 0.67 N/A 0 𝐹 𝑖𝑗 = 0, 𝑢 𝑚 = 0 (red curve) 𝐺 𝐹𝐸 = 𝐺 𝑃𝐸 + 𝑘 𝐵 𝑇 = 𝑘 𝐵 𝑇 0.077 0.65 N/A 0 𝐹 𝑖𝑗 ≠ 0, 𝑢 𝑚 = 0 (green curve) 𝐺 𝐹𝐸 = 𝐺 𝑃𝐸 + 𝑘 𝐵 𝑇 = 𝑘 𝐵 𝑇 0.069 0.66 N/A 0
Rigid shell, misfit strain, Figure 9 |𝐹 𝑖𝑗 | ≤ 6, 𝑢 𝑚 = -0.5% (red curve) ** Note that 𝐺 𝑃𝐸 = 0 for the case 𝑢 𝑚 = 0, and 𝐺 𝑃𝐸 ~𝑢𝑚 2 > 0 for 𝑢 𝑚 ≠ 0.

𝐺 𝐹𝐸 = 𝐺 𝑃𝐸 ~𝑢𝑚
+ "T" and "R" are the abbreviations for tetragonal (FET) and rhombohedral (FER) ferroelectric phases, respectively.

It is worth noting that the LGD approach in the form we used here, without inclusion of thermal fluctuations, is not applicable for sizes smaller than five lattice constants. The value of 𝑅 𝑐𝑟 becomes smaller than 1 nm (i.e.

below the validity limit of the LGD approach) at 𝑇 < 200 K (see insets to Figs. 89, from which one can determine 𝑅 𝑐𝑟 using the dependence of 𝑇 𝑝𝑡 (𝑅) on 1 𝑅 ⁄ ). Since Eq. ( 1) was derived for single-domain ferroelectric nanoparticles without any shell, its relevance for the core-shell nanoparticle with a vortex-type domain structure indicates that the domain formation only influences the values of 𝑅 𝑖 , but does not alter the "universal" functional form (1).

Unlike the case of a single-domain or homogeneously polarized core, mainly considered in Refs. [START_REF] Eliseev | Surface and finite size effects impact on the phase diagrams, polar, and dielectric properties of (Sr, Bi)Ta2O9 ferroelectric nanoparticles[END_REF][START_REF] Eliseev | Labyrinthine domains in ferroelectric nanoparticles: Manifestation of a gradient-induced morphological phase transition[END_REF][START_REF] Morozovska | Analytical description of domain morphology and phase diagrams of ferroelectric nanoparticles[END_REF][START_REF] Morozovska | Phase transitions induced by confinement of ferroic nanoparticles[END_REF],

we were unable to derive approximate analytical expressions showing how the fitting parameters 𝑅 𝑖 depend on the polarization gradient, electrostriction, flexoelectric tensor components, mismatch strain, and shell thickness.

However, we could establish the physical meaning of the different terms in Eq. ( 1). The first term,

𝑅 𝑔 2 𝑅 2
, is related to the correlation size effect caused by the polarization gradient energy and a very small depolarization energy (negligible for the case of a pure vortex). The LGD approach gives an estimate for 𝑅 𝑔 2 ~𝑔44 A mismatch strain between the shell and core is absent (𝑢 𝑚 = 0) for the diagrams in Fig. 8. Black and blue curves in Fig. 8 are the FE-PE transition temperatures 𝑇 𝑝𝑡 (𝑅) determined by using the condition of zero free energy, 𝐺 = 0; red and green curves are the transition temperatures 𝑇 𝑝𝑡 (𝑅) determined by using the condition 𝐺 = 𝑘 𝐵 𝑇, where 𝑘 𝐵 𝑇 is the thermal energy (see right top legend to Fig. 8 and Fig. B1 in Appendix B for details).

The temperature difference between these pairs of curves (about 10 K) illustrates the possibility to observe a thermal hysteresis in core-shell nanoparticles, as described in a scheme shown in the right bottom inset of Fig. 8.

Every 𝑇 𝑝𝑡 (𝑅) curve increases monotonically with increasing R and then saturates to the bulk value.

Flexoelectric coupling is zero for black and red curves (𝐹 𝑖𝑗 = 0), and nonzero (𝐹 𝑖𝑗 ≠ 0) for blue and green curves. There is a small splitting for the green and blue curves shown in Fig. 8a, which is due to the coexistence of the T, O, and R phases over the radius range (1.5 -2) nm. The splitting is the most pronounced for the green curves calculated for 𝐺 = 𝑘 𝐵 𝑇 and 𝐹 𝑖𝑗 ≠ 0 . The influence of the flexoelectric coupling on the 𝑇 𝑝𝑡 (𝑅) of the core covered by a rigid shell is very small: black and blue curves for 𝐺 = 0, and red and green curves for 𝐺 = 𝑘 𝐵 𝑇, where 𝑘 𝐵 𝑇 is the thermal energy, differing by less than 0.5% in Fig. 8b (see also Fig. B1 in Appendix B for details). In contrast, the flexoelectric coupling increases the PE-FE transition temperature (up to 5-7 K) for the core covered by a soft shell. This is evident from a comparison of the black and blue curves for 𝐺 = 0 with the red and green curves for 𝐺 = 𝑘 𝐵 𝑇 in Fig. 8a. A simple explanation of the temperature increase is the "flexibility" of the soft shell, where the flexoelectric coupling increases the de-localization of the stress gradients (compare e.g. Fig. 3f with Fig. 4f). Also, the flexoelectric coupling strongly decreases the value of 𝑅 𝑒 for the case of the soft shell, and has a slight influence on 𝑅 𝑔 values (see the values in Table I). Although the increase of 𝑇 𝑝𝑡 (𝑅) caused by the flexoelectric effect is relatively small, it is important to understand its nature and compare the effect in core-shell nanoparticles with other geometries. Note that the flexoelectric coupling formally leads to the renormalization of the polarization gradient coefficient, 𝑔′ 𝑖𝑗𝑘𝑙 in the (see Appendix A2 for details). The renormalization has different signs for the diagonal and non-diagonal components, but for the considered case of multiaxial ferroelectric perovskites the flexoelectric effect typically increases 𝑔 11 and decreases 𝑔 44 . For a cubic symmetry of the paraelectric phase (as with BaTiO3), the trend 𝑔′ 11 > 𝑔 11 and 𝑔′ 44 < 𝑔 44 is responsible for an increase of the charged domain walls' width, and a decrease of the uncharged domain structures' width, such as with vortex-like configurations. The formation of uncharged domain configurations, which are the most common and are significantly more preferable from an energetic viewpoint [45,[START_REF] Eliseev | Domain wall conduction in multiaxial ferroelectrics: impact of the wall tilt, curvature, flexoelectric coupling, electrostriction, proximity and finite size effects[END_REF], is affected by the flexoelectricity. In particular, the flexoelectricity induces the domain wall curvature and meandering in multiaxial ferroelectrics, and facilitates labyrinthine domain configurations in uniaxial ferroelectrics at 𝑔′ 𝑖𝑗𝑘𝑙 < 𝑔 𝑖𝑗𝑘𝑙 𝑐𝑟 (see e.g. Refs. [START_REF] Vorotiahin | Tuning the Polar States of Ferroelectric Films via Surface Charges and Flexoelectricity[END_REF][START_REF] Eliseev | Intrinsic structural instabilities of domain walls driven by gradient couplings: meandering anferrodistortive-ferroelectric domain walls in BiFeO3[END_REF][START_REF] Han | Mapping gradient-driven morphological phase transition at the conductive domain walls of strained multiferroic films[END_REF]). In addition to influencing the wall shape, the flexoelectricity (due to the condition 𝑔′ 44 < 𝑔 44 ) increases (but not very strongly) the transition temperature from the ferroelectric to paraelectric phase (see e.g. [START_REF] Vorotiahin | Tuning the Polar States of Ferroelectric Films via Surface Charges and Flexoelectricity[END_REF][START_REF] Eliseev | Defect driven flexo-chemical coupling in thin ferroelectric films[END_REF]). Another role of flexoelectricity comes from the inhomogeneous boundary conditions in strained nanoparticles [see e.g. Eq. (A.5)

in Appendix A1 for details]. The inhomogeneity, proportional to the flexoelectric coupling strength, can lead to the appearance of built-in inhomogeneous fields, so-called "flexo-electric" fields, which can blur out the FE-PE phase transition [START_REF] Vorotiahin | Tuning the Polar States of Ferroelectric Films via Surface Charges and Flexoelectricity[END_REF][START_REF] Eliseev | Intrinsic structural instabilities of domain walls driven by gradient couplings: meandering anferrodistortive-ferroelectric domain walls in BiFeO3[END_REF][START_REF] Han | Mapping gradient-driven morphological phase transition at the conductive domain walls of strained multiferroic films[END_REF][START_REF] Eliseev | Defect driven flexo-chemical coupling in thin ferroelectric films[END_REF].

Phase diagrams of core-shell nanoparticles in coordinates of temperature T and core radius R, calculated by FEM for compressive (𝑢 𝑚 = -0.5%, blue diamonds), zero (𝑢 𝑚 = 0, black triangles), and tensile (𝑢 𝑚 = + 0.5%, red circles, and 𝑢 𝑚 = + 2.2%, green dots) mismatch strains are shown in Fig. 9. Corresponding FE-PE transition temperatures 𝑇 𝑝𝑡 (𝑅) are defined from the condition of the FE and PE free energies equality, 𝐺 𝐹𝐸 = 𝐺 𝑃𝐸 (see the last two lines in Table I, and Figs. B2-3 in Appendix B for details). Solid curves, which are interpolations using Eq. ( 1), correspond to first order FE-PE phase transition, except for the case of tensile mismatch strain, where the phase transition order changes in the tricritical point.

The effect of mismatch strain between the core and shell of the nanoparticle is similar to isotropic tension or compression. Furthermore, compressive strains (𝑢 𝑚 < 0) significantly decrease 𝑇 𝑝𝑡 (𝑅) for 𝑅 ≤ 25 nm (compare the black and blue curves in Fig. 9), while tensile strains (𝑢 𝑚 > 0) significantly increase 𝑇 𝑐𝑟 (𝑅)

(compare the black curve with the red and green curves in Fig. 9). Note that this result principally differs from the situation in thin strained BaTiO3 films, where 𝑢 𝑚 < 0 supports an out-of-plane polarization direction (corresponding to the so-called FEc phase) and increases the FEc-PE transition temperature, whereas 𝑢 𝑚 > 0 supports an in-plane polarization direction (corresponding to the so-called FEaa phase) and increases the FEaa-PE transition temperature [START_REF] Pertsev | Effect of mechanical boundary conditions on phase diagrams of epitaxial ferroelectric thin films[END_REF][START_REF] Ederer | Effect of epitaxial strain on the spontaneous polarization of thin film ferroelectrics[END_REF]. For a fixed shell thickness (∆𝑅 = 4 nm) and core radius 𝑅 > 50 nm, the influence of the mismatch strain decreases gradually, and the curves calculated for different 𝑢 𝑚 values converge with an increasing core radius (see inset to Fig. 9). Note that the quantitative difference between tensile and compressive strains of the same magnitude, 𝑢 𝑚 = +0.5% and 𝑢 𝑚 = -0.5%, corresponds to an increase of the transition temperature by less than 70 K at 𝑢 𝑚 = +0.5%, in comparison with a decrease by more than 100 K at 𝑢 𝑚 = -0.5%. The reason for this asymmetry is the strong anisotropy of the elastic and electrostriction tensors, which is well-studied for thin ferroelectric films [START_REF] Pertsev | Effect of mechanical boundary conditions on phase diagrams of epitaxial ferroelectric thin films[END_REF]. The influence of the flexoelectric coupling (at least for the flexoelectric coefficients |𝐹 𝑖𝑗 | ≤ 6) is negligibly small. Core radius R (nm)

Temperature T (K)
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VI. POSSIBLE APPLICATIONS OF THEORETICAL RESULTS

Ensembles of core-shell ferroelectric nanoparticles, whose polarization arranges in a vortex-like structure either with a conductive dipolar kernel [START_REF] Morozovska | Electric Field Control of Three-Dimensional Vortex States in Core-Shell Ferroelectric Nanoparticles[END_REF] or with other types of conductive domain boundaries [START_REF] Balke | Enhanced electric conductivity at ferroelectric vortex cores in BiFeO3[END_REF][START_REF] Winchester | Electroelastic fields in artificially created vortex cores in epitaxial BiFeO3 thin films[END_REF],

including those with BPS, can be considered as promising candidates for nanoelectronic devices, where the conductive parts can be nanochannels in versatile field effect transistors and logic units. If the nanoparticles are placed in a soft matter environment, the voltage applied between the gates can rotate or shift the particle (in order to rotate/move the conductive channel). The stability of the vortex-like structure and its ability to exhibit rotations are advantages for nano-device operation. The drawback of core-shell nanoparticles is a relatively low operation speed due to the sluggishness of spherical rotation and/or translational motion towards the gate(s).

Note that BPS play a crucial role in the switching of ferromagnetic vortex states, which are recognized candidates for advanced non-volatile RAM units with high storage density, low-power, and high operation speed.

In such magnetic vortex states, BPS mediate an ultra-fast magnetic switching that has been calculated and realized in practice [START_REF] Van Waeyenberge | Magnetic vortex core reversal by excitation with short bursts of an alternating field[END_REF][START_REF] Hertel | Ultrafast nanomagnetic toggle switching of vortex cores[END_REF]57,58]. The ferroelectric vortex states with BPS also may become attractive, because hypothetical possibilities of the ultra-fast ferroelectric switching have been predicted recently [59].

The domain morphology shown in Figs. 3a-c, 4a-c, 5a-c, 6a-c, and 7a-c, shows that the polarization magnitude 𝑃 𝑟 is very small in two diametrically opposite points (or segments) located just under the core surface, and/or in the core center. This condition gives us a hope to confirm the existence of BPS in these regions by performing a more careful FEM analysis, and to better understand the influence of elastic anisotropy, 10a with Fig. 5 in Ref. [START_REF] Morozovska | Electric Field Control of Three-Dimensional Vortex States in Core-Shell Ferroelectric Nanoparticles[END_REF], where two diametrically opposite Bloch points appeared at a small distance from the core surface at a nonzero external electric field).

Anisotropic electrostriction coupling strongly changes the morphology of the polarization isosurfaces in the core (see Fig. A6b-f), and flexoelectric coupling induces an additional curvature and twist of the isosurfaces (see Fig. A6c andA6e-f). The chains of aligned Bloch points in Fig. 10b (in the case of a soft shell) and Fig. 10d (in the case of a rigid shell) display one-dimensional topological line defects with |𝑷| = 0. In a recent article,

Stepkova et al. have coined the term "Ising line" to describe line defects of this type [START_REF] Stepkova | Ising lines: Natural topological defects within ferroelectric Bloch walls[END_REF]. Both of these cases, When a flexoelectric coupling is included (𝐹 𝑖𝑗 ≠ 0), the Ising line (shown in Fig. 10b) disappears, and two Bloch points appear in its place (see Fig. 10c). They are located at the opposite sides of the domain wall very close to the surface; but not at diametrically opposite positions, which are sensitive to the sign and magnitude of the 𝐹 𝑖𝑗 . We suspect that the asymmetric morphology of the two Bloch points is caused by the flexoelectric effect, this phenomenon will be the topic of our future study.

The shell rigidity very strongly flattens the twisted morphology of the polarization isosurfaces (compare Fig. A6d with Fig. A6a-c), while the inclusion of flexoelectric coupling leads to the reappearance of a slight twist (compare Fig. A6e-f with Fig. A6c in Appendix A). However, the twist and mutual shift of the isosurfaces induced by the flexoelectric coupling in a core covered with a rigid shell prevents the formation of an Ising line.

The line defect transforms into a single Bloch point located in the core center (compare Fig. 10e-f with Fig. 10d).

To the best of our knowledge, an analogue of Ising lines does not exist in ferromagnetism. This brief overview demonstrates the possibility to reveal a giant ECE in various ferroelectric nanoparticles, where the conditions for observing the effect were almost always determined in an empirical way, except for the case of single-domain nanoparticles [66]. Since results obtained in this work for core-shell nanoparticles with a complex domain structure can be well fitted by an analytical expression (1), we can make analytical estimates for ΔTEC and the EC coefficient , and establish the role of the size effect. Following Ref.

[66], the values ΔTEC and  can be calculated as:

Δ𝑇 𝐸𝐶 (𝑟 ) = -∫ 𝑇 𝜌(𝑟 )𝐶 𝑃 (𝑟 ) ( 𝜕𝑃(𝑟 ) 𝜕𝑇 ) 𝐸 𝑑𝐸 𝐸 𝑒𝑥𝑡 0 , Σ(𝑟 ) = 𝑑Δ𝑇 𝐸𝐶 (𝑟 ) 𝑑𝐸 𝑒𝑥𝑡 , (2) 
where 𝐸 𝑒𝑥𝑡 is an external field applied to the core-shell nanoparticle via an effective media, 𝜌 is the mass density, .

and
(4b)

By using expression (1) for 𝑇 𝑝𝑡 (𝑅) in combination with Eqs.( 2)-( 4), we can make a prediction about the polarization magnitude 𝑃 𝑟 (𝐸 𝑒𝑥𝑡 ) and on how 〈Δ𝑇 𝐸𝐶 ̅̅̅̅̅̅ 〉 changes depending on the external electric field, the shell, thickness, and the core radius. Results for the BaTiO3 core covered with a rigid SrTiO3 shell are shown in Fig. 11.

For the demonstration of ECE we choose a rigid shell with and without mismatch strain, because the influence of a mismatch effect appears to be the strongest among all the effects considered in this work. The field dependence of 𝑃 𝑟 (shown in Fig. 11a for a 10 nm core radius) has the form of a butterfly-type hysteresis loop and drops to zero at the coercive field 𝐸 𝑐 , whose value is about 0.08 V/nm for zero mismatch strain. 𝐸 𝑐 decreases to 0.06 V/nm under compressive strain 𝑢 𝑚 = -0.5%, and increases to 0.1 V/nm in the case of tensile strain 𝑢 𝑚 = + 0.5%. The field dependence of Δ𝑇 𝐸𝐶 (shown in Fig. 11b) also has the form of a butterfly-type hysteresis loop and reaches maximal negative values at 𝐸 𝑐 . These values, ranging from -8 K for 𝑢 𝑚 = -0.5% to -12 K for 𝑢 𝑚 = + 0.5%, are relatively high in comparison with Δ𝑇 𝐸𝐶 = -4 K for a stressfree bulk BaTiO3. Figures 11c and11d illustrate the size effect of 𝐸 𝑐 and Δ𝑇 𝐸𝐶 with a pronounced maximum of 𝐸 𝑐 (about 0.12 V/nm) and a minimum Δ𝑇 𝐸𝐶 (about -18 K), which is reached for a tensile misfit strain 𝑢 𝑚 = + 0.5% and the core radius (2 -4) nm. Corresponding values calculated for a compressive strain 𝑢 𝑚 = + 0.5% are significantly smaller (compare red and green curves in Fig. 11c and11d). Note that a negative ECE providing effective cooling (~ -20 K) could be very promising for advanced applications of ferroelectric nanocomposites in energy convertors and cooling systems.

Let us underline the significant asymmetry of the domain morphology and ferroelectric properties (transition temperature, polarization magnitude, coercive field) and ECE with respect to the sign of the mismatch strain. This result is in a qualitative agreement with experimental results of Barnakov et al. [67], who studied the ferroelectric properties of BaTiO3 nanocubes coated with metal carboxylates in two formsone which was crystalline and provided a lattice mismatch, and the other that was non-crystalline without mismatch conditions.

The observed polar effects differed by many orders of magnitude for these two coatings.

VII. CONCLUSION

Within the framework of the LGD approach we have explored the impact of the elastic anisotropy, electrostriction and flexoelectric couplings, and mismatch strain on the domain structure morphology in spherical core-shell ferroelectric nanoparticles. We have performed FEM for a multiaxial ferroelectric core covered with an elastically-isotropic soft or elastically-anisotropic rigid paraelectric shell, with or without mismatch strains induced by the difference of the core and shell lattice constants.

Our FEM performed for the core covered by a soft shell shows that, at room temperature, a single polarization vortex with a dipolar kernel can be stable in the core with a relatively weak electrostriction coupling.

The vortex disappears as the anisotropic electrostriction coupling increases, and evolves into 180º flux-closure domains, where complex cross-type morphology is controlled by the flexoelectric coupling in the core.

In the case of the core covered by a rigid shell, FEM shows that at room temperature the anisotropic elastic properties of the shell can stabilize vortex-like 120º flux-closure domains, which gradually "cross" in the equatorial plane of the core. The flexoelectric coupling leads to a noticeable curling of the flux-closure domain walls. The mismatch strain compensates the curling of the flux-closure domains in the core confined by the elastically-anisotropic rigid shell.

Using FEM and derived analytical expressions, we calculated the phase diagrams of core-shell ferroelectric nanoparticles as a function of the core radius and temperature. Phase diagrams for a core covered with an elastically-isotropic soft shell show a relatively small but noticeable increase of the PE-FE transition temperature induced by the flexoelectric coupling. Phase diagrams for a core covered with an elasticallyanisotropic rigid shell demonstrate a relatively strong influence of mismatch strain and a negligible effect of flexoelectric coupling.

SUPPLEMENTARY MATERIALS APPENDIX A. Mathematical formulation of the problem and computation details A1. Mathematical formulation of the problem

We consider a ferroelectric nanoparticle core of radius R with a three-component ferroelectric polarization vector 𝑷. The core is regarded as insulating, without any free charges. It is covered with a semiconducting tunable shell of thickness Δ𝑅 that is characterized by a strongly temperature-dependent "tunable" relative dielectric permittivity tensor 𝜀 𝑖𝑗 𝑆 . The core-shell nanoparticle is placed in a dielectric medium (polymer, gas, liquid, air, or vacuum) with an effective dielectric permittivity, e. The word "effective" implies the presence of other particles in the medium, which can be described in an effective medium approach. For the sake of clarity, we consider the medium as being isotropic and temperature-independent, i.e. 𝜀 𝑖𝑗 𝑒 = 𝛿 𝑖𝑗 𝜀 𝑒 , in contrast to anisotropic and/or tunable shells. The considered physical model corresponds to a nanocomposite consisting of core-shell nanoparticles in a dielectric medium, with a small volume fraction of ferroelectric nanoparticles (less than 10%) in the composite. The core-shell geometry is shown in Fig. 1 of the main text.

Since the ferroelectric polarization contains background and soft mode contributions, the electric displacement vector has the form 𝑫 = 𝜀 0 𝜀 𝑏 𝑬 + 𝑷 inside the core. In this expression 𝜀 𝑏 is a relative background permittivity of the core [1], 𝜀 0 is the universal dielectric constant, and P is a ferroelectric polarization containing the spontaneous and field-induced contributions, 𝑷 = 𝑷 𝑺 + 𝜀 0 𝜒̂𝑓𝑬 + 𝜀 0 𝜒̂𝑓 𝑓 𝑬 𝟑 + 𝜀 0 𝜒f 𝑓𝑓 𝑬 𝟓 +.., where 𝑷 𝑆 is the spontaneous polarization at E = 0. Note that the expression 𝐷 = 𝜀 0 𝜀 𝑏 𝐸 + 𝑃 is different from the usual textbook definition, 𝑫 = 𝜀 0 𝑬 + 𝑷, where 𝑷 is the total polarization. Usually 4 < 𝜀 𝑏 < 10, and so 𝜀 𝑏 can be significantly smaller than the linear susceptibility 𝜒 𝑓 , whose temperaturedependent values strongly increase in the vicinity of ferroelectric-paraelectric phase transition. As a rule, 𝜒 𝑓 > (30 -100) even when far from the phase transition; this is due to the dominant contribution from soft mode-related optic phonons. In the case of a linear response to a small external electric field the electric displacement in the core is 𝑫 ≈ 𝜀 0 𝜀̂𝑓𝑬 + 𝑷 𝑆 , where 𝜀̂𝑓 = 𝜒f + 𝜀b. The expression 𝐷 𝑖 = 𝜀 0 𝜀 𝑖𝑗 𝑠 𝐸 𝑗 is valid in the shell and 𝐷 𝑖 = 𝜀 0 𝜀 𝑒 𝐸 𝑖 in the isotropic effective medium.

The electric field components 𝐸 𝑖 are derived from the electric potential  in a conventional way, can be introduced for the shell with an isotropic relative permittivity, 𝜀 𝑖𝑗 𝑠 = 𝛿 𝑖𝑗 𝜀 𝑠 . A small internal conductivity of the shell is required for the most effective penetration of external electric field to the core. Using a proper wide-gap semiconductor or a paraelectric as the shell, we can estimate that 𝑅 𝑑 * >>10 nm for room temperature with a typical concentration of intrinsic carriers in the shell.

𝐸 𝑖 = -𝜕𝜑
The electric potential  in the external region outside the shell satisfies the Laplace equation (subscript "e"):

𝜀 0 𝜀 𝑒 ( 𝜕 2 𝜕𝑥 1 2 + 𝜕 2 𝜕𝑥 2 2 + 𝜕 2 𝜕𝑥 3 
2 ) 𝜑 𝑒 = 0, 𝑟 > 𝑅 + 𝛥𝑅, (A.1c) Equations (A.1) are supplemented with the continuity conditions for electric potential and normal components of the electric displacements at the particle surface and core-shell interface:

(𝜑 𝑒 -𝜑 𝑠 )| 𝑟=𝑅+𝛥𝑅 = 0, 𝒏(𝑫 𝑒 -𝑫 𝑠 )| 𝑟=𝑅+𝛥𝑅 = 0, (A.1d) (𝜑 𝑆 -𝜑 𝑓 )| 𝑟=𝑅 = 0, 𝒏(𝑫 𝑠 -𝑫 𝑓 )| 𝑟=𝑅 = 0. (A.1e)
Either charges are absent or the applied voltage is fixed at the boundaries of the computation region:

𝜕 𝜑 𝑒 𝜕 𝑥 𝑙 𝑛 𝑙 | 𝑥=± 𝐿 2 = 0, 𝜕 𝜑 𝑒 𝜕 𝑥 𝑙 𝑛 𝑙 | 𝑦=± 𝐿 2 = 0, 𝜑 𝑒 | 𝑧=+ 𝐿 2 = 0, 𝜑 𝑒 | 𝑧=-𝐿 2 = 𝑉 𝑒 (A.1f)
Here 𝑉 𝑒 is the applied voltage difference and L is the size of computation region. For FEM we use a cube with an edge size 𝐿 ≫ 2(Δ𝑅 + 𝑅), and set 𝑉 𝑒 = 0 for the purposes of this work.

The LGD free energy functional G additively includes a Landau expansion on powers of for a spherical nanoparticle of radius R. The stresses affect the Curie temperature and ferroelectric polarization behavior due to the electrostriction coupling. Thus, the renormalized Curie temperature, 𝑇 𝐶 (𝑅), acquires the following form [2,3]:

𝑇 𝐶 (𝑅) = 𝑇 𝐶 (1 - 𝑄 𝛼 𝑇 𝑇 𝐶 2𝜇 𝑅 ) (A.3b)
where 𝑇 𝐶 is a Curie temperature of a bulk ferroelectric. 𝑄 is the sum of the electrostriction tensor diagonal components, which is positive for most ferroelectric perovskites with cubic m3m symmetry in the paraelectric phase, namely 0.004 < 𝑄 < 0.04m 4 /C 2 [2][3][4]. Recent experiments tell us that  is relatively small, not more than (2 -4) N/m for most perovskites.

Tensor components 𝑎 𝑖𝑗 are regarded as temperature-independent. The tensor 𝑎 𝑖𝑗 is positively defined if the ferroelectric material undergoes a second order transition to the paraelectric phase and negative otherwise. The higher nonlinear tensor 𝑎 𝑖𝑗𝑘 and the gradient coefficients tensor 𝑔 𝑖𝑗𝑘𝑙 are positively defined and regarded as temperature-independent. The following designations are used in Eq.(A.2e): 𝜎 𝑖𝑗 is the stress tensor, 𝑠 𝑖𝑗𝑘𝑙 is the elastic compliances tensor, 𝑄 𝑖𝑗𝑘𝑙 is the electrostriction tensor, and 𝐹 𝑖𝑗𝑘𝑙 is the flexoelectric tensor.

The Vegard strain energy is given by Eq.(A.2f) [4], where 𝑁 𝑉 is the concentration of oxygen vacancies, which can be charged or neutral. The charged vacancies with concentration 𝑁 𝑉 + are mobile, and 𝑁 𝑉 + < 𝑁 𝑉 . The concentration 𝑁 𝑉 is significantly smaller than the maximal possible concentration 𝑁 0 .

The introduction of a maximal possible concentration 𝑁 0 takes into account steric effects [5] and limits the vacancy accumulation in the vicinity of domain walls, surfaces, and interfaces. The entropy of charged vacancies (the first term of Eq.(A.2f)) corresponds to the approximation of an infinitely thin quasi-level, where T is the absolute temperature, 𝑘 𝐵 is the Boltzmann constant, 𝑊 𝑖𝑗 𝑉 is the Vegard strain tensor (also known as the elastic dipole) [6,7,8]. In Eq.(A.2f) we neglect the difference between the Vegard tensor in the core and shell since both are cubic perovskites. The electrostatic energy, (𝑍 𝑉 𝑒𝑓𝑓 𝑁 𝑉 + -𝑒𝑛)𝜑, exists for charged vacancies with a concentration 𝑁 𝑉 + and free electrons with a concentration 𝑛. 𝑍 𝑉 𝑒𝑓𝑓 is an effective vacancy charge. For oxygen vacancies 0 ≤ 𝑍 𝑉 𝑒𝑓𝑓 ≤ +2𝑒, where 𝑒 in the absolute value of electron charge.

Allowing for the Khalatnikov mechanism of polarization relaxation [9], minimization of the free energy (A.2) with respect to polarization leads to three coupled time-dependent Euler-Lagrange equations for polarization components inside the core,

𝛿𝐺 𝛿𝑃 𝑖 = -𝛤 𝜕𝑃 𝑖

𝜕𝑡

, where 𝑖 = 1, 2, 3. The explicit form of the equations for a ferroelectric crystal with m3m parent symmetry is: The boundary condition for polarization at the core-shell interface 𝑟 = 𝑅 accounts for the flexoelectric effect:

𝛤 𝜕𝑃 1 𝜕𝑡 + 2𝑃 1 (
𝑎 𝑖𝑗 (𝑆) 𝑃 𝑗 + (𝑔 𝑖𝑗𝑘𝑙 𝜕𝑃 𝑘 𝜕𝑥 𝑙 -𝐹 𝑘𝑙𝑖𝑗 𝜎 𝑘𝑙 ) 𝑛 𝑗 | 𝑟=𝑅 = 0 (A.5)
where n is the outer normal to the surface, i=1, 2, 3. In our FEM studies, we use the so-called "natural" boundary conditions corresponding to 𝑎 𝑖𝑗 (𝑆) = 0 . Under the condition of the negligibly small term 𝐹 𝑘𝑙𝑖𝑗 𝜎 𝑘𝑙 𝑛 𝑗 | 𝑟=𝑅 ≈ 0, which corresponds to the absence of either normal stress and/or zero flexoelectric coupling and specific properties of 𝑔 𝑖𝑗𝑘𝑙 , the condition where 𝑢 𝑖𝑗 is the strain tensor components related to displacement components 𝑈 𝑖 in the following way:

𝑢 𝑖𝑗 = (𝜕𝑈 𝑖 /𝜕𝑥 𝑗 + 𝜕𝑈 𝑗 /𝜕𝑥 𝑖 )/2. The terms 𝛽 𝑇 𝑐,𝑠 Δ𝑇𝛿 𝑖𝑗 originate from the linear thermal strains in the core (superscript C) and shell (superscript S), where 𝛽 𝑇 𝑐,𝑠 are the coefficients of linear thermal expansion and Δ𝑇 = 𝑇 -𝑇 𝑔 is the difference between the surrounding temperature and the system growth/deposition temperature. The strain 𝑢 𝑖𝑗 𝑚 is proportional the core and shell lattice constants mismatch taken at the shell deposition temperature, i. as well as at the interface between the shell and the external media (𝑟 = 𝑅 + Δ𝑅):

𝑈 𝑖 | 𝑟=𝑅+𝛥𝑅-0 = 𝑈 𝑖 | 𝑟=𝑅+𝛥𝑅+0 , 𝜎 𝑖𝑗 𝑛 𝑗 | 𝑟=𝑅+𝛥𝑅-0 = 𝜎 𝑖𝑘 𝑛 𝑘 | 𝑟=𝑅+𝛥𝑅+0 . (A.6f)
All forces are absent at the surface of the computational region:

𝜎 𝑘𝑙 𝑛 𝑙 | 𝑥=± 𝐿 2 = 0, 𝜎 𝑘𝑙 𝑛 𝑙 | 𝑦=± 𝐿 2 = 0, 𝜎 𝑘𝑙 𝑛 𝑙 | 𝑧=± 𝐿 2 = 0 (A.6g)
Here we consider a tunable shell of paraelectric strontium titanate (SrTiO3), which has an isotropic and strongly temperature-dependent dielectric permittivity, 𝜀 𝑖𝑗 𝑆 = 𝛿 𝑖𝑗 𝜀 𝑠 , with the following expression

𝜀 𝑠 (𝑇) = 1 𝜀 0 𝛼 𝑇 𝑇 𝑞 (𝐸) (coth ( 𝑇 𝑞 (𝐸) 𝑇 ) -coth ( 𝑇 𝑞 (𝐸) 𝑇 0 (𝐸) )) -1 , (A.7)
where the Curie-Weiss parameter T = 0.7510 6 m/(F K) and characteristic temperatures 𝑇 0 (𝐸) = 30 K and 𝑇 𝑞 (𝐸) = 54 K [12]. It should be noted that 𝜀 𝑠 (𝑇) ≈ 3000 at T = 50 K and 𝜀 𝑠 (𝑇) ≈ 300 at T = 298 K allow the spontaneous polarization of the ferroelectric core to be effectively screened by the tunable shell at room and lower temperatures. Other parameters are listed in Table AI.

Table AI.

LGD coefficients and other material parameters of a BaTiO3 core covered with a SrTiO3 shell s11=8.3, s12= -2.7, s44=9.24 gij (10 -10 C -2 m 3 J) g11=1.0, g12= 0.3, g44= 0.2 Fij (10 -11 C -1 m 3 ) fij (V) F11 = 2, F12 = 1.8, F44 = 6 (these values are used as estimates, exact values are unknown) f11 = 6.6, f12 = 6.4, f44 = 6.5 vijklm 0 (since its characteristic values are unknown for BaTiO3 and other perovskites) ai (s) 0 (that corresponds to the so-called natural boundary conditions) 𝛽 𝑇 (𝑐) (10 -6 K -1 ) 9.8 (thermal expansion coefficient) 𝑎 𝑐𝑢𝑏𝑖𝑐 (𝑐) 4.035 Å lattice constant at 1000 C R (nm) 10 (vary from 2 to 20 nm) Electric parameters of the SrTiO3 tunable shell 4 (vary from 4 to 10 nm) Rd (nm) >100 nm (shell is a paraelectric material)

Coefficient

𝜀 𝑠 (𝑇) (𝜀 0 𝛼 𝑇 𝑇 𝑞 (𝐸) ) -1 (coth(𝑇 𝑞 (𝐸) 𝑇 ⁄ ) -coth(𝑇 𝑞 (𝐸) 𝑇 0 (𝐸) ⁄ )) -1 T (10 6 m/(F K)) 0.75 𝑇 0,𝑞 (𝐸) (K) 𝑇 0 (𝐸) = 30 K, 𝑇 𝑞 (𝐸) =

A2. The impact of oxygen vacancies

The gain 𝛿𝐺 of the electrochemical part of the free energy has the form: where the superscript 𝑚 = 𝑠 represents the shell and 𝑚 = 𝑐 represents the core.

𝛿𝐺 = -𝑄 𝑖𝑗𝑘𝑙 (𝑚
The continuity equation for the vacancy concentration 𝑁 𝑉 + is:

𝑑 𝑑𝑡 𝑁 𝑉 + + 𝑑𝑖𝑣𝑱 = 0, 0 < 𝑟 ≤ 𝑅 + 𝛥𝑅. (A.9a)
The current 𝑱 is proportional to the gradients of the electrochemical potential levels 𝜉 according to

𝑱 = -𝜂𝑁 𝑉 + 𝑔𝑟𝑎𝑑(𝜉), (A.9b)
where 𝜂 is the mobility coefficient which is a constant. The electrochemical potential level 𝜉 is defined as

𝜉 = 𝜕𝐺 𝜕𝑁 𝑉 + = 𝜉 0 + 𝑘 𝐵 𝑇 ln ( 𝑁 𝑉 + 𝑁 𝑉 -𝑁 𝑉 + ) -𝑊 𝑖𝑗 𝑉 𝜎 𝑖𝑗 -𝑍 𝑉 𝑒𝑓𝑓 𝜑, (A.9c)
where 𝜉 0 is the equilibrium value (e.g. the Fermi level defined at 𝜑 = 0).

In the static case 𝑱 = 0 and 𝜉 = 𝜉 0 , and the substitution of the latter condition in Eq.(A.9c) yields: Let us return to the case when the estimate (A.11a) is valid and correctly reflects the system tendency to reach elastic equilibrium. For the case of an m3m symmetry cubic material and diagonal Vegard strain, the nontrivial renormalization components are: A1), and is absent for a negative 𝑊 (see blue curves in Fig. A1). The asymmetry with respect to the sign of 𝑊 is explained by a positive sign of thermal strains, 𝛽 𝑇 (𝑚) Δ𝑇𝛿 𝑖𝑗 , in both core and shell materials. For negative values of 𝛽 𝑇 (𝑚) Δ𝑇𝛿 𝑖𝑗 , which is a very rare case, an increase in both the elastic stress compensation and effective compliances is possible for negative 𝑊 only. A1.

𝑘 𝐵 𝑇
𝑠 11 (𝑅) =

A3. The impact of flexoelectricity and gradient effects

The polarization gradient energy and flexoelectric coupling energy are For a cubic symmetry of the parent phase, the trend 𝑔′ 11 > 𝑔 11 and 𝑔′ 44 < 𝑔 44 is responsible for an increase of intrinsic width of the charged domain walls/structures/configurations, and a decrease of the width of uncharged domain walls. The formation of uncharged domain configurations, which are the most common and are significantly more preferable from an energetic viewpoint [13,14], is affected by the flexoelectricity. In particular, the flexoelectricity induces the domain wall curvature and meandering in multiaxial ferroelectrics, and facilitates labyrinthine domain configurations in uniaxial ferroelectrics at 𝑔′ 𝑖𝑗𝑘𝑙 < 𝑔 𝑖𝑗𝑘𝑙 𝑐𝑟 (see e.g. Refs. [15,16,17]). In addition to influencing the wall shape, the flexoelectricity (due to the condition 𝑔′ 44 < 𝑔 44 ) increases (but not very strongly) the transition temperature from the ferroelectric to paraelectric phase (see e.g. [15,18]). Another role of the flexoelectricity comes from the inhomogeneous boundary conditions in strained nanoparticles [see Eq.(A.5) and e.g. Ref. [18] for details].

𝑔
The inhomogeneity, which is proportional to the flexoelectric coupling strength, can lead to the appearance of built-in inhomogeneous flexoelectric fields with specific geometries. Soft shell case. Without taking into account the influence of the flexoelectric effect, the domain structure of the ferroelectric core in a soft shell can be imagined as follows. Near each of the core poles, two 180º domains separated by a flat wall are observed (see Fig. A2). Inside the core the domain polarization is P2; and the analogs of the flux-closure domains with polarization P1 appear when the bound polarization charges approach the core surface near the poles. In addition, the width of the closure domain increases with distance from the pole such that the distributions of P1 and P2 turn out to be almost equivalent near the equatorial plane, where the structure resembles a vortex without clear boundaries between the regions with different polarization directions. At the same time, the polarization in the surface layers unfolds parallel to the surface (in fact, the component P3 is along the z axis, on which both poles of the domain structure lie). In other words, near the center of the core there is a vortex-like structure, where the polarization rotates in one plane about a fixed axis. Near the poles, which are defined as the points of exit of the vortex axis to the surface, the rotation of the polarization degenerates into a pair of 180º domains of the tetragonal phase. In addition, the domains near the two poles are completely different.

A.3. FEM results: energy contributions and supplementary figures

Several polarization components coexist near the equator, and these "pseudo-domains" correspond to a certain pseudo-phase with symmetry below tetragonal. 

(g) (h) (i) (j) (k) (l) (m) (n) (o)
from the equatorial plane. Core radius 𝑅 = 10 nm, shell thickness ∆𝑅 = 4 nm, and T = 298 K. The biggest crosssection corresponds to the equatorial plane, and the smallest cross-section is near the pole.

Rigid shell case. Without taking into account the flexoelectric effect, the domain structure of the ferroelectric core covered by a rigid shell consists of six blurred domains. The boundaries between the domains become relatively sharp only near the particle "poles", which are defined as the points at the core surface where the polarization vector modulus drops to zero. The picture is shown in Moving away from each of the poles, the domain walls broaden and blur, such that these regions evolve into domains with a different orientation. Near the equatorial plane, all six domains are equivalent, so that the configuration of the polarization vector becomes vortex-like; but the symmetry of the walls is more complicated than that of 120º domains, since the polarization component along the polar axis of the core is quite large.

For zero flexoelectric coupling the internal electric field, which is in fact a depolarization field, is very small. This field is small due the polarization rotation inside the vortex (see Fig. A4a-c). Actually, P rotates in such way that 𝑑𝑖𝑣𝑷  0 in the core covered by a soft shell. The bound charges, whose density b is equal to -𝑑𝑖𝑣𝑷, are almost absent (see Fig. A5a-c). The condition divE  0 follows from the zero divergence of electric displacement and polarization, and tiny deviations from divD = 0 are caused by computational error.

The joint action of flexoelectric coupling and mismatch strain cause the appearance of a relatively strong electric field, which is well-localized at the core surface (see Fig. A4d). Consequently, the bound charges with density  𝑏 = -𝑑𝑖𝑣𝑷 can be considered as surface charges (see Fig. A5d). 

(g) (h) (i) (k) (l) C/m 2 P [0001] (p) (q) (r) (s) (t) (u) (v) (w) 
(e, f, g, h,), 0 nm (i, j, k, l), 6 nm (p, q, r, s), and 9 nm (t, u, v, w), which is the distance from equatorial plane. Core radius 𝑅 = 10 nm, shell thickness ∆𝑅 = 4 nm, and T = 298 K. The biggest cross-section corresponds to the equatorial plane, and the smallest cross-section is near the pole. 

C/cm 3 C/cm 3 divP, u m =2.2%, F ij ≠0 divP, u m =2.2%, F ij =0 divP, u m =0, F ij =0 divP, u m =0, F ij ≠0 A.4

. Domain structure morphology

The analysis of the simulated polarization structures involves the search for topological defects, i.e., Bloch points and Ising lines. These defects are characterized by regions in which the magnitude of P is zero. To identify them in the polarization configurations calculated with FEM, we use three isosurfaces, 𝑃 1 = 0, 𝑃 2 = 0, and 𝑃 3 = 0, and search for their intersection points [19]. These crossings of the isosurfaces indicate the position of Bloch Points, displayed as purple spheres in Fig. 10. Ising lines are formed when the isosurfaces intersect on a line or a line segment, rather than at a single point. In numerical simulations, Ising lines are more difficult to identify than Bloch points. Because of the discretized representation of the polarization vector field, defects of this type do not appear as one-dimensional continuous objects, but as a set of aligned Bloch Points whose density depends on the numerical accuracy and on the size of the discretization cells.

In spite of the method's inability to identify their one-dimensional nature, Ising lines are usually easy to recognize, as can be seen, e.g., in Fig. 10b,10d. More complicated situations may occur in cases when the isosurfaces meet at very small angles, such that two (or even three) of them are almost parallel to each other (see, e.g., Fig. A6b). This results in regions in which each of the components 𝑃 1 , 𝑃 2 , and 𝑃 3 is nearly zero, and it may be practically impossible to discern such regions from "real" Bloch points or Ising lines, where all of the components are "exactly" zero. The quotation marks are used here to emphasize the underlying problem, which consists in the physically ill-defined task of establishing a clear-cut distinction between these two cases.

Different domain wall and BPS morphologies in a ferroelectric core covered with a soft or rigid shell in various elastic conditions are shown in Figs. A6. A twisted morphology of the polarization isosurfaces without BPS (at zero external electric field) is found in the case of the stress-free core covered with an elastically isotropic soft shell (see Fig. A6a and compare it with Fig. 5 in Ref. [20], where two diametrically opposite Bloch points appear at a small distance from the core surface at a nonzero external electric field).

Anisotropic electrostriction coupling strongly changes the morphology of polarization isosurfaces in the core (see Fig. A6b), and flexoelectric coupling induces an additional curvature and twist of the isosurfaces (see Fig. A6c). The shell rigidity very strongly flattens the twisted morphology of polarization isosurfaces (compare Fig. A6d with Fig. A6a-c), while the inclusion of flexoelectric coupling leads to a slight reappearance of the twist (compare Fig. A6e-f with Fig. A6c). However, the twist and the mutual shift of the isosurfaces induced by the flexoelectric coupling in a core covered with a rigid shell prevents the Ising line formation. The line defect transforms into a single Bloch point located in the core center (see Fig. A6e-f). 

APPENDIX B. Supplementary figures for analysis of the phase diagrams

The minimal value of the total free energy as the function of temperature for the nanoparticles with different core radii are shown in Figs. B1-B3. Figure B1 displays a comparison of the energies for nanoparticles covered by soft and rigid shells with and without a flexoelectric effect, and without a mismatch strain between the core and shell. Figure B2 shows a comparison of the energies for nanoparticles covered by a rigid shell with compressive mismatch strain and without a flexoelectric effect. where 𝐸 𝑒𝑥𝑡 is an external field applied to the core-shell nanoparticle via effective media, 𝜌 is the mass density, 𝐶 𝑃 is the heat capacity of the nanoparticle core or shell, and 𝑃(𝑟 ⃗) is a scalar polarization magnitude, which depend on the point 𝑟 ⃗. Following Ref. [21] ** ρ = 6.02 × 10 3 𝑘𝑔 𝑚 3 ⁄ , 𝐶 𝑝 = 4.6 × 10 2 𝐽 (𝑘𝑔𝐾) ⁄ at room temperature.

In accordance with our estimates, listed below, the factor 𝜂 is given by the expression: where the subscripts "f", "s", and "e" denote the physical quantities related to the ferroelectric core, shell, 𝜀 0 (2𝑅 3 (𝜀 𝑒 -𝜀 𝑠 )(𝜀 𝑠 -𝜀 𝑏 )+(𝑅+𝛥𝑅) 3 (2𝜀 𝑒 +𝜀 𝑠 )(𝜀 𝑏 +2𝜀 𝑠 )) , (C.9a) The electric field is non-uniform in the shell and external media and is equal to:

and
𝐸 𝑠 =
𝑬 ⃗⃗⃗ 𝑠 = -3(𝑅+𝛥𝑅) 3 𝜀 0 𝜀 𝑒 (2𝜀 𝑠 +𝜀 𝑏 )𝐸 𝑒𝑥𝑡 𝒆 ⃗⃗ 𝑧 -2𝑅 3 (𝜀 𝑠 -𝜀 𝑒 )𝑃 𝑓 𝒆 ⃗⃗ 𝑧 𝜀 0 (2𝑅 3 (𝜀 𝑒 -𝜀 𝑠 )(𝜀 𝑠 -𝜀 𝑏 )+(𝑅+𝛥𝑅) 3 (2𝜀 𝑒 +𝜀 𝑠 )(𝜀 𝑏 +2𝜀 𝑠 )) - .

Figure 1 .

 1 Figure 1. (a) A spherical ferroelectric nanoparticle (core) of radius R with background relative dielectric permittivity b, covered with a paraelectric shell of thickness R with relative dielectric permittivity S, placed in an isotropic dielectric effective medium with relative dielectric permittivity e. Examples of self-adaptive fine (b) and hyper-fine (c) meshes with different element sizes, a color scale shows the element size in nanometers and angstroms, respectively.

  In the vast majority of cases, the relaxation of an entirely random distribution of polarization and the relaxation of the 180º domain structure of a certain orientation leads to the same equilibrium domain structure in the core. When this is not the case, we chose the domain structure corresponding to the lowest energy for further analysis. It turns out that in contrast to the stoichiometric BaTiO3 single crystal in the tetragonal phase, the axis of the vortex-like structure in the nanoparticles is different from the crystallographic axes [100], [010], and [001] (but often close to [110], [101], or[011]

Figure 2 . 3 .

 23 Figure 2. Ferroelectric BaTiO3 core covered with a soft tunable shell. Flexoelectric coupling is absent in the core and the shell. Electrostriction anisotropy is small or absent in the core. (a, b) Distribution of the polarization magnitude 𝑃 𝑟 at the core surface (𝑟 = 𝑅). (с, d) Distribution of the polarization magnitude 𝑃 𝑟 and the 𝑃 3 component in the cross-section {001} perpendicular to the vortex axis pointed along [001]. Black arrows indicate the projection of the polarization vector onto the corresponding surface (a, b, c, and d). (e) Electrostatic potential 𝜑 distribution at the core surface 𝑟 = 𝑅. Black arrows indicate the electric field vector at the surface.(f) Radial stress in the cross-section {001} of the core. Core radius 𝑅 = 10 nm, shell thickness ∆𝑅 = 4 nm, and temperature 𝑇 = 298 K. The tunable shell with high dielectric permittivity 𝜀 𝑆 = 300 is regarded as being elastically soft, i.e. its elastic stiffness is negligibly small in comparison with the core values. For other parameters see Table AI in Appendix A.

  the domains are rotated at 90º with respect to one another (see two blue segments in Figs. 3a). The surface-closures of these domains contain two diametrically opposite and perpendicular straight segments with a small polarization magnitude near the core surface (see Figs. 3a). The guide vectors of the segments are [001] and [-110], which are connected by a central line where |𝑷| ≈ 0 (see Figs. 3b). Stepkova et al. coined the term "Ising line" to describe line defects of this type [41]. Taking into account the importance of different BPS and line singularities for fundamental science and advanced memory applications, we will study the morphology of revealed BPS in more detail in Section VI. "Pseudo-domains", in which several polarization components coexist, appear near the core equatorial plane; their fingerprints are visible on the surface map of the electric potential (see Figs. 3e), where the electric field, 𝐸 ⃑ = -∇ ⃑ ⃑ 𝜑, is shown by black arrows. These domains can be considered as phases with symmetries less than tetragonal. This conclusion is corroborated by the fact that strong elastic stresses arise in the considered vortex structure (see Figs. 3f). They are localized both in the near-surface core layer due to the influence of electrostriction anisotropy, and at the walls of pseudo-domains due to a sharp change in the polarization magnitude and direction. The sharp distribution of stresses in different layers of the nanoparticle core determines the different phase composition of the pseudo-domains, because the anisotropic compression or tension can induce the appearance of low-symmetric phases in ferroelectrics.

Figure 3 .

 3 Figure 3. Ferroelectric BaTiO3 core covered with a soft tunable shell. Flexoelectric coupling is absent in the core and the shell. Electrostriction in the core is anisotropic and high. Distribution of the polarization magnitude 𝑃 𝑟 at (a) the core surface (𝑟 = 𝑅), and (b) on two perpendicular cross-sections. (c, d) Distribution of the polarization magnitude 𝑃 𝑟 and the component 𝑃 𝑡 on the cross-section

Figure 4 .

 4 Figure 4. Ferroelectric BaTiO3 core covered with a soft tunable shell. Flexoelectric and electrostriction couplings are anisotropic and high in the core. Distribution of the polarization magnitude 𝑃 𝑟 at (a) the core surface (𝑟 = 𝑅), and (b) on two perpendicular crosssections. (c, d) Distribution of the polarization magnitude 𝑃 𝑟 and its components 𝑃 𝑡 in the cross-section {110}, which is almost

Figure 5 .Figure 6 .

 56 Figure 5. Ferroelectric BaTiO3 core covered with a rigid SrTiO3 shell. Flexoelectric coupling is absent. Electrostriction is anisotropic and high in the core and the shell. A misfit strain between the shell and core is absent. (a, b) Distribution of the polarization magnitude 𝑃 𝑟 at the core surface (𝑟 = 𝑅). (c, d) Distribution of the polarization amplitude 𝑃 𝑟 and the component 𝑃 𝜔 on the cross-section {111} perpendicular to the vortex axis pointed along [111]. Black arrows indicate the projection of the polarization vector

Figure 7 .

 7 Figure 7. Ferroelectric BaTiO3 core covered with a rigid SrTiO3 shell. Flexoelectric and electrostriction coupling are anisotropic and high in the core and the shell. A misfit strain between the shell and core (~2.2%) is taken into account. (a, b) Distribution of the polarization magnitude 𝑃 𝑟 at the core surface (𝑟 = 𝑅). (c, d) Distribution of the polarization amplitude 𝑃 𝑟 and the component 𝑃 𝜔 on the cross-section {111} perpendicular to the vortex axis pointed along [111]. Black arrows indicate the projection of the polarization

2 -*

 2 ≤ 6, 𝑢 𝑚 = 0.5% (blue curve) 𝐺 𝐹𝐸 = 𝐺 𝑃𝐸 ~𝑢𝑚 𝐹 𝑖𝑗 is a flexoelectric tensor in Voigt notations.

Figure 8 .

 8 Figure 8. Phase diagrams of core-shell nanoparticles in coordinates of temperature T and core radius R, calculated by FEM for a BaTiO3 core covered with a soft (a) or rigid (b) SrTiO3 tunable shell of thickness ∆𝑅 = 4 nm. It is assumed that there is no mismatch strain between the shell and core, 𝑢 𝑚 = 0. The boundaries between the ferroelectric (FE) and paraelectric (PE) phases are shown by solid curves with symbols. The symbols are calculated by FEM and the curves are calculated using Eq.(1). Black and blue curves are the FE-PE transition temperatures 𝑇 𝑝𝑡 (𝑅) defined from the condition of zero free energy 𝐺 = 0; red and green curves are 𝑇 𝑝𝑡 (𝑅) defined from the condition 𝐺 = 𝑘 𝐵 𝑇. Flexoelectric coupling is zero for black and red curves (𝐹 𝑖𝑗 = 0), and nonzero for blue and green curves (𝐹 𝑖𝑗 ≠ 0). Insets show the dependence of 𝑇 𝑝𝑡 (𝑅) on 1 𝑅 ⁄ . Material parameters of the BaTiO3 core and the SrTiO3 shell are listed in Table AI in Appendix A. Nonzero 𝐹 𝑖𝑗 values, listed in Table AI, are the following F11 = 2 10 -11 m 3 /C, F12 = 1.8 10 -11 m 3 /C, and F44 = 6 10 -11 m 3 /C.
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Figure 9 .

 9 Figure 9. (a) Phase diagrams of core-shell nanoparticles in coordinates of temperature T and core radius R, calculated by FEM for a BaTiO3 core covered with a rigid SrTiO3 shell with different values of mismatch strain (𝑢 𝑚 ) between the core and shell: 𝑢 𝑚 = -0.5% (blue diamonds), 0 (black triangles), +0.5% (red circles), and +2.2% (dots). Corresponding FE-PE transition temperatures 𝑇 𝑝𝑡 (𝑅) are determined from the condition of the equality of FE and PE free energies. The inset shows the dependence of 𝑇 𝑝𝑡 (𝑅) on 1 𝑅 ⁄ . Solid curves are interpolations given by Eq. (1). Shell thickness ∆𝑅 = 4 nm, material parameters of BaTiO3 core and SrTiO3 shell are listed in Table AI in Appendix A. The dependence of the fitting parameter 𝑅 𝑒 and 𝑅 𝑠 (b), 𝑅 𝑔 and 𝑅 𝑚 (c) on the mismatch strain.

  electrostriction and flexoelectric coupling, and mismatch strain on the BPS morphology in core-shell ferroelectric nanoparticles. FEM analysis is applied to search the intersection regions of the polarization components' isosurfaces, 𝑃 1 = 0, 𝑃 2 = 0, and 𝑃 3 = 0 (see Figure A6 in Appendix A). The triple intersection corresponds to the condition |𝑷| = 𝑃 𝑟 = 0, and thus indicates the position of a Bloch point. Different BPS morphologies in a ferroelectric core covered with a soft or rigid shell in various elastic conditions are shown in Figs. 10. BPS are absent in the case of the stress-free core covered with an elastically isotropic soft shell with zero external electric field (compare Fig.

Fig. 10b and

 10b Fig. 10b and Fig. 10d, are calculated without flexoelectric coupling (𝐹 𝑖𝑗 = 0) in the core and includes anisotropic electrostriction (𝑄 11 ≠ 𝑄 12 ).

Figure 10 .

 10 Figure 10. Bloch Point morphologies in a ferroelectric core covered with a soft (panels (a-c)) or a rigid (panels (d-f)) shell. The electrostriction anisotropy is small (𝑄 11 𝑐,𝑠 ≈ 𝑄 12 𝑐,𝑠 ) for panel (a) and high (𝑄 11 𝑐,𝑠 ≠ 𝑄 12 𝑐,𝑠 ) for panels (b-f). The flexoelectric effect is absent (𝐹 𝑖𝑗 = 0) for panels (a, b, d) and present (𝐹 𝑖𝑗 ≠ 0) for panels (c, e, f). A mismatch strain is absent (𝐹 𝑖𝑗 = 0) for panels (a, b, d) and present (𝐹 𝑖𝑗 ≠ 0) for panels (c, e, f). The purple spheres show the position of Bloch points (|𝑷| = 0), determined by the intersection points of the three isosurfaces 𝑃 1 = 0, 𝑃 2 = 0, and 𝑃 3 = 0. The structure (a) does not contain Bloch points. Bloch points in panels (b) and (d) display a one-dimensional topological line defect with |𝑷| = 0 known as "Ising line". Two Bloch points in panels (c) are located at opposite sides of the domain wall. Although they are very close to the surface; these Bloch points are not located at diametrically opposite positions. The structures in panels (e, f) contain a single Bloch point located in the core center. Core radius 𝑅 = 10 nm, shell thickness ∆𝑅 = 4 nm, and 𝑇 = 298 K. For other parameters seeTable AI in Appendix A.

(a) 𝑄 11 =

 11 𝑄 12 , 𝐹 𝑖𝑗 = 0 (b) 𝑄 11 ≠ 𝑄 12 , 𝐹 𝑖𝑗 = 𝑄 11 ≠ 𝑄 12 , 𝐹 𝑖𝑗 ≠ 0 (d) 𝐹 𝑖𝑗 = 0, 𝑢 𝑚 = 0(e) 𝐹 𝑖𝑗 ≠ 0, 𝑢 𝑚 = 0 (f) 𝐹 𝑖𝑗 ≠ 0, 𝑢 𝑚 = 0.5%Several authors[60, 61, 62, 63, 64, 65] have studied numerically the electrocaloric effect (ECE) in ferroelectric nanoparticles using a phase field method combined with the LGD approach. In particular, using the "tetragonal corecubic shell" model of the nanoparticle, Chen et al. [60] calculated the size dependence of the ECE in spherical single-domain BaTiO3 nanoparticles and showed that a decrease of the nanoparticle size leads to a decrease of the adiabatic electrocaloric temperature ΔTEC. Chen et al. [60] also showed that a decrease of the nanoparticle size causes a blurring of ΔTEC maxima and their mixing in the low-temperature region. These effects are associated with the increasing role of the nanoparticle shell with the particle size decrease. Li et al. [61] described the ECE in Bi4Ti3O12 nanoparticles with a vortex-like domain structure and revealed a giant ΔTEC (-16.6 K at 600°C) associated with a large change in the toroidal moment under the action of a curled electric field. Zeng et al. [62] studied the ECE in ferroelectric PbTiO3 nanoparticles and related the giant positive or negative ΔTEC to the change in the configuration of the vortex-like domain structure from clockwise to counter-clockwise, under the action of a curled electric field. Chen et al. [63] calculated the ECE during the transformation of the domain structure of PbTiO3 nanoparticles from single-domain to vortex-like states, and backward, under the action of a curled electric field. Wang et al. [64] revealed the relationship between the changes in the vortex-like domain structure, and the negative or positive ΔTEC under the action of an inhomogeneous electric field for ferroelectric PbTiO3 nanoparticles. Ye et al. [65] showed the existence of a giant ECE in PbTiO3 nanoparticles with a double vortex-like domain structure. They also studied the mismatch strain effect on the ECE, and demonstrated an increase of the ΔTEC under compression and a decrease under tension of the nanoparticle.

Figure 11 .

 11 Figure 11. Dependence of the polarization magnitude 𝑃 𝑟 (a) and the EC temperature change Δ𝑇 𝐸𝐶 (b) on a quasi-static external electric field. The curves are calculated from Eqs.(1)-(2) for a BaTiO3 core with radius 𝑅 =10 nm covered with a rigid SrTiO3 shell for different values of mismatch strain between the core and shell: 𝑢 𝑚 = -0.5% (green curves), 0 (blue curves), and +0.5% (red curves). The coercive field 𝐸 𝑐 (c) and minimal negative values of Δ𝑇 𝐸𝐶 (d) as a function of the core radius R. Shell thickness ∆𝑅 = 4 nm, and T = 293 K, BaTiO3 density  = 6.0210 3 kg/m 3 , and specific heat Cp = 4.610 2 J/(kgK) at room temperature. For other parameters see

Field

  strain: ⎯ u m = -0.5%, ⎯ u m = 0%, ⎯ u m = + 0.5% Core radius R (nm) Coercive field Ec (V/nm)

  dependent Khalatnikov coefficient  [ 10 ] determines the relaxation time of the polarization 𝜏 𝐾 = 𝛤 |𝛼| ⁄ , where 𝛼(𝑇) = 𝛼 𝑇 [𝑇 -𝑇 𝐶 ]. Consequently, 𝜏 𝐾 typically varies in the range (10 - 9 -10 -6 ) seconds for temperatures far from TC. As argued by Hlinka et al. [11], we assumed that 𝑔 44 ′ = -𝑔 12 in Eqs.(A.4).

  conditions for the elastic sub-problem are listed below. The elastic displacement components 𝑈 𝑖 and normal stresses 𝜎 𝑖𝑗 are continuous functions at the core-shell interface (𝑟 = 𝑅): 𝑈 𝑖 | 𝑟=𝑅-0 = 𝑈 𝑖 | 𝑟=𝑅+0 , 𝜎 𝑖𝑗 𝑛 𝑗 | 𝑟=𝑅-0 = 𝜎 𝑖𝑘 𝑛 𝑘 | 𝑟=𝑅+0 , (A.6e)

Numerical value b, e b = 7 (

 7 core background) e = 10 (surrounding) ai (C -2 •mJ) a1 = 3.34(T-381)10 5 , T = 3.3410 5 (a1 = -2.9410 7 at 298K) aij (C -4 •m 5 J) a11 = 4.69(T-393)10 6 -2.0210 8 , a12 = 3.23010 8 , (at 298K a11 = -6.7110 8 , a12 = 3.2310 8 ) aijk (C -6 •m 9 J) a111 = -5.52(T-393)10 7 +2.7610 9 , a112 = 4.4710 9 , a123 = 4.9110 9 (at 298K a111 = 82.810 8 , a112 = 44.710 8 , a123 = 49.110 8 ) Qij (C -2 •m 4 ) Q11=0.11, Q12= -0.043, Q44=0.059 sij (10 -12 Pa -1 )

54 K

 54 Elastic parameters of the "soft" shell (bulk compound) 𝑄 𝑖𝑗 (𝑠) (C -2 •m 4 ) 𝑄 11 (𝑠) = 0.051, 𝑄 12 (𝑠) = -0.016, Å lattice constant at 1000 C Elastic parameters of the "rigid" SrTiO3shell (bulk crystalline) 𝑄 𝑖𝑗 (𝑠) (C -2 •m 4 ) 𝑄 11 (𝑠) = 0.051, 𝑄 12 (𝑠) = -0.016, 𝑄 44 (𝑠) = 0.020 𝑠 𝑖𝑗 (𝑠) (10 -12 Pa -1 ) 𝑠 11 (𝑠) = 3.52, 𝑠 12 (𝑠) = -0.85, 𝑠 44(𝑠) 

Figure A1 .

 A1 Figure A1. The radial stress 〈𝜎 𝑟𝑟 (𝑅) 〉 (a, c) and effective elastic compliances 〈𝑠 𝑒𝑓𝑓 (𝑅) 〉 (b, d) calculated numerically as a function of the vacancy concentration (in %) from Eqs.(A.10b) for SrTiO3 (a, b) and BaTiO3 (c, d). A mismatch strain is absent. Other parameters are listed in TableA1.

Figure A2 .

 A2 Figure A2. The case of a soft shell is considered. Flexoelectric coefficients are zero. Distribution of polarization components P1 (a, d, g, j, m), P2 (b, e, h, k, n), and P3 (c, f, i, l, o) in the cross-sections XY for different values of z coordinate: z = 0 nm (a,b,c), 3 nm (d, e, f), 6 nm (g, h, i), 8 nm (j, k, l), and 9 nm (m, n, o), which is the distance

  Fig. A3, where we use the rotated coordinate frame with the following coordinates, 𝜉 = (𝑥 -𝑦) √2 ⁄ , 𝜓 = (𝑥 + 𝑦 -2𝑧) √6 ⁄ , and 𝜔 = (𝑥 + 𝑦 + 𝑧) √3 ⁄ . The axis 𝜔 is pointed along the six-feature vortex-like configuration. Three 120º domains separated by flat walls are observed near the poles. However, the domains and their walls are different for different poles; in fact, one group of domains is rotated by 60º relative to the other.

Figure A3 .

 A3 Figure A3. The case of a rigid shell is considered. Flexoelectric coefficients are zero. The distribution of polarization projection on the directions [2 ̅ 110] (a, e, i, p, t), [12 ̅ 10] (b, f, j, q, u), [112 ̅ 0] (c, g, k, r, v), and [0001] (d, h, l, s, w) in the cross-section planes {111} for different values of ω coordinate: 𝜔 = -9 nm (a, b, c, d), -6 nm

Figure A5 .

 A5 Figure A5. Ferroelectric core covered with a soft tunable shell without any mismatch strain (a, b) and rigid SrTiO3 shell with mismatch strain 2.2% (c,d). The distribution of the absolute value of the internal electric field in the cross-sections {110} (a,b) and {111} (c,d) perpendicular to the vortex axis pointed along [110] (a,b) and [111] (a,b), respectively. Note the difference in scale in panel (d), showing that the field arising at the surfaces is significantly larger than in the other cases. Black/white arrows indicate the projection of the polarization vector onto the corresponding surface (a, b, c, d). Flexoelectric coefficients are either set to zero (a, b) or taken from Table

Figure A5 .

 A5 Figure A5. Ferroelectric core covered with a soft tunable shell without any mismatch strain (a, b) and a rigid SrTiO3 shell with mismatch strain 2.2%. The distribution of the divergence of the electric polarization in the cross-sections {110} (a,b) and {111} (c,d), which are perpendicular to the vortex axis pointed along [110] (a,b) and [111] (a,b), respectively. Note the difference in scale in panel (d), showing that the density of bound charges at the surface is significantly larger than in the other cases. Black arrows indicate the projection of the polarization vector onto the corresponding surface (a, b, c, d). Flexoelectric coefficients are either set to zero (a, c) or taken from Table AI (c, d). Core radius 𝑅 = 10 nm, shell thickness ∆𝑅 = 4 nm, T = 298 K. The dielectric and elastic properties of the SrTiO3 shell and all other parameters are listed in Table AI.

Figure A6 .

 A6 Figure A6. Domain walls and BPs morphologies in a ferroelectric core covered with a soft (|𝑠 𝑖𝑗 𝑠 | > 10 -8 Pa -1 in panels (a-c)) or rigid (|𝑠 𝑖𝑗 𝑠 | 10 -11 Pa -1 in panels (d-f)) shell. Electrostriction anisotropy is small (𝑄 11 𝑐,𝑠 ≈ 𝑄 12 𝑐,𝑠 ) for panel (a) and high (𝑄 11 𝑐,𝑠 ≠ 𝑄 12 𝑐,𝑠 ) for panels (b-f). Flexoelectric effect is absent (𝐹 𝑖𝑗 = 0) for panels (a, b, d) and present (𝐹 𝑖𝑗 ≠ 0) for panels (c, e, f). Mismatch strain is absent (𝐹 𝑖𝑗 = 0) for panels (a, b, d) and present (𝐹 𝑖𝑗 ≠ 0) for panels (c, e, f). The blue, green, and red isosurfaces denote the regions where the 𝑃 1 , 𝑃 2 , and 𝑃 3 are zero, respectively. The intersection points of these isosurfaces (denoted with a white cross) show the position of Bloch points (|𝑷| = 0). Core radius 𝑅 = 10 nm, shell thickness ∆𝑅 = 4 nm, and 𝑇 = 298 K. For other parameters see

(a) 𝑄 11 =

 11 Figure B3 compares the energies for nanoparticles covered by a rigid shell with tensile mismatch strain and without a flexoelectric effect.

Figure B1 .Figure B2 .Figure B3 .

 B1B2B3 Figure B1. Minimal value of the total free energy as the function of temperature for the nanoparticles with different core radii R = 1, 1.2, 1.6, 2, 2.4, 3.2, 4, 5, 6, 7, 8, 9, and 10 nm (solid curves from the left to right, colored from brown to red), black dashed line shows the thermal energy level G = k B T. Flexoelectric coupling is zero for panels (a) and (c). The mismatch strain between the shell and core is not taken into account, um = 0. The dielectric and elastic properties of the SrTiO3 shell and all other parameters are listed in Table AI.

𝜂 = 9 (

 9 𝑅+𝛥𝑅)3 𝜀 𝑒 𝜀 𝑠 2𝑅3 (𝜀 𝑒 -𝜀 𝑠 )(𝜀 𝑠 -𝜀 𝑏 )+(𝑅+𝛥𝑅)3 (2𝜀 𝑒 +𝜀 𝑠 )(𝜀 𝑏 +2𝜀 𝑠 ). (C.3b)To estimate the factor 𝜂 , let us consider a core-shell ferroelectric nanoparticle with a homogeneously polarized core of radius R. The nanoparticle is assumed to have a ferroelectric polarization averaged over the core volume, 𝑷 ⃗⃗⃗ 𝑓 . The averaged polarization points along the z-axis, which coincides with the direction of a homogeneous external field 𝑬 ⃗⃗⃗ 𝑒𝑥𝑡 . Since the ferroelectric polarization is vortex-like at 𝑬 ⃗⃗⃗ 𝑒𝑥𝑡 → 0 (see Figs. 2-7 in the main text) the average polarization is absent.The core, shell, and external effective medium are dielectrics, and so the electrostatic potential satisfies the Laplace equation in all of the regions:

  external media, respectively (see Fig.1ain the main text). The electric field and displacement vectors are:𝐄 𝑓,𝑠,𝑒 = -𝛁𝜑 𝑓,𝑠,𝑒 , 𝐃 𝑓 = 𝜀 0 𝜀 𝑏 𝐄 𝑓 + 𝐞 𝑧 𝑃 𝑓 , 𝐃 𝑠,𝑒 = 𝜀 0 𝜀 𝑠,𝑒 𝐄 𝑠,𝑒 , (C.5)here 𝒆 𝑧 is the unit vector along the axis z. The term 𝜀 0 𝜀 𝑏 𝐄 𝑓 corresponds to the dielectric "background" reaction to the external field, and the term 𝐞 𝑧 𝑃 𝑓 is the contribution of the core average ferroelectric polarization. The electric potential and radial displacement are continuous functions at all interfaces:(𝜑 𝑓 -𝜑 𝑠 )| 𝑟=𝑅 = 0, 𝐞 𝑟 (𝐃 𝑓 -𝐃 𝑠 )| 𝑟=𝑅 = 0, (C.6a) (𝜑 𝑠 -𝜑 𝑒 )| 𝑟=𝑅+∆𝑅 = 0, 𝐞 𝑟 (𝐃 𝑠 -𝐃 𝑒 )| 𝑟=𝑅+∆𝑅 = 0. (C.6b)Let us switch coordinate systems from Cartesian to spherical coordinates with the origin {0,0,0} in the center of the core, and the polar axis along the z axis. It is natural to assume that the electrostatic field does not depend on the azimuthal coordinate 𝜓, so the general solution is:𝜑 𝑓 = -𝐸 𝑓 𝑟𝑐𝑜𝑠𝜃, 𝜑 𝑠 = -𝐸 𝑠 𝑟𝑐𝑜𝑠𝜃 + 𝐵 𝑠 𝑐𝑜𝑠𝜃 𝑟 2 , 𝜑 𝑒 = 𝐵 𝑒 𝑐𝑜𝑠𝜃 𝑟 2 -𝑟𝑐𝑜𝑠𝜃𝐸 𝑒𝑥𝑡 . (C.7) The potential 𝜑 𝑒 produces a homogeneous electric field 𝐸 𝑒𝑥𝑡 very far away from the particle. The radial components of the electric displacement are 𝐞 𝑟 𝐃 𝑓 = 𝜀 0 𝜀 𝑏 𝐸 𝑓 cos𝜃 + 𝑃 𝑓 cos𝜃 , 𝐞 𝑟 𝐃 𝑠 = 𝜀 0 𝜀 𝑠 cos𝜃 (𝐸 𝑠 + 2𝐵 𝑠 𝑟 3 ), (C.8a) 𝐞 𝑟 𝐃 𝑒 = 𝜀 0 𝜀 𝑒 ( 2 cos𝜃 𝑟 3 𝐵 𝑒 + cos𝜃𝐸 𝑒𝑥𝑡 ). (C.8b) Substitution of the solution (C.7) -(C.8) into the boundary conditions (C.6) gives a system of linear equations for the unknown coefficients 𝐸 𝑓,𝑠 and 𝐵 𝑠,𝑒 . Using their values yields the following expressions: 𝐸 𝑓 = 9(𝑅+𝛥𝑅) 3 𝜀 0 𝜀 𝑒 𝜀 𝑠 𝐸 𝑒𝑥𝑡 -[2𝑅 3 (𝜀 𝑠 -𝜀 𝑒 )+(𝑅+𝛥𝑅) 3 (2𝜀 𝑒 +𝜀 𝑠 )]𝑃 𝑓

𝑅 3 (

 3 𝑅+𝛥𝑅)3 [(2𝜀 𝑒 +𝜀 𝑠 )𝑃 𝑆 +3𝜀 0 (𝜀 𝑏 -𝜀 𝑠 )𝐸 𝑒𝑥𝑡 ]𝛁( 𝑧 𝑟 3 ) 𝜀 0 (2𝑅 3 (𝜀 𝑒 -𝜀 𝑠 )(𝜀 𝑠 -𝜀 𝑏 )+(𝑅+𝛥𝑅)3 (2𝜀 𝑒 +𝜀 𝑠 )(𝜀 𝑏 +2𝜀 𝑠 )) 𝑅+𝛥𝑅)3 𝑃 𝑓 𝜀 𝑠 +(𝑅+𝛥𝑅)3 [𝑅3 (𝜀 𝑏 -𝜀 𝑠 )(2𝜀 𝑠 +𝜀 𝑒 )-(𝜀 𝑒 -𝜀 𝑠 )(2𝜀 𝑠 +𝜀 𝑏 )(𝑅+𝛥𝑅) 3 ]𝜀 0 𝐸 𝑒𝑥𝑡 𝜀 0 (2𝑅 3 (𝜀 𝑒 -𝜀 𝑠 )(𝜀 𝑠 -𝜀 𝑏 )+(𝑅+𝛥𝑅) 3 (2𝜀 𝑒 +𝜀 𝑠 )(𝜀 𝑏 +2𝜀 𝑠 ))-𝒆 ⃗⃗ 𝑧 𝐸 𝑒𝑥𝑡 . (C.10с) )3 𝜀 𝑒 𝜀 𝑠 2𝑅 3 (𝜀 𝑒 -𝜀 𝑠 )(𝜀 𝑠 -𝜀 𝑏 )+(𝑅+𝛥𝑅) 3 (2𝜀 𝑒 +𝜀 𝑠 )(𝜀 𝑏 +2𝜀 𝑠 )

  

Table AI in Appendix A). Typical

  

	distributions of the polarization magnitude 𝑃 𝑟 = √𝑃 1 2 + 𝑃 2 2 + 𝑃 3 2 , its rotated component 𝑃 𝜔 , the electric potential
	𝜑, and the radial stress 𝜎 𝑟 inside the BaTiO3 core covered with a rigid SrTiO3 shell are shown in Figs. 5

  𝛼 𝑇 𝑇 𝑏, where 𝑔 44 is the polarization gradient coefficient and 𝛼 𝑇 is the inverse Curie-Weiss constant (see TableI, Appendix A). The second R-dependent term, 𝑅 𝑒 𝑅+𝑅 𝑚 𝑅 𝑠 𝑅(𝑅+𝑅 𝑠 ) , arises from the joint action of the elastic self-clamping of the core, "external" core clamping (contraction or tension) by the shell via electrostriction, flexoelectric coupling, and mismatch strain at the core-shell surface. The value 𝑅 𝑒 is proportional to 𝑄 11 + 2𝑄 12 ), and 𝜎 𝑒𝑓𝑓 is the effective value of spontaneous stresses including those induced by the domain structure. The parameter 𝑅 𝑚 ~𝑄 𝛼 𝑇 𝑇 𝑏 𝑓(𝑢 𝑚 ) is proportional to the mismatch strain 𝑢 𝑚 , but not in a simple (e.g. linear) manner. The value 𝑅 𝑆 is proportional, but not equal, to the shell thickness ∆𝑅. Note that the

				𝑄𝜎 𝑒𝑓𝑓 𝛼 𝑇 𝑇 𝑏	, where Q is the combination of electrostriction
	coupling constants (terms proportional to	1 𝑅	and	1 𝑅 2 can also originate from surface tension [28-31, 34-24] and surface bond contraction
	[32, 33], respectively.		

  𝐶 𝑃 is the heat capacity of the nanoparticle core or shell, depending on the point 𝑟 . Following Ref.[66], the Equation (4a) allows one to calculate the dependence of 𝑃 𝑟 on 𝐸 𝑒𝑥𝑡 if the coefficients 𝛼 𝑇 , 𝛽(𝑇), 𝛾(𝑇), and the dielectric factor 𝜂 are known. The coefficients 𝛼 𝑇 , 𝛽(𝑇), and 𝛾(𝑇) are listed for BaTiO3 in Table CI in Appendix C. In accordance with our estimates, listed in Appendix C, the factor 𝜂 is given by the expression:

				𝛼 𝑇 (𝑇 -𝑇 𝑝𝑡 )𝑃 𝑟 + 𝛽𝑃 𝑟 3 + 𝛾𝑃 𝑟 5 = 𝜂𝐸 𝑒𝑥𝑡 .	(4a)
				𝜂 =	9(𝑅+𝛥𝑅) 3 𝜀 𝑒 𝜀 𝑠 2𝑅 3 (𝜀 𝑒 -𝜀 𝑠 )(𝜀 𝑠 -𝜀 𝑏 )+(𝑅+𝛥𝑅) 3 (2𝜀 𝑒 +𝜀 𝑠 )(𝜀 𝑏 +2𝜀 𝑠 )
	spatially averaged values 〈Δ𝑇 𝐸𝐶 ̅̅̅̅̅̅ 〉 and 〈Σ ̅ 〉 can be estimated as		
	〈Δ𝑇 𝐸𝐶 (𝐸 𝑒𝑥𝑡 ) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅ 〉 ≈	𝑇 𝜂𝜌𝐶 𝑃	( 𝛼 𝑇 2	[𝑃 𝑟 2 (𝐸 𝑒𝑥𝑡 ) -𝑃 2 (0)] +	𝛽 𝑇 4	[𝑃 𝑟 4 (𝐸 𝑒𝑥𝑡 ) -𝑃 𝑟 4 (0)] +	𝛾 𝑇 6	[𝑃 𝑟 6 (𝐸 𝑒𝑥𝑡 ) -𝑃 𝑟 6 (0)]),	(3a)
							〈Σ(𝐸 𝑒𝑥𝑡 , 𝑇) ̅̅̅̅̅̅̅̅̅̅̅̅̅ 〉 ≈	𝑑〈Δ𝑇 𝐸𝐶 (𝐸 𝑒𝑥𝑡 ) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ 〉 𝑑𝐸 𝑒𝑥𝑡 .	(3b)
	When deriving expressions (3), we used the fact that the average core polarization is almost zero at 𝐸 𝑒𝑥𝑡 → 0,
	and so 𝑃 ̅ = 𝑃 3 ̅̅̅ = 𝑃 5							

̅̅̅ → 0 in this case. Expressions

(3) 

are valid for a quasi-static electric field. They contain the even powers of the polarization magnitude, 𝑃 𝑟 2 , 𝑃 𝑟

4 

, and 𝑃 𝑟

6 

, and a size-dependent dielectric factor 𝜂. The expression for the factor 𝜂 is conditioned by the dielectric weakening or enhancement of the external electric field inside the core

[66]

. The minimization of the "effective" Landau-type energy leads to an algebraic equation for 𝑃 𝑟 [66]:

Table CI in

 CI Appendix C.

  𝐺 = 𝐺 𝐿𝑎𝑛𝑑𝑎𝑢 + 𝐺 𝑔𝑟𝑎𝑑 + 𝐺 𝑒𝑙 + 𝐺 𝑒𝑠+𝑓𝑙𝑒𝑥𝑜 + 𝐺 𝑉𝑆 + 𝐺 𝑆 , 𝛼 𝑇 is the inverse Curie-Weiss constant and 𝑇 𝐶 (𝑅) is the ferroelectric Curie temperature renormalized by electrostriction and surface tension. Actually, the surface tension induces additional surface stresses 𝜎 𝑖𝑗 proportional to the surface tension coefficient  and equal to 𝜎 11 = 𝜎 22 = 𝜎 33 | 𝑟=𝑅 =

	𝐺 𝑉𝑆 = ∫ 𝑅<𝑟<𝑅+𝛥𝑅	𝑑 3 𝑟	( 𝑘 𝐵 𝑇 [𝑁 𝑉 + ln ( 𝑁 𝑉 + 𝑁 𝑉	) + (𝑁 𝑉 -𝑁 𝑉 + )ln ( 𝑁 𝑉 -𝑁 𝑉 + 𝑁 𝑉	)] -𝑁 𝑉 + 𝑊 𝑖𝑗 𝑉 𝜎 𝑖𝑗 -(𝑍 𝑉 𝑒𝑓𝑓 𝑁 𝑉 + -𝑛)𝜑)
												(A.2f)
							𝐺 𝑆 =	1 2 ∫ 𝑑 2 𝑟 𝑟=𝑅	𝑎 𝑖𝑗 (𝑆) 𝑃 𝑖 𝑃 𝑗 .	(A.2g)
	The coefficient 𝑎 𝑖 linearly depends on temperature T:
							𝑎 𝑖 (𝑇) = 𝛼 𝑇 [𝑇 -𝑇 𝐶 (𝑅)],	(A.3a)
	where -2𝜇										
	𝑅										
												(A.2a)
			𝐺 𝐿𝑎𝑛𝑑𝑎𝑢 = ∫ 0<𝑟<𝑅	𝑑 3 𝑟	[𝑎 𝑖 𝑃 𝑖 2 + 𝑎 𝑖𝑗 𝑃 𝑖 2 𝑃 𝑗 2 + 𝑎 𝑖𝑗𝑘 𝑃 𝑖 2 𝑃 𝑗 2 𝑃 𝑘 2 ],	(A.2b)
							𝐺 𝑔𝑟𝑎𝑑 = ∫ 0<𝑟<𝑅	𝑑 3 𝑟	𝑔 𝑖𝑗𝑘𝑙 2	𝜕𝑃 𝑖 𝜕𝑥 𝑗	𝜕𝑃 𝑘 𝜕𝑥 𝑙	,	(A.2c)
	𝐺 𝑒𝑙 = -∫ 0<𝑟<𝑅	𝑑 3 𝑟	(𝑃 𝑖 𝐸 𝑖 +	𝜀 0 𝜀 𝑏 2	𝐸 𝑖 𝐸 𝑖 ) -	𝜀 0 2 ∫ 𝑅<𝑟<𝑅+𝛥𝑅	𝜀 𝑖𝑗 𝑆 𝐸 𝑖 𝐸 𝑗 𝑑 3 𝑟	-	𝜀 0 2 ∫ 𝑟>𝑅+𝛥𝑅	𝜀 𝑖𝑗 𝑒 𝐸 𝑖 𝐸 𝑗 𝑑 3 𝑟	, (A.2d)
	𝐺 𝑒𝑠+𝑓𝑙𝑒𝑥𝑜 = -∫ 0<𝑟<𝑅	𝑑 3 𝑟	( 𝑠 𝑖𝑗𝑘𝑙 2	𝜎 𝑖𝑗 𝜎 𝑘𝑙 + 𝑄 𝑖𝑗𝑘𝑙 𝜎 𝑖𝑗 𝑃 𝑘 𝑃 𝑙 + 𝐹 𝑖𝑗𝑘𝑙 𝜎 𝑖𝑗	𝜕𝑃 𝑙 𝜕𝑥 𝑘	)
					-∫ 𝑅<𝑟<𝑅+𝛥𝑅	𝑑 3 𝑟	( 𝑠 𝑖𝑗𝑘𝑙 𝑆 2	𝜎 𝑖𝑗 𝜎 𝑘𝑙 + 𝜀 0 2 (𝜀 𝑠 -1) 2 𝑄 𝑖𝑗𝑘𝑙 𝑆 𝜎 𝑖𝑗 𝐸 𝑘 𝐸 𝑙 ),	(A.2e)

2-4-6 of the polarization, 𝐺 𝐿𝑎𝑛𝑑𝑎𝑢 ; a polarization gradient energy contribution, 𝐺 𝑔𝑟𝑎𝑑 ; an electrostatic contribution, 𝐺 𝑒𝑙 ; the elastic, electrostriction, flexoelectric contributions, 𝐺 𝑒𝑠+𝑓𝑙𝑒𝑥𝑜 ; an electrochemical (Vegard strain) energy, 𝐺 𝑉𝑆 ; and a surface energy, 𝐺 𝑆 . It has the form

[2, 3, 4]

:

  𝑎 1 -𝑄 12 (𝜎 22 + 𝜎 33 ) -𝑄 11 𝜎 11 ) -𝑄 44 (𝜎 12 𝑃 2 + 𝜎 13 𝑃 3 ) + 4𝑎 11 𝑃 1 𝑎 1 -𝑄 12 (𝜎 11 + 𝜎 22 ) -𝑄 11 𝜎 33 ) -𝑄 44 (𝜎 13 𝑃 1 + 𝜎 23 𝑃 2 ) + 4𝑎 11 𝑃 3

										3 + 2𝑎 12 𝑃 1 (𝑃 2 2 + 𝑃 3 2 ) +
		6𝑎 111 𝑃 1 5 + 2𝑎 112 𝑃 1 (𝑃 2 4 + 2𝑃 1 2 𝑃 2 2 + 𝑃 3 4 + 2𝑃 1 2 𝑃 3 2 ) + 2𝑎 123 𝑃 1 𝑃 2 2 𝑃 3 2 -𝑔 11	𝜕 2 𝑃 1 𝜕𝑥 1 2 -𝑔 44 ( 𝜕 2 𝑃 1 𝜕𝑥 2 2 +	𝜕 2 𝑃 1 𝜕𝑥 3 2 ) =
			-𝐹 11	𝜕𝜎 11 𝜕х 1	-𝐹 12 ( 𝜕𝜎 22 𝜕х 1	+	𝜕𝜎 33 𝜕х 1	) -𝐹 44 ( 𝜕𝜎 12 𝜕𝑥 2	+	𝜕𝜎 13 𝜕𝑥 3	) + 𝐸 1 (A.4a)
	𝛤	𝜕𝑃 2 𝜕𝑡	+ 2𝑃 2 (𝑎 1 -𝑄 12 (𝜎 11 + 𝜎 33 ) -𝑄 11 𝜎 22 ) -𝑄 44 (𝜎 12 𝑃 1 + 𝜎 23 𝑃 3 ) + 4𝑎 11 𝑃 2 3 + 2𝑎 12 𝑃 2 (𝑃 1 2 + 𝑃 3 2 ) +
		6𝑎 111 𝑃 2 5 + 2𝑎 112 𝑃 2 (𝑃 1 4 + 2𝑃 2 2 𝑃 1 2 + 𝑃 3 4 + 2𝑃 2 2 𝑃 3 2 ) + 2𝑎 123 𝑃 2 𝑃 1 2 𝑃 3 2 -𝑔 11	𝜕 2 𝑃 2 𝜕𝑥 2 2 -𝑔 44 ( 𝜕 2 𝑃 2 𝜕𝑥 1 2 +	𝜕 2 𝑃 2 𝜕𝑥 3 2 ) =
			-𝐹 11	𝜕𝜎 22 𝜕х 2	-𝐹 12 ( 𝜕𝜎 11 𝜕х 2	+	𝜕𝜎 33 𝜕х 2	) -𝐹 44 ( 𝜕𝜎 12 𝜕𝑥 1	+	𝜕𝜎 23 𝜕𝑥 3	) + 𝐸 2 (A.4b)
	𝛤	𝜕𝑃 3 𝜕𝑡	+ 2𝑃 3 (3 + 2𝑎 12 𝑃 3 (𝑃 1 2 + 𝑃 2 2 ) +
		6𝑎 111 𝑃 3 5 + 2𝑎 112 𝑃 3 (𝑃 1 4 + 2𝑃 3 2 𝑃 1 2 + 𝑃 2 4 + 2𝑃 2 2 𝑃 3 2 ) + 2𝑎 123 𝑃 3 𝑃 1 2 𝑃 2 2 -𝑔 11	𝜕 2 𝑃 3 𝜕𝑥 3 2 -𝑔 44 ( 𝜕 2 𝑃 3 𝜕𝑥 1 2 +	𝜕 2 𝑃 3 𝜕𝑥 2 2 ) =
			-𝐹 11	𝜕𝜎 33 𝜕х 3	-𝐹 12 ( 𝜕𝜎 11 𝜕х 3	+	𝜕𝜎 33 𝜕х 3	) -𝐹 44 ( 𝜕𝜎 13 𝜕𝑥 1	+	𝜕𝜎 23

  Elastic stresses satisfy the equation of mechanical equilibrium in the computation region, Elastic equations of state follow from the variation of the energy (A.2e) with respect to elastic stress,

	𝜕𝑃 𝑛 𝜕𝐫 -𝐿/2 < {𝑥, 𝑦, 𝑧} < 𝐿/2. | 𝑟=𝑅 = 0 becomes incompatible with the (A.6a) 𝑠 𝑖𝑗𝑘𝑙 𝜎 𝑖𝑗 + 𝑄 𝑖𝑗𝑘𝑙 𝑃 𝑘 𝑃 𝑙 + 𝐹 𝑖𝑗𝑘𝑙 𝜕𝑥 𝑗 = 0, 𝜕𝑃 𝑙 𝜕𝑥 𝑘 = 𝑢 𝑖𝑗 -𝛽 𝑇 𝑐 Δ𝑇𝛿 𝑖𝑗 , 0 < 𝑟 ≤ 𝑅 , (A.6b) 2 (𝜀 𝑠 -1) 2 𝑄 𝑖𝑗𝑘𝑙 = -𝑢 𝑖𝑗 , namely: 𝑠 𝑖𝑗𝑘𝑙 𝑆 𝜎 𝑖𝑗 + 𝜀 0 𝑆 𝐸 𝑘 𝐸 𝑙 + 𝑊 𝑖𝑗 𝑉 𝑁 𝑉 + = 𝑢 𝑖𝑗 -𝑢 𝑖𝑗 𝑚 -𝛽 𝑇 𝑠 Δ𝑇𝛿 𝑖𝑗 , 𝑅 < 𝑟 ≤ 𝑅 + 𝛥𝑅 , (A.6c) condition 𝑃 𝑛 | 𝜕𝜎 𝑖𝑗 𝛿𝐺 δ𝜎 𝑖𝑗 𝑠 𝑖𝑗𝑘𝑙 𝑒 𝜎 𝑖𝑗 = 𝑢 𝑖𝑗 , 𝑟 > 𝑅 + 𝛥𝑅, (A.6d)

𝑟=𝑅 = 0. This means that the regions with P=0 (if any exist for the condition) can be located near the surface, but not directly at the surface.

  ) 𝑃 𝑘 𝑃 𝑙 𝜎 𝑖𝑗 -

	𝑠 𝑖𝑗𝑘𝑙 (𝑚) 2	𝜎 𝑖𝑗 𝜎 𝑘𝑙 -𝑁 𝑉 𝑊 𝑖𝑗 𝑉 𝜎 𝑖𝑗 + 𝑘 𝐵 𝑇 [𝑁 𝑉 + ln (	𝑁 𝑉 + 𝑁 𝑉	) + (𝑁 𝑉 -𝑁 𝑉 + )ln (	𝑁 𝑉 -𝑁 𝑉 + 𝑁 𝑉	)] -
	(𝑍 𝑉 𝑒𝑓𝑓 𝑁 𝑉 + -𝑒𝑛)𝜑,			(A.8)

  𝜀 𝑠 -1) 2 𝑄 𝑖𝑗𝑘𝑙 𝑆 𝐸 𝑘 𝐸 𝑙 and 𝛿𝑢 𝑖𝑗 𝑐 = 𝑢 𝑖𝑗 -𝛽 𝑇 𝑐 Δ𝑇𝛿 𝑖𝑗 -𝑄 𝑖𝑗𝑘𝑙 𝑐 𝑃 𝑘 𝑃 𝑙 . Assuming the local electroneutrality condition we can regard 𝜑 ≈ 0 , and also assuming |𝑊 𝑖𝑗 𝑉 𝜎 𝑖𝑗 | ≪ 𝑘 𝐵 𝑇 , we can expand the expression (A.10a) for 𝑁 𝑉 + as 𝑁 𝑉 + ≈ 𝑁 𝑉 ( Note that Eq.(A.11a) can substantially overestimate or underestimate the vacancies' role, because the condition |𝑊 𝑖𝑗 𝑉 𝜎 𝑖𝑗 | ≪ 𝑘 𝐵 𝑇 is frequently violated, and the inequality |𝑊 𝑖𝑗 𝑉 𝜎 𝑖𝑗 | ≥ 𝑘 𝐵 𝑇 becomes possible e.g. with decreasing temperature. In the case where 𝑊 𝑖𝑗 𝑉 𝜎 𝑖𝑗 ≪ -𝑘 𝐵 𝑇, we obtain 𝑠 𝑖𝑗𝑘𝑙 (𝑚) 𝜎 𝑘𝑙 ≈ 𝛿𝑢 𝑖𝑗 (𝑚) from Eq.(A.10b). This means that the vacancies do not affect the stress field, which is possible for small concentrations 𝑁 𝑉 and/or small Vegard tensor components. In the opposite case, 𝑊 𝑖𝑗 𝑉 𝜎 𝑖𝑗 ≫ 𝑘 𝐵 𝑇, we

	ln (	𝑁 𝑉 + 𝑁 𝑉 -𝑁 𝑉 + ) = 𝑊 𝑖𝑗 𝑉 𝜎 𝑖𝑗 + 𝑍 𝑉 𝑒𝑓𝑓 𝜑, 𝑁 𝑉 + = 𝑁 𝑉 (1 + 𝑒𝑥𝑝 [-	𝑊 𝑖𝑗 𝑉 𝜎 𝑖𝑗 +𝑍 𝑉 𝑒𝑓𝑓 𝜑 𝑘 𝐵 𝑇	-1 ])	. (A.10a)
	From Eqs.(A.6b-c) and Eq.(A.10a) we obtain:			
		𝑠 𝑖𝑗𝑘𝑙 (𝑚) 𝜎 𝑘𝑙 + 𝑊 𝑖𝑗 𝑉 𝑁 𝑉 (1 + 𝑒𝑥𝑝 [-	𝑊 𝑘𝑙 𝑉 𝜎 𝑘𝑙 +𝑍 𝑉 𝑒𝑓𝑓 𝜑 𝑘 𝐵 𝑇	]) -1	≈ 𝛿𝑢 𝑖𝑗 (𝑚) ,	(A.10b)
	where 𝛿𝑢 𝑖𝑗 𝑠 = 𝑢 𝑖𝑗 -𝑢 𝑖𝑗 𝑚 -𝛽 𝑇 𝑠 Δ𝑇𝛿 𝑖𝑗 -𝜀 0 2 (1 2	+	𝑊 𝑘𝑙 𝑉 𝜎 𝑘𝑙 4𝑘 𝐵 𝑇	) . Being
	interested only in the renormalization of elastic compliances caused by mobile charged vacancies, we can
	rewrite the left-hand side of Eq.(A.10b) as			
	𝑠 𝑖𝑗𝑘𝑙 (𝑚) 𝜎 𝑘𝑙 + 𝑊 𝑖𝑗 𝑉 𝑁 𝑉 + ≅ (𝑠 𝑖𝑗𝑘𝑙 (𝑚) + 𝑊 𝑖𝑗 𝑉 𝑊 𝑘𝑙 𝑉 𝑁 𝑉 4𝑘 𝐵 𝑇	) 𝜎 𝑘𝑙 + 𝑠𝑡𝑟𝑒𝑠𝑠 -𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑡𝑒𝑟𝑚𝑠.	(A.10c)
	It is seen from Eq.(A.10c) that the effect of vacancy migration is mainly the renormalization of elastic
	compliances:				
		𝑠 𝑖𝑗𝑘𝑙 (𝑅) = 𝑠 𝑖𝑗𝑘𝑙 (𝑚) + 𝑊 𝑖𝑗 𝑉 𝑊 𝑘𝑙 𝑉 𝑁 𝑉 4𝑘 𝐵 𝑇	.	(A.11a)
	obtain 𝑠 𝑖𝑗𝑘𝑙 (𝑚) 𝜎 𝑘𝑙 ≈ 𝛿𝑢 𝑖𝑗 (𝑚) -𝑊 𝑖𝑗 𝑉 𝑁 𝑉 from Eq.(A.10b). This means that the mobile oxygen vacancies can
	completely shield the stress field [8], if |𝛿𝑢 𝑖𝑗 (𝑚) | ≤ |𝑊 𝑖𝑗 𝑉 𝑁 𝑉 |.		

Table AI .

 AI It is instructive to measure the vacancy concentration 𝑁 𝑉 in percent of molar concentration Nm=1.5610 28 m -3 (the inverse volume of the unit cell). The change of "effective"

	𝑠 11 (𝑚) + (𝑊 11 𝑉 ) 2 𝑁 𝑉 4𝑘 𝐵 𝑇	, 𝑠 22 (𝑅) = 𝑠 22 (𝑚) + (𝑊 22 𝑉 ) 2 𝑁 𝑉 4𝑘 𝐵 𝑇	, 𝑠 33 (𝑅) = 𝑠 33 (𝑚) + (𝑊 33 𝑉 ) 2 𝑁 𝑉 4𝑘 𝐵 𝑇	(A.11b)
	𝑠 12 (𝑅) = 𝑠 12 (𝑚) + 𝑊 11 𝑉 𝑊 22 𝑉 𝑁 𝑉 4𝑘 𝐵 𝑇	, 𝑠 13 (𝑅) = 𝑠 12 (𝑚) + 𝑊 11 𝑉 𝑊 33 𝑉 𝑁 𝑉 4𝑘 𝐵 𝑇	, 𝑠 23 (𝑅) = 𝑠 23 (𝑚) + 𝑊 22 𝑉 𝑊 33 𝑉 𝑁 𝑉 4𝑘 𝐵 𝑇	(A.11c)
			𝑠 44 (𝑅) = 𝑠 44 (𝑚) , 𝑠 55 (𝑅) = 𝑠 55 (𝑚) , 𝑠 66 (𝑅) = 𝑠 66 (𝑚)	(A.11d)
	Expressions (A.11) must be averaged over all possible orientations of the elastic dipole in a cubic
	perovskite ABO3 lattice, where an oxygen vacancy can occupy several equivalent sites corresponding to
	the oxygen octahedron vertices. The averaging is, in fact, an averaging over six possible "orientations" of
	the anisotropic Vegard tensor. The result for the diagonal components is
	〈𝑠 𝑖𝑖 (𝑅) 〉 = 𝑠 𝑖𝑖 (𝑚) + [(𝑊 11 𝑉 ) 2 + (𝑊 22 𝑉 ) 2 + (𝑊 33 𝑉 ) 2 ]	𝑁 𝑉 12𝑘 𝐵 𝑇	,	(A.12a)
	where 𝑖𝑖 = 11, 22, 33. The result for non-diagonal components is
	〈𝑠 𝑖𝑗 (𝑅) 〉 = 𝑠 𝑖𝑗 (𝑚) + (𝑊 11 𝑉 𝑊 22 𝑉 + 𝑊 33 𝑉 𝑊 22 𝑉 + 𝑊 11 𝑉 𝑊 33 𝑉 )	𝑁 𝑉 12𝑘 𝐵 𝑇	,	(A.12b)
	where 𝑖𝑗 = 12, 23, 13 . The shear components, Eqs.(A.11d), remains unchanged. Note that the
	combination of elastic compliances, 〈𝑠 𝑒𝑓𝑓 (𝑅) 〉 = 〈𝑠 11 (𝑅) 〉 + 2〈𝑠 12 (𝑅) 〉, coupled with a radial stress, 〈𝜎 𝑟𝑟 (𝑅) 〉 ≅
	〈𝜎 11 (𝑅) 〉 + 〈𝜎 22 (𝑅) 〉 + 〈𝜎 33 (𝑅) 〉, is:			
	〈𝑠 𝑒𝑓𝑓 (𝑅) 〉 = 〈𝑠 11 (𝑅) 〉 + 2〈𝑠 12 (𝑅) 〉 = 𝑠 11 (𝑚) + 2𝑠 12 (𝑚) + (𝑊 11 𝑉 + 𝑊 22 𝑉 + 𝑊 33 𝑉 ) 2 𝑁 𝑉 12𝑘 𝐵 𝑇	, (A.12c)
	For the case of oxygen vacancies in SrTiO3, the Vegard strain tensor is diagonal with components
	taken from [8] and listed in elastic compliances 〈𝑠 𝑖𝑖 (𝑅) 〉 ≈ 𝑠 𝑖𝑖 (𝑚) + (𝑊 11 𝑉 ) 2 𝑁 𝑉 8𝑘 𝐵 𝑇	caused by the Vegard strains created by oxygen
	vacancies with concentration (2 -5)% can reach one order of magnitude at room temperature. The change
	of effective elastic compliances 〈𝑠 𝑖𝑗 (𝑅) 〉 ≈ 𝑠 𝑖𝑗 (𝑚) -(𝑊 11 𝑉 ) 2 𝑁 𝑉 16𝑘 𝐵 𝑇	are smaller in SrTiO3, since 𝑊 11 𝑉 ≈
	-2𝑊 22 𝑉 ≈ -2𝑊 33 𝑉 in accordance with	

Table AI .

 AI The numerical solution of the nonlinear Eq.(A.10b) with respect to the unknown stress 𝜎 𝑘𝑙 in

	response to thermal strains 𝛿𝑢 𝑖𝑗 (𝑚) demonstrates a significant decrease of the radial stress 〈𝜎 𝑟𝑟 (𝑅) 〉 and a
	simultaneous increase of the effective elastic compliances 〈𝑠 𝑒𝑓𝑓 (𝑅) 〉, with an increase of vacancy
	concentration (see Fig. A1). The increase is much stronger than predicted by the approximate expression
	(A.12a), which yields |𝑊 11 𝑉 + 𝑊 22 𝑉 + 𝑊 33 𝑉 | ≅ 0.23 Å 3 for SrTiO3 [8]. Note that the increase exists for a
	positive	sign	of	the	Vegard	tensor	anisotropy	factor	𝑊 =
	±	1 3	√(𝑊 11 𝑉 -𝑊 22 𝑉 ) 2 + (𝑊 22 𝑉 -𝑊 33 𝑉 ) 2 + (𝑊 33 𝑉 -𝑊 11 𝑉 )		

2 

(see red curves in Fig.

  where the elastic strains 𝑢 𝑖𝑗 = 𝑠𝑖𝑗𝑘𝑙 𝜎 𝑘𝑙 + 𝑄 𝑖𝑗𝑘𝑙 𝑃 𝑘 𝑃 𝑙 + 𝐹 𝑖𝑗𝑘𝑙 𝜕𝑃 𝑘 𝜕𝑥 𝑙 . The substitution of the electrostrictive part of the strains in the case when the stress-related term 𝑠 𝑖𝑗𝑘𝑙 𝜎 𝑘𝑙 can be regarded as small (it is the simplest model) leads to: 𝑔′ 𝑖𝑗𝑘𝑙 = 𝑔 𝑖𝑗𝑘𝑙 + s 𝑞𝑠𝑚𝑛 𝑓 𝑞𝑠𝑘𝑙 𝑓 𝑚𝑛𝑖𝑗 can be introduced. The renormalization has different signs for the diagonal and non-diagonal components, but for the cases of interest 𝑔′ 11 = 𝑔 11 + s 𝑞𝑞𝑚𝑚 𝑓 𝑞𝑞11 𝑓 𝑚𝑚11 and 𝑔′ 44 = 𝑔 44 + s 𝑞𝑞𝑚𝑚 𝑓 𝑞𝑞44 𝑓 𝑚𝑚44 , it (typically) increases 𝑔 11 and decreases 𝑔 44 .

				𝛿𝑔 𝑔𝑟𝑎𝑑+𝑓𝑙𝑒𝑥𝑜 =	𝑔 𝑖𝑗𝑘𝑙 2	𝜕𝑃 𝑖 𝜕𝑥 𝑗	𝜕𝑃 𝑘 𝜕𝑥 𝑙	+	𝑓 𝑖𝑗𝑘𝑙 2	(𝑄 𝑖𝑗𝑚𝑛 𝑃 𝑚 𝑃 𝑛 + 𝐹 𝑖𝑗𝑚𝑛	𝜕𝑃 𝑚 𝜕𝑥 𝑛	)	𝜕𝑃 𝑘 𝜕𝑥 𝑙
	≅ (	𝑔 𝑖𝑗𝑘𝑙 2	+	𝑓 𝑞𝑠𝑘𝑙 2	𝐹 𝑞𝑠𝑖𝑗 )	𝜕𝑃 𝑖 𝜕𝑥 𝑗	𝜕𝑃 𝑘 𝜕𝑥 𝑙	≡	1 2	(𝑔 𝑖𝑗𝑘𝑙 + s 𝑞𝑠𝑚𝑛 𝑓 𝑞𝑠𝑘𝑙 𝑓 𝑚𝑛𝑖𝑗 )	𝜕𝑃 𝑖 𝜕𝑥 𝑗	𝜕𝑃 𝑘 𝜕𝑥 𝑙	≡	1 2	𝑔′ 𝑖𝑗𝑘𝑙	𝜕𝑃 𝑖 𝜕𝑥 𝑗	𝜕𝑃 𝑘 𝜕𝑥 𝑙	. (A.14)
	Since the term	𝑓 𝑖𝑗𝑘𝑙 2	𝑄 𝑖𝑗𝑚𝑛 𝑃 𝑚 𝑃 𝑛	𝜕𝑃 𝑘 𝜕𝑥 𝑙	has (almost) a zero average it can be omitted, then a renormalized
	gradient coefficient																

Table AII .

 AII Energy contributions (in 10 -18 J) of different polarization states in a BaTiO3 ferroelectric

	Flexoeffect is absent but						
	anisotropic						
	electrostriction is present	-6.658		-8.483	0.655	0.080	1.091	Fig.3
	in the core covered by a						
	soft shell						
	Flexoeffect and						
	anisotropic						
	electrostriction are	-6.912 (r)	-8.443	0.722	0.075	0.734	Fig.4
	present in the core						
	covered by a soft shell §						
	Mismatch strain and						
	flexoeffect are absent in the core covered by a	-5.990		-7.601	0.462	0.047	1.102	Fig.5
	rigid shell						
	Mismatch strain is						
	absent, but flexoeffect is present in the core	-6.035		-7.618	0.471	0.070	1.043	Fig.6
	covered by a rigid shell						
	Mismatch strain and						
	flexoeffect are present in the core covered by a	-186.6		-5.444	1.291	0.718	-183.1,	Fig.7
	rigid shell						
	§ with axis close to [011]						
	* 𝐺 𝑑𝑒𝑝 = -∫ 0<𝑟<𝑅	𝑑 3 𝑟	𝑃 𝑖 𝐸 𝑖 2	, other energies are introduced by Eqs.(A.2)
	core (R=10 nm) covered by different shells (R=4 nm), T = 293 K
	Description of the elastic	Total		Landau	Polarization	Depolariza-	Flexo-	Figure
	sub-problem in a core-	energy, 𝐺	energy,	gradient	tion field	Elastic	Number
	shell nanoparticle				𝐺 𝐿𝑎𝑛𝑑𝑎𝑢	energy,	energy*,	energy,
						𝐺 𝑔𝑟𝑎𝑑	𝐺 𝑑𝑒𝑝	𝐺 𝑒𝑠+𝑓𝑙𝑒𝑥𝑜
	Electrostriction and						
	flexoeffect are absent in the core covered by a	-8.754		-9.174	0.415	0.005	<0.001	Fig.2
	soft shell						

Table AI .

 AI 

Table CI .

 CI , the spatially averaged values 〈Δ𝑇 𝐸𝐶 ̅̅̅̅̅̅ 〉 and When deriving these expressions (C.2), we used a polarization vector P averaged over core volume that is nearly zero at 𝐸 𝑒𝑥𝑡 → 0, and so 𝑷 ഥ = 𝑷3 ̅̅̅̅ = 𝑷 5 ̅̅̅̅ → 0. Using expression (1) for 𝑇 𝑝𝑡 (𝑅) from the main text and Eqs.(C.2), we can make a prediction about the values of the 〈Δ𝑇 𝐸𝐶 ̅̅̅̅̅̅ 〉 and 〈Σ ̅ 〉 for an ensemble of noninteracting ferroelectric core-shell nanoparticles in effective media approximation. Namely, the "effective" LGD free energy leads to the equation for the polarization magnitude 𝛼 𝑇 (𝑇 -𝑇 𝑝𝑡 (𝑅)) 𝑃 + 𝛽(𝑇)𝑃 3 + 𝛾(𝑇)𝑃 5 = 𝜂𝐸 𝑒𝑥𝑡 , (C.3a) Equation (C.3a) allows the calculation of the field dependence of polarization 𝑃(𝐸 𝑒𝑥𝑡 ) if the coefficients 𝛼 𝑇 , 𝛽(𝑇), and 𝛾(𝑇), and factor 𝜂 are known. Material parameters of BaTiO3 in Eq.(C.3a) are listed in LGD coefficients and other material parameters of a BaTiO3 core  𝑏,𝑠,𝑒 b=7 (core background), e=10 (surrounding), 𝜀 𝑠 (𝑇) ≈3000 at T=50 K and 𝜀 𝑠 (𝑇) ≈300 at T=298 K α 𝑇 (𝐶 -2 𝑚𝐽 𝐾 ⁄ ) 6.68 × 10 5 𝑇 𝐶 (𝐾) 381 β(𝐶 -4 𝑚 5 𝐽) β 𝑇 (𝑇-393) -8.08 × 10 8 ; β T = 18.76 × 10 6 γ(𝐶 -6 𝑚 9 𝐽) γ 𝑇 (𝑇 -393) + 16.56 × 10 9 ; γ 𝑇 = -33.1210 7 * These parameters are valid until γ > 0, i.e. for 𝑇 < 445 𝐾.

	〈Σ ̅ 〉 can be estimated as							
	〈Δ𝑇 𝐸𝐶 (𝐸 𝑒𝑥𝑡 ) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅ 〉 ≈	𝑇 𝜂𝜌𝐶 𝑃	(	𝛼 𝑇 2	[𝑃 2 (𝐸 𝑒𝑥𝑡 ) -𝑃 2 (0)] +	𝛽 𝑇 4	[𝑃 4 (𝐸 𝑒𝑥𝑡 ) -𝑃 4 (0)] +	𝛾 𝑇 6	[𝑃 6 (𝐸 𝑒𝑥𝑡 ) -𝑃 6 (0)]),
										(C.2a)
					〈Σ(𝐸 𝑒𝑥𝑡 , 𝑇) ̅̅̅̅̅̅̅̅̅̅̅̅̅ 〉 = 〈	𝑇 𝜌𝐶 𝑃	𝛼 𝑇 𝑃+𝛽 𝑇 𝑃 3 +𝛾 𝑇 𝑃 5 𝛼 𝑇 [𝑇-𝑇 𝑝𝑡 (𝑅)]+3𝛽𝑃 2 +5𝛾𝑃 4 〉.	(C.2b)
	Here 𝑃 2 = 𝑃 1 2 + 𝑃 2 2 + 𝑃 3 2 ≡ 𝑃 𝑟 2 . Table CI.				
	⁄ ) 𝑔 11 (𝑚 3 𝐹 𝑔 44 (𝑚 3 𝐹 ⁄ )			5.1 × 10 -10 0.2 × 10 -10				

*

  3(𝑅+𝛥𝑅)3 𝜀 0 𝜀 𝑒 (2𝜀 𝑠 +𝜀 𝑓 )𝐸 𝑒𝑥𝑡 -2𝑅3 (𝜀 𝑠 -𝜀 𝑒 )𝑃 𝑓 𝜀 0 (2𝑅 3 (𝜀 𝑒 -𝜀 𝑠 )(𝜀 𝑠 -𝜀 𝑏 )+(𝑅+𝛥𝑅)3 (2𝜀 𝑒 +𝜀 𝑠 )(𝜀 𝑏 +2𝜀 𝑠 )) 𝑅3 (𝑅+𝛥𝑅)3 [(2𝜀 𝑒 +𝜀 𝑠 )𝑃 𝑆 +3𝜀 0 (𝜀 𝑏 -𝜀 𝑠 )𝐸 𝑒𝑥𝑡 ] 𝜀 0 (2𝑅 3 (𝜀 𝑒 -𝜀 𝑠 )(𝜀 𝑠 -𝜀 𝑏 )+(𝑅+𝛥𝑅)3 (2𝜀 𝑒 +𝜀 𝑠 )(𝜀 𝑏 +2𝜀 𝑠 )) 3𝑅3 (𝑅+𝛥𝑅)3 𝑃 𝑆 𝜀 𝑠 +(𝑅+𝛥𝑅)3 [𝑅3 (𝜀 𝑏 -𝜀 𝑠 )(2𝜀 𝑠 +𝜀 𝑒 )-(𝜀 𝑒 -𝜀 𝑠 )(2𝜀 𝑠 +𝜀 𝑏 )(𝑅+𝛥𝑅) 3 ]𝜀 0 𝐸 𝑒𝑥𝑡 𝜀 0 (2𝑅 3 (𝜀 𝑒 -𝜀 𝑠 )(𝜀 𝑠 -𝜀 𝑏 )+(𝑅+𝛥𝑅)3 (2𝜀 𝑒 +𝜀 𝑠 )(𝜀 𝑏 +2𝜀 𝑠 ))From Eqs.(C.7) and (C.9), the electric field inside the core is uniform and is equal to𝑬 ⃗⃗⃗ 𝑓 = -[2𝑅3 (𝜀 𝑠 -𝜀 𝑒 )+(𝑅+𝛥𝑅)3 (2𝜀 𝑒 +𝜀 𝑠 )]𝑃 𝑓 𝒆 ⃗⃗ 𝑧 𝜀 0 (2𝑅 3 (𝜀 𝑒 -𝜀 𝑠 )(𝜀 𝑠 -𝜀 𝑏 )+(𝑅+𝛥𝑅) 3 (2𝜀 𝑒 +𝜀 𝑠 )(𝜀 𝑏 +2𝜀 𝑠 )) + 9(𝑅+𝛥𝑅)3 𝜀 𝑒 𝜀 𝑠 𝐸 𝑒𝑥𝑡 𝒆 ⃗⃗ 𝑧 2𝑅 3 (𝜀 𝑒 -𝜀 𝑠 )(𝜀 𝑠 -𝜀 𝑏 )+(𝑅+𝛥𝑅) 3 (2𝜀 𝑒 +𝜀 𝑠 )(𝜀 𝑏 +2𝜀 𝑠 ) (C.10a)

	𝐵 𝑒 =	.	(C.9d)
		,	(C.9b)
	𝐵 𝑠 =	,	(C.9c)

J. Zhu, W. Han, H. Zhang, Z. Yuan, X. Wang, L. Li, and C. Jin. Phase coexistence evolution of nano BaTiO3 as function of particle sizes and temperatures. J. Appl. Phys. 112, 064110 (2012).

We identified a significant asymmetry of the domain morphology and ferroelectric properties with respect to the sign of the mismatch strain that originates at the core-shell interface (compare with experiment [67]). Specifically, tensile strains enhance the properties, and compressive strains deteriorate them. Using size and mismatch effects, we can select optimal parameters to reach high negative values of an electrocaloric response from an ensemble of noninteracting core-shell nanoparticles, which is important for energy convertors and cooling systems. This leads to the conclusion that the obtained analytical results can be used for size-optimization of core-shell nanoparticles for advanced applications in nanoelectronics and nano-coolers.