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PARAMETRIC INFERENCE FOR SMALL VARIANCE AND LONG TIME
HORIZON MCKEAN-VLASOV DIFFUSION MODELS.

V. GENON-CATALOT®, C. LAREDO®

ABSTRACT. Let (X:) be solution of a one-dimensional McKean-Vlasov stochastic differential
equation with classical drift term V' (a, x), self-stabilizing term ® (3, x) and small noise amplitude
e. Our aim is to study the estimation of the unknown parameters «, 8 from a continuous
observation of (X4, ¢ € [0,T]) under the double asymptotic framework e tends to 0 and T tends
to infinity. After centering and normalization of the process, uniform bounds for moments with
respect to t > 0 and ¢ are derived. We then build an explicit approximate log-likelihood leading
to consistent and asymptotically Gaussian estimators with original rates of convergence: the
rate for the estimation of « is either e~! or \/Tsfl, the rate for the estimation of 3 is VT.
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Keywords and phrases: McKean-Vlasov stochastic differential equations, Continuous observa-
tions, Small noise, Infinite time horizon, Parametric inference, Asymptotic properties of estima-
tors.
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1. INTRODUCTION

We develop an approximate likelihood approach for estimating the unknown parameters of a
dynamical model subject to three sources of forcing: the geometry of the state space is described
by a potential term V'(a, x), a Brownian motion with small noise allows to include small random
pertubations and a self-stabilization term ®(53,x). Such processes appear when describing the
limit behaviour of a large population of interacting particles with an interaction function between
the dynamical systems. More precisely, we study the inference for the one-dimensional process

(1) ClXt = V(O(,Xt)dt— b(@,t,s,Xt)dt—l—eth, XO = Zo,
where (W}) is a Wiener process, zg is deterministic known,
(2) b(07 t€, $) - /R(I)(ﬂ7 T — y>uf78(dy)7

uPe (dy) = u?5™ (dy) is the distribution of X; := X!*™ V:RxR - R, ®:R xR — R are
deterministic Borel functions and 6 = («,3) € © = O, x ©5 C R? is an unknown parameter.
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A solution of (1) is the couple (X, uf’g(dy))tzo composed of the stochastic process (X;) and the
family of distributions (uf’s). The function x — b(0,t,e,x) depends on 6,t, e, the starting point
o and uf . When defined, the process (1) is a time-inhomogeneous Markov process known as
self-stabilizing diffusion, nonlinear stochastic differential equation, or McKean-Vlasov stochastic
differential equation.

These models were first described by McKean (1966) and arised in Statistical Physics for the
modeling of granular media by interacting particle systems (see e.g. Benedetto et al, 1997). Due
to their growing importance, many fundamental probabilistic tools for their study were developed
later (see e.g. Gértner (1988), Sznitman (1991) for a survey, Méléard, (1996), Benachour et al.
(1998a, 1998b), Malrieu (2003) and many others). Herrmann et al. (2008) were concerned with
small noise properties and large deviations results for these processes.

However, except Kasonga (1990), the statistical inference for such models remained unstudied
for many years. Since 2010, the fields of application of self-stabilizing non linear differential equa-
tions progressively encompassed Statistical Physics and these equations were shown to describe
collective and observable dynamics in other application fields such as Mathematical Biology (see
e.g. Baladron et al. (2012)), Mogilner and Edelstein-Keshet (1999)), Epidemics Dynamics with
two levels of mixing (see Ball and Sirl (2020), Forien and Pardoux (2020)), Finance (see refer-
ences in Giesecke et al. (2020)). Several authors were concerned by statistical studies. Kasonga
(1990), Gesiecke et al. (2020), Della Maestria and Hoffmann (2020) are interested in inference
based on the direct observation of large interacting particle sytems.

Inference for stochastic differential equations (SDEs) (®(3,2z) = 0) based on the observation
of sample paths on a time interval [0, 7] has been widely investigated. Authors consider contin-
uous or discrete observations, parametric or nonparametric inference under various asymptotic
frameworks: small diffusion asymptotics on a fixed time interval; long time interval, especially
for ergodic models; observation of n i.i.d. paths with large n. Among many studies, we refer
first to several textbooks: Kutoyants (1984, 2004), Iacus (2010), Kessler et al. (2012), Hopfner
(2014). Second, among the many papers on the topic, we can quote: Genon-Catalot (1990),
Larédo (1990), Yoshida (1992a-b), Hoffmann (1999), Sgrensen and Uchida (2003), Gobet et al.
(2004), Dalalyan (2005), Dalalyan and Reiss (2007), Comte et al. (2007), Gloter and Sgrensen
(2009), Genon-Catalot and Larédo (2014), Guy et al. (2014), Comte and Genon-Catalot (2020).
Moreover, these works have opened the field of inference for more complex stochastic differen-
tial equations: diffusions with jumps (see e.g. Masuda (2007), Schmisser (2019), Amorino and
Gloter (2020)), SDEs driven by Lévy processes (see e.g. Masuda (2019)), diffusions with mixed
effects (see e.g. Piccini et al. (2010), Delattre et al. (2013, 2018)), stochastic partial differential
equations (see e.g. Cialenco (2017), Altmeyer and Reiss (2020)).

Now, the convergence as N tends to infinity of systems of IV interacting particules has been

investigated. One of the most important limiting processes is the class of Mc-Kean Vlasov dif-
fusion processes (see it e.g. Sznitman (1991), Méléard (1996)). Therefore, it is a worthwhile
stochastic model to study from the statistical point of view.
In Genon-Catalot and Larédo (2020), the statistical inference based on the continuous observa-
tion on a fixed time interval [0, 7] of (1) is investigated. Estimation of («, /) is studied as e — 0.
It appears that only a can be consistently estimated in this framework but not 5. Assuming
that n i.4.d. sample paths are observed on the fixed interval [0, 7], that ¢ — 0 and n tends to
infinity, both parameters are estimated but they have different rates, v/ne~! for «, \/n for B.
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In the present paper, we study the parametric inference of («, 3) for the Mc-Kean Vlasov
model (1) assuming that (X;) is continuously observed on [0,T] in the new double asymptotic
framework € — 0,7 — oco. Up to our knowledge, this framework has not been studied before.
As a side result, the inference for classical SDEs in this asymptotic framework is obtained.

In Section 2, we study probabilistic properties of the process (X;). We prove that all the

moments of e 71 (X;—x;(a)) are uniformly bounded in t > 0, < 1 (Theorem 2), that the Gaussian
approximating process of (X;) as ¢ — 0 obtained in Genon-Catalot and Larédo (2020) holds on
R* and that the remainder terms of this approximation have moments uniformly bounded in
t > 0,e <1 (Theorem 3). This requires some additional assumptions: we assume that there
is a unique z*(a) such that V(a,2*(a)) = 0 and that this value is an attractive point for the
ordinary differential equation x¢(«) = xo + fg Vi, zs(a))ds.
In Section 3, we define an approximate log-likelihood and study its properties together with the
associated estimators as € — 0 and 7' — oo in such a way that ev/T — 0. Two cases have to be
distinguished. Either, Case (1), % (a) # 0 or Case (2), ¥ (a) = 0. In the two cases, we obtain
that the estimators of («, 3) are consistent. In Case (1), the estimator of « is asymptotically
Gaussian with the fast rate v/Te~! while in Case (2), its rate is . In both cases, the parameter
B is estimated at rate v/T. (Theorems 4-5-6). Section 4 gives some concluding remarks. Proofs
are gathered in Section 5. Throughout the paper, we assume that € < 1.

2. PROBABILISTIC PROPERTIES

2.1. Assumptions and recap of previous results. We consider the following assumptions:

e |[HO| For all o, 3, the functions x — V(a, z) and x — ®(8, z) are locally Lipschitz.
e [H1| Either, ®(53,.) = 0 for all 8, or for all 8 the function x — ®(8, z) is odd, increasing
and grows at most polynomially: there exist K () > 0 and r(5) € N such that

(8, 2) — @(B,y)| < | —y|(K(B) + [«["@ + |y|"?), 2,y €R.

e [H2-k| The functions z — V(a,z) and z — ®(8, z) have continuous partial derivatives
up to order k and these derivatives have polynomial growth: for all «, 8, and all 4,7 < k,
there exist constants k(a) > 0, k(5) > 0 and integers y(a)) > 0,v(8) > 0, such that

V
o, 2) < k() (1+ |2[7@)), |

' '
—— : < K(B)(1 + [z,
L 0 (6,2)] < KB+ )
e [H3| For all «, the function  — V(«, x) is continuously differentiable and
there exists Ky (o) > 0 such that Yz € R, g‘g(a,x) < —Ky(a).
o |H4| There exists *(«) such that V(a, z*(a)) = 0.

Note that the case ®(5,2) = 0 corresponds to a classical stochastic differential equation which
under [H3]-[H4] admits a unique invariant distribution.

Ve € R,

Let us recall some results of Herrmann et al. (2008) where Equation (1) is studied in the more
general case of X a random variable, independent of (W) with distribution p. Under [HOJ-[H1]
and [H3|, if EngQ < +oo where ¢ = [(r(8)/2) + 1], then, for all , there exists a drift term
b(0,t,e x) = b*(0,t,e,x) such that (1) admits a unique strong solution (X; = Xf’s’“) satisfying
b(b,t,e,x) = [ ®(B,x — y)ul**(dy) and X is the unique strong solution of (1). Moreover, for
all n € {1,...,4¢%}, whenever EXZ" < 400, sup;so EX?" < 400. Since we assume here that
Xo =z is deterministic, this yields that, for all n € N, sup;>q EX?" < 400. Under [H3], z*(«)
in [H4] is the unique value such that V(«a, 2*(a)) = 0.

Under [HO|-[H1] and [H3|, the process (X;) admits a unique invariant distribution for all fixed
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e > 0 (see e.g. Cattiaux et al. (2008)).

In a previous paper, we have studied the process (X;) on a fixed time interval [0,7]. Let us
recall the results that we need in the sequel. First, properties of continuity and differentiability of
b(0,t, e, x) defined in (2) with respect to € and x at (6, t,0, z) can be derived from the assumptions.

Lemma 1. (Genon-Catalot and Larédo (2020)) Assume [HO[-[H1[, [H2-2], [H3] and that Xy =
xo 18 deterministic. Then

(i) For all 6,t >0, (g,x) — b(0,t,e,x) is continuously differentiable on [0, 4+00) x R.

(i1) lime 0 b(0,t,e,2) = (B, — x()).

(111) At e =0, %(H,t,O,x) =0 and %(Q,t,O,x) = %(ﬂ,x — z(@)).

Property (ii) is also proved in Hermann et al. (2008).
Next, the asymptotic properties of (X;) on a fixed time interval [0, 7] as e — 0 have been studied.
Consider the ordinary differential equation associated to € = 0.

(3) dzi(a) = V(a, xe(a))dt, zo(a) = .

As ¢ tends to 0, (X;) converges uniformly in probability on [0,7] to z:(«). Moreover, setting
ov 0P

(4) a(@,t) - %(avxt(a)) - %(ﬁa 0)7

define (g(6)) the Ornstein-Uhlenbeck process
(5) dg:(0) = a(0,t)g:(0)dt + dWy,  go(0) = 0.

Note that %(5,0) > 0 so that, under [H3|, a(0,t) < —(Ky(«a) + %(5,0)) < 0. Then, the
following expansion of (X;) with respect to € holds.

Theorem 1. (Genon-Catalot and Larédo (2020)) Assume [HO], [H1] and [H2-3], then
(6) Xt = wi(@) +egi(8) + £*R; (9),
where the remainder term R5(0) has moments uniformly bounded on [0, T].

Equation (5) can be solved

t t t
(7) 9t(0) :/ exp(/ a(0,w)du)dWs; :/ eAD=A0) gy, where
0 s 0

t
(8) A(0,t) = / a(0,u)du.
0
In order to illustrate the results, we considered the following explicit example.
Ezample 1. Consider the model where V (o, ) = —az, ®(8,2) = fx with « > 0,8 > 0. We
have b(0,t,e,2) = B(xz — Eg(X})), and equation (1) writes:
dX; = —aXdt — ﬁ(Xt — E@(Xt))dt 4+ edWy, Xy = xp.
We easily check that Eg(X¢) = zge™*" and (1) can be solved explicitely:

t
(9) X; = zoe o 4 ge~(@+A) / eetB) gy,
0

The remainder term R () is here equal to 0.
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2.2. Statement of probabilistic results. Under the assumptions of Section 2.1, we can extend
the previous results and prove uniform bounds on R™.

Theorem 2. Let (X;) denote the solution of (1) and z(«) the solution of (3).
(i) Assume [HO]-[H1], [H3]. Then, for all n > 1, there exists a constant é(c,n) such that

2n
Ve e (0,1], V>0, B (W) < 5(an).

(ii) If moreover [H2-2] and [H}] hold, there exists a constant 6(c) > 0 such that,
Ve € (0,1] V¢ >0, e 2Eg(X; — z4(a))] < 6(a).

In the special case where V(a,z) = —ax, Eo(Xy) = z4(a).

Remark 1. We can easily check that, under [HO], [H3[-[H{],

(10) (wu(a) — 2 (@))? < (0 — 2 (@) exp (2K (@)0)

Therefore x¢(a) converges as t — +oo to x*(a) with exponential rate.

Remark 2. It follows immediately from Theorem 2 and Remark 1 that, under [HOJ-[H1], [H5]-
[H4], Xi — x*(a) in probability as t — +o00 and € — 0. Therefore the Dirac measure 0y« ()
appears as the limit of the distribution of (X;) as t — +00.

Remark 3. The bounds d(a,n) and §(a) depend on 6 only through «. From the proofs, we
have that 6(a,n) = (nKy, ' (a))™ and that §(a) is a function of B(a),k(a),’y(oz),K;l(oz), where
B(a) = supysq |zi(a)| < +00. These bounds increase in each of its variables (see (33) and (36)).
Thus, if these quantities are upper bounded by constants independent of o, the bounds of Theorem
2 are uniform in a.

We also have that the remainder term R$(6) defined in (6) has moments uniformly bounded on
RT.

Theorem 3. Under [HOJ-[H1], [H2-3], [H3]-[H}], the expansion X; = x(a) + £g4(0) + 2 R5(0)
holds on R and RE() satisfies

sup  Eg|R5(0)] = O(1) and for all p>1, sup Ey(R5(0) — EgR:(0))* = O(1).
£>0,6€(0,1] t>0,6€(0,1]

Remark 4. Note that Egg?(0) is uniformly bounded on RY . Indeed, using the explicit expression
of gi(0) given in (7) and the property that, under [H3], for s <t, A(0,t)— A(0,s) < —Ky(a)(t—
s), we get Egg?(0) = fot exp [2(A(0,t) — A0, s))]ds < (2Ky(a))™L.

Define

(11) D(0,t,e,x) =b(0,t,e,x) — (S, x — z¢()).

The following corollary dealing with D(0,t,e, X;) is a crucial tool for the statistical study. As
for R7(#), uniform bounds hold for D(0,t,e, X;).

Corollary 1. Assume [HOJ-[H1], [H2-3], [H3]-[H}]. Then D(0,t,c,X;) defined in (11) satisfies,

(12) sup e 2|EgD(8,t,e,X;)| = O(1),
teR+, £€(0,1]
(13) vp > 17 sup 8_6pE9(D(67t767Xt) _EQD(97t757Xt)>2p = 0(1)
teR+, e€(0,1]

Remark 5. The constants O(1) in Theorem &8 and Corollary 1 are independent of 0 if the
constants k(a), k(B),v(a), v(8), Ky, (@), B() are upper bounded independently of § (see Remark

3).



6 V. GENON-CATALOT, C. LAREDO

3. ESTIMATION WHEN BOTH € TENDS TO 0 AND 7" TENDS TO INFINITY

As it is usual in statistics, we consider the canonical space associated with the observation
of (Xt)ejo,r), (4 F,(Ft,t € [0,T]),Pp), where Q = C([0,T]) is the space of continuous real-
valued functions defined on [0,7] endowed with the Borel o-field associated with the uniform
convergence on (0,7, (X¢,t € [0,77]) is the canonical process (X¢(w) = w(t)), (Ft,t € [0,T]) is
the canonical filtration and Py is the distribution of (1) on C([0,T]).

In this section, we study the estimation of (a, 8) from a continuous observation (X, t € [0,7T])
and, in addition to [HO|-[H1|, [H3]|-[H4|, we assume
e [SO| The parameter set is © = O, x ©g where ©,, 03 are bounded closed intervals. The
true value of the parameter is 6y = (ap, fy) and belongs to o.
e [S1] The function (o, z) — V(a, ) (resp. (B,z) — @(85, )) is defined and continuous on
ot otie
Ua xR (resp. UgxR), and all the derivatives (o, z) — DwiBod ( ,x), (B,z) = 0705 —F— (5, 7)
exist, are continuous on U, x R (resp. Ug x R), where U,,Ugs are open intervals con-
taining respectively ©,,©3, and have polynomial growth with respect to x: there exist
a constant K > 0 and a nonnegative integer k such that
oIV oIiPp
e [S2] There exists Ky > 0 such that : Va € O, Ky (a) > Ky > 0. (see [H3|)
Assumption [S0| is standard in parametric inference and used only for consistency. Assuming
the existence of derivatives of any order is not necessary but it simplifies the exposure.
The uniformity of the constants K, k, Ky in [S1]-[S2] is only required for the consistency part.
As ©,, 03 are supposed to be compact, this is not a strong assumption.

Y(a, B) € ©,Yz € R, Vi, j >0, | z)| < K(1+ |z]").

By the relation V(a,2*(a)) = 0, the function @ — x*(«) is continuous so, as O, is compact,
SUPgeo, |27 () = A < +o00. Therefore, under [S2], sup,ceo, Sup;>q |2:(e)| = B < +00. In view
of Remarks 3 and 5, under [S1]-[S2], all the bounds of Theorems 2, 3 and Corollary 1 are not
only uniform in ¢, but also in 6.

3.1. Approximate likelihood. The Girsanov formula holds for nonlinear self-stabilizing diffu-
sions and the log-likelihood associated with the observation of (X, t € [0,7]) is

T T
512/ (V(o, Xs) — b(0, 5,6, X)) dX s — 2;/ (V (v, Xs) — b(0, 5,2, X,))? ds.
0 0

It contains the term b(6, s, e, Xs) which is involved for the estimation of . However, for small ¢,
b(0,t,e, Xy) = [ @(B,x — y)uf’s(dy) is close to ®(8,x — z¢(«)) (see Lemma 1). Therefore, as in

Genon-Catalot and Larédo (2020), we consider an approximate log-likelihood where we replace
b(0,s,e,x) by (8, — x4(r)) and set

lr(8) =

1 T
(14) /HasX X, 252/ H%*(#,s,X,)ds, with
0

(15) HO,s,z) =V(a,z) — P8, 2 — x5(r)).

This approximate log-likelihood is easier to study. We have previously obtained that asymptotic
efficiency is kept for a with this approximate log-likelihood and that § cannot be estimated
on a fixed time interval [0,7] (see Genon-Catalot and Larédo (2020)). Therefore, to estimate
both parameters, we have to combine two asymptotic frameworks. In Genon-Catalot and Larédo
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(2020), we considered n i.i.d. paths of process (1) with e — 0 and n — +00. Here, we investigate,
for the observation of one path, the combination of € — 0 and T" — +oo.

3.2. Preliminary results. Let us set
ov

(16) la) = —5-(a,2%(a)) 2 Kv(a) 2 Kv >0, {(a,5) = t(e) + %(@0) > (o).

Proposition 1. Assume [HO[, [H3],[H4]. The triplet (xz:(a), %xat (a, 1) Py (a,t)) converges to

Da ) Da2
(z*(av), Ufiﬁ: (), %(a)) exponentially fast with rate exp (—€(a)t) as t tends to infinity.
We also need to specify the asymptotic behaviour of functionals of the time inhomogeneous

process (g+(0)) defined by( 5) in Theorem 1 or by (7).
Proposition 2. Assume [HO/-[H1], [H3]-[H4]. Then, (g:(0)) satisfies as T — oo,
T _
1)%&Mwwﬁéwmﬂwmﬂﬂa
(ii) % [ gu(0)dt —p, O,
(iii) If the function h : RT — RT satisfies limy_, o0 h(t) = 0, then ﬁ fOT gt(0)h(t)dt —p, 0.

3.3. Rates of convergence. We may now study the joint estimation of (a, 3).

The asymptotic distribution of (X¢) ast — co and ¢ — 0 is the Dirac measure .+ () (see Remark
2). As detailed below, the estimation of a varies according to the property that z*(«) depends
on « or not. Indeed, for all o, V (e, 2*(cx)) = 0, thus

d . ov . ov . dz*
(1) L (Vo (@)) = T (e,27(0)) + 2 (% (@) o () = 0.
Now, by [HS], B Vo, 2*(a)) = —£() # 0. Therefore two cases are to be distinguished:
(1) % (a )¢0<:> o (a,2%(@) £ 0.
(2) & (a)=0 @ Y (a,2*(a)) = 0: *(@) = z* does not depend on av.
Let us remark that Example 1 presented in Section 2.1 belongs to Case (2).

According to these two cases, we set
= 9 o (e 0 PAL(0) LhsT ()
(18) D(l% — (x/T ) ) : D(} — ( 1) . JTer(0) =— (a?af 5o ‘
= 0 VT - 0 VT 3555 (0) 3552T (9)
Theorem 4. Case (1) (%(a) £0). Assume [HOJ-[H1], [H3]-[Hj], [S1] and 22 (5,0) # 0

980z
Then, if e — 0,T — +00 in such a way that e/T — 0, the following holds: under Py,
(9/\5’ LaAa,T

o [ o @ VT o ) )
(19) D, = —2 N (0, T74(0)),

’ BAE,T (9) L BA‘;’T (9)

9B JT 0B
where
AV (o
( Be) o
(20) T () )
(6ﬁaz (5 O))
2£(c,B)

and l(), l(a, B) are defined in (16). Moreover, the matriz —DS%%y(Q)DS% = JD(@) +op(1).
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Theorem 5. Case (2) (Va,z*(a) = z*). Assume [HOJ-[H1], [H3]-[H{], [S1], 2 (8,0) # 0
and xg # x*. Ife = 0,T — +00 in such a way that e\/T — 0, then under Py,

, (O [ )
(21) D%, = —2 N2 (0, T72(0)),
’ 8A5,T 9 LBAE,T 9
o 0)  \Fo 0
where
@ o P15 (@) + 528,05 (@ 5))Pds 0
2
(22) T ) = . )
26(a,B)

and l(a, ) is defined in (16). Moreover, the matriz —DS%jE’T(G)DS% = J(0) + op(1).

)

In Theorem 5, the additional condition zy # z* appears as a minimal assumption. Indeed,
since z* does not depend on «a, xg = z* implies that, for all @ and all s > 0, zs(a) = z* and,
using (17), the term 7 (6)1; = 0. In Case (2), the integrand in 7 (#)1; tends to 0 as s tends
to oo. This convergence is exponential (see Proposition 1), so that 7(®(6)y; is finite.

We stress that Theorems 4 and 5 show that the estimation of o and [ have different rates of
convergence. While in both cases, 3 is estimated at rate /T, according to the assumptions o is
estimated at rate vVTe ! or e 1.

We can check that these rates hold also for @ when ®(53,.) = 0,(i.e. for classical stochastic
differential equations), the condition %(5, 0) # 0 being required only for 8. This yields the
corollary stated below.

Corollary 2. Assume that ®(5,.) = 0 (classical stochastic differential equation) and [HO],
[H3],[H}] and [S1]. The contrast A. 1(8) is equal to the exact log-likelihood L. (o) (it depends

only on ). Then, if e — 0,1 — 400 in such a way that eVT — 0, the following holds:
If %(a) % 0, under Py,

=) o N0 | W] ), Gth) [ W @)

If ¥ (a) = 0 and xg # x*, under Py,

do
el (0) —>p N0, /0 o [?;(a,xs(a))rds), 20 (a) = — /0 o [gg(a,xs(a))rds.

Up to our knowledge, these statistical results are also new for classical stochastic differential
equations. Indeed, for ergodic diffusion processes with fixed diffusion term e, the rate of con-
vergence for a is /T as T tends to infinity, while on a fixed time interval [0,77], as ¢ tends to
0, the rate of estimation for o is e~!'. With the double asymptotics € — 0 and T — 400, it is
unexpected to obtain a rate of convergence for a which is either e~'+/T or e~!'. This distinction
depends on the fact that the fixed point z*(«) of the ODE depends on « or not.

3.4. Asymptotic properties of estimators.
Consider the approximate likelihood A, 7 defined in (14),(15) and let (& 7, 1) denote the
maximum pseudo-likelihood estimator defined as any solution of

(23) (e, fer) =arg  max  Acr(ef).
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Define the three functions using (16),

(24) AP (@00, 6) = — (V (@, (o) — B8, 2" (o) — 2* (@),
+oo
25 AP(aa0f) =5 [ Viawan) = V(anau(@0) = B(3.au(a0) = ()] ds,
0
2
(26) Ma(ew 5. 0) = =3 (G (8.0 = G (60.0)) it

Lemma 2. Assume [HO], [H1], [H3], [H4], [SO], [S1]. Then, as e — 0 and T — 400 in such a
way that e/T —> 0, the following holds in probability under Py, :

(i) Case (1)(%(a) #0). Uniformly with respect to (a, ) € O4 x O,

< (Aer(0,8) - A€T<ao,6>> — A (a, a0, 8).

(a) =0). Uniformly with respect to (o, ) € O X Og,

(A (0, 8) — Aer(ao, ) — AP, 00,8)

(iii) Both cases. Uniformly with respect to B € Og

E(Aer(an, B) — A r(an, Bo)) = Aa(a, B, Bo)-

Let us determine the identifiability assumptions associated with Lemma 2.
Case (1): Assume that Vf3, A(ll)(oz, ag, 8) = 0. This implies

VB, V(a,z*(a)) = @(8, 2" (ag) — z* ().
®(f,.) is an increasing function, this yields that
V(a,z*(ap)) =0 and @(5,z"(ag) — 2" (a)) = 0.

Since ®(S4, x) = 0 implies = = 0, the last equality implies z*(a)) = z*(ay).
Consider now the case of standard SDE : ®(3,.) = 0. The condltlon V(a,z*(ap)) = 0 implies
x*(a) = z* () by the uniqueness of the fixed point.
For 3, the identifiability assumption is straightforward since ¢(ay, 5y) > 0
Therefore, we deduce the identifiability assumptions for Case (1):
o [S3] z*(a) = x*(ap) = a = .
o [S4] 52(8,0) = 52 (80, 0) = 8 = fo.
Consider now Case (2) where for all «, z*(a) = z*.
If 29 = 2, zs(av) = x5(a) = 2™ for all s > 0. Thus, AgQ)(a, ap, B) = 0.
Assume now that xy # z*. The term under the integral in (25) converges to 0 exponentially fast
(see Proposition 1). Hence, Ag2) (a, g, B) is well defined and finite. This leads to the following
identifiability assumption of « in Case (2):
o [S5] zp # z*; {s — V(a,zs(ap)) — V(ag, zs(ap)) = 0 and s = z5(a) — z5(g) =0} =
{a = ao}.
Nothing changes for (.
If ®(8,.) =0, then [S5] has to be changed into:
[S5b]: o # x*; {s = V(a,zs(a0)) — V(ap, zs(ap)) =0 = {a = ap}.

The inference for (o, ) is a two-rate statistical problem. According to Gloter and Sgrensen
(2009, Section 4.4.1), the proof of the consistency of (6 1, 8- 1) relies on three steps: (1) Prove
that .7 is consistent; (2) Prove that e ~'v/T(G.7 — ap) in Case (1), e '(der — ap) in Case
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(2)) is Py,- tight; (3) Prove that BE,T is consistent. The proof of the asymptotic normality is
then obtained standardly based on Theorems 4 and 5.

Theorem 6. Assume [HO], [H1], [H3], [H4], [SO], [S1] and that e — O and T — +o0 in such a
way that evVT — 0.

Case (1) (% (a) # 0). Assume moreover that [S3[-[S4] hold. Then (4=, Ber) is consistent
and, under Py,,

@(@em —ao)) N2 (0,[TP(00)]7Y),  where TV (8) is defined in (20).
VT (Ber = fo) ’

Case (2) (Va,z*(a) = 2*). Assume moreover that [S4]-|S5] hold. Then (ée.r, Ber) is consistent
and, under Py,,

l(@ —
exe,T ) ) S No(0, [T (0)] 1 where T (0) is defined in (22
(Jars" ) e 220,17 60, (0)is defined in (22)
Let us consider simple examples that illustrate these results.

Ezample 1 (continued): Let V(a,z) = —ax, ®(8,2) = Bz, « > 0,5 > 0.

As x*(a) = z* = 0, we are in Case (2). The contrast is equal to the exact log-likelihood, and as
e — 0, T — +o0 with ev/T — 0, applying Theorem 5 yields that, under Py,

aes,T 2 [0 2 _—2as
(f%@;}%) o N(0, 7D (0)) with 7@ (0) = <% Jo (1+gﬁ) et 0 >
VT 08

2(a+p)

The functions A§2)(a, ag, ) and Aa(ap, B, o) are explicit.

+ B)* + apar (8 = Bo)?
A(2) — 2 (a . 2 A — _ )
1 (CK?OéO?ﬁ) ) 404()04(0&0—1—04) (a 040) ’ 2(04076760) 4(0&04—50)
Hence, the two identifiability assumptions [S4], [S5]| are satisfied and

L(Ger — ap)

e ol ) e Na(0, 7@ (00) 7).

(\/T(ﬂg,T N BO)) L 2( 7t7 ( 0) )

Ezample 2 : Consider the slightly different case V (o, z) = —ax + 1, ®(8,2) = Sz, a > 0,8 > 0.
We have z*(a) = a~!. We are in Case (1) : g—g(a,x* a)) = —a~! # 0. Applying Theorem 4 to

A7, which is the exact log-likelihood

ot )
7T da (0 (a+5)
(%Ta?fT( )> =2 N2(0, 7)) with 7MW (0) = ( ot 0 ) '

77 o5 (0) S
We have:
, 22

Hence, the two identifiability assumptions [S4], [S5] are satisfied and

JT (A
T(QE,T - Oéo) M .
(\/T(BE,T — ,80)> — Na(0,T(60) 7).



INFERENCE FOR MCKEAN-VLASOV MODELS 11

Ezample 3 : Let V(a,x) = —ax and arbitrary ®. We are in Case (2), z*(a) = 2* =0, {(a) = «
and

AP (@0, 8) = —5 [ leolan — a)em 0" = (8, (e — ) Pds
0

1 0 O 1
(21) Aalo, 8. o) = =5 (G (8:0) = 3, o 00 > oo

By [S4]-[S5], A?)(a,ao,ﬁ) =0iff xg = 2* or & = ap and As(a, 5, 5o) = 0 iff 5 = Fy. Theorem
6 implies the consistency and the asymptotic normality of Case (2).

Ezample 4: For ®(8,2) = B(z3 + z), g;g’x (8,0) = 1. Therefore, 8 can be estimated. But if

(B, x) = B23, then 85‘1) (8,0) =0, and by this method, we cannot estimate f3.

4. CONCLUDING REMARKS

In this paper, we consider the one-dimensional McKean-Vlasov process (X;) given by (1) with
small noise €, under assumptions ensuring existence and uniqueness of solutions. We are inter-
ested in the statistical estimation of the unknown parameters «, 8 present in the classical drift
term V' («,z) and in the self-stabilizing term ®(3,z). In a previous paper (Genon-Catalot and
Larédo (2020)), we have shown that, on the basis of one trajectory continuously observed on a
time interval [0, 7], while it is possible to estimate consistently « as € tends to 0, it is not possible
to estimate g if T is kept fixed. This is why in this paper, we consider the double asymptotic
framework ¢ — 0 and T' — +o00. This requires some additional assumptions on the model ([H3]-
[H4]). In particular, we assume that there is a unique z*(a) such that V' (o, z*()) = 0 and this
value is an attractive point for the ordinary differential equation x¢(a) = xg + fg V(e zs(a))ds.
We stress that this double asymptotic framework has never been studied even for classical sto-
chastic differential equations (corresponding to ®(3,.) = 0).

In a first part, we study probabilistic properties of the process (X;). We prove that all the mo-
ments of e ! (X; —x()) are uniformly bounded in t > 0,e < 1, that the Gaussian approximating
process of (X;) as € — 0 obtained in Genon-Catalot and Larédo (2020) holds on RT and that
the remainder terms of this approximation have moments uniformly bounded in ¢ > 0,e < 1.

In a second part, we define a contrast (approximate log-likelihood) and prove the consistency and
asymptotic normality of the corresponding maximum contrast estimators as ¢ — 0 and T' — 400
in such a way that ev/T — 0. For the estimation of o, two cases have to be distinguished. Either
Case (1), 2 (a) # 0 or Case (2), 2" (a) = 0. In Case (1), the estimator of « is asymptotically
Gaussian with the fast rate /Te~! while in Case (2), its rate is e~'. In both cases, the param-
eter ( is estimated at rate v/T.. This confirms the fact that a double asymptotic is needed for
estimating both « and 8 on the basis of one trajectory.

We did not study here the asymptotic efficiency of our estimators since this can be proved as
in our previous paper (Genon-Catalot and Larédo, 2020, Section 6) by means of an asymptotic
equivalence of experiments property.

Extensions of this work could be to consider multidimensional Mc-Kean Vlasov models of the
more general form (see e.g. Méléard (1996), Sznitmann (1991):

dXy = b(@,t,Xt, )dt + EO‘(C t Xt,ut )th

where 0, c is are unknown parameters, ut is the distribution of X;.
Another direction would be to study, for discrete observations of McKean-Vlasov diffusions,
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the estimation of both parameters in the drift and in the diffusion coefficient as in Gloter and
Sorensen (2009) and Guy et al. (2014).

5. APPENDIX

5.1. Proofs of Section 2.
Proof of Theorem 2. Let

(28) G = (X —x4(a) /e with distribution v§(dz).
We have

dé; = e 1V, Xy) = V(e 2e(a)))dt — % </<I>(B,Xt — y)uf’a(dy)> dt + dWy, so that

=2 / CdWot2 / Co = V(e X,)—V (e, 3() ds—22 ) /0 s ( / i)(B,Xs—y)ug’e(dy)) ds+.
This implies, setting m§(t) := Eq(?,
t t
(29) mi(t) = 2 / Eg[{sl(V(a,XS)—V(a,:L‘S(oz)))]ds—g / B[, / B(B, Xs—y)ul = (dy)]ds-+1.
0 3
Using (28) and (3, X5 —y) = (8, Xs — x5 — (y — x5)), we get

28, (c [o.x - >96dy) / [ 06.e6 - eviaviia)

= [=) [@B.ec - i) 2 o

Therefore, since ®(8, Xs —y) = ®(8,e({s — L2, we get

28, << / @(ﬁ,xs—mus(dy)) = 27 [ [ a5, e(e - evites) via2)

_ /(z _ ) / B(B, (2 — 2))E(d2)vE(d) > 0.

Differentiating (29) and using [H3|, we get (m§)'(t) < —2Ky (a)m§(t) + 1.

Now, we can use the following property which holds for f(.) a C'(R*,R) function: If there exists
¢ > 0 such that

(30) {t>0,f(t) >0} C{t>0,f(t) <0} then supf(t) < f(0)V{

t>0

Thus, choosing ¢ = m yields, since m§(0) =0,

1
31 supms(t) < .
@ 20 < 3R )
Let us now study m$,,(t) := Eg(?". We have
t t
(32) 2n — Zn/ ¢2nlac, + n(2n — 1)/ 22 ds.
0

Analogously, for n > 1, using that ®(3,.) is odd,
1
ony (212 [ @0, o) = 2t [0 [a(.ete - i)
= n/(z2”1 - 2’2”1)/<I>(B,€(2 — 2")Ni(dz)vi(d2') > 0.
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The first term of d(s in (32) satisfies under [H3|,

BolG2 2 (V (@, X,) = V(0 2u(@)))] = Bgle2™ 260~ (V@ X,) = V(w(0)))] < —Kv(@)Egc?"

Therefore, applying the Holder inequality to f(z) = 217V we get
(M5, (1)) < =2nKy () m5, (1) +n(2n—1)ms, (1) < —2nKy () ms, (H)+n(2n—1)(ms, (1)) ~/".
Choosing 6(a,n) = (#))”, we have that, for z > §(a, n), —2nKy (a)z +n(2n —1)z'=/" < 0.

(a
Thus, as m3,,(0) = 0, applying (30) yields
(33) supms (£) < (a, ),
t>0

where §(a,n) does not depend on € and 3.

It remains to study EypX; — z¢(a). We have,

Eo(X: — xt(er)) = /0 Eg (V(a, Xs) — V(a,z5())) ds — /0 Egb(0, s, e, X5)ds.

Let (Xs) be an independent copy of (X;). Then,
(34) Epb(0, s,e, Xs) = Eq / (B, Xs — y)ule(dy) = Bg(P(B, Xs — X)) = 0,

since ®(,.) is odd and since the distribution of X5 — X is symmetric.
Now, a Taylor expansion at zs(a) yields

Eg(V(a, Xs) — V(a,z5(a)) = Eg( X5 — xs(a))a—v(a,xs(a)) + Rg, with

ox
1 2
R; = /0 (1 —u)Eq <(XS - :vs(a))QgTZ(a,xs(a) +u(Xs — xs(a)))) du.
Therefore,
f0,t) =Eg Xy — x () = / (EgXs — zs(a)) g‘;(a,xs(a))ds + [ Rsds.
0 0

Differentiating with respect to t, we get that %—{(G,t) = %—Z(a,xt(a))f(&t) + Ry, f(0,0) = 0.
Consequently,

(35) £(0,4) = /Ot Ry exp (/t g‘;(a,xu(a))du) ds.

Using [H2-2], [Rs| < k(a)Bg ((Xs — z5())(1 + |25() ") + | X — 25(a) (@) .
Under [H3], [H4|, z() is uniformly bounded on R* by B(a) (see Remark 1). Using the first

part, Eg(X; — 24(a))? < ﬁia) By the Holder inequality,

(@)

Eg| X — z4(a)[PT7(®) < 2P (M3 29(a) (£))' " @,

Th 2 _ k) ¥() Lty() ) T
erefore, fore < 1, |Rs| < e“C(a) where C'(a) = W(H—B(a) +2(1+7(0‘))(ﬁ)1ﬂ(0‘>)

KV [e%
is independent of ¢,e. Hence,

(36)  |f(0,0)] = [EgX; — x4(a)| < 520(04)/0 exp (=Ky(a)(t — s))ds <
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If V(a,x) = —ax, then EgX; = 9 — afot EgXsds, thus Eg X; = xgexp (—at) = ().

Proof of Theorem 3 .
By (6), we have R (0) = e~ 2(X; — () — €g4(0)). Therefore, using (1), (3), (4) and (5),

dRE(0) = = (V(a, X)) — Vi, ze(a)) — b0, t,, X;) — a8, £)g:(0)) dt

1

62

L 1K~ 21(0) — a0, (8)] di + (0,1, Xo)d
( ) (G)dt + 1/(0, t, e, Xt)dt, R(E)(e) =0, where

v(0,t,e,X;) = 512 (V(a, Xp) — Ve, z(a)) — b0, 6, X)) — (Xe — z2(a))a(8, ) = T () +Ta(t),

with T1(t) =2 (V(a, Xy) — V(o e(a)) — (Xy — xt(a))%—‘x/(a, z())),

_ 0P
(37) To(t) = —¢~2 </<I>(57Xt — y)ui*(dy) — 5y B 0(Xe — xt(oz))> :
The equation satisfied by R (6) can be solved and we get, using (4) and (7),
t t

(38) R;(6) = / v(0,s,e, Xs)exp (/ a(0,u)du)ds.

0 s
Let us first study T3 (¢). A Taylor expansion at point z;(«) yields, using Assumption [H2-2],

2 2 [! %
B9 T = 20 -m(@) [ 1- 0 ama)+ulX - ma)de
0

ITi(0)] < kla)e™(Xs — we(@)*(1+ |2o(@) ) + | X; — @4() ).
Therefore, since x4(«) is uniformly bounded, applying Theorem 2 yields that, for all p > 1,
Eg|T1(t)[*” = O(1) uniformly on t > 0, > 0.
For Ty(t), we have —e?Ty(t) = [ (®(8, X —y) — M’ (B, 0)(X¢ — xt(a))) uf’e(dy).
A Taylor expansion at point 0 yields, noting that (%2 (ﬁ ,0) =

‘P(B,Xt*y)*%(ﬁa 0)(X¢ — () = (ﬁ, 0)(zi(a) —y) + p1(Xt,y),

where
1 3¢
(10) P = 5% =" [ (=0 TF BN~ )
Therefore, Th(t) = —& 2 a(b 2 (3,0))(zi(a) — EpXy) — g2 | p1(Xe, y)“fﬁ(dy) = To1(t) + Toa(t).

Let us study first E@TZ( ) To1(t) + EgToo(t). For the second term, we can write, for X; an
independent copy of Xy,

1 —.3 ! P -
]Eg/pl(Xt, y)up*(dy) = B ((Xt - Xt)?’/ (1= w)* 5 (B, u(X; Xt))du> :
0
Under [H2-3]|, z — 3 gﬁ (B,ux) is well defined and odd so that

(41) Ea/ﬂl(Xt,y)uf’g(dy) = Eg(p1(X¢, Xt)) = 0.
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Therefore, EgTho(t) = 0. For T (t) which is deterministic, applying Theorem 2 (ii) yields
0P
|T21(t)] < (5(04)8—(6,0) = O(1) uniformly on t > 0,e > 0.
x

Therefore |EgT5(t)| = |T21(t)] is also uniformly bounded for ¢t > 0, > 0.
Consider now Ty(t) — EgTa(t). Using (41), it is equal to Th(t) = —e72 [ p1( Xy, y))ul* (dy).
Hence, if (X;) is an independent copy of (X3),

Eg(To(t) — EgTo(t))* = e "PEg(p1(Xs, X¢)?P).
Now, by [H2-3] and (40)

1 3
Eo(p1 (X0, X)) = 2-2E ((Xt—Xof’p( [a- w22 (5, u(x, Xt>>du>2p>

2727 (X, — Xl (k(B)(1 + | X, — X, [19))))

IN

< K827 Eg (1X: - Kol (14 [Xe = X))

By splitting X; — X; into Xy — z¢(a) + z4(a)) — X; we get that
Eo(pr(Xe, X)) < K27(5) (Bo(2% ™ (Xy = () ) + Bg(27 27D (X, — () 7+219))
< Cp(aa B)gb’p’

where Cy(a, 3) depends on p, k() and K‘;l(a). Applying Theorem 2 yields that, uniformly on
t>0,e>0,

Eq (To(t) — EgTa(t)* < C)(a, B).
Joining these inequalities there exist constants d(c, 3), 6,(c, §) such that for all t > 0, > 0,

Eolv(0,t, e, Xy)| < 6(cv, B); o (v(0,t,6,X1) — Bgu(0, 1,6, X)) < bp(ax, B).
Now, using (16), (8) and [H3], f (0,u)du = A(0,t) — A(0,s) < —K(0)(t — s) with

(12) K(6) = K(0,8) = Kv(a) + 20(3,0) > 0
Therefore (38) yields that

t
BB O)] < [ Bolvl6, 5, Xl 005 <
0
Consider now Egy(R;(0) — EGR;?(G))ZP. Equation (38) yields
t t 2p—1
(R; (0)—EqR; (0))*” S/ (w(0,t,2,X;) — Bor(0,t,e, X;))?P ePAOD=A0:5)) g </ ozt (A0)— (0’5))(13)
0 0

This yields, using the inequality for A(0, s), that
2p—1
2pK (0)
Therefore, this expectation is uniformly bounded on ¢t > 0, > 0. O

t
Eg(R:(0) — EgR:(0))% < ( )1 / Eo(v(0, 5,2, Xs) — Egu (0, s,¢, X)) e PEOE=5) g,
0

Proof of Corollary 1 . We have D(0,t,e,X;) = [(®(3, X; —y) — (8, Xt — xt(a)))uf’g(dy).
Similarly to the study of T5(t), a Taylor expansion of ®(f,.) yields, using (40),

B8, X, — ) — @8, Xu — (@) = 0 (8,0)) (o) — ) + p1(Xe,p) — po(X0), with
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1 3
(43) pa(X0) = 5% = ai(e))* [ (1= (B0l — ()
Therefore, D(0,t,e, X¢) = g—f(ﬂ,O))(azt(a) —EgXy) + fpl(Xt,y)uf’E(dy) — p2(Xy). Using (41),

EyD(6,t,¢, X;) = g—i(ﬁ, 0))(z(a) — EgX;) — Egpa(Xy).

By Theorem 2, Eg|po(X:)| < €20(1). This yields (12).

Moreover, as for the upper bound of Ty (t), Eg|p1(X¢, X3)|?P < Eg| Xy — X[ < €62,
By Theorem 2, uniformly on ¢ > 0, Eg|p2(X¢)|? < Eg| X — 24()|% < 20(1).
Joining these two inequalities, we get (13). O

5.2. Proofs of Section 3. We start with two preliminary propositions useful for the inference.
Proof of Proposition 1.

Set z1(t) = x¢(a), z2(t) = %gf; (o, t),23(t) = %x; (o, t) and x(t) = [x1(t) z2(t) x3(t)]. Then, x(t)
is solution of the ordinary differential equation

(44) dx(t) = B(x(t))dt, B(x(t)) = [Bi(x(t)) Ba(x(t)) Bs(x(t))]
where By (x) = V(a 1), Ba(x) = ¥ (o, 31)+ 2% (v, 1) 22, and Bs(x) = g—v(a 1) +[Z (o, 1)+

2admaa(a 1))+ 9 v Vi, 1) z3 + %‘;(a x1)x3. We easily check that B(x*) = 0 for x* = [z} a5 3]’
with, using (16) for £(«),

(45) ry = (Oé), Lo = €<a> Do (avxl)a

1 o’V oV v oV
4 * * * ) * * *\ o k\2 .
) 0 = g (GartaneD) + 5 s+ 250 (anaDles + G at)ed)?)

To check if this point is asymptotically stable, we compute DB(x*) = [gTB;(X*)hgiJgg. The
matrix DB(x) is triangular with diagonal elements equal to —¢(a) < 0. Thus, the eigenvalues of
DB(x*) are negative which implies that x* is asymptotically stable for (44). Thus x(¢) converges
as t — 400 to x* with exponential rate exp (—¢(«)t) (see e.g. Hirsch and Smale, 1974). O

Note that @ — z*(a) is C*> on U,. As ©, is compact, %(a) and %(a) are uniformly
bounded on O, as well as z*(a).

Proof of Proposition 2.
Proof of (i): Consider the process (g;) such that dg; = —Agidt + dW;, ¢.(0) = 0 with A > 0.

It is standard that g; = exp (—At) f(f exp (As)dW, and that (g;) is a positive recurrent diffusion
with invariant distribution A’(0,1/(2X)). By the ergodic theorem, + fOT g2ds converges a.s. to
(1/2X). This implies, by the central limit theorem for martingales, that ﬁ fOT gsdWy converges
in distribution to N (0, (1/2X)). Moreover, one easily gets

E(l/T Qd)—l/Tnz?d -1 o).
TOgSS_TO gSS 2)\ o

We can also compute
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2
Now, if (X,Y) ~ N3(0,%) with ¥ = <Ua 0[2 then E(X?Y?) = o272 + 2a2. Applying this
property to the centered Gaussian process (gt), (95 g?) = 2cov?(gs, g) + Eg2Eg?. Therefore,
1 2
(47) E—s ( > ( ggds> + Cr(N).
where
2 2 4 2
(48) Cr(\) = T2 cov=(gs, gr)dsdt = T2 cov-(gs, gt )dsdt.
0,772 0<s<t<T

For s <t, cov(gs, gt) = [; exp—A(t —u+ s — u)du = 2 (exp (A(s —t) —exp (A(s + 1))
By elementary computations, we see that Cr(\) = £0(1) so that

1
E( = —— [ Eg? :
<T/0 ds / gds) —0

With this direct calculus, we have obtained that % fO g2ds =2 %

We rely on this approach to prove Proposition 2 for the process g:(#). Using (4) , (8) and (42),
we have that under [H3|, for u <,

(49) A(0,t) — A(0,u) < —K(0)(t — u).
Moreover, by (7), g.(0) = fg eAO=A05) q1,. Equations (47)-(48) hold for g;(6),
2

EQ% ( /0 T[gS(H)]2d3)2 _ (; /0 TEg[gS(H)]st) +Cr(6) with

Cr(0) = % Jo<scier €0V (95(0), 9:(0))dsdt. For s <t, using (42) and (49)

covg(gs(0), 9:(0)) = /0 AODFAG) =240 gy < /0 exp [—(K(0)(t — u+ 5 — u))]du.

Therefore C7(f) < Cr(K(6)). Finally, using (47)-(48),
2

T T
B (7 [ lnPas— 1 [ Bda0as) < Criaeo) - zow),

Thus,

T T
(50) - /0 9:(0)ds — o /0 Eolgs(6)]2ds 2 0.

Now, the function ¢t — ;9—‘;(04 x¢(a)) is continuous. Under [H3|-[H4|, as t — 400, z(a) —

x*(ar), and av(a zi(a)) — %‘;(a () = —l(a) < —Ky(a) < 0. Therefore,

Vh >0, 3tg > 0, ¥t > to, —L(a) — h < %(a (@) < —(a) + h.

It follows, using (16), that for all ¢, s such that t > s > to,
(51) —(la, B) + h)(t —s) < A(0,t) — A0, s) < — (€, B) = h)(t = s).
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Choose h > 0 such that £(a, 3) — h > 0. We have, using (7), Eq(g:(0)?) A(6,0) ft —24(0,5)
Hence, Eqo(T~! fOT[gt(9)]2dt) =T + T, + T5 where
T, o= L PAON-A05) goqr T, — 1/ (2AWOD-A0.5)) gg gy
T Jo<s<t<to 0<s<to,to<t<T

T, - (2(ABN=AWC5) gt

r to<s<t<T

As T tends to infinity, 71 = o(1). For T, we have,

to T
1 / —A0.40)) gg / L2AOD-AWB.10) gy
to
Now, using (51),
/ ! 200 -A0.0) gy < / T e —t0) gy < 1L
to a to B 2(£(OC,B) - h)

Therefore 0 < Ty < %O(l) and T — 0 as T — oo. Now, let us examine T3:

1 1 — e—2(U(e.B)~h)(T—to)
2(6(ar, ) = )T Tt 2(¢(ax, B) — h)

Therefore, hmT_>+OOT3 W Analogously, limp ., T3 > m

so that

T3<— ds/ (e.B)=h)(t=5) gy —
to s

V

Therefore, T5 — m

T
]EQ(T/O [9:(0)]2dt) — as T — oo.

1
20(cr, B)
Using (50), the first item is proved.

Proof of (ii): Let Zp = fOT g¢(0)dt. Using (7) and interchanging the order of integrations yields:

T T t T T
Zp = / g:(0)dt = / A0 / e A0S qWdt = / e A0S qw, / A0 gt
0 0 0 0 s

Therefore, Zr is centered and, using(49)
T T
_ / s </ eA(O,t)A(H,s)dt>
0 s

T T
EZZ = / e 2A0:8) g5 ( / eA(e’t)dt>
0 S
T T KO 2 T 1_ o~ KOT-5)\? T

ds / e s ds) </ ds < )
/0 <s 0 K(e) KQ(H)

Therefore, we find that EZ% < T and T~'Z7 tends to 0 in probability as T tends to infinity.

2 2

IN

Proof of (iii): As lim; 4o h(t) = 0, for all A > 0, there exists Ty > 0 such that for all T' > Ty,
|h(t)| < h. So, we split

17 1T 17 1 ,
\/T/o h(s)gs(0)ds = \/T/o h(s)gs(Q)ds—i—\/T/TO h(s)gs(0)ds = 0p(1)+ﬁZ(T0,T),Wlth
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T To s
Z(Ty, T) = / h(s)eA(09) (/ e A0 qw, +/ e_A(e’“)qu> ds
Ty 0 To

To T
= / e_A(O’“)qu h(s)eA(e’s)ds +/ e~ AOu) dW / A0:5) gg = Zr1+ Z72.
0 To To
For the first term of Z(Ty,T'), Zr,1, using (49) yields
T T
| h(s)ed =) ds) < h/ e KOsgs < e KO — hOp(1).
Ty Ty K(0)

Hence E(Zr1)? = h?0(1). For the second term of Z(Tp, T), we write

T T 2 T T 2
E(Zr2)? = /T e 240 gy, </ h(s)eA(e’S)ds) :/T du </ h(s)eA(e’S)_A(e’“)ds>
0 u 0 u

2 —K(0)(s—u) i 21
sTu < (T — 1T .
h /O du (/u e ds) ( o)h (9)2

Therefore, for all T > Ty, +E(Z(Ty,T))* < h2 + h2. Hence, limyp_ 4 o0 — o fo 9s(0)h(s)ds =0. O

IN

~

Proof of Theorem 4. Recall that H(0,s,x) = V(«a,z) — (5, — xs(c)). Thus, using (11),

(52) dXs =edWs+ H(0,s,Xs)ds — D(0,s,e, Xs)ds.
The derivatives of H with respect to the parameters are given by:
OH oV 0P 0z
ai(eastS) = aia(aaXs)—i_%(/Bva_xs(a))aia(aas))
OH 0P
0,5, Xs) = ——(8,Xs —xs(c
G5 BeX) = 520 (@)
O?H o2V o 02z ® O 2
G 05X = T x)+ GR6 X ) G5 ) - S50~ ) (G2
82H 0%® 82H 32<I> Oxs
Note that for the convergence in distribution stated in Theorem 4, it is enough to prove that
e OAor N (a, 2% () Wr
53 =(0) = {a, 0a BT W) BT +op(1
(53) Tr et 0) = 0.3 PR T 0p (),
1 OAcr 0 1 /T
54 — —(0) = ———(5,0)— s(0)dWs + 1).
(54) T 50 = (.00 = | @)+ op()

Indeed, the bracket of the two stochastic integrals above is equal, up to a constant, to 7 fOT gs(0)ds
and tends to 0 as T tends to infinity by Proposition 5.

Moreover, as T~ fOT [95(0)]2ds tends to [2¢(cv, B)] 7L, by the central limit theorem for martingales,
% fOT gs(0)dW, converges in distribution to N(0, [2/(c, )] 7).
The proof of (53)-(54) relies on the following Lemma:

Lemma 3. Let F(0,s,z) a continuous function on © x Rt x R, differentiable with respect to x
and assume that there exist C > 0 and a nonnegative integer ¢ such that,

(55) VO e, Vs >0, |F0,s,2)] <C(1+|z|°) and \gﬁ:(@,s,x)] < C(1+ |z[%)
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Then, for T>1,e<1, D(,s,e,x) given in (11), the following holds.

Efo F(0,s,Xs) — F(0,s,25()))?ds < C1(0,F) T 2.
(ii) ’fo (0,5, Xs)D (9,8,€,X3)d8‘ < Co(0,F) T &2,
(iii) Iff F(0,s,zs(a))|ds < 400, then IE’fOTF(H,s,Xs)D(G,s,s,Xs)ds < C3(0, F)(e? +
e3T).

where the constants C;(6, F) only depend on F' and 6.

Note that the functions F(6,s,z) = H(#, s, x), & 99, s m) (9 s, x) satisfy (55) under [S1] so
that Lemma 3 holds for these functions.

We now start the proof of (53)-(54).

Derivative of the contrast with respect to «
Replacing dX by its expression, we get (see (11), (14), (15) and (52)):

MANer . 1 OH OH
aT(G) = 52(0 5a —(0,s, X5)dXs — /HGSX)aa(H,s,XS)d3>,
T ol 1 T oH
(56) = g ; aa(HSX)dW 62( . Da —(0,s,Xs)D (9,8,8,X5)d8>.
Let us define
OH oV 0P dx*

(57) S (6,27 (0)) = S (02" (@) + 5= (8,0) ().
Then
OH OH oV oV oD oxs dz*
O g5, a(0)~ 2209,0% () = 2 (0, 00)~ 2, )+ 22 (5,0 ((;;m,s) S <a>) |

Therefore %—g(ﬁ,x*(a)) is the limit of %—5(9,8,:68(&)) as s — 0o. Since we are in Case (1), (17)
yields using (16) that g—g(a, (o)) = f(a)‘ig (o) # 0 and

oH dz* . (o, B) OV

L0 (@) = tan) (o) = D ) 20
Consequently, we can write

S = TG (@)
) b [ (s - S0 (@) aw,
(59 b [ (00,50 - S @ussrfan)) aw,

T
(60) o ( a—H G,S,XS)D(H,S,E,XS)ds>.
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Using Proposition 1 and [S1], 8a g s x4(a))— ( z*(a)) converges exponentially fast to 0 so
that f (%(Q,S,l‘s(a)) aa Hg *( )))st < 4o00. Thus,

/O (E;H(Q s, Xs) — ZZ(Q,J;*(Q)O dW, —>T_>+OO/O <882](0 s, 25(q)) — ?5(971?*(&))) aw..

Therefore, (58) is Op(1/v/T) and tends to 0. By Lemma 3 (i),

_ _
TEQA (8a (9 5 X ) Ho (07 vas(a))> ds R

so that (59) is Op(e). Lemma 3 (ii) yields

1 aH
0 X 0777XS
7B | |G 05 XD0,5.5 X,)

so that (60) is also op(1) under the condition ev/T — 0. So we find that

e OAcr Wp OH . B 8‘;(04 r* () Wr
= Tt 9o (e )+ op(1) = lar, B) 2T L op(1),

@) VT
which gives (53).

ds < eVT,

(61)

() =

Derivative of the contrast with respect to
We have:

A1 ToH I OH
Tg) = 0.5, X)dXs — = | H(B,s X)S (0,5, X)d
2 (6) 52085«9 ) /0 (0,5, X) 55 (0,5, X.)ds

(62) = B e+ L [ 025X (@)D, Xo)as

g Jo 86
(63) = T+ 1s.
Since z — 2 (,6’, x) is an odd function, g—‘g(ﬂ, 0) =0, so
0*® ! oaL
(64) G380 = o (3.0 +a* [ (1 - w58 )
Replacing z by X — z5(a)) = £gs(6) + £2R5(0) yields that

62(1) T
T = 5 (8.0) ( /0 gsw)dWS)TH,

with
3

— g € -1 g 2 ! 0°®
T = 5/0 RZ(0)dWs — ¢ /0 (Xs — zs(a)) /0 (1—u) 95027 (B, u(Xs — zs()))du dWs.
Thus,

g

1 T 1
ﬁTl = —m(ﬁao) <ﬁ/0 gs(G)dWS) - ﬁTn-

We have, by Theorem 3,

T T T
Eg/o (RE(0))%ds < 2159/0 (RE(6) —EgRi(H))st—i—Q/o (EgRE(9))%ds < TO(1),
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where O(1) does not depend on 7" and e. This implies
1 T 2 2 T &2
7Eo (&?/0 Rg(e)dm) = TE9/0 (RE(0))%ds < T = 2.
Then, using [S1],
LR, <5—1 /T(Xs — zy(a))? /1(1 — ) 228 (X, — a(0)))du dW5>2 <
T 0 0 0p0x?

' 1
—TFy (/0 (Xs — z5(a)* (1 + (X5 — $s(a))20ds) < o 2

Therefore,
1 9*® I
ﬁTl = —m(ﬁao) <\/T/0 gs(G)dWs> + Op(e).

For Tb, we have using (64),

2 T
T = o0 [ (X = a)Db.s Xy
1 (T 1 3P
=1 (Xs—xs(a))Q/O (1- )%3 S(B,u(Xs — 34(0)))duD (6, 5, ¢, X,)ds,

We split D(0,s,e,Xs) = EgD(0,s,e,Xs) + D(0,s,e,Xs) —EgD(0, s,e, X;) and use Corollary 1
and Theorem 2. The main term of |Tb|/v/T is zs(a))EgD(0, s, e, Xs)ds|. Taking
the expectation of this term yields

82\f|/ a))EgD(0, s,e, Xs)ds| <

1
— EgD(6, s, ¢, X) Eg| X — ds < —O(1) x eT = O(1) x eV/T.
e EaD(0,5,5, )| [ Bal X~ 0)lds S =0(1) x T = 0(1) x &

Finally, To/VT = ev/TOp(1).

T
ST

Therefore,

1 OAegp . 0@ 17
50 = 6.0 (2 [ ) +or)

This yields (54). Hence the first part of Theorem 4, is proved.

e2 %A1 (9) € 0*Ac 1 (9)
It remains to study the limit of the matrix Dél%\%,T(H)DST), =— ( Pa’ T 9Bda )

9Boa T 052
We have:
8282A5T 82H O2H
= (0)—T062(95X)d /HHSX)aQ(HsX)d

/ (8H<9 s, X ))2d8:T1—|-T2+T3 with
0

T Do
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T =7 OT%QIEI(G 5, Xs)dWs; To = — oT ?92;2[(9 s, Xs)D(0,5,¢, Xs)ds; Ty = _%fo (Ga (0.5, X, )) ds.
For Ty, we write

c T aQH 82 82H
= 7/, W(easwrs( a))dWs + T/o (8 5 (0,5, X,) — Va2 (H,S,xs(a))> dWs.

Noting that 2 8332 (B, 2) is odd,

0*H 0*V o® 0%z
Faz 0:5,25(@) = 55 (@) + 5 (8,0) 55 (0,9).

This function is uniformly bounded thanks to Proposition 1. Therefore, using Lemma 3,

2 2
€
BT} S o % (T +€°T) = Tu+f%:ou)
By Lemma 3, Eg(|T3| < 4 x 2T = &2
For the last and main term T3, we erte (see (57)):

_ _/ ( (0, s X)>2— (%Z(Q,s,xs(a))>2] ds
_/ ( (0,5 fcs(oz))>2— <ZH(9 +(a )))2] ds — (gﬂ(e (o )))2.

For the first term, we use Lemma 3 to prove that it is op(1). For the second term, we use that

(%—5(9, S, :Us(oz)))2 converges to (%—5(0, x* (a)))2 with exponential rate and this implies that this
second term is o(1). Hence T3 tends to — (%(G,x*(a)))Q.

2 82A
Joining these results, we have proved that £ 02T (0) tends to — (%—5(9, x* (a)))Q.

T Jao?
2 2 2
Let us now study — T 88/;52T (#). Using that 80615(97 s, Xs) = g;;(ﬁ,Xs — zs(a)) yields
1 0?A.p 1 [T o2 1 (T2
— 2 = —_—— Xs — 4Lg S 7XS — s D » 7Xs

52T 0 66

The following relation is analogous to (64):

2
_L (8(1)(9 X5 — (a))) ds =81+ S+ Ss.

0?® 8 ! 0*e
(65) G o) = 25 (.0 (1 =) (5w
Substituting = by X — xs(a) = £gs(0) + 2 R°(s), we get that the main term of S is
S = [ 0%~ e e (5,00, = Op( )
11 = T s 8528 ) s — VP \/T )

as, using Proposition 5,(i), EgS%l = Op(1/T). For Sy, we split as previously
D(0,s,e,Xs) = EgD(0,s,e,Xs) + D(0,s,e,Xs) — EgD(0,s,e, X;) and find that the main term
of Sy is

1 T 83
S22:€2T/0 (Xs_ ( ))8528 (By )EQD(G,S,E,XS)CZS,
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where |EpSaz| < € using Corollary 1 and Theorem 2.
The limit is obtained by S3 whose main term is (see (64))

Su=ar [ (0@ 22 5.0) as=— (22 3.0) L [ s+ ontr).

2
Therefore, Proposition 5, (i) yields that Ss3 tends to — ( G (8, O)) /(2(¢(e, B)). Joining these

0B0x

results, we get that the same holds for %a 8%2’T (9)

It remains to study the off diagonal term (¢/7") 82A8’6T (#). We have

e O?Acr T o2 0*H
) = = 0 8&8ﬁ(esX)dW —/ D(B. 5,2, X.) 552 (0,5, X.)ds
1 ToH 0H
_€T< s x0 (Q,S,Xs)ds> ST+ Ty 4Ty
where
0’H 0’® Oz 0H 0P
aaaﬁ(07S’X8) - a$aﬂ(5 X ( ))aia(avs)’ %(9)87)(8) - _%(/BuXS —ms(a)).
As before, the main term of 77 is TfOT daag% 0,5, xs(cx ))dWS = = OT g;%(ﬂ, )axé (o, s)dWs.

Therefore, since %”S (cv, s) is uniformly bounded, EgT? = £0(1) and Tt = Op( ﬁ)

For Ty, by Lemma 3, [EgT3| S 4T =e.

For T3, we have, using (64),
?o 17 oOH
T3 = s . \WU,9,ds 1).
= 5B [ 9055 05 @)ds + op)
Now, setting h(s) = 8—(9, s, xs(a)) — %—Z(G,x*(a), we have

T T
/ gs(0 0 s xs(a))d‘S:%g(G,x*(a));/o 98(9)d8+;/0 gs(0)h(s)ds.

Since zs(a) — (a), h(s) — 0, Proposition 5 yields that both terms above converge to 0.
To conclude, we have obtained
g 82/\5 T
=2 25T ) = op(1).
T g0 ) = P11

The proof of Theorem 4 is now complete.O

Proof of Theorem 5 Let us set

oV Oxs OH
(66) h(e? S) - %(Q,I‘S(O{)) (IB’ ) ( 75) - %(Q,S,ﬁs((l))-
Here, for the convergence in distributlon, it is enough to prove
OAe T T
(67) 66702(0) = h(6,s)dWs + op(1)

1 OAer,,. 82
O = 50 g [ a0 ortt

(68)
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Indeed, the bracket of the two stochastic integrals is equal, up to a constant, to % fOT gs(0)h(0, s)ds.
We are in Case (2): using (17), it corresponds to a—H(G x*(a)) = 0. Therefore, by Proposition
1, h(0, s) converges exponentlally fast to aH o (0,2"(a) = 0 and f0+oo (%—5(9, s,xs(oz)))2 ds < 400.
Proposition 5 yields that ﬁ fo gs(0)h(0, s)ds tends to 0.

Let us prove (67). We now have (see (56)):

OAeT _ T oH oOH o0H
€ 90 0) = . Da — (0, s, x5(c))dW —l—/o (8 0,s,Xs) — 9a (G,S,xs(a))> dW
T oH
(69) —— (9 s, X ) (G,S,S,Xs)dS =T+ 15+ T;s.
€ Jo 80[

Since Eg(T7) < 0o, Ty — [7 20, 5, 25())dW; as T — oo.

By Lemma 3 EQ(TQ) < 2T = o(1) under the condition ev/T — 0.

As f 819, s,25())| ds < 400, Lemma 3 (iii) yields that E|[T5| < € + 2T = o(1).
This achleves the proof of (67).

1 OA
The study of N

L(0) is similar to its study in Theorem 4.The proof of (68) is complete.

Now we study the limit of the normalized matrix DS:)FJE,T(H)DS% =—1 . ;iT 9 \/Fa?fj? p
ﬁa,ﬁaa() 7957 ()
We have
o2A. T g2 Ll " (on i
g2 aaéT(Q) = ¢ | e 2(9 s, Xs)dW, — / (0,s,X5)D (9,5,5,X5)d5—/0 <804(9’57X5)> ds

= TV +T,+1T;s.
For the first term, we write

T o2H

O H O H
n-e | M(H,s,xs(oz))dWs—i—e/o (a L 0.5, x,) - W(e,s,xs(a))> ..

We have that 8827}21(0, s,xs(a)) = %(a,ms( )+ (ﬁ, )) L (, ), which is uniformly bounded
on RT. Thus,

T 9°H ?
E — s s ) ST =o(1).
([ G osaanam) £ = o)

The second term of T} is ruled by Lemma 3 (i) and is eop(1). Next, Ey|T| < Te? by Lemma 3
(ii).
82H
IE9|/ (0,5, Xs)D(0, s,e, Xs)ds| < °T.

Finally, we can check, using Lemma 3 (i), that the main term of T3 is, using (66), fOT h2(9, s)ds,
where h(¢9 s) converges exponentially fast to 0. Therefore,

(et XS))2 ds — [;7°°h*(8, s)ds < +oo, so that

20 Aot o, _/0+°° (aH(g,S,xS(a))fds.

0a?
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The study of A e MZT (0) is the same as for Theorem 4. It remains to study

e 0?Acr 1 (T o’H O*H
ﬁaaaﬁ(e)_ 77 ), 8aaﬁ(98X)dW 6\F/DH.sz—:X)aaﬁ(QsX)al
1 ToH OH
_E\/T< 95 (GSX)aa (Q,S,Xs)ds> =T+ Ty + T;.

2
The proof is essentially analogous to the study of 68255 (0) in the previous theorem. We point

out the differences.

1 P 2
The main term of 77 is T aiaﬁ (8,0 )(9511 (cr, 8)dWs.
9o (a, s) converges exponentially fast to %( a) = 0. Therefore,
0 (%Iof (v, s)) < +o0. Consequently, T = TOP( )
For T5, the main te /DG EX)82H(¢9 ())d
r main term is s s, xs(a))ds.
2, c — aaaﬁ )9y
Using that il 0,s,x5(a)) = 0*® —(5,0 )&ES (ar, s) is integrable, we get by Lemma 3 (iii)
g aaaﬂ » 2y MS a 8ﬁ 9 g ) g y )
1
Eg[To| S e2 4+ 3T) = o(1).
T2 S (e 4 T) = of)
It remains to study 73. Using (64) and (66),
1 T 9% OH
T3 = — Xs — s 67 s d d 1
v = ([ g PO = e G 6 ) s+ op(1)

9P 17
= Oxaﬁ(ﬁ’o)\/f/o 9s(0)h(8,s)ds + op(1).

As h(6,s) — 0 as s tends to infinity, \} fOT gs(0)h(8, s)ds = op(1) by Proposition 2.

A
We have obtained that ia e

JT 9B0a

(#) = op(1). So the proof of Theorem 5 is complete. O

Proof of Lemma 3.
Proof of (i) A Taylor expansion yields:

1
F(0,s,Xs) — F(0,s,z5(a)) = (Xs — zs()) /0 g—i(a, zs(a) + u(Xs — z5()))du.

Hence

—z( 2 —z.(a 24-2¢
(F(0,s,Xs)—F(8,s,zs(a)))? < 3C2%? <(XS€2S())(1 + 21;18 |25 () %) + %€ (X, 521(2‘3)) . ) )

By Theorem 2, we get, using that s — x5(a) is uniformly bounded on R by B(«),
(70)

Ey /OT (F(0,sXs) — F(0, s,:cs(a)))z ds < 3C2%T ((5(04, D1+ Bzc(a)) +e%6(a, 1+ c)) = Ci(a, F)gZT.

This achieves the proof of (i).
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Proof of (ii) For the second inequality, we split

T
Eg/ FGSX (986X)d$—A1+A2—|—A3—|—A4, with
0

T

A = Ey F(0,s,x5())EgD(0, s,e, Xs)ds,

T

Ay = Eo [ F(0,s,25(c))(D(0,s,e,Xs) —EDy(0,s,¢, X)) ds,

As = Ey F(0,s,Xs) — F(0,s,25(a))) EgD(0, s,e, X5)ds

Ay = Ey (F(0,s,Xs) — F(0,s,x5(a))) (D(0,s,¢,Xs) —EDg(0,s,¢, Xs)) ds

[/
/OT
[
[

Since xs(«) is uniformly bounded by B(«), we get, using that F'(6, s,z) < C(1+|x|¢), |F(0, s, xs(a))| <
C(1+ B%«)) = C(«). Thererore, using Corollary 1

| A

IN

sup |EgD(0, s, e, X) \ F(8,s,zs(a))|ds < 2T x [sup]F(@,s,:Us(a))]ds} < C(a)e’T

520 5>0

T
As < /IN&WMMW%WM@aXJ—MD@&a&N%
0

s [T -6 2]1/2 3
< e[ |F(0,s,z5(a))] [Ega |D(0,s,e,Xs) —EgD(0, s,e, X)]| } ds S e’T.
0

For As, we have using (i),

T 1/2
|As| < sup|EgD(0,s,e, X,)|xEqg [T/ |F(6,5,X,) — F(e,s,xs(a)ﬂ ds < e2VTx (2T)V/? < °T.
s>0 0

For A4, we write:

T
A < /0Eg[\F(G,s,XS)—F(G,s,ms(a))ﬂ(D(G,S,E,XS)—EgD(G,s,a,XS))\]ds

IN

T 911/2
53/ ds [E9|F(9,8,Xs)—F(«9,s,xs( )2y | 6D(0,5,¢, X,) — BgD(0, 5,2, X,)| } .
0

We have, using (i), Eg |F(6, s, Xs) — F(0, s, z5(a))|* < [Eg(Xs — z5())?] 1/2 <e.

Therefore, by Theorem 2 and Corollary 1 , |A4| < e?T.

Finally, joining these inequalities yield (ii).

Proof of (iii) Since [;°[F(6, s, zs())|ds < oo, we can bound differently A; and As.
|Aq] < sup\IEgD(H s e, Xs) ]/ F(0,s,x4())|ds < €2

Analogously, for A,

T
Ihl<[/\ﬂ&wM@W%W@&&XQ—MD@&Q&H%
0

3 -6 _ 2\ V2 [T < g3
< sup (Bole=® D0, 5,2, Xa) ~EgD(0, 5,2, X)) ([ |F(6,5,25(c))|ds < .
§>0 0
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The terms Ag, A4 are bounded as previously. Thus |A1 +9 +A3 + A4| < g2 4 37T
It remains to look at the three functions H (0, s,z), 2£(, s, z), 2 8 9H (9, s,x). Using [S1]-[S2], as
B = sup, ; |x¢(a)| < 400, we easily check (55) for H (6, s,x). By [S2] and Proposition 1, we also

have sup,, ; |8”t (a,t)] < +o0 and sup, |8 % (a,t)| < +oo. Therefore, we can check that (55)
holds for the two other functions. O

Proof of Lemma 2 We have to study under Py,:

T
Ao, B) = / H(0,s,X:)(V(g, Xs)ds — b0, 5, Xs))ds + edW, — 1/ H*(0,s,X,)ds

— _2/( (0,5, X,) — V(ag, X)) ds + = /V2a0, ds+ZT
0
where, using (15),(11)

T T
7 = e/ H(0,s, Xs)dWs; ng/ H(0,s,Xs)D(by,s,e,Xs)ds
0 0
T
T; = / (H(0,s,Xs)— H(0,s,z5(p)))P(Bo, Xs — xs(cv))ds
0

T
T, = _/0 H(O, 5, 24(00))8(Bo, Xs — a4(cx0))ds.

Let us consider the first term of e?A. 7(«, B). It satisfisfies, using Lemma 3 (i) that , under the
condition evV/T — 0,

fOT(H(G, 5, Xs) — V(ag, X))?ds = fOT(H(H, s,25()) — V(ao, xs()))?ds + op(1).

Now, define the limit of its integrand term as s — oo,

(71) h*(a, a0, B) = V(a, 2" () — (8, 2™ () — 2" ().

The two cases pointed out in Section 3.3 occur here.

Case (1): Forall 8, h*(a, a, B) # 0, and 7 fo H(9,s,75(a0))—V (ap, 75()))?ds — (h*(c, a0, B)).
Case (2): For all 3, h*(a, a0, 8) =0, and [J~(H(8, s, z5(c0)) — V(ow, x5()))?ds < oc.

The second term satisfies, in both cases fOT V2(ag, Xs)ds = fOT V2(ag, zs(ap)))ds + op(1) and
this last integral converges, as T — oo to [~ VZ(a, zs()))ds < co.

Consider now the remainder terms 7T; of 52A57T(a, B).
We have Eg, T2 = 2Ky, fOT[V(a,XS) — ®(3, X5 — z5())]?ds. Using Lemma 3 (i) and similar
tools detailed in the proof yields that Eg, 77 < £2T. Therefore, under the condition ev/T = o(1)
we find that 71 = op(1),T5 = op(1). For T3, applying Lemma 3 (i) yields that
Eg, fo (0,8, Xs) — H(0,s,25(c0)))®(Bo, Xs — ws()])?ds < Te? and Ey, | T3] = eVT = op(1).
For Ty, using Theorem 3, ®(5y, Xs — zs(ap)) = g—i’(ﬂ,O)(&?gs(Go) +e2RE(6p)).

d T
Therefore Ty = EZ(,@, 0)/ H(0,s,zs(0))gs(00)ds + op(1).

x 0
The limit, as s — oo of H(,s,zs(ap)) is h*(ag, a, 3) defined in (71). Therefore, we have to
study I1 in Case (1) and Ty in Case (2). We have

T T
Ty = 58—@(& 0) (h*(a,ao,ﬁ)/o 9s(0o)ds —i—/o (H(0,s,zs(ap)) — h*(a,ao,ﬂ))gs(ﬁo)ds> )
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T.
Therefore, in Case (1), applying Proposition 5 (ii) and (iii) yields that ?4 =ceop(1).
In Case (2), for all 5, h*(ap, o, ) = 0 and Proposition 5 (iii) yields that Ty = evVTop(1) = op(1).

Consider now e2A. r(ap, 3). Noting that h*(ag, g, 3) = 0, we have that Ty = op(1). Using
that [, [®(8, Xs — x5(a))]?ds = Op(£2T), we get
e I
Pherlen) = —5 [ 100X~ w@)Pds+ 5 [ V(a0 X)ds + op()
0 0
1

T
_ 2/ V2(ag, X, )ds + op(1),
0

Joining these results yields that, using (71),
Case (1): 5 (Aer(a, B) = Acr(ao, B) = — (W (e a0, 8)) = A (a1, a0, B).

Case (2): Set A§2) (o, 0, B) = —% O+OO[V(04,(ES(04())) —V(ag, 75(a0)) — ®(B, z5(an) — z5()))ds.
Then, £2(A.1(a, B) — Acr(ao, B) = AP (a, a0, B).

The uniformity of the convergence is obtained using that ©,, 03 are compact sets, Assumptions
[S1], [S2] and Remarks 3, 5.

Finally, it remains to study %(A&T(Odo, B) — Az (o, Bo)).

T
62A57T(C¥0,5) = / H(a()aB’SvXS)[(H(eO’SvXS) _D(0078757XS>)d8+8dW8]
0

1

1 T T
— 2/ H2(ozo,ﬁ,s,XS)d8:—2/ (H(ao,,@,S,Xs)—H(@o,S,XS))QdS
0 0

T T
+ 5/ H(a, B, s, Xs)dWy —/ H(a, B, s, Xs)D(by, s,e, Xs)ds.
0 0
USing that H(a()aﬁv SaXs) - H(e()? SaXS) = _(q)(ﬁvXS - :L'S(O‘O)) - q)(ﬁ(bXs - ZL‘S(OZ()))) and

B3, X, — s(a0)) = 5 (3, 0)(X. — 2:(a0)) + Op(e) = =57 (5, 0)gs(0) + 0p(1).
Therefore,

1 1 [T o9

—=(Ac (a0, B) — A7 (o, Bo)) = ~ar J, (%

: (8.0) ~ 2 (80,0) g2 (60)ds + Ty + Ty +Op(1),

= ELT f()T(H(O‘()a B, s, Xs)_H(Hov S, Xs))dWS, Ty = _EQLT fOT(H(a(]v B, s, XS)_H(QOa S, XS))D(907 8,8, XS)dS'
For T, we have, using Theorem 2,

Eg, T2 = B, [y (H(ao, B, 5, Xs) — H(00, 5, Xs))2ds < o T supEq, (X5 — 25(c0))?) S .

Therefore Th = op(1).

For Ty, set F(X;) = H(ao, S, s, Xs) — H (0o, s, Xs). Then, splitting D(6p, s, ¢, Xs) as in the proof

of Lemma 3,

ST F(Xs)D(B, 5,6, Xs)ds = [ F(Xs)Eg, D (6o, 5,8, Xs)+ [y F(Xs)(D(6o, 5,, Xs)—Egy D00, 5, ¢, Xs))ds.
Using that B, | [, |F(X,)|ds < VT(Eg, [, F2(Xs)ds)"/? < €T, we get

Ego| il F(Xs)EgyD (60, 5., X5)ds| < sup, [EgyD(6o, 5,6, Xs)| Ego| fil |F(Xs)|ds < 3T
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Now, Eg,|F(Xs)(D (6o, s, ¢, Xs) — Eg, D (00, 5,6, Xs))| < 3By, (Xs — z5()?]}/20(1).
Hence, Eq, | fOT F(Xs)(D(6o, 8,6, Xs) — Eg, D (00, 5,6, Xs))ds| < T
These two inequalities yield that T = op(1) and finally, as T — oo,

%(AayT(a();B)_AE,T(a07/80)) = —% ; [a(I)(ﬂ; 0) — i(ﬁo,o)]zgf(ﬁo)deroP@)
- 26(@1050)[ (8,0 )—g;lj(ﬁo,O)P:Az(ao,g,ﬁo),

Moreover, we can prove that this convergence is uniform with respect to 3 € ©5. O

Proof of Theorem 6. We just give here a sketch of the proof. To get (i), we prove the
three steps (1)-(3) of Gloter and Sorensen (2009), Section 4.4.1, that we have recalled at the
beginning of Section 3.4.

Proof of (1). In Case (1), the fact that (¢2/T)(Acr(a,8) — Acr(an, 8)) Py, Agl)(a,ao,ﬁ),
uniformly with respect to («, 3) where («, 3) — A )(oz, ag, ) is continuous, < 0, and = 0 iff & =
o implies the consistency of d. 7.

Analogously, in Case (2), the fact that 2(A. (o, 8)— Az 7(0, B)) —Py, Ag2) (o, v, ), uniformly
with respect to («, ) implies the consistency of é. 7.

Proof of (2). By (1), & r is consistent thus Py (Ge 7 € O4) — 1 as € tends to 0. On the set
(Ger € B4), we have:

8A5 T

0 = 50 (Ger,Ber) = Ver + (Ger — ag)Ne,  where
ON. T 5 O*A.r X
Vi = B0 By, Ner = [ Loes (oo + taa o) )i
Thus,
\/T)V T eV, T
Te\(der — o) = — L DVer 1), e N aer—ag) = — 2L 2).
VTe (a1 — ap) (ET)N-.1 or Case (1), & " (Ger — ) 2N, or Case (2)

We must prove that (¢/vT)V.r and (¢2/T)N. 7 for Case (1), eVe7 and 2N, 7 for Case (2),
are tight under Pp,. This can be done using the same tools as in Theorems 4 and 5, and using

the assumption that ‘g—?(ﬁ, 0) is uniformly bounded on ©g and that B&T € Og.

Proof of (3). To obtain the consistency of B&T, it is enough to prove that:

1

(72) T(AE,T(da,Tv /8> - AE,T(&S,Tv 60)) — A2(0407 57 50)
uniformly in 5.

Consider first Case (1). Using (53), we have, setting o, = ag + u(de 17 — ),

VT

Aer(ber,B) — Acr(Ger, fo) = (Aer(ao, B) — Aer(ao, Bo)) + ?(ds,T —ap)—=R(e,0,T),

E

. ! 8AE,T aAe,T
with  R(e,0,T) = /0( 90 (o, B) — Do (o, Bo))du

_ VT ([ (How )~ Uow Bo) OV L W
T e </o (o) By (o () ) Z5 + P(1)>

VT
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Now, since @, r is consistent, the integral term converges to a constant C' (6, 5) which is bounded.
Therefore TJ/QER(E 0,T) = TJ/QC(HO,B) +op(1) = op(1).

Using now the tightness of e~'/T(&. 1 — ap) yields (72). The uniformity in 3 follows from the
continuity of 8 — £(6).
For Case (2), we use (66)-(67) and

R(e,0,T) = / / (aw, B, 8) — h(aw, Po, $)du)dWs + op(1))

Therefore 7eR(e,0,T) = 7 fo dW( fo (ot B, 8) — h(aw, Bo, 8)du) + Top(1) Since dqr is con-
sistent, the integral term convergeb to a function F'(y, 3, s) which is bounded uniformly in s.
Hence Eg,(7cR(c,0,T))* = 2 fo dsEy, fo (atu, B, 8) — h(aw, Bo, s)du)?) < +0(1). Hence, we
get that (72) also holds in Case (2).

Under the identifiability asssumption for 5, we get that in both cases the consistency of BgyT.

The proof of the asymptotic normality follows, by standard tools from (i) and Theorems 4
and 5. O
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