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Abstract: Cardiac memory, also known as the Chatterjee phenomenon, refers to the persistent
but reversible T-wave changes on ECG caused by an abnormal electrical activation pattern. After
a period of abnormal ventricular activation in which the myocardial repolarization is altered and
delayed (such as with artificial pacemakers, tachyarrhythmias with wide QRS complexes or ventricular
pre-excitation), the heart remembers and mirrors its repolarization in the direction of the vector of
“abnormally” activated QRS complexes. This phenomenon alters patterns of gap junction distribution
and generates changes in repolarization seen at the level of ionic-channel, ionic concentrations, ionic-
current gating and action potential. In this work, we propose a mathematical model of cardiac
electrophysiology which takes into account cardiac memory phenomena. The electrical activity in heart
through torso, which is dependent on the prior history of accrued heartbeats, is mathematically modeled
by a modified bidomain system with time fractional-order dynamics (which are used to describe
processes that exhibit memory). This new bidomain system, that I name ““ memory bidomain system”,
is a degenerate nonlinear coupled system of reaction-diffusion equations in shape of a fractional-
order differential equation coupled with a set of time fractional-order partial differential equations.
Cardiac memory is represented via fractional-order capacitor (associate to capacitive current) and
fractional-order cellular membrane dynamics. First, mathematical model is introduced. Afterward,
results on generalized Gronwall inequality within the framework of coupled fractional differential
equations are developed. Next, the existence and uniqueness of solution of state system are proved
as well as stability result. Further, some preliminary numerical applications are performed to show
that memory reproduced by fractional-order derivatives can play a significant role on key dependent
electrical properties including APD, action potential morphology and spontaneous activity.

Keywords: fractional-order dynamics; heart-torso coupling; cellular heterogeneity; integral
inequality; weak solution; cardiac memory; memory induced T-wave; ionic models
Mathematics Subject Classification: 35R11, 34A08, 35K57, 35B30, 92C50, 35Q92
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1. Introduction and mathematical setting of the problem

1.1. Modeling motivation

The heart is an electrically controlled mechanical pump which drives blood flow through the
circulatory system vessels (through deformation of its walls), where electrical impulses trigger
mechanical contraction (of various chambers of heart) and whose dysfunction is incompatible with
life. The coordinated contraction of heart and the maintenance of heartbeat are controlled by a
complex network of interconnected cardiac cells electrically coupled by gap junctions and
voltage-gated ion channels. The evaluation of bioelectrical activity in heart is then a very complex
process which uses different phenomenological mechanism and subject to various perturbations, and
physiological and pathophysiological variations.

The electrical system of a normal heart is highly organized in a steady rhythmic pattern. This normal
heartbeat is called sinus rhythm. Irregular or abnormal heartbeats, called arrhythmias, are caused
by a change in propagation and/or formation of electrical impulses, that regulate a steady heartbeat,
causing a heartbeat that is too fast or too slow, that can remain stable or become chaotic (irregular and
disorganized). Many times, arrhythmias are harmless and can occur in healthy people without heart
disease; however, some of these rhythms can be serious and require special and efficiency treatments.
Fibrillation is one type of arrhythmia and is considered the most serious cardiac rhythm disturbance. It
occurs when the heart beats with rapid, erratic electrical impulses (highly disorganized almost chaotic
activation). This leads to quivering (or fibrillation) of heart chambers rather than normal contraction,
which then leads the heart to lose its ability to pump enough blood through circulatory system. The
treatment therapy of these diseases, when it becomes troublesome or when it can present a danger,
often uses electrical impulses to stabilize cardiac function and restore the sinus rhythm, by implanting
the patients with active cardiac devices (electrotherapy). For example, in case of cardiac rhythms that
are too slow, the devices transmit electronic impulses and ensure that periodic contractions of heart
are maintained at a hemodynamically sufficient rate; and in the case of a fast or irregular heart rate,
the devices monitor heart rate and, if needed, treat episodes of tachyarrhythmia (including tachycardia
and/or fibrillation) by transmitting automatically impulses to either give defibrillation shocks or cause
overstimulation (via an ICDs*) or synchronize contraction of left and right ventricles.

After cessation of a transient period of abnormal ventricular activation (arrhythmia or pacing) in
which the myocardial repolarization is altered and delayed (such as with artificial pacemakers [82],
tachyarrhythmias with wide QRS complexes, intermittent left bundle branch block or ventricular
pre-excitation observed in Wolff-Parkinson-White syndrome [45]), the heart remembers and mirrors
its repolarization in the direction of vector of “abnormally” activated QRS complexes [66]. This
remodeling of electrical properties of myocardium is characterized by persistent but reversible T-wave
changes on the surface electrocardiogram (ECG). The scope, significance and direction of T-wave
deviation depend on duration and direction of abnormal electrical activation. Moreover, these changes
are often confused with pathological conditions manifesting with T-wave deviations, such as (acute)
myocardial ischemia or infarction. This cumulative and complex phenomenon is named cardiac
memory and can persist up for several weeks after normal ventricular conduction is restored. Heart is
considered as network of cardiac oscillators communicating via gap junctions between neighboring
cells and through voltage gated ion channels (that are activated by changes in electrical membrane

*The so-called implantable cardioverter defibrillators
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potential near channel): this phenomenon alters patterns of gap junction distribution and generates
changes in repolarization seen at the level of ionic-channel, ionic concentrations, ionic-current gating
and action potential.

The existence of cardiac memory has been known for many years and resulted in a large number
of publications, see for example [23, 37, 44, 58-60, 67, 72,73, 75] and the references therein. Yet
despite all this, this phenomemon is under-recognized and there is still limited information regarding its
physiological significance and practical clinical implications because this phenomenon is considered
to be a relatively benign pathophysiologic finding. Unfortunately, the work of past few years has
shown that despite the mostly benign nature of cardiac memory in healthy individuals under some
conditions, it can be the trigger of more complex arrhythmias and then requires emergency care of
the patient. Other works estimate that clinically administered antiarrhythmic drugs alter expression of
cardiac memory and that generate changes in repolarization could in turn alter the effects of these drugs
(see e.g. [4,63]). Moreover, cardiac memory may also lead to unnecessary and invasive diagnostic
investigation that put patients under unnecessary risks (see e.g., [71]).

Then, recognition of cardiac memory as a serious potential cause of T-wave changes and the analysis
of T-wave morphology (throughout the ECG during narrow- and wide-QRS rhythms) are critical to help
differentiate T-wave changes due to myocardial ischemia from those induced by cardiac memory, and
consequently sustainably establish the clinical relevance of this phenomenon, facilitates diagnosis and
increases efficiency of cardiac disorders treatment.

Consequently, this has greatly emphasized the need for model and methodologies capable of
predicting and understanding the dynamic mechanisms of different sources of electrical instability in
heart like cardiac action potential (AP) repolarization alternans which is influenced by memory. At
cellular level, alternans is generally manifests as cyclic, beat-to-beat alternations between long and
short action potential and/or intracellular Ca transient, and is frequently associated with the
development of ventricular tachycardia and fibrillation. It is generally agreed that disturbances of
bi-directional (mutual) relationship between transmembrane potential (or membrane voltage) ¢ and
Ca-sensitive ionic currents play a key role in generation of alternans. Because membrane voltage ¢ is
strongly affected by Ca-sensitive ionic currents and intracellular Ca loading in turn is strongly
influenced by ¢-dependent ionic currents. This complex bidirectional coupling influences and
controls the amplitude and duration of action potentials (APD) through various time- and
voltage-dependent ionic currents.

The classical bidomain system is commonly used for modeling propagation of electrophysiological
waves in cardiac tissue. Motivated by above discussions, to take into account the critical effect of
memory in propagation of electrophysiological waves, together with other critical cardiac material
parameters, we propose and analyze a new bidomain model, that I name “memory bidomain system”
by incorporating memory effects. In next section, we shall present derivation of this memory bidomain
model.

1.2. Modeling and formulation of the problem

Mathematical and computational cardiac electrophysiological modeling is now an important field
in applied mathematics. Indeed, nowadays, heart and cardiovascular diseases are still the leading cause
of death and disability all over the world. That is why we need to improve our knowledge about heart
behavior, and more particularly about its electrical behavior. Consequently we want strong methods to
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compute electrical fluctuations in the myocardium to prevent cardiac disorders (as arrhythmia). Tissue-
level cardiac electrophysiology, which can provide a bridge between electrophysiological cell models
at smaller scales, and tissue mechanics, metabolism and blood flow at larger scales, is usually modeled
using the coupled bidomain equations, originally derived in [78], which represent a homogenization of
the intracellular and extracellular medium, where electrical currents are governed by Ohm’s law (see
also e.g. [46] for a review and an introduction to this field). The model was modified and extended
to include heart tissue surrounded by a conductive bath or a conductive body (see e.g. [64] and [74]).
From mathematical viewpoint, the classical bidomain system is commonly formulated in terms of
intracellular and extracellular electrical potentials of anisotropic cardiac tissue (macroscale), ¢; and ¢,,
(or, equivalently, extracellular potential ¢, and the transmembrane voltage ¢ = ¢; — ¢.) coupled with
cellular state variables u describing cellular membrane dynamics and torso potential state variable ¢;.
This is a system of non-linear partial differential equations (PDEs) coupled with ordinary differential
equations (ODEs), in the physical region Q (occupied by excitable cardiac tissue, which is an open,
bounded, and connected subset of d-dimensional Euclidean space R¢, d < 3). The PDEs describe the
propagation of electrical potentials and ODEs describe the electrochemical processes.

Cardiac memory can affect considerably the resulting electrical activity in heart and thus the cardiac
disorders therapeutic treatment. It is then necessary to introduce the impact of memory on dynamical
behaviors of such a system. Memory terms can cause dynamical instabilities (as Alternans) and give
rise to highly complex behavior including oscillations and chaos.

L u/,/\\J

Figure 1. The derived “Memory bidomain model” is defined on heart domain Qy, while Qg
is the rest of body.

In order to take into account the influence of cardiac memory and inward movement of u into
the cell which prolongs depolarization phase of action potential, we propose a new bidomain model.
In this new model, classical bidomain model has been modified via time fractional-order dynamical
system, arising due to cellular heterogeneity, which are used to describe processes that exhibit memory.
More precisely, the derived system with memory (or history), is a nonlinear coupled reaction-diffusion
model in shape of a set of time fractional-order differential equations (FDE) coupled with a set of time
fractional-order partial differential equations, in the torso-heart’s spatial domain Q (Figure 1) which is
a bounded open subset with a sufficiently regular boundary d€2, and during the final fixed time horizon
T > 0, as follows
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020 + I(;; ¢, u) — div(K;Vg) = I, in Qq = Qu % (0, T)

0@ + I(.; ¢, u) + div(K,Ve,) = —1,, in Qq

—div(K,Vp,) =0, in Qg = Qg x (0, T) (1.1)
Hu+G(ihu)=0, inQy

subject to initial and boundary conditions (1.4),

or equivalently
0% + I (¢, u) — div(K V) = div(KVg,) + I;, in Qy
~div((K, + K)Vg,) = div(I;V) + I, in Qy
—div(KVey) = 0, in Qp (1.2)
.+ G p,u) =0, inQy

subject to initial and boundary conditions (1.4).

Here, é?g+ and c')f; denote the forward Caputo fractional derivatives with @ and S be real values in
10, 1] and the unknowns are the potentials ¢;, ¢., ¢, and a single ionic variable u (e.g. gating variable,
concentration, etc.).

The heart’s spatial domain is represented by Qy which is a bounded open subset, and by I'y =
0Qy we denote its piecewise smooth boundary. A distinction is made between the intracellular and
extracellular tissues which are separated by the cardiac cellular membrane. The surrounding tissue
within the thorax is modeled by a volume conduction Qp with a piecewise smooth boundary I'y =
I'y U I'y where I'7 is the thorax surface. The whole domain is denoted by the Q = ﬁH U Qg. In Qy,
the transmembrane potential is ¢ = ¢; — ¢, where ¢, and ¢; are the transmembrane, extracellular and
intracellular potentials, respectively, and in Qg, ¢ is thoracic medium electric potential. The parameter
e 18 ¢, = kC, > 0, where C, is the membrane capacitance per unit area and « is the surface area-to-
volume ratio (homogenization parameter). The membrane is assumed to be passive, so the capacitance
C, can be assumed to be not a function of state variables. Classically this membrane is assimilate
to a simple parallel resistor-capacitor circuit. However various studies showed clearly that a passive
membrane may be more appropriately modeled with a non-ideal capacitor, in which the current-voltage
relationship is given by a fractional-order derivative (see e.g [84]). So, according to the passivity of
tissue we can assimilate this membrane to electrical circuit with a resistor associate to the ionic current
(Ii,n) and a capacitor associate to the capacitive current, I = ¢, 0. ¢, in parallel, with  usually ranging
from 0.5 to 1 (Figure 2). Moreover, since the electrical restitution curve (ERC) is affected by the
action potential history through ionic memory, we have represented the memory via ionic variable u
by a time fractional-order dynamic term 8€+u.

Twhich traditionally describes the recovery of APD as a function of the interbeat interval
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Extracellular space

o 4 I J¥

Intracellular space

Figure 2. Modeling of the membrane as resistor and non-ideal capacitor coupled in parallel
(where 0 < @ < 1 is the fractional order of capacitor).

The coupling between equations in Qy and equation in Qg (in systems (1.1) and (1.2)) is operate at
the heart-torso interface I'y. The continuity conditions at the interface can be given by

Soe = ‘)DS? in z:H = FH X (O, T)

(1.3)
(K. Ve,)-n=(K,Vy,)-n, on Xy.

where n is the outward normal to I'y.

The tensors K; and K, are the conductivity tensors describing anisotropic intracellular and
extracellular conductive media, and tensor K represents the conductivity tensor of thoracic medium.
The electrophysiological ionic state u describes a cumulative way of effects of ion transport through
cell membranes (which describes e.g., the dynamics of ion-channel and ion concentrations in different
cellular compartments). The operator 7 is equal to «/;,,, where the nonlinear operator [;,, describes
the sum of transmembrane ionic currents across cell membrane with u. The nonlinear operator G is
representing the ionic activity in myocardium. Functional forms for 7 and G are determined by an
electrophysiological cell model. The source terms are I; = «f;, I, = «f, and I = I; + I,, where f; and f,
describe intracellular and extracellular stimulation currents, respectively.

To close the system, we impose the following initial and boundary conditions

initial conditions
ot =0)=¢o, u(,t=0)=uy in Qy
and boundary conditions
Pe = s, In Xy (1.4)
(KVee) -m=(K;Ve,) -, on Iy
(K:Vep)) -m=0, on Xy
(KVe,)-ny =0, on 27 =Ty X (0,T)
where nr is the outward normal to I'7.
In absence of a grounded electrode, the bidomain equations are a naturally singular problem since

¢, and ¢, in system (1.2), only appear in the equations and boundary conditions through their
gradients. Moreover, the states ¢, and ¢, are only defined up to the same constant. Such problems
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have compatibility conditions determining whether there are any solution to the PDEs. This is easily
found by integrating the second and third equations of (1.2) over the domain and using the divergence
theorem with boundary conditions. Then the following conservation of the total current is derived
(a.e.in(0,T))

f ldx = 0. (1.5)
Qu

Consequently, we must choose current / such that the compatibility condition (1.5) is satisfied. For the
choose of intracellular stimulus, it is natural and usual (as is common) to take I; = —I, (denoted in the

sequel by fy) i.e., setting the total current / to zero. It is clear that this condition does not correspond
to zero extracellular stimulus, but that the extracellular stimulus current and the intracellular stimulus
current are equal in magnitude and opposite in direction. Moreover, the functions ¢, and ¢; are defined
within a class of equivalence, regardless of the same time-dependent function. This function can be
fixed, for example, by setting the condition, (a.e. in (0, T))

f p.dx = f psdx = py where py is a fixed time-dependent function. (1.6)
T Ty

Remark 1.1. . Condition (1.6) is used for pressure in oceanography (see e.g. [15]).
2. The functions K;, K., H and G depend on the fiber extension ratio.
3. We can suppose, for example, that fy is only a time dependent source and is of the form

Fal%, 1) = 6D (g (%) = g (X)), (1.7)

where x o is the characteristic function of set QY i =1,2. The support regions Qg) and Qg)
H

can be considered to represent an anode (positive electrode) and a cathode (negative electrode)

respectively. |

In recent years, various problems concerning biological rhythmic phenomena and memory
processes which can be included in a cardiac model in many ways (via delay model or time fractional
dynamical model), have been studied. Via delayed system we can cited e.g., [11,17,20,40,41,43,69]
and the references therein. For problems associated with bidomain models with time-delay, the
literature is limited, to our knowledge, to [8,9,27]. In these references, in order to take into account
the influence of disturbance in data and the time-varying delays on propagation of
electrophysiological waves in heart, the authors have developed a new mathematical model and have
considered the theoretical analysis as well as numerical simulations (with real data) and validation of
developed model. Via time fractional dynamical model, the literature is also limited, we can cite
e.g. [26,31]. In [26], the authors study, using a minimal cardiac cell model, the effects of a
fractional-order time diffusion for the voltage and for the ionic current gating. They have shown
numerically the interest of modeling memory through fractional-order and that with the model it is
able to analyze the influence of memory on some electrical properties as spontaneous activity and
alternans. Concerning problems associated with classical bidomain models various methods and
technique, as evolution variational inequalities approach, semi-group theory, Faedo-Galerkin method
and others, the studies of well-posedness of solutions have been derived in the literature (see
e.g., [12, 16,18, 19,24, 80] and the references therein); for development of multiscale mathematical
and computational modeling of bioelectrical activity in myocardial tissue and the formation of cardiac
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disorders (as arrhythmias), and their numerical simulations, which are based on methods as finite
difference method, finite element method or lattice Boltzmann method, have been receiving a
significant amount of attention (see e.g., [5, 6,21, 28-30, 35, 38,46,51, 65,79, 81] and the references
therein).

The rest of paper is organized as follows. In next section, we give some preliminaries results useful
in the sequel. In Section 3, some preliminaries results concerning fractional calculus are given and
results on generalized Gronwall inequality to a coupled fractional differential equations are developed.
In Section 4 we shall prove the existence, stability and uniqueness of weak solutions of derived
model, under some hypotheses for data and some regularity of nonlinear operators. Numerical
experiments, using a modified Lattice Boltzmann Method for numerical simulations of the derived
memory bidomain systems, are described in Section 5. In Section 6, conclusions are discussed.

2. Assumptions, notations and some fundamental inequalities

Let U c R™, m > 1, be an open and bounded set with a smooth boundary and U7 = U x (0, T). We
use the standard notation for Sobolev spaces (see [1]), denoting the norm of W%P(U) (¢ € IN,
p € [1,00]) by || . |lwer. In the special case p = 2, we use HY(U) instead of W%(U). The duality
pairing of a Banach space X with its dual space X’ is given by (., .)x x. For a Hilbert space Y the inner
product is denoted by (.,.)y and the inner product in L*(Q) is denoted by (.,.). For any pair of real
numbers 7, s > 0, we introduce the Sobolev space H"(Ur) defined by
H™*(U7) = L[*0,T;H(U)) N H0,T;L*(V)), which is a Hilbert space normed by
(II y IIiZ(QT;H,(U)) + ||v IIIZLP,(QT;LZ(U)))UZ, where H*(0, T; L*(U)) denotes the Sobolev space of order s of
functions defined on (0,7) and taking values in L?(U), and defined (see [52]) by
H*0,T; L*(0)) = [HY0,T, LZ(U)),LZ(UT)]O, for s = (1 — 0)g with § € (0,1) and ¢ € IN, and
HY0,T; L*(V)) = {v € L2(U7)| & e L2(Uy),for1 < j < q} . For a given Banach space X, with norm

ot

|I.llx, of functions integrable on U, we define its subspace X||g = {u € X, f u= 0} that is a Banach

U
space with norm [.|lx, and we denote by [u] the projection of u € X on X||g such that

1
©) f udx (with mes(O) standing for Lebesgue measure of O).
0

[u] = u-
mes

Lemma 2.1. (Poincaré-Wirtinger inequality) Assume that 1 < p < oo and that U is a bounded
connected open subset of IR® with a sufficiently regular boundary 0Q (e.g., a Lipschitz boundary).
Then there exists a Poincaré constant C , depending only on Q and p, such that for every function u in
Sobolev space W'P(U), we have

eelllr @y < ClIVullzr@).

Remark 2.1. From the Poincaré-Wirtinger inequality, we can deduce that the H' semi-norm and the
H' norm are equivalent in the space Hl(U)lm. O

Remark 2.2. Let g be a nonnegative integer. We have the following results (see e.g. [1])

(i) H1((O) c LP(O), Vp € [1, mz_";q], with continuous embedding (with the exception that if 2q = m,

then p € [1, +oo[ and if 2q > m, then p € [1, +oo] ).
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(ii) (Gagliardo-Nirenberg inequalities) There exists C > O such that

0 1-6
v lleecn< C Y Ngaapll v |25, YV € HA(O),
(O) L2(U)

where 0 < 0 < 1and p = mf’;eq (with the exception that if ¢ — m/2 is a nonnegative integer, then 6 is

restricted to 0). O

Finally, we introduce the spaces:
o Hy = L*(Qu), Vi = H'(Qu), V = H'(Q) (endowed with their usual norms) and Uy = Vy|R,
o Unp = [y e HQ)| fl//dx - o).

Qy

We will denote by Vy; (resp. Uy) the dual of Vi (resp. of Uy). We have the following continuous

1 1
embeddings, where p > 2ifd =2and2 < p<6ifd =3, p'issuch that — + — =1
p P
VHCHHCV;—]aUHCHHhRCU;{’ (2 1)
Vi € LP(Qu) € Hy = (Hy)' € L7 (Qu) €V}, '

and the injections Vy C Hy and Uy C Hy|g are compact. We can now introduce the following spaces
(where g > 1,p22and119+1%: 1)

D,(0,T)=L"(Qu) N L*(0, T; Vy), and its dual (0, T) = L (Qu) + L*(0, T; Vi) € L7 (0, T; V).

Remark 2.3. Space D,(0,T) is equipped with norm: || u ||p,= max(|| u ||zr@u), Il # llz20.7:v) and its
dual with norm: || v ||D’p: inf ([ vi Iy + 1l v2 ||L2(0,T;V£{))- O
V=v1+Vvy

Definition 2.1. A real valued function H defined on D X IR?, g > 1, is a Carathéodory function iff
H(.; V) is measurable for all v € IR? and H(y; .) is continuous for almost all y € D.
Our study involves the following fundamental inequalities, which are repeated here for review:
(i) Holder’s inequality: in:Lkﬁdx < Mizix | fi Nzaicoys
P 1/qi 1
where || f; |lpp)= (f | £ 1 dx) and Z — =1,
D

ek 4

(i1) Young’s inequality (Ya,b > 0 and € > 0): ab < ?a" + E_Zmbq, for p,q €]1, +oo[ and % + [11 = 1.
(ii1) Minkowski’s integral inequality:

L[ o]

Finally, we denote by £(A; B) the set of linear and continuous operators from a vectorial space A
into a vectorial space B, and by R* the adjoint operator to a linear operator R between Banach spaces.

1/p ¢ 1/p
< f (f | f(x,s)” dx) ds, for p €]1,+oo[ and ¢ > 0.
0o \Ja

From now on, we assume that the following assumptions hold for the nonlinear operators and tensor
functions appearing in our model.
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(H1) We assume that the conductivity tensor functions Kj € W“"’(ﬁH), feli,eland K, € Wl’w(ﬁB)
are symmetric, positive definite matrix functions and that they are uniformly elliptic, i.e., there exist
constants 0 < K; < K, such that (V¢ € RY)

Kl < o Kow < Kollwl* in Qu,

) 2.2
KWl < " K < Ks|lpll? in Q. (2.2)

Remark 2.4. We can emphasize a specificity of tensors K, and K; (see e.g., [25]).

1. The tensors K.(x) and Ki(x) have the same basis of eigenvectors Q(X) = (qi(X))1<k<a in IR?,
which reflect the organization of muscle in fibers, and consequently Ki(x) = Q(x)A;(x)Q(x)" and
Ko(x) = Q)A(X)Q(X)", where Ai(x) = diag((Aix)i<k<a) and Ao(X) = diag((Ae)i<i<a)-

2. The muscle fibers are tangent to I so that (for 8 € {i,e}) : Kon = Agyn, a.e., in I', with Ay 4(X) >
A >0, Aa constant. O

The operators 7 and G which describe electrophysiological behavior of the system can be taken as
follows (affine functions with respect to u)

I(x,t;0,u) = To(X,t;0) + T (X, t; d)u,

G, t;¢,u) = Ir(x,1;¢) + I(x, Hu,
where 7 is a sufficiently regular function and Zy(x, #; @) = g1(X; @) + g2(X, t; ¢) with g; is an increasing
function on ¢. Moreover, the operators 1, 7| and 7, appearing in 7 and G, are supposed to satisfy the
following assumptions.
(H2)p The operators 7, 7, and 7, are Carathéodory functions from (€2 X IR) X IR into IR and
continuous on ¢ (as in [12]). Furthermore, for some p > 2 if d = 2 and p € [2,6] if d = 3, the
following requirements hold

(2.3)

(i) there exist constants 5; > 0 (i = 1,..., 10) such that for any v € R

Lo < Bi+ o™,
L1 ()| < By + Balv? 7,

1205 v)| < Bs + BslvI™?, .
|Eo(5 )| < B7 + BsIvI?, 18205 v)I < Bo + Brolvl”2,
where E| is the primitive of g;.
(ii) there exist constants y; > 0,y > 0,; > 0 (for i = 3,7) such that for any (v, w) € R?:
I (v, w) + WG v, w) = ol = pas (VP + ) = s, 05

E,(,v) = psvP — pelvl* — 7.

In order to assure the uniqueness of solution we assume that
(H3) The Nemytskii operators J and G satisfy Carathéodory conditions and there exists some y > 0
such the operator F,, : IR? — RR? defined by

F

i

(1v) = (“(gf(ffvv)))), Vv = (n,w) € R?, (2.6)
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satisfies a one-sided Lipschitz condition (see e.g., [14,70]): there exists a constant C; > 0 such that
(Vv =(,w) €eR*, i=1,2)
(Fulsv) = Fu(iv2) - (Vi = v2) 2 =Cillvy = val . 2.7)

Lemma 2.2. ( [9]) Assume that F,, is differentiable with respect to (¢,u) and denote by (¢, u) <
A2, u) the eigenvalues of symmetrical part of Jacobian matrix VF (¢, u):

1
0,(¢.u) = 5 (VEu(-0)" + VE,(4.u).
If there exists a constant Cr. independent of ¢ and u such as:
CF < /ll((pa I/l) < /12(¢a I/l), (28)

then F, satisfies the hypothesis (H3).

Lemma 2.3. ( [9]) Let assumptions (2.3), (H1) and (H2), be fulfilled. For (¢,u) € L'(Q) xH and a.e.,
t, there exist constants C; > 0 (i = 1, 6) such that

. /v 2/p’
IZC. 15, Wl @ < Cr+ Callgllnig,,, + Callullg,

Lr(Qp)

(2.9)
IG(.t: 6. 2 < Ca + CsllpllNe,  + Collulls

where p’ is such that 1‘—) + 1} =1.

In this work we assume that p = 4. The considered functions 7, in this paper, include the three
classical type models in which assumptions (H1), (H2), and (H3) are satisfied namely the
Rogers-McCulloch [57] (RM), Fitz-Hugh-Nagumo [39] (FHN) and Aliev-Panfilov [61](LAP) models
as follows. The function 7, is defined by a cubic reaction term of the form
To(.;v) = bi()v(v — r)(v — 1), and the functions 7 and 7, are given by

(a) for RM type model : 7(.;v) = by()v, 1,(;,v) = —b3(.)v,
(b) for FHN type model : 71(.;v) = by(.), Z1,(;,v) = —b3()v,
(c) for LAP type model : 7,(.;v) = by(.)v, 1,(,v) =bs()v(r+1—-v),

where b; € W'>(Q), i = 1,3, are sufficiently regular functions from Q into R** and r € [0,1]. We
obtain easily the following Lemma.

Lemma 2.4. The following properties hold. For all v, v, in IR we have

To(:vi) = To(:va) = by(vy = v2) (v +v3 +viva = (r+ D1 + o) +7) and

(a) for RM type model : I,(.;vi)—Z1(:5v2) = ba(vi —v2), L2(5vi) — 1a(5v2) = =b3(vi —w2),

(b) for FHN type model : 1,(;vi)—11(;v2) =0, Ir(;v) = Lo(;v2) = —=b3(vi — 2),

(c) for LAP type model : I(.;vi)—1,(;;v2) = by(vi —y),

Ir(5v) = 1o(5v2) = bs(vi —v)((r + 1) = vy — ).

For the sake of simplicity, we shall write 7 ;(), (¥, v) and G(, v) in place of 7 (X, t; ), I(X,t; 4, V)

and G(x, t; Y, v), respectively (for i = 0, 2).
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3. Fractional calculus and a generalized Gronwall’s inequality

Fractional differential equations have been studied by many investigations in recent years and the
idea of defining a derivative of fractional order (non-integer order) dates back to Leibnitz [49]. Since
19th century, different authors have considered this problem e.g., Riemann, Liouville, Hadmard, Hardy,
Littlewood and Caputo among others. Fractional integrals and derivatives have proved to be useful
in real applications, since they arise naturally in many biological phenomena such as viscoelasticity,
neurobiology and chaotic systems, see for instance [3, 34,36, 55, 62,76, 83].

The classical and the most used form of fractional calculus is given by the Riemann-Liouville and
Caputo derivatives. In contrast to this nonlocal Riemann-Liouville derivative operator, when solving
differential equations, is the use of Caputo fractional derivative [22] in which it is not necessary to
define the fractional order initial conditions.

3.1. Definitions and basic results

The object of this section is to give a brief introduction to some definitions and basic results in
fractional calculus in the Riemann-Liouville sense and Caputo sense. Let y €]0, 1] and X be a Banach
space, we start from a formal level and assume the given functions f : t € (a,T) — f(¢) € X and
g:te(a, T)— f(t) € X are sufficiently smooth (with —co < a < T < 00).

Definition 3.1. The forward and backward Riemann-Liouville fractional integrals of fractional order
v on (a,T) are defined, respectively, by (t € (a,T))

7 1f10) = 17 f (t - (),

(3.1
I Lf10) = W) f (r - 7 fodr,

where I'(z) = f e" "V dr is the Euler T-function.
0

The basic equality for the fractional integral is (from Fubini’s Theorem and the relationship between
I'-function and B-function)

A = 2 (] (32)
and holds for a LP-function f (1 < p < ).

Definition 3.2. The forward Riemann-Liouville and Caputo derivatives of fractional order y on (a, T)
are defined, respectively, by (t € (a,T))

d
D, [fl® = —(127 [f1() =

4 f (t - )7 f(D)d),

o F(l )dt if 3.3)

1 y t _ _ e atl

AGIOE [ L ] T f -0 @y

From (3.2) we can deduce the following relation between fractional integral and Caputo derivative
f@) = f@)+ I3 f] (0 = fa)+ ﬁ f (t = 773 f(r)dr. (3.4)
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Definition 3.3. The backward Riemann-Liouville and Caputo derivatives of fractional order vy, on
(a,T) are defined, respectively, by (t € (a,T))

d
D} f(1) = ——<11-7 [f1®) =

df(n| _
dr |

S (Y f (r= 07 f(@u),
Ldf
F(l—y)f (t—-1) VE(T)dT.

By substitution a — —oo, the following definition is obtained.

(3.5)

110 = %—7[

Definition 3.4. The Liouville-Weyl fractional integral and the Caputo fractional derivative on the real
axis are defined, respectively, by (t € (—o0, T))

e 1f(r)dT

¥ (3.6)
(ﬂoof(t):l_;y[z(t)] F(l f(—T) 7—(T)dT

Remark 3.1. [. For y — 1 the forward (resp. backward) Riemann-Liouville and Caputo
derivatives of fractional order vy of f converge to the classical derivative d—’: (resp. to ——- )
Moreover, Riemann-Liouville fractional derivative of fractional order y of constant functton
t — f(1) = kis not 0 since D!, f(1) = F(l > dt(f (t-1)7d7r) = kr([(ﬁ)y)y

2. It is possible to show that the difference between Riemann-Liouville and Caputo fractional

derivatives depends only on the values of f on endpoints a and T. More precisely, for
f € C'(a,T1,X) we have

Dy f(t) = 3. f(0) + K=,
T(T-0)7Y
DL ()= %, f0)+ TRy

I'-y)

(3.7)

From [42], we have the following results

Lemma 3.1. (Continuity properties of fractional integral in L? spaces on (a,T))
The fractional integral I’ is a continuous operator from

(i) L?(a,T) into LP(a,T), for any p > 1,
(i) L?(a,T) into L'(0,T), forany p € (1,1/y) and r € [1, p/(1 —yp)],
(iii) L?(a, T) into C*~VP([a, T)), for any p €]1/y, +o],
(iii) L'(a,T) into LP(a, T), for any p € [1, +o0)
(iv) L>(a, T) into C*([a, T)).
From Lemma 3.1 and (3.4) we can deduce the following corollary.

Lemma 3.2. Let X be a Banach space and'y €10, 1. Suppose the Caputo derivative 8", f € LP(a,T; X)
and p > %, then f € C*"r([a,T); X).

We also need for our purposes the fractional integration by parts in the formulas (see for instance
[2,47,86])
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Lemma3.3. LetO<y<land p,q>1withl/p+1/q<1+7y. Then
(i) if g is a LP-function on (a,T) and g is a Li-function on (a,T), then

f @I, [g] (@)xdr = f (g(0). I [f] (el
(i) if f € I,_(L”) and g € I'.(L%), then

T
f (f (1), D). g(1)xdr = f (g(1), D} f(1))xdr.

Lemma 3.4. Let 0 <y < 1, and g be L?-function on (a,T) (for p > 1) and f be absolutely continuous
function on [a, T]. Then

(@) f (0. f(1), g(D)xdT = - f (D}_g(7), f(D)xdr + (1,2 [¢] (@), f()xl].
(ii) f (D}, f(1), g(D)xdT = - f (D}-g(), f@)xdr + (U7 [¢] (T, f(T))x.

T T
(iii) f (D}_f(1), g(1))xdt = - f (D?.g(7), f()xdr — (177 [g] (@), f(@)x.
From [85], we can deduce the following Lemma.

Lemma 3.5. (A generalized Gronwall’s inequality)
Assume y > 0, h is a nonnegative function locally integrable on (0, T)) and b is a nonnegative, bounded,
nondecreasing continuous function defined on [0,T). Let f be a nonnegative and locally integrable
Sfunction on (0, T) with

F(@®) < h@t) + DI Lf1().

S (b))
£ < h(@t) + fo ;h(T)(l— Y- 1l“(k) .

If in addition h is a nondecreasing function on (0, T), then
J(O) < h(DE, ,(b(D1).

The used function Ejy, 4, is the classical two-parametric Mittag-Lefller function (usually denoted by
Ey, if 6, = 1) which is defined by

Then (for t € (0,T))

Ep 4,(2) = K, (3.8)

1
-2
; F(k91 + 92)

The function Ej, 4, is an entire function of the variable z for any 6,,6, €T, Re(6;) > 0.
Next we declare a compactness theorem in Hilbert spaces. Assume that Xy, X and X are Hilbert
spaces with
Xo — X — X being continuous and Xy — X is compact. (3.9)

The Fourier transform of f : IR — X, is defined by f(r) = f exp(—2inst)f(s)ds and we have
Lemma (see e.g., [68]) -

AIMS Mathematics Volume 6, Issue 1, 821-867.



835

Lemma 3.6. Lety € (0, 1) and f be a L'-function in IR with compact support. Then
(i) 7o f(7) = Qinr)y 7 (),
(i) 67 f(r) = Qixt) f(7).

We define the Hilbert space ‘WY (IR; Xy, X1), for a given y > 0, by

WY(IR; X0, X)) = {v € L*(R, Xp) | 8. f € LA(R, X))},

endowed with the norm

1/2
1 o= (19 oy * 17 P ¥ o)
For any subset K of R, we define the subspace W} of W” by
W2 (R; Xo, X1) = {v € W(IR; Xy, X;) | support of v C K}.

From Lemma 3.6 and similar arguments to drive Theorem 2.2 in [77], we have the following
compactness result.

Theorem 3.1. Let Xy, X, and X be Hilbert spaces with the injection (3.9). Then for any bounded set
K and any y > 0, the injection of W (IR; Xy, X1) into L*(IR; X) is compact.

3.2. A generalized Gronwall inequality to a coupled fractional differential equation

In this section we present a new generalized Gronwall inequality with singularity in the context of
a coupled fractional differential equations.

Theorem 3.2. Assume that y, and vy, be in ]0,1] with y, <y, and ¥, h;, fori = 1,2, are nonnegative
Jfunctions locally integrable on (0,T). If f and g are nonnegative functions locally integrable, with
f(0) = fo, g(0) = go, and satisfy the inequalities (for t € (0,T))

AL f (1) < hi(0) + 1 (f (1) + (1) + ¥ (D),

yg(t) + EX (1) < hy(t) + e2(f(1) + g(8)), (3.10)

E(y1)

where c; > 0,1 = 1,2, 1> 0 and ¢ > 0 are four constants with n < m Then we have the
Y2

following estimate

F(1) < FoEy, (i) + Y diI7 ] (1) + Z d“ 157 [y (o), G.11)
k=0

T _VZ)I'()/Q)

L(y1)
The function E _is the Mittag-Leffler function which is defined by (3.8).

where F = f+ g, Fo = fo + go, dy = and dy = ¢1dy + c».
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Proof. From (3.4) we can deduce that

LyD(f @) = fo) < fo t(t ~ " hi(@)dr + e j; t(t - "N () + g(r)dr
+1 fo [(t— " W(r)dr,

L(y2)(g(1) = go) < fo I(t ~ )" hy(D)dT + ¢ fo t(t -7 (f(7) + g(r)dr
=3 fo t(t -7 ' ¥(r)dr.

Put F = f + g, then

COOTI)NED) - Fy) < f C(2)( = 7" (1) + D) = 07 o))
0
- f (M2t = 07~ = &0 = 07 ) W(x)dr
Ot
¥ f (T2 =" + el - 177 F(oydr.
0

We can deduce that (since r € (0, T) and y; — y, > 0)
TDE)(F (1) — Fo) < T(y2) f (t — )" hy(t)dr + T(y1) f (t — ) hp(1)dt
0 0,
+(L(y)TY ) - &L (1)) f (t -7 "W(r)dr
0
+H Dy )T 7 + eoL(y1)) f (t — 7> ' F(r)dr.
0
Since nL(y,)T1 77 — éI(y,) < 0, then

T FEQ@) - Fo) < T(y2) f (t = )" hy(n)dr + T(y) f (t = 1) hy(1))dr
0 0 ’

+He Dy T + 6,0 (1)) f (1 — 1) F(r)dr.
0

Thus
F(t) < Fo+ I [] (1) + I [ha) (1) + dy I [F] (o),
TO=71 r T1=72) r
where dy = J and d; = al'() el = c1dy + ¢3.
L'(y) L(y1)
Finally, from Lemma 3.5 and relation (3.2), we get (since I;> [F](0) = Fo I, [.1] =

(o) 1 (o] (o)
F()<Fy ) ———— (i + Y dil>™" [ml@®+ ) diI " [h] @)
) < O;F(Hkmm ) kZ; CIE 0 [y (o) % 150 [hy] (1)

This completes the proof.

T T(1+ky)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

)

O
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Corollary 3.1. Assume that assumptions of Theorem 3.2 hold, and that h;, for i = 1,2, are
nondecreasing functions on (0, T). Then, if f and g are nonnegative functions locally integrable, with
f(0) = fo, g(0) = go, and satisfy the inequalities (3.10), we have the following estimate

F(t) < Fo E,, 1(di17?) + " hi(DEy, 5, 1(d117?) + 12 o (DE)y, 1 (d117?), (3.17)

To=-r1 r TO1=7) 4 o T

where F = f+ g, Fo = fo + 8o, doy = Aanddl =4 (r2) el = c1dy + .

L'(y1) L'(y1)

Proof. Since h;, fori = 1,2, are nondecreasing functions then

1 ! 1
177 [h] () < hi(f) m——— f (t =0 Ndr = hy(1) 7,
0 C(ky: +vi) Jo C(ky, +yi+ 1)
Consequently, from (3.11) we can deduce the result. This completes the proof. O

Corollary 3.2. Assume that assumptions of Theorem 3.2 hold, and that h; are Lo nondecreasing
Sfunctions on (0,T), with a; € [0,v,[, fori = 1,2. Then, if f and g are nonnegative functions locally
integrable, and satisfy the inequalities (3.10), we have the following estimate

yi-a
7l E}’zm (dltyz) || hl “L]/"l 0,1 (3 18)
ﬁ’z—dz .
+r—2E72,72(d1t72) | Ao 1wz 0.5

F(l) < F(O)En’l(dﬂyz) +

T —72)1*(7,2)

where r; = %)1“”, fori = 1,2, F = f+g Fo = fo+ g, do = oD and
1 ’}/1
r T1=v2) r
4 = (72) +el(y) _ cido +
L'(y1)
Proof. From Holder’s inequality, we obtain (for i = 1,2)
T(ky, + )l [h](t)<(f (t— ) = a’T)1 ”’(f hi(r)" dr)*
k72+71 @i (3'19)
< tk”(f (t - )l o dT)1 “’(f h(‘r)%dr)“’ = (f hi(t) 'sz)“’
where r; = (=2 )1 @,
Accordlng to (3.11), we have
fretyi-ai
F(t) < F d 1 d I (7) 7 d)™
()= Fo Brald )+Z lF(’Q’z"‘)’l)”l(f ey (3.20)

i tkratya—a
d} (fhmwwz
"Thys +y)ra Jo

Thus .
F(t) < Fy E,,(di?) + - Ey, 5, (dit?) || By |y o,
A (3.21)
+—Epyn(dit™) [ e llpie o -
2
This completes the proof. O

In the sequel we will always denote C some positive constant which may be different at each
occurrence.
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4. Well-Posedness of the memory bidomain-torso system

In this section, we prove the existence and uniqueness of weak solution to problem (1.1), under
Lipschitz and boundedness assumptions on the non-linear operators.

4.1. Variational formulation and preliminary results

First we define the state i, as the extracellular cardiac potential in Qy, and the thoracic potential in
QB, by
W =@, in Qy and ¥ = ¢, in Q. 4.1)

Then the potential ¢ can be written as ¢ = ¢; — Ylq,. From the interface coupling condition (1.3), it
follows that if ¢, € H'(Qu) and ¢, € H'(Qp) then ¢ € H'(Q). Similarly, we introduce the
corresponding conductivity tensor K, € W"(Q) as follows :

%K, = K, in Qy and K, = K, in Qp.

We now define the following forms

A(w,v) = f(KVw Vvdx, A.(w,v)= f?( Vw - Vvdx,

4.2)
A;(w,v) = f?( Vw - Vvdx, Agw,v) = f(K Vw - Vvdx.

Qp

Proposition 4.1. (i) The forms Ay (for k = i, e, s) and Ay, are symmetric bilinear continuous forms on
H'.

(ii) The forms Ay, (for k = i,e, s) and Ag, are coercive on H' (we denote by vy, for k = i,e, s, g, their
coercivity coefficients).

Proof. (i) and (ii) are easily obtained providing that properties of tensors K, for k = i, e, 5, g, and (2.2)
are satisfied. O

We can now define the weak solution to bidomain-thorax coupled model problem (1.1).

Definition 4.1. A quadruplet of state functions (@;, , W, u) such that : ¢; € L*(0,T;Vy), ¢ € D40, T)N
L0, T; L*(Qy)), 8%¢ € D,(0,T), y € L*0,T;V), u € L*(0,T; L*(Qy)) and 8Bu € L*(0,T; L*(Qy))
is said to be a weak solution to system (1.1) if it satisfies the following weak formulation (since I; =

_Ie = fH)
(ad5e s Vidyy uy + f L(; ¢, uvidx + Algi,vi) = | favidx,
Qy

Qy
<Caag+¢, V>V’,V + f I(, @, u)vdx - Ag(lﬁ, V) = f vadX, (43)
QH QH
(0. 1.0) 2y + f G ¢, u)pdx =0
Qy

forallvie Vy, veV, peVy

The results of next section concern the existence, uniqueness and regularity of solution of problem

(1.1).
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4.2. Existence, uniqueness and regularity results

The purpose of this section is to prove the well-posedness of the degenerate bidomain-thorax
coupled model (1.1). To overcome this issue, we introduce a specific non-degenerate approximate to
system (1.1).

4.2.1. Non degenerated problem study

Let € > 0 be a small positive number. Hence, our approximation system read as (since I; = -1, = fy)
00+ @ + €05, p; + 1 (9%, u®) — div(K;Vy:) = fu, in Qu
o059 — €050 + T(¢°, u) + div(K, V¢l) = fu, in Qu
€0y, @5 — div(K,Ve§) = 0, in Qp 4.4)
d.uc + G, u) = 0, in Qy
supplemented with the same initial and boundary conditions as in (1.4).

The auxiliary initial conditions for ¢f and ¢S, needed by problem (4.4), are defined by introducing two
arbitrary functions ¢,y and ¢,o. The weak formulation of (4.4) is given by (for all v; € Vy, v € V,
p€eVyanda.e.t€(0,T))

(a05e 9% Vidyr y + €05 07 Vi vy, + fg I(¢, u)yvidx + Ai(g;, vi) = fg fuvidx,
H H

T(%, u)vdx — A, v) = f Juvdx,

Qy

(€09, V>V’H,VH — &5y, V) + fg;
‘H

4.5)
(5‘§+M€»0)L2@H) + L G(¢°, u)pdx = 0,

with the initial condition
(¢6a Solf’ lleE’ ue)(t = O) = ((PO’ ©i0, lpO’ I/t()),

where /¢ and the initial condition i are defined as in (4.1).
The following results concern the existence and regularity of the weak solution to problem (4.4)
(i.e. of (4.5)).

Theorem 4.1. Let assumptions (H1) and (H2), be fulfilled, B > a and 0 < € < 1 be given. Then for

(1.0 Po, Yo, o) and fi given such that (g; o, o, Yo, o) € Vi X V x L3(Qy) and fy € L (0,T; L*(Qy))
with 0 < a; < a, there exists a solution (¢f, ¢¢, ¢, u®) of problem (4.5) verifying

¢c € L(0,T; Vi), 95.¢° € LQn),

¢ € L0, T; Vi), Veds.of € LA(Qu),
ye € L0, T V), Vedy.o° € L*(Qu),
uc € L0, T; LX(Qw)), Oh.uf € LA(Qu).

(4.6)

Moreover, if @« > 1/2 and B > 1/2 we have the continuity of the solution at t = 0.
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Proof. To establish the existence result of weak solution to system (4.4) we apply the Faedo-Galerkin
method, derive a priori estimates, and then pass to the limit in the approximate solutions using
compactness arguments. We approximate the system equations by projecting them onto finite n
dimensional subspaces, then we take the limit in n. For this, let (w;)>; be a Hilbert basis and
orthogonal in L?> of Vu, (fow: be a Hilbert basis of Uy, (g1 be a Hilbert basis of
Wg ={ve H(Qp) | vlr, = 0}. We denote by fk an extension of f; in H'(Q), g, an extension of g in
H'(Q) with 8kloy = 0 and by (ex)>1 a Galerkin basis of Uyg which is defined as ey = &, and
ex1 = fr (forall k> 1).

For all n € IN°, we denote by W;, = span(w,---,w,), W., = span(fi, -, fn),
W, = span(gi,--- ,8,) and W, ,, = span(ey, - - , es,) the spaces generated, respectively, by (Wi)nsis1,
(fnskz15 (€)nsk=1 and (ex)an=k>1, and we introduce the orthogonal projector L;, on the spaces W, (for
j=1i,e,5,8).

For each n, we would like to define the approximate solution (¢y,, (pfﬁ, <, u;,) of the problem (4.4).
Setting

n

n
G0 = > @l (Own, ui(,0) = > vl (0w,
" o (4.7)
G0 = > @, (Ow, Yi.0 = ) 7t (e
=1 I=1
where w{ = (wf’n’l)lzl,n, W = (wfl’l)lzlyn, 9€ = (v;’l)lzl,n and I1¢ = (x5, )m=12. are unknown functions,

and replacing (¢, ¢7, Y, u®) by (¢, ¢;,, ¥, uy,) in (4.4), we obtain VI = 1,n, m = 1,2n and a.e. t €
(0, T), the system of Galerkin equations (since in Qy, ¢;, = ¢}, — ;)

(¢cy +€) f O+ i ,WidX — ¢ f 0, widx
QH QH

=- f I(p;, — Uy, u)widx — A5, wi) + f Sawidx
Qy

Qy
. d .
= (F< )y Y Fir wf, T, 99),

¢, f Oe g emdX +¢q | OgWendx + € f I3 endx
Qn Q

Qn

= [ Tt~ v uendx - Ainen ~ [ nends 48)
Qy

()}

= (G en) Y Gt 0, TIE, 09,

f Fougwdx = — [ Gt — e, uSwidx
QH QH d
= (H, w) Y H (1 05, 1T, 99,
with the initial condition
(¢fp ‘10,6”', yep u;)(t = O) = (Li,n¢0a Li,n(ﬁi,o, Lg,nwO? Li,nu())

where (L; ,¢0, Li i 0, L nt0, Lintto) satisfies (by construction)
(Lin®0, Linio, Lgnto, Lintto) "5 (o, 910, o, o) strongly in Vi X V x L (Qy). 4.9)
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The function F', G and H¢ are defined by (for (v, w,p) € Vi x V X Vi)

i == [ 1 umas - At + [ s
Qu ’ Qu

(Gs,w) = f I(), uy)wdx — Ag(yry,, w) — f Sfawdx, (4.10)
Qy Qy
(Hiup) =~ | G5 uppax.

Step 1. We show first that, for every n, the system (4.8) admits a unique local solution. The system
(4.8) is equivalent to an initial-value for a system of nonlinear fractional differential equations for
functions (w?, I1¢, )

M85, 03,11, 05,9 = F,,(1; 0, TIE, 99),

9 O+

4.11
(WG, TTE, 99)(1 = 0) = (0, IS, 55, “11)

where 7, : [0, T] x R*" — IR*" is a known nonlinear vector function and is given by
Fult; w5, 115, 99) = ((F)(t; @5, 11, 99))11 1y (G5 @5, T1€, 9t 2 (Hi( @05, 1T, 9))21,)

Thanks to assumptions (H2), the function ¥, is Carathéodory function.

Since, by construction the matrix M € R*>** is symmetric and invertible, then by applying M’
to the equation of problem (4.11), we obviously get

(0.5, 05,115, 8,99 = S, (t; @, TI<, 99),

(wf, IT5,9)(t = 0) = (wf,, 1§, 75),

(4.12)

where S, = M, 'F,.

The existence of a local absolutely continuous function (wf,II¢,9€) on an interval [0, T1, with
T €]0,T] is insured by the standard FODE theory see [32, 33] (see also e.g. [48]). Thus, we have a
local solution (¢€, ¢f, ¥, u®) of problem (4.8) on [0, 7].

N.B. The constants which will be introduced in the sequel, are independent of n and € unless
otherwise specified.

Step 2. We next derive a priori estimates for functions ¢, ¢f, ¢, u¢, which entail that T =T, by
applying iteratively the step 1. For simplicity, in next step we omit the "~ on 7. Now, we set

n n 2n
ha(0) = ) BusOWes Vol 1) = Y LDy, €(1) = ) my(D)e.
k=1 I=1 p=1
where ¢, 7., and {,; are absolutely continuous coefficients. Then, from (4.8), the approximation
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solution satisfies the following weak formulation

(cg + €) f 05+ ¢; h,dx — ¢, f 0¥ h,dx
QH ’ -QH

== f I(‘,Dzn - w;’ I/t;)hndX - Az(‘Pin’ hn) + f thnan

QH QH

—C, f 0o+ 5 ,€,dX + ¢4 f -y e,dx + € f 0¥ e,dx
Qi ’ Qi Q
. f (6, — v uendx — Agwine) — | fuendx.
Qy

Qy

(4.13)

f c?gmflvndx =— | G, — ¥, u;,)Vadx,

QH QH

with the initial condition

(¢fp ‘10;,1" fl’ M;)(t = O) = (Li,n(pO’ Li,n‘pi,Oa Lg,nl/’O, Li,nu())'

Taking h, = ¢¢ , e, = ¢, and v, = u;, and using the uniform coercivity of the forms A; and A4, we can
deduce (since ¥, = ¢, and ¢y, = ¢, — @5, in Qp)

1
2 2 2
" (Caag+ ” ¢y61 ||L2(QH) +€(ag+ ” l/’; ”LZ(Q) +68+ ” Qaze,n ||L2(QH)))

2
1195 Py e 905 gy + [ T 06050
o (4.14)
< f fH¢;dX,
Qn
1
ia‘ng || l/l; ”iZ(QH)S _L g(¢fp u;)u;dx
Then the following inequality
1 104 € 112 104 € 112 104 € 2
5 ((a/a()+ ” ¢n ||L2(QH) +€(60+ ” wn ||L2(Q) +a()+ ” Qoi,n ”LZ(QH)))
1
+vi || Vi, ||%2(QH) +v, || Vi, IIiz(Q) +—f (1 (g, uy) gy, + Gy, uy)us,) dx
Hi Jou (4.15)

1
< f futsax - — [ G, uocax,
QH QH

M

1
§8g+ ” u; ||%Z(QH)S _f g(¢5p M;)M;dx
Qy

Since, from (H2),, pi (¢S, uS)ds + G5, uus > po | ¢S ¥ —pay | 65 P+ | uf [*) — pg and
| G(@e, uS)us |< ci(1+ | € [ uS | + | u€ |*), we obtain (from Holder’s inequality)

n’ n
ol 1105 By +e@ 1105 Baigy 4050 11 5, aa)
aOq+ ¢n 1[2(Qn) 0+ l//n L2(Q) 0+ Il Pin L2(Qn)
2 2 H2 4
#2090, I, 427 199 I+ f |6 I* dx
1 JQy

2 2 2 4.16
<crtos I i By, +eall 85 Pagy, + 116 22, (4.16)

2 2 2 4
a‘8+ ” u; ”LZ(QH)S Cs + C6(|| ¢; ||L2(QH) + ” I/l; ||L2(QH)) + n‘fg | ¢; | dX’
H
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with the constants 17 chosen appropriately. In particular we have

9P+ 2 g0 1 dx < (1 || fit IBagg,) + csC¥S + US,
o (4.17)

Uz <ok cub U+ [ 1671 dx
Qy

Where \PE = C || ¢n ||L2(Q ) +(|| \/_l//n ||L2(Q) + || \/_Solen ||L2(Q )) and UE _|| u ||L2(Q )

According to regularity f; € L*®(0, T, L*(Qy)) and by choosing = I;(Qfl‘ﬁfg; ), we can get by Corollary

3.2 and the fact that quantity ¥¢(0) + U, (0) is uniformly bounded (from (4.9) and 0 < € < 1)

forall ¢ € (0, T) and then ¥;(#) and U, (¢) is uniformly bounded with respect to € and to n. This ensures

that
the sequences (¢, Veys,, us) and (Veyy) are bounded sets

of L*(0, T; L*(Qy)) and L= (0, T; L*(Q)), respectively.
Moreover, from the first inequality of (4.16), relations (3.4) and (4.9), we have that for z € (0, T") (since

! : 1 1
f(t - dr = —1t* < -T9%
0 a a

(4.19)

t
€ a—1 € 2 €112 s ‘I
T(@)W(1) + j(; (t— 1) Qv, | Vﬁoi,n ||L2(QH) +2v, || Vi, ||Lz(Q) +F71 || &5, ||L4(QH))dT (4.20)
< c11Cy
where Cp = (1+ || fu ”Lzm] (oTLZ(QH)))

We can deduce that (since ¢, = ¢}, — goj’n and 5, = ¢;, in Qp)

Ig+ I V‘f’; “iZ(QH)] (1) = I‘( ) f(f )% ! | V¢ ”LZ(Q ) dr < ¢12C,

[
15 (19, | ) = W f (1= 1V, sy dr < c12Cn
[
I |

@.21)
Ig+ ” VW; ||L2(Q)] (t) = m f (l - T)a_l ” V'J’n ||L2(Q) dr < ClZCO,

” ¢ ||L4(QH)] ( ) = F( ) f(t_ T)a ! ” ¢ ||L4(Q ) dT < C12C0.

Hence (since @« — 1 < 0and (t — 7) € (0, T),¥1 € (0, 1) then (t — 7)*~! > T* 1)

the sequences (goin) and (l//ie,n) are bounded sets
of L*(0, T; H'(Qy)) and L*(0, T; H'(Q)), respectively (4.22)
and the sequence (¢¢) is bounded set of L*(0, T, L*(Qy)) N L*(0, T; H'(Qy)).

Using Lemma 2.3 and results (4.19) and (4.22), we get
T
| f f I (¢, u;,)¢:dx | is uniformly bounded with respect to n,
0 Jay

T (4.23)
| f f G(¢5, u,)u,dx | is uniformly bounded with respect to n.
Qy
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Now we estimate the fractional derivative d(. (45, ¢; . ¥;,) and 63 uy,. Taking h, = 95, ¢;

tn’

and v, = 8§+ u;, and using uniform coercivity of forms A; and A,, we can deduce (since 1,//”
€ € € 1
¢n = ‘10,‘,,1 — e 1N QH)

Ca/ ” 0 ¢ ||L2(QH) +€(|| a w ||L2(Q) + || 6()+‘101n || 2(QH))

Vg
+§ag+ ” V¢in ||L2(QH) 0g+ ” an ||L2(Q)

f 1(¢y,, u,)g: prdx + f Judi. ¢rdx,
Qn
| O, u ||Lz(QH) f G(&5, us)O5 usdx.

Then
colf |1l 05- ¢ ||L2(QH)] <r>+e(15a [na s ||L2(Q)] <r>+13¢ 11955, 1720 | )

<2 || Vsoi,n<0> ||L2(QH) . || VUEO) gy
- f I, [Z(65, uS)dL. 65] (1)dx + f 1% [f102. 6] (Hdx,

f ot By, f f 6o, uS), uSddr.

Let us now estimate right-hand side of equations of system (4.25).
According to (H2), and regularity of 7, we can deduce that

G5, uf)d. usdx < co a1, P+ ) | 3. | dx
Qu
1
S 5 ” 68 I/l ||L2(Q ) +Cl(l+ ” ¢ ||L4(Q ) + ” u; ”iZ(QH))
and then from second equation of (4.25) (according to (4.19) and (4.21))

€12
” (9€+u ||L2(OtL2(QH))_ C2(1+ ” ¢ ||L4(Q ) + ” l/ln ||L°°(O,T,L2(QH))) S C

@ 1€
a()+ lpn

€
‘pe,n and

(4.24)

(4.25)

(4.26)

(4.27)

Before to estimate the term f Iy [ 1 (g5, u;)0y- 95, (H)dx, we prove that u is uniformly bounded in

L0, T, L3(Qy)). Since u¢ satisfies

us(x, ) =ut(x,0) — @ f (t — V' G(¢, ul)(x, T)dT,

then, according to regularity of 7, we have

| u(x. ) |< es( | u5(x,0) | +f(r—r)ﬁ—‘ | T2(¢) | dt + f(r—r)ﬁ-l | uf(x.7) | dr).
0 0

(4.28)

AIMS Mathematics Volume 6, Issue 1, 821-867.



845

Consequently (since from assumption (2.4) we have | 7,(¢%) |< Bs + 6 | ¢, B

| uS(x, 1) |< c4(|u;(x,0)|+f(r—7)ﬁ-1dr)
0

+c5(f(t . o, | dr + f(t —¥ us(x,7) | dT).
0 0

!
This implies (since f (t -7V ldr < TP/B)
0

1/3 t
( |@mdeﬁ SQ{HH@@ﬂHm®+Lf(f@—ﬂ&W%@Jwaﬂr3
Qy Qy 0

+[ ( t(t_T)ﬁ_l |¢;(X, S) |2 ds)3dx]1/3
Qu 0

and then (using Minkowski inequality and the continuous embedding of H' in L)
!
I oy, (., ) N3 < €7 (1+ I uy, (., 0) N300y + f -0 U, (., ) 3y dt
0
t
—1 € 2
+ ‘fov (t - T)B || (pn(‘?T) ”HI(QH) dT) .

Using (4.19), (4.21) and the fact, from (4.9) the quantities u<(0) is uniformly bounded in L?, we obtain
1150 ) o< cs + colf |l s | ()

and then (from Lemma 3.5)
Il 5 0) e = o (1 + Egai(coT?)) < C. (4.29)

Consequently
the sequence u;, is uniformly bounded in L*(0, T, L*(Qy)). (4.30)

We can now estimate the term f Iy [ 2 (g5, uy)oy. ¢ (Hdx.

Since 1 (g5, us) = Lo(¢5) + Il(¢f)u and 7 o(¢%) = g1(¢5) + g2(¢%) with g; is an increasing function, we
have first (from (H2),)

(82((755) + 11(¢)u,)05: ¢ dx < 60f (1 ¢ P+ Lug 11 95 |+ | ug, DOG. phdx
o 4.31)
” 0 ¢ ”LZ(Q ) +Cl(l+ ” ¢ ||L4(Q ) + ” u; ”iZ(QH) + ” ¢; ”iG(QH)” I/l; ||i%(QH))

Moreover, since g; is an increasing function then the primitive E, of g; is convex. Hence, from [50],
we can deduce (since g; is and independent on time) 9, E,(¢;,) < g1(¢5)8 ¢ and then

—1I5: [81(8,)05. 8,1 (1) < —I5. [05. E(¢7)] (). (4.32)
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Now, we estimate the term —Ijj, [05. E(¢},)].

- fg 13 [0 Eo(65)] (Ddx = — f E (¢5)(1)dx + fg E (65)(0)dx. (4.33)

Qy

Since, from (H2),, e | ¢ I* =7 < Eg(¢5) < ca(1+ | ¢5 |*) then
- f I3, [0 E@D] dx < e5(1+ | 6500) g, + 1 650 12 ) (4.34)
Qn
According to (4.31), (4.32) and (4.34), we can deduce that

- [ s 60 i < 0 155 )
Qn

+C4(|| I/l ||L°°(O TLZ(QH)) + || ¢ ” ”(O,T,LZ(QH)))

" (4.35)
es(L+ I8 (I 85 i |+ 1 650) 1 -
6l 1185 | 1115 W0 75000y
Finally for the external forcing we have (using Holder inequality)
(] a g€ (1 2
I()Jr [ o fH80+wndX:| 4 I()Jr [ll 8 w ||L2(QH)] + C7 || fH ||L2/a] (O,T,Lz(QH)) . (436)

According to (4.35), (4.36), (4.19), (4.21), and the fact, from (4.9) and € € (0, 1), the quantities ¥,(0),
¢,,(0) and ¢;,(0) are uniformly bounded in H ! we can derive from (4.25) the following estimate (for
allt € (0,7))
> <151l 5.9 ||L2(QH)] (0) + € (I3 |1l 950 12| O + 16 |11 0505, 12| )
2 V650 [y +2 10 [
< cs(1+ 11 65,00 1By + 110500 1 ) + 11 6500) 11 )

) 4.37)
+C9(|| fH ||L2/ar1 (0 TLZ(QH)))
o1 e |14
+C10(|| I/l ||L°°(0TL2(QH)) + || ¢ ”Lm(OTLz(QH)) +I()+ || ¢n ||L4(QH))
+Clllg+ [” ¢n ”Hl(QH)] ” I/ln ||L°°(O,T,L3(QH))_ C.
We can deduce that (from (4.27) and (4.37))
1311 9565 12| (t) + 18+ [|| Vedg.u, ||L2(Q)] (1) + Iga [|| Ved 5, 1720 |
|| &ngl/l ||L2(OIL2(QH))S C

In order to show that the local solution can be extended to the whole time interval (0;7), we
assume that we have already defined a solution of (4.12) on [0, 7}] and we shall define the local
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solution on [Ty, Ty41] (Where O < Ty, — Ty is small enough) by using the obtained a priori estimates

and the fractional derivative )., (for y = « or 8) with beginning point ;. Consequently, by iteration
k

process, we thus obtain that Faedo-Galerkin solutions are well-defined on (0, 7). So, we omit the

details.

Step 3. We are now ready to prove existence of solutions to system (4.5). From results (4.19), (4.22),
(4.29) and (4.38), Theorem 3.1 and compactness argumentand, it follows that there exist
(XS u) = (o5 ¢5,¢5u) and (X 0€) = (@5 @5 Y% i) such that there exists a subsequence of
(X5 uy,) = (B, ¢, s uy,) also denoted by (X7 uy,), such that

(XS uf) — (X uf) weakly in L*(0, T; Vi X Vig X V) x L=(0, T; L3(Qy)),

(X5 u) — (X uc) strongly in (LX(@p))* X L*(Q) X L*(Qu), (4.39)

(02, X5; 06, u) — (98, X< 00,i1¢) weakly in (L*(Qu))* X LX(Q) X LA( Q).

b 0+

First we show that (9. X7;; 8§+u;) exists in the weak sense and that (J. X; 6§+ u¢) = (X i€). Indeed,

we take w € C(0,T) and v € Vy (then wv € Dy(0,T)), by the weak convergence and Lebesgue’s
dominated convergence arguments we have

T
((fbe,wv>D;,D4 = lim f f w(1)0y: ¢,,(X, Hv(X)dxdt
= Jo o Joy
T
= lim ( f w(t)(93+¢fldt) v(x)dx
= Ja To
= — lim D7_w(t) ( f &5 (X, t)v(x)dx) dt — I)>°w(0") f &5 (x, 0)v(x)dx (4.40)
0 Q Q
T

=— f D7_w(t) ( f o5 (X, t)v(x)dx) dl—lé:"w(O*) f o°(x, 0)v(x)dx

0 Q Q

T
= f f w(t)0y. ¢ (X, H)v(X)dXdt.

0 Joy

Consequently, ¢¢ = 0y.¢¢ in the weak sense. In the same way we prove, in the weak sense, that
(505, O, o) = (B, 0, ),
Consider k € D(]0, T[) and (h,,Kk,, p,) € Wi, X W, , X W, ,. According to (4.8) , we can deduce that

T T
. f KOG G5 B i+ € f KO 651
0 0
T T T
. f ko) | T, uShudxds - f k(DAL h,)dt + f K(0) f fuhdxdt,
T 0 Qy T 0 0 Qy
Co f K(t)(a&(p;,kn)v,wwdt—e f KOOy ys Kn )yt
0 0
T T T
- f k) | T, udkpdxdr + f k(DAL K, )d1 + f k(D) f Fukndxdt,
T 0 Qg T 0 0 Qy
[ w00y it == [ w0 [ G065 urprsa.
0 0

Qy

According to (4.21), (4.39) and to density properties of spaces spanned by (w;) and (e,,), and using
similar arguments to derive (4.40), it is easy to pass to limit (n — oo) in linear terms. For the nonlinear
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terms, we take into account assumption (H2), and we use the classical technique based on taking the
difference between the sequence and its limit in the form of sum of two terms such that the first uses
weak convergence result and the other uses strong convergence result. So we omit the details. The
limit (¢%, ¢f, ¥, u®) then satisfies the following system (for all (h, k, p) € Vi X V X Vy)

(€l 9 h>v vy T (05 ¢; » h>v;{,VH + L (¢, u)hdx + Ai(¢;, h) = L fuhdx,
(0039 K}y, 7, — €054 K}y + f I(¢°, u)kdx — Ag(y,v) = f fukdx, (4.41)
QH QH
(ag‘“ue’p)Lz(QH) T f g(d)é’ ue)de =0
Qn

In the case of @ > 1/2 and 8 > 1/2, the continuity of solution at = 0 and the equalities ¢$(0") = ¢;,
¢(0%) = ¢o, ¥(0) = Y and u(0") = uy, is a consequence of Lemma 3.2. This completes the proof.
O

We can now show the well-posedness of memory bidomain-torso (degenerate) problem (1.1).

4.3. Degenerate problem study

Similar to derive results (4.19), (4.22), (4.29) and (4.38), we have the following a priori estimates
for problem (4.4).

Lemma 4.1. Assume the conditions (H1) and (H2), hold, fi € L*'* (0, T; L*(Q)) and uy € L*(Qy).

(i) If ¢o, pio and Yy are L*-functions, then there exists a constant C > 0 (independent on €) such that
(forallt € (0,7T))

16°(0) 20,y + 1| VEU @) 2y + | VEQE®D) 117216,
15 116 Waa | O + 6 (11 V5 1B, | 0 + I8 |1 V05 1120 | (0 < € (4.42)
+11 s | <C.

Il uf ||L°°(0 113 Qu)) L20.4L2(Qu) =

(ii) If ¢o, io and Yy are H'-functions, then there exists a constant C > 0 (independent on €) such that
(forallt € (0,T))

I3 |11 03-6° 1120, | (O + I+ Il VEOGU© 20| O + I+ [Il VOG5 aiq, | )
VW) sy + 1| VU )< C. (4.43)
+ 11 3 uc |12 <C.

” uE ”i"“(OtU(Q 2 2 =
., H)) L*(0,1,L (QH))

We are now ready to prove existence of weak solutions to system (1.1).
Theorem 4.2. Let assumptions (H1) and (H2), be fulfilled and B > a. Then for (¢, uy) and fy given

such that (¢, uy) € Vg X L3(Qy) and fu € L%(O, T:L*(Qy)) with 0 < @ < a, there exists a weak
solution (¢;, ¢, ¥, u) to problem (1.1) verifying

¢ € L™(0,T; Vy), 0%¢ € L*0,T; L*(Qp)),
Y€ L¥(0,T;V), ¢ € L¥(0,T; V), (4.44)
ue L0, T; L*(Qn)), dh.ue L*0,T;L*(Qy)).
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Moreover, if B > 1/2 then u € C([0,T];L*(Qy)) and u(0Y) = uy and if « > 1/2 then
¢ € C([0, T1; L*(Qn)) and ¢(0*) = ¢y.

Proof. From Lemma 4.1, similar arguments to derive (4.40), Theorem 3.1 and compactness argument,
it follows that there exist X = (¢, ¢;,¥) and u such that there exists a subsequence of (X u¢) =
(¢°, ¢f, ¥<; u) also denoted by (X€; u€) such that

(X u€) — (X;u) weakly in L*(0, T; Vi X Vi X V) x L*(0, T; L*(Qy)),
(X, u€) — (X; u) strongly in (L*(Qy))* x L2(Q) x L*(Qy), (4.45)
(02. X% 0. u) — (92,9, 0,0; 00, u) weakly in (L2(Qu))? X LH(Q) X L*(@Qn).

Thus, using (4.45) and similar argument to derive (4.41), we can deduce the existence of weak solution
(¢, @i, ¥, u) satisfying regularity (4.44).

Finally, in case of @« > 1/2 and 8 > 1/2, the continuity of solution at + = 0 and the equalities
¢(0%) = ¢, and u(0*) = uy, is a consequence of Lemma 3.2. This completes the proof. O.

Theorem 4.3. Let assumptions (H1), (H2), and (H3) be fulfilled and f > «. Then the solution

(i, @, W, u) to system (1.1) is unique. Moreover, let (¢8),ug), f(’)) be given such that

@))€ Vi x L'Qu) and f € LvQO.T:[XQu), for i = 1.2, with 0 < ay < a. For
(gogj),¢(f),¢(f),u<f>) a weak solutions to system (1.1), which corresponds to data (¢f)’>,uf)j>, f(’)) (for
Jj = 1,2), the following Lipschitz continuity relationship is satisfied.

(i) If @ = B, we have the following relation

1 6() 22, + 1l 1C2) ||L2(Q |+ [|| Ve 20 + 11 V¥ 2| )

) (4.46)
(ii) If @ < B and if the following assumption holds
| Z2(91) = L2(P2) IS Cr @ | (A4 [ @1 | + | 42 D), (4.47)

the relation (4.46) is also obtained.

Proof. As uniqueness result is a consequence of relation (4.46) (see further), we start by showing this
relation.
Since (¢, ¢, ¥, u) is a weak solution to system (1.1), for j = 1,2, then (¢;, ¢, ¥, u) = (¢} —
02, M — @ YV — y® 4O _ ) satisfies

¢a(05: 8, @) 20y + f (L (@1, u1) — L(¢2, w2))pidX + Ai(gi, i) = f Jupidx,

Qy

(050, ¥) 120p) +f (L (@1, u1) = (o, u))pdx — Ag (YY) = fHWdX
o (4.48)

(8§+u’ M)LZ(QH) + L (G(¢1,u1) — G(d2, uz))udx = 0
u(0) = up, ¢(0) = ¢y,

1 ) 2 A 2
where(¢0,u0,fH)—(¢() () E)) Mé), V= 1)
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Then (since ¥ = ¢, and ¢ = ¢; — @, in Qy),
(058, B) 120y + f (L (@1, u1) — (P2, u2))pdx + Aipi, i) + Ag(Y, ¥) = f Sfugdx,
QH QH

(@ 0, 1)y0, + fg (G(1,ur) — Gldhs, un))udlx = 0,
u(0) = uo, ¢(0) = ¢o.
(i) If @ = B, according to (H3), we have
I .
5 min(uce, DI 60 12, + 11 40 g,

+/‘l min(vi’ Vg)(” V")Ol ”iZ(QH) + ” Vlr// ”iz(QH))

<= | (Fu(@1,u1) — Fu(¢2, u2)).(¢, w)dx + f Juddx
Qu Qn

2 2 2
< coll (1) IBaigyy + 11 4) Iy + 11 fir®) B,

and then ) ) 5 )
-l 30 By + 114D 1Pi) + (U V5 1oy + 1 VW [y, )

< Cl(” ¢(t) ||%Z(QH) + ” M(t) ||1242(QH)) + (&) “ fH(t) ”iZ(QH) .
So (using Holder inequality),

” ¢(t) ||%Z(QH) + ” M(t) ||1242(QH) +Ig+ [ll VQDZ ||%Z(QH) + “ VW ”iz(QH)] (t)

2 2 2 —
S|| ¢0 ||L2(QH) + ” Uy ||L2(QH) +C3 || fH ||L2/zr1 (O,T;LZ(QH)) ta o

2 2
el [Il 60 B2y + 1140 120, (-
By Lemma 3.5, we can deduce that first
2 2 2 2 2
” ¢(t) ”LZ(QH) + ” I/l(t) ||L2(QH)S C4(|| ¢0 ”LZ(QH) + ” Up ||L2(QH) + || fH ||L2/”1(0,T;L2(QH)))

and then, from (4.51)
160 12,y + 1@ 1y +oe [I1 Vi 122y + 11 VU 1R, ]

S C(H ¢0 ”22(91_]) + ” MO ||iZ(QH) + ” fH ||i2/"1(0,T;L2(QH)))'
(i1) Assume now that a < S, then, according to (H3), we get
aaf 2 2 . . Vo 2 \v/ 2
[0k || ¢(t) ||L2(QH) +C mln(V,,Vg)(” QDI ||L2(QH) + ” ‘ﬁ ”LZ(QH))
21
< —C—; F(¢1,ur) — F(¢2, u2)).(¢, wydx
a Q

21 2
= | (G(¢1.u1) = G2, u)udX + — || fu(®) L2l ¢0) Nz

17 Qn

2 2 2
< CS(“ ¢(t) ||L2(QH) + ” l/l(t) ”LZ(QH)) + Cq ” fH(t) ”Lz(QH)

21
+—— | (G(d1,u1) — G(¢2, uz))pdX,

al't QH

O 0 V= -2 [ (G001, w) = G ).

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)
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On account of assumption (4.47), Holder’s inequality, continuous embedding of H'! in L* and the fact
that ¢; € L=(0, T, H'(Qy)), fori = 1,2, we have

| [ (G@1.u) ~ G uudx < cr(ll 1) oy, + 1l u0) 1P )

Qn

+cg [ dllulddr|+]¢2 Ddx
Qq
< o1 1) By, + 11 ) oy )

+co || u@®) ll2mll ) sy -
So -
c_ﬁf (G(¢1,u1) — G(h2, ux))udx < co(l| P(2) ||iz(QH) + 1l u(®) ||iz(QH))
a Qg

1 Vi 12 + 11 VY 20,
(4.55)

2 2
-2 fg (G(61.1) = 6@z udx < enl 60 g+ 110 )
+772(|| V‘Pz ”iZ(QH) + ” Vlﬂ ”iZ(QH))’
with the constants 77; and 7, chosen appropriately. According to estimates (4.55) and by choosing

n = } min(v;, v,), estimate (4.54) becomes

5. 11 $(1) IR, +CED < cialll 90) By, + 11 (0) o) + €13 | fis®) B,

(4.56)
Ky 1) [0, < €10l 60) Py, + 1 10) 1P, ) + mPQ),
Wlth \Il(t) :” VQOI ||i2(QH) + || Vw ||22(Q) and g = J:min(vi$ Vg)‘
Consequently, by choosing 77, < %, we can deduce first from Corollary 3.2 that
13O 1Baggy ) + 11 40) 122 < €150l B0 sy + 1 tt0 sy + 1 Fot 1o a2y
and then, from (4.56)
160 1B,y + 1@ 1By + [I1 Vi 122y + 11 VU 1R, | wsh

2 2 2
S C(H ¢0 ||L2(QH) + ” MO ||L2(QH) + ” fH ”LZ/GI(O’T;LZ(QH)))'

Finally, if the difference between data is null i.e., ¢y = 0, ug = 0 and fy = 0, we can conclude from
(4.53) (or (4.57)), (1.4) and (1.6) that (¢, ¢;, ¥, u) = (0,0,0,0) and then the uniqueness of solution.
This completes the proof. O

Remark 4.1. In the previous theoretical work, our main results investigate the well-posedness of
system (1.1) with an abstract class of ionic models, including some classical models as
Rogers-McCulloch, Fitz-Hugh-Nagumo and Aliev-Panfilov. We can consider other ionic model type
including Mitchell-Schaeffer model,see [56] (which has a slightly different structure).  This
two-variable model can be defined with operators I and G as (in which the state variables are
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dimensionless and scaled)

I(g.w = —2-¢*(1 - ) - -,
:t__ 1 lf¢ < ¢gate’ (458)
Gpuy=3
u .
lqu 2 ¢gatea
Telose

where 0 < Goue < 1, Tin, Tour, Topen ANd Teio5e are given positive constants. The cubic function »*(1 — ¢)
describes the voltage dependence of the inward current. This model is well-known to be valid under
the assumption 0 < 7, < Ty < MIN(Typen, Telose)-

In order to guarantee the well-posedness of system (1.1) with Mitchell-Schaeffer ionical model, we
can use the following regularized version of ionic operator G

1 1 1
G, u) = ( —( - )h((¢)) (u—he(9)), (4.59)

close Telose open

where the differentiable function 0 < hy <1 is given by

he(@) = % (1 — tanh (—‘b _Z’g"’e )) ,

with { a positive parameter.
The operator G/ (¢, u) can be written as G(¢,u) = 1, (p) + h(d)u where

1 1 1
To(¢) =— (T - (T - )h§(¢)) hy(¢),
| close | close | open (460)
h = - - hy ().
§(¢) Telose (Tclose Topen ) é((p)
. .. . 1 l.f¢ < ¢gatea
According to the definition of tanh, we can deduce that limh,(¢) = and then
=0 0if ¢ > doare

?n& G(p,u) = G(¢p,u). The regularized Mitchell-Schaeffer model has a slightly different structure

compared to models in (2.3) because in this model, h; depend on ¢ through the function h;. Since h; is
sufficiently regular, the arguments of this paper can be adapted with some slight necessary
modifications to analyze the well-posedness of this regularized Mitchell-Schaeffer ionical model.

In more general, the study developed in this paper remains valid (with some necessary
modifications) if we consider the operator G in the form of G(.;¢,u) = 1,(;¢) + A(.;d)u (ie. a
general form of Hodgkin-Huxley model including Beeler-Reuter and Luo-Rudy ionic models
described by continuous or regularized discontinuous functions, see [7, 53, 54]) with G Carathéodory
function from (Q x IR) x IR* into IR and locally Lipschitz continuous function on (¢, u) and, I, and h
sufficiently regulars. O
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5. Numerical applications

In this section, we shall present some preliminary numerical simulations of the problem (1.1) to
illustrate our result with showing two-dimensional simulation. Two of the most used ionical models,
FitzHugh-Nagumo model [39] and Mitchell-Shaeffer model [56], are considered. This numerical
study investigates the impact of fractional-order ¢ dynamics and fractional-order u dynamics (i.e. the
influence of the capacitor and the ionic variable memory) on key rate dependent electrical properties
including APD, the amplitude of the action potential and spontaneous activity.

Although part of the theoretical analysis was limited to the case 8 > a, in order to show the impact
of 5 on the evolution of system, we will also present some results for « fixed to 1 and g variable. We
will explore the behavior of the two models when first they are stimulated by a brief current and second
when they are stimulated twice in sequence.

In these two situations we fix first 8 at 1 and we vary «, and in a second time we fix @ at 1 and we
vary S to analyze the impact of each time-fractional order derivative on system behavior, one after the
other.

In order to solve numerically system (1.1) we have analyzed different approximation methods of
Caputo fractional derivative Ggﬂ v €]0, 1]. In this paper, we consider the following approximation (for
sufficiently regular function ¢ at time ¢ €]¢,_,t,] (n = 1,2,...), with t, = kAt fork =0, 1, ... and given
time step At)

1 ! 0
. W] (x,1) = T1—7y) f(; (t— T)_ya—f(X, T)dT,

18 oy 1 d o
Zf (t-1) 7E(X,‘r)d7'+—ftnl(t—7) S ndn (5.0

CTA-y &, I —-y)
At Oy
~ -1 AW histo 1)+ ——————(X,1),
memor)(w/ st ry)(x ) re2- 7) ot X, 1)
where
AT 3 Iy Iy
Ir)r,zemnry(lyl’history)(xa t) = _HZ—_'}/) mzzo[(n - m) - (I’l —m- 1) ][l//(X, tm+l) - l//(X, tm)]- (52)
It is clear that I;emmy(whimry), for y = 1, is a null function. The state function ;s is corresponding

to the prior history of .

Note that the previous fractional-order dynamic is the sum of first-order dynamics and an operator
I,“,/,emo,y representing hypothetical memory effects.

The term I,Z,emory depends on the prior history of accrued heartbeats and characterize the influence of
capacitive/ionic memory on the dynamical of system. This memory operator I},,,,,, can be interpreted
as a new force which is added over time to the external applied forcing. So, for example, this adding
force can invert at some time points the sign of the external applied stimulus * and then generates
changes in myocardial polarization.

Here, we perform various numerical experiments to investigate the impact of different values of ¢
fractional-order @ and u fractional-order S across the time in (0, 7) and we present some numerical

#Thus the depolarizing effect of the stimulus becomes repolarizing and vice versa

AIMS Mathematics Volume 6, Issue 1, 821-867.



854

results corresponding to the middle point of heart domain Qp for ¢, ¢, and u, and in the middle
point of torso domain Qg for ¢,. We assume that the domain heart-torso is in a square region Q =
[-L7/2,-Lr/2] X [-Lr/2,—L7 /2] and the domain Qp corresponds to an approximate shape of heart,
where Ly is the torso length and Ly is the characteristic length of Qg (Figure 3).

The boundary of domain Qy is defined by (for (x,y) € I'y) : |x — al® + (y—b-clx- d?)? —e=0,
where a, b, c, d, e are given positive constants. Here we choose a = 0.5,6 =3.5,¢=0.5,c=1,d=0.5
and e = 1/15.

. '
5

20 15 -10 5 0 5 10 15 20
X

Figure 3. Heart-torso domain.

We use some biophysical parameters which are presented in Table 1 and we fix Ly = 15¢m and

Table 1. Cell membrane parameters.

Description name value (unit)
Cell surface to volume ratio K 200 (cm™)
transmembrane capacitance C, 1073 (F/cm?)
Depolarization length T 4.5 (ms)

Repolarization length T out 90 (ms)
Opening time constant T open 100 (ms)

Closing time constant T close 130 (ms)

Change-over voltage Goate —67 (mV)

Resting potential Bmin —80 (mV)
Maximum potential Dmax 20 (mV)
Activation time T yot 10 (ms)

Ly = 45¢m. In those both applications, we impose the following initial conditions

1
(¢max - ¢min)2 .
Finally, we consider T = 1, K; = K, = 0.003s.cm™'I,; (with I, identity matrix) and we define (as

in [28]) the external stimulus fy in short time a; < t < a; + Ty, 1 = 0, 1 with @y = 0 (electroshock for
example), as

¢(x’ Y, O) = ¢min’ U(-x’ Y, 0) = (53)

fH(X’ t) = Ii,app/\/H(X)X[ai,Ta(.,+a,-](t))(prop(xa t)d)(x), on (ai’ a; + Tact) (54)
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where 1,,, is the amplitude of external applied stimulus with 7;,,, = b;10*, and the functions yy,
Xlai.Ta+a;) A0 X prop are defined by

lifxeQ,
) Lifa; <t < Ty + a,
X[ai’Taz:t"'ai](t) - { O else (5.6)
| it x+y <2t/Tyu,

The last characteristic is associated to wave propagation as a diagonal which evolves from to left-
bottom side to right-top side of Qg. The function ®, which corresponds to the shape of electrical
wave, is defined by

cp(x):l—L—lH(x—%)Z—i(y—L—H). (5.8)

To perform the numerical simulations, we have developed a numerical scheme reliable, efficient, stable
and easy to implement in context of such “memory bidomain systems” by generalizing the modified
Lattice Boltzmann Method introduced in previous works [9,27, 28].

Nota Bene: In all figures first-order dynamic (corresponding to the case @ = 8 = 1) is shown in
black and the last curve drawn is in dotted line.

5.1. FitzHugh-Nagumo ionical model

The first ionical model we choose is the simplest FitzHugh-Nagumo phenomenological model (see
[39]). This model can be defined with the operators 7 and G as:

¢ - ¢min 2 (¢ - ¢gate)(¢ - ¢max))
I(o, = —-0.0004 ————— | U(¢smax — Dmin , 5.9
(¢ u) ¢max - ¢min ( (¢ ¢ ) i (¢max - ¢min)2 ( )
and
_ ¢ - ¢min 2
G(d,u) = 0-63? = 0.013U(dmax — Pmin)”- (5.10)

For this model, we investigate only the impact of membrane capacitive memory on action potential
properties in absence of ionic variable memory (i.e., we fix 8 to 1 and we vary @). In Figures 4-6
(response to single stimulus) and in Figures 7-9 (response to two stimuli in sequence) we plot the time
evolution of ¢, ¢, and u, at midpoint of heart, for different values of a with 8 = 1. We observe first that
we have always the same kind of behavior. Second, we find that the amplitude varies depending on «
values. For state ¢,, the effect fractional-order dynamic is negligible except for the extremum of ¢, (as
the value of @ becomes smaller, the value of the minimum point becomes smaller too).
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Figure 4. Response to a single stimulus. Time evolution of the transmembrane potential ¢ at

midpoint of heart with =1 and @ = — 1, — 0.925,
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Figure 5. Response to a single stimulus. Time evolution of the extracellular potential ¢, at

midpoint of heart withf =1 and @ = — 1, — 0.925,
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Figure 6. Response to a single stimulus. Time evolution of the ionic variable u at midpoint

ofheart B =1and @ = =1, —0.925,
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Figure 7. Response to a multiple stimuli (two stimuli in sequence). Time evolution of the

transmembrane potential ¢ at midpoint of heart 5 = 1 and @ = — 1, — 0.925,

- 0.8.
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Figure 8. Response to a multiple stimuli (two stimuli in sequence). Time evolution of the
extracellular potential ¢, at midpoint of heart with § = 1 and @ = — 1, — 0.925, — 0.9, —
0.85,—0.8.
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Figure 9. Response to a multiple stimuli (two stimuli in sequence). Time evolution of the
ionic variable u at midpoint of heart withf =1 and @ = — 1, — 0.925, — 0.9, — 0.85, — 0.8.

5.2. Mitchell-Schaeffer ionical model

The second ionic model corresponds to Mitchell-Shaeffer biophysical ionic model (see [56]). This
two-variable model can be defined with operators 7 and G as:

i (¢ - ¢min)2(¢max - ¢) _ 1 ¢ - ¢min

T(bu) = FET
(¢ u) Tin (¢max - ¢min) Tout (¢max _ ¢mm)
u 1
) if ¢ < Ggare 5.11)
g(¢’ I/l) = Tol/pfn T"Pen((pmaX - ¢min)2 ! ¢ < ¢g
if ¢ 2 Boare-

Telose

These operators depend on the change-over voltage ¢,u., the resting potential ¢,,,, the maximum
potential ¢,,,,, and on times constants T, Tour» Topen AN T, the tWO times 7,0, and 7, respectively
controlling the durations of the action potential and of the recovery phase, and the two times 7;, and
T,.ur» T€SPectively controlling the length of depolarization and repolarization phases. These constants
are such that 7, < 7, < MIN(T,pen, Tetose)-

First, we investigate the influence of membrane capacitive memory on action potential properties
in absence of ionic variable memory (i.e., we fix 8 to 1 and we vary «). In Figures 10-13 (response
to a single stimulus) and in Figures 14-17 (response to two stimuli in sequence), we plot the time
evolution of ¢, ¢, and u, at midpoint of heart and ¢, at at midpoint of torso, for different values of
a with B = 1. We find first that following the stimuli cessation, spontaneous action potentials are
triggered and persist for the duration of simulation. Second, the spontaneous action potential cycle
length decreases as fractional-order @ decreases, and we notice therefore an increase in the rate of
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spontaneous activity (when a decreases). We observe the same kind of behaviors for the other state
variables than for ¢, with an acceleration of spontaneous activity when a decreases.

-100 -100 -100
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Time me Time

Figure 10. Response to a single stimulus. Time evolution of the transmembrane potential ¢
at midpoint of heart withf =1 and @ = — 1, — 0.925, — 0.9, — 0.85.
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Figure 11. Response to a single stimulus. Time evolution of the extracellular potential ¢, at
midpoint of heart with =1 and @ = — 1, — 0.925, — 0.9, — 0.85.
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Figure 12. Response to a single stimulus. Time evolution of the ionic variable u at midpoint
ofheart=1and o = —=1,—-0.925, 0.9, =~ 0.85.
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Figure 13. Response to a single stimulus. Time evolution of the torso potential ¢, at midpoint
of torsowithf=1landa =—1,-0.925, - 0.9, —0.85.
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Figure 14. Response to a multiple stimuli (two stimuli in sequence). Time evolution of the
transmembrane potential ¢ at midpoint of heart with S = 1 and @ = — 1, — 0.925, —~ 0.9, —
0.85.
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Figure 15. Response to a multiple stimuli (two stimuli in sequence). Time evolution of the
extracellular potential ¢, at midpoint of heart with § = 1 and @ = — 1, — 0.925, —~ 0.9, —
0.85.
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Figure 16. Response to a multiple stimuli (two stimuli in sequence). Time evolution of the
ionic variable u at midpoint of heart with g =1 and @ = — 1, — 0.925, — 0.9, — 0.85.
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Figure 17. Response to a multiple stimuli (two stimuli in sequence). Time evolution of the
torso potential ¢, at midpoint of torso withf =1 and @ = =1, —0.925, —~ 0.9, — 0.85.

We next investigate the influence of ionic variable memory on action potential properties in absence
of membrane capacitive memory. In Figures 18-21 (single stimulus) and in Figures 22-25 (two stimuli
in sequence), we plot the time evolution of ¢, ¢, and u, at midpoint of heart and ¢, at at midpoint
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of torso, for different values of § with @ = 1. We observe that the smaller the value of S becomes,
the more APD is shortened. Therefore the ionic current memory alters the action potential duration.
Moreover from some value of APD we observe the triggering of spontaneous chain activities.

-100 -100
0 o1 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 o1 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Time Time Time Time

Figure 18. Response to a single stimulus. Time evolution of the transmembrane potential ¢
at midpoint of heart withe = 1 and 8 = — 1, — 0.925, — 0.9, — 0.85, — 0.8.
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Figure 19. Response to a single stimulus. Time evolution of the extracellular potential ¢, at
midpoint of heart witha = 1 and 8 = =1, —0.925, —~ 0.9, — 0.85, — 0.8.
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Figure 20. Response to a single stimulus. Time evolution of the ionic variable u at midpoint
of heart witha =1land f =—=1,—-0.925, 0.9, -0.85, —0.8.
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Figure 21. Response to a single stimulus. Time evolution of the torso potential ¢, at
midpoint of torso witha =1 and 8 =—1, —0.925, — 0.9, — 0.85, — 0.8.
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Figure 22. Response to a multiple stimuli (two stimuli in sequence). Time evolution of the

transmembrane potential ¢ at midpoint of heart with@ = 1 and § = = 1, — 0.925, —~ 0.9, —
0.85,—0.8.
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Figure 23. Response to a multiple stimuli (two stimuli in sequence). Time evolution of the

extracellular potential ¢, at midpoint of heart with @ = 1 and § = — 1, — 0.925, —~ 0.9, —
0.85,—0.8.
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Figure 24. Response to a multiple stimuli (two stimuli in sequence). Time evolution of the
ionic variable u at midpoint of heart withe = 1 and 8 = —= 1, — 0.925, — 0.9, — 0.85, — 0.8.
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Figure 25. Response to a multiple stimuli (two stimuli in sequence). Time evolution of the

torso potential ¢; at midpoint of torso witha = 1 and 8 = — 1, — 0.925, — 0.9, — 0.85, —
0.8.

6. Conclusions

Modeling and control of electrical cardiac activity represent nowadays a very valuable tool to
facilitate diagnosis and maximize the efficiency and safety of treatment for cardiac disorders. In this
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work, we have developed a new bidomain model of the cardiac electrophysiology which takes into
account cardiac memory phenomena, named “memory bidomain model”. Cardiac memory is a
non-anecdotal phenomena, the impact of which in clinical practice is significant, particularly at the
level of diagnostic and decision-making challenges. The derived model is a degenerate nonlinear
coupled system of reaction-diffusion equations in shape of a fractional-order ODE coupled with a set
of time fractional-order PDEs. Cardiac memory is represented via fractional-order capacitor and
fractional-order cellular membrane dynamics. The existence of a weak solution as well as regularity
and Lipschitz continuity of map solution results are established, with an abstract class of ionic
models, including some classical models as Rogers-McCulloch, Fitz-Hugh-Nagumo and
Aliev-Panfilov. This theoretical analysis is completed by numerical results that validate the interest of
developed model. For this, some preliminary numerical simulations are performed to illustrate our
results by comparing dynamic restitution curves obtained by numerically solving the first-order model
and time fractional-order models (which reproduce critical memory effects). FitzHugh-Nagumo
model and Mitchell-Shaeffer model are considered in these numerical applications. We observe that
memory can alter the key dependent electrical properties including APD, action potential morphology
and spontaneous activity.

These first observations demonstrate that memory effects can play a significant role in cardiac
electrical dynamics (whether normal or disease states) and then motivates the continuation and
deepening of these studies.

For predicting and acting on phenomena and processes occurring inside and surrounding cardiac
medium, it would be interesting to study control and regulation problems in order to determine® the best
optimal prognostic values of sources in presence of disturbances and pacing history, using the approach
developed in [8,10,13]. The resolution of this type of problem makes it possible in practice to improve
the stimuli applied during e.g., defibrillation sessions. This stimulus must be adjusted according to the
patient’s metabolism and type of cardiac problem (cardiac arrest rhythms, bradycardia, tachycardia,
etc.).
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