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Feedback Stabilization of a Class of Diagonal
Infinite-Dimensional Systems with Delay Boundary
Control

Hugo Lhachemi and Christophe Prieur

Abstract—This paper studies the boundary feedback stabi-
lization of a class of diagonal infinite-dimensional boundary
control systems. In the studied setting, the boundary control
input is subject to a constant delay while the open loop system
might exhibit a finite number of unstable modes. The proposed
control design strategy consists in two main steps. First, a finite-
dimensional subsystem is obtained by truncation of the original
Infinite-Dimensional System (IDS) via modal decomposition. It
includes the unstable components of the infinite-dimensional
system and allows the design of a finite-dimensional delay
controller by means of the Artstein transformation and the pole-
shifting theorem. Second, it is shown via the selection of an
adequate Lyapunov function that 1) the finite-dimensional delay
controller successfully stabilizes the original infinite-dimensional
system ; 2) the closed-loop system is exponentially Input-to-State
Stable (ISS) with respect to distributed disturbances. Finally, the
obtained ISS property is used to derive a small gain condition
ensuring the stability of an IDS-ODE interconnection.

Index Terms—Distributed parameter systems, Delay boundary
control, Lyapunov function, PDE-ODE interconnection.

I. INTRODUCTION

Feedback control of finite-dimensional systems in the pres-
ence of input delays has been extensively investigated [1], [20].
The extension of this topic to Infinite-Dimensional Systems
(IDSs), and in particular to Partial Differential Equations
(PDEs), has attracted much attention in the recent years.

There exist essentially two types of control inputs for
infinite-dimensional systems: bounded and unbounded con-
trol operators. The stability of linear and semilinear infinite-
dimensional system under time-varying delayed feedback act-
ing via a bounded linear control operator has been studied,
e.g., in [9], [22]. In this paper, we are interested in the second
type of control, i.e., when the control input acts on the system
via an unbounded operator. For PDEs, such a setting takes the
form of a control acting in the boundary conditions.

Unbounded control operators have been considered in the
stability study of various PDEs. The cases of the heat [17] and
wave [15]-[17] equations were studied via Lyapunov methods
for slow time varying delays. The cases of a parabolic PDE
and a second-order evolution equation were reported in [25]
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and [8], respectively. The extension to a delayed ODE-heat
cascade under actuator saturation was reported in [10].

In this paper, we are interested in the boundary feed-
back stabilization of a class of diagonal infinite-dimensional
boundary control systems in the presence of a constant input
delay. Specifically, we consider the case of a boundary control
system [7] for which the associated disturbance-free operator
is a Riesz-spectral operator admitting a finite number of
unstable eigenvalues. The control design objective consists in
the feedback stabilization of the system by means of a delay
boundary control.

One of the very first contributions on input delayed unstable
PDEs deals with a reaction-diffusion equation [12] where the
controller was designed by resorting to the backstepping tech-
nique. The approach adopted in this paper differs. It relies on
the following three steps procedure initially reported in [21]:
1) obtaining a finite-dimensional subsystem capturing the un-
stable modes by truncation of the original infinite-dimensional
via a modal decomposition ; 2) design of a finite-dimensional
control law that stabilizes the finite-dimensional unstable part
of the system ; 3) use of an adequate Lyapunov function to
assess that the designed control law stabilizes the original
infinite-dimensional system. Such a control design strategy
was successfully applied to the stabilization of semilinear
heat [5] and wave [6] equations via (undelayed) boundary
feedback control. The extension of this design procedure to the
delay feedback control of a linear reaction-diffusion equation
was reported in [19], [24]. The delayed finite-dimensional
model was obtained via spectral reduction. Then, the control
law was computed by applying the Artstein transformation [1],
[20] and by resorting to the classical pole-shifting theorem.
A distinguished feature is that, under the knowledge of the
constant delay D > 0, the obtained finite-dimensional control
law amounts stabilizing the closed-loop system, whatever the
value of the time-delay D may be.

In this context, the contributions of this paper is fourfold.

1) We generalize the approach developed in [19] for the

delay feedback control of a linear reaction-diffusion
equation with one-dimensional control input to the gen-
eral case of the delay boundary feedback stabilization
of a class of diagonal infinite-dimensional boundary
control systems with finitely many unstable modes and
finite-dimensional input. The study of this problem is
motivated by the fact that many applications, including
reaction-diffusion phenomena [5], [19], phase turbu-
lence phenomena [3] and certain models of structural
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vibrations phenomena such as wave [6], [7] and beam
equations [7], [14] in the presence of a damping term,
exhibit such a structure. The control design strategy
relies on the design of a state-feedback control law based
on a finite-dimensional truncated part of the original
system. The truncation is performed via a spectral de-
composition used to capture the unstable modes of the
system. The control law is then obtained based on this
finite-dimensional subsystem with delay control input
by means of the Artstein transformation and the pole-
shifting theorem. The exponential stability of the result-
ing closed-loop infinite-dimensional system is assessed
via the introduction of a suitable Lyapunov function.
This is worth noting that the control design strategy is
presented in a constructive manner, taking the form of
a predictor feedback as the ones classically used for the
control of finite-dimensional LTI systems.

In [5], [6], [19] the control design was performed on the
time derivative v = u of the actual input signal u. Thus,
the application of the control law required an a poste-
riori integration of v to obtain the actual control input
u. In this paper, we simply the control law by avoiding
such an a posteriori integration. Such a simplification is
allowed by an adequate spectral decomposition that only
involves the value of the control input while avoiding the
occurrence of its time derivative.

We show that the resulting closed-loop system is expo-
nentially Input-to-State Stable (ISS) [23] with respect to
distributed disturbances acting via a bounded operator.

Taking advantage of the ISS property of the closed-
loop infinite-dimensional system, we derive a small gain
condition ensuring the stability of an IDS-ODE inter-
connection. We follow here the methodology presented
in [11] that relies on the conversion of the ISS estimates
satisfied by each component of the interconnection into
fading memory estimates [11, Lemma 7.1]. However,
such a conversion does not apply to the studied closed-
loop infinite-dimensional system due to the time-varying
nature of the control strategy. This pitfall is avoided by
working directly with the Lyapunov function instead of
the trajectories of the system.

The remainder of this paper is organized as follows. Both
problem setting and control objectives are introduced in Sec-
tion II. The comprehensive construction of the control strategy
is presented in Section III. The study of the ISS property of
the resulting closed-loop infinite-dimensional system is carried
out via the introduction of an adequate Lyapunov function
in Section IV. We take advantage of these results to derive
in Section V a small gain condition ensuring the stability of
an IDS-ODE interconnection. In Section VI, we check the
assumptions on a IDS-ODE system and in particular the small
gain condition. The obtained numerical results are compliant
with the theoretical predictions. Finally, concluding remarks
are provided in Section VII.

2)

3)

4)

II. PROBLEM SETTING AND CONTROL OBJECTIVE

The sets of non-negative integers, positive integers, real,
non-negative real, positive real, and complex numbers are

denoted by N, N*, R, R, R* , and C, respectively. Through-
out the paper, we assume that (,(-,-);,) is a separable
Hilbert space over the field K, which is either R or C. All
the finite-dimensional spaces K? are endowed with the usual
euclidean inner product (z,y) = x*y and the associated 2-
norm ||z|| = +/(z,2) = Va*z, where 2* = T'. For any
matrix M € KP*4, ||M|| stands for the induced norm of M
associated with the above 2-norms.

A. Problem setting

We consider the abstract boundary control systems [7] with
delayed boundary control

dX

o ()= AX(®) + (1), t>0  (la)
BX(t) = up(t) = u(t — D), t>0  (lb)
X(0) = X, (1)

with

e A:D(A) CH — H a linear (unbounded) operator;

e B: D(B) C H— K™ with D(A) C D(B) a linear

boundary operator;

e d: Ry — H a distributed disturbance;

e u : [-D,+00) — K™, with a known constant delay

D >0 and u\[_D,O) = 0, the boundary control.
We assume that (A, B) is a boundary control system, i.e.,

1) the disturbance-free operator A, defined on the domain
D(Ag) = D(A) Nker(B) by Ao £ Alpy,, is the
generator of a Cy-semigroup S on H;

2) there exists a bounded operator B € L(K™,H), called
a lifting operator, such that R(B) C D(A), AB €
L(K™,H), and BB = Igm.

It is recalled that ker(3) is the kernel of B while R(B) stands
for the range of B. We make the following assumptions.

Assumption 2.1: The disturbance-free operator Ay is a Riesz

spectral operator [7], i.e., is a linear and closed operator with
simple eigenvalues A, and corresponding eigenvectors ¢, €
D(Ayp), n € N*, that satisfy:
1) {¢n, n € N*} is a Riesz basis [4]:
a) spang ¢n = H;

neN*
b) there exist constants mg, M € R’ such that for

all N € N* and all ag,...,ay € K,
N N 2 N
mRZ|an|2 S Zan¢n SMRZ|an|2-
n=1 n=1 H n=1

2
2) The closure of {\,, n € N*} is totally disconnected,
ie. for any distinct a,b € {A,, n € N*}, [a,b] ¢
{An, n € N*}
Assumption 2.2: There exist Ng € N* and a € R% such
that Re \,, < —« for all n > Ny + 1.
Remark 2.3: Note that Assumption 2.2 is equivalent to:
o the number of unstable eigenvalues is finite, i.e.,
Card({\, : Re\, >0}) < o0
o the set composed of the real part of the stable eigen-

values is not accumulating at 0, i.e., sup{Re A\, : n >
1, Re ), <0} <0.
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Physically meaningful problems that take the form of (1)
and such that Assumptions 2.1 and 2.2 hold include reaction-
diffusion phenomena [5], [19], phase turbulence phenom-
ena [3] and certain models of structural vibrations phenomena
such as wave [6], [7] and beam equations [7], [14].

From the well-known properties of Riesz bases [4], we
introduce {1,,, n € N*} the biorthogonal sequence associated
with the Riesz basis {¢,, n € N*}, ie., (¢r,¢1)y = Ok
with 6, ; = 1 if K = [ while §;; = 0 if £ # [. Then, the
series expansion & = »_ (,%n)y ¢n holds for all z € H.

n>1
Furthermore, as 4 is assumed to be a Riesz-spectral operator,

then 1), is an eigenvector of the adjoint operator Ag associated
with the eigenvalue )\,,.

B. Control objective

The control objective is twofold. First, in the absence of
distributed disturbance (i.e. d = 0), the objective is to design
a control law wu that ensure the exponential stability of the
closed-loop system. Second, the control law must ensure the
ISS property of the closed-loop system with respect to the
distributed disturbance d.

Because we are only concerned in controlling the system
from the starting time ¢ = 0, we assume that the system is
uncontrolled for ¢ < 0. This is why it is imposed “|[—D,o) =0.
Therefore, due to the delay D in the control input of (1), the
system remains open-loop for ¢ < D while the effect of the
control input has an impact on the system only at times ¢t > D.

Note that the Ny € N* and a > 0 provided by Assump-
tion 2.2 are not unique. For instance, one could select Ny € N*
such that A1, ..., Ay, are all with non negative real part. In this
case, the control design reduces to stabilize the unstable part
of the system. Nevertheless, one could also want to improve
the decay rate or the damping of certain stable modes. In this
case, A,...,An, would include all the unstable eigenvalues
and certain stable eigenvalues of the open-loop system.

III. CONSTRUCTION OF THE FEEDBACK CONTROL
STRATEGY

In order to derive the control law, we make in this section
the a priori assumption that u € C?([—D, +00); K™). This
assumption is necessary to ensure the existence of classical
solutions of (1), and thus to proceed to the upcoming compu-
tations (see [7]). Consequently, the construction of the control
law must ensure that such a regularity property holds. For the
proposed control law, this regularity property will be assessed
in the next section in Lemma 4.2. This result will ensure the
validity of the computations reported in this section.

A. Spectral decomposition

Assuming that up € C%([0, +00); K™), Xy € D(A) such
that BXg = up(0) = 0 (i.e., Xo € D(Ap)), and d €
CY(Ry;H), we denote by X € CO(Ry; D(A)) NCHR;H)
the unique classical solution of (1). Introducing c, (%)
(X (t),1n)4, the coefficients of the projection of X () into
the Riesz basis {¢,, n € N*}, we have the series expansion:

X(t) = Z <X(t)71/}n>?-[ On = Z Cn(t)qbn‘ (3)

n>1 n>1

Then ¢, € Cl(R+;K) and, following [13] and introducing

dn(t) = (d(t), )4, we infer from (1) that, for all ¢ > 0,

én(t)

= (AX (1), ¥n)y +

= (Ao {X (1)
= (X(t) —
=(X(t)
)\ncn( )

(d(t), ¥n)y

— Bup(t)},¥n)gy + (ABup(t),¥n)g + dnl(t)

Bup(t ) Agtn)y, + (ABupD(t), Yn)qy + dn(t)
n¢n>H -ABUD( )a wn>7-[ + dn(t)

)\n <BuD( )»1/’n>7-[ <ABUD(t)37/}n>H + dn(t)a
“4)

where we used that B{X (t) — Bup(t)} = up(t) —up(t) =
0, showing that X (t) — Bup(t) € D(A) Nker(B) = D(Ay).
Remark 3.1: The ODE (4) describing the time evolution of
the coefficient ¢, (t) = (X(t),4y),, only involves the delayed
control input up (t) while avoiding the occurrence of its time
derivative up (t). Therefore, whereas it was necessary in [5],
[6], [19], due to the presence of the term 7 p(t) in the ODEs
resulting from the spectral decomposition, to augment the state
of the finite-dimensional subsystem and to use up(t) as a
control input, we avoid here such a procedure. This yields a
simplification of the control law by avoiding an a posteriori
integration of % to obtain the actual control law wu.

BUD

Let £ = (e1,eq,...,e,) be the canonical basis of K™ and
consider the projections wuy,us, . .., Uy, € C?([-D,+00); K)
such that:

m u1
u = Z UkCL =
=t U,

Introducing by, i
obtain from (4) that

t) + Z bn,kuk(t —D
k=1

Then, the following ODE with delay input holds for all ¢ > 0

—An <Bek7wn>?-[ + <‘AB€k7¢n>Hy we

én(t) = Anca( +(d() Yn)y

Y (t) = An,Y (t) + Bryup(t) + D, (t), (5)
where Ay, = diag(\,...,\n,) € KNoxNo By =
(bn,k)1<n<No,1<k<m € KNoxm,

ci(t) (X (1), 1)
Yt)y=| : |= : ek, (6
N (1) (X (1), ¥No )3y
and
d(t) (d(t), Y1)y
Dn,(t)=1| | = : ekK™. )
dn, () (d(t), Yvg) 3y

Note that the norm of Dy, (t) can be bounded above in
function of the norm of the full distributed disturbance d(t)
as follows. For all ¢ > 0, we have

Z\ W <) ) Yrdy

k>1

2 1
< ——|ld()]|3,.
< mRHd( ME?

1Dy, (D11 =

®)
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The finite-dimensional linear ODE (5) captures the part
of the dynamics of (1) that must be stabilized/controlled by
the feedback control u. The idea consists in first designing
a control law that exponentially stabilizes the linear ODE
(5). Then, we assess that the proposed control law amounts
stabilizing the original infinite-dimensional system (1) by
means of an adequate Lyapunov function.

B. Stabilization of the finite-dimensional subsystem
At this point, we need to design a control law that stabilizes
the linear ODE with input delay (5). First, we resort to the
Artstein model reduction [1], [20] to obtain an equivalent
linear ODE that is free of delay. Specifically, we introduce
forallt >0
Z(t)

¢
Y (t) +/ et=s=D)ANo By u(s) ds
t—D

D
=Y(t) + / e~ "N By u(t — D + 1) dr.
0
Straightforward computations show that we have, for all £ > 0,
Z(t) = An, Z(t) + e~ DA% By u(t) + Dy, (1).

As e~ PA~o s invertible and commutes with Ay, , the pair
(An,,e PANo By, ) satisfies the Kalman condition if and
only if the pair (Ay,,By,) satisfies the Kalman condition.
Consequently, in order to be able to apply the pole-shifting
theorem, we make the following assumption.

Assumption 3.2: (An,, Bn,) satisfies the Kalman condition.

Remark 3.3: In the case of a one-dimensional control input,
i.e., m = 1, we have that

det(BNO, ANOBNO; ey A%g_lBNO)

No
=[] b1 x VAM(A1,..., Any),
n=1
where VAM(Aq,...,An,) is the Vandermonde determinant
associated with Aq,...,Ay,. Therefore, Assumption 3.2 is
fulfilled if and only if Ay, ..., An, are all distinct and b,, ; # 0
for all 1 < n < Ny. In the general case m > 1, we can
easily apply the PBH test [26] due to the diagonal nature
of the matrix Apy,. Assume without loss of generality that

Al,..., AN, are ordered such that there exist ny,...,n, € N*
with ny + ...+ n, = Ng such that 1) for all 1 <1 < p,
Asi_141 = Asy_142 = ... = Ag, 5 2) I3 # Iy implies )\Sll #*

)\%, where s; = ni +ns + ...+ n;. Then, Assumption 3.2 is
fulfilled if and only if rank[(bn’k)sl_l+1§ngslJSkSm] =Ny
for all 1 < [ < p. In particular, it requires the necessary
condition that n; < m forall 1 <[ < p.

Remark 3.4: Note that b, ; is computed based on the
selection of a given lifting operator B. Even if such a lifting
operator is not unique, the quantity b, j is actually independent
of the particularly selected lifting operator. Indeed, let B and
B be two distinct lifting operators associated with (A, B).
Then, introducing B =B — B, one has BB = BB — BB =
Igm — Igm = 0. Thus, R(B) € D(A)Nker(B) = D(Ag) and
we obtain that

<ABek’w">H - <AOBek’w">H - <Bek’ASw">H

= <Bek7>\nwn> = /\n <Beka7~/}n>
H H
We deduce the claimed result, i.e.,

— A (Beg, Vn)y + (ABeg, Yn)y,
=\, <Bek,1/)n>H + <AB€k,¢n>H

Therefore, the commandability property of the pair
(ANny, Bn,) 1is an intrinsic property of the boundary
control system (A, B) in the sense that it does not depend on
the selection of a particular lifting operator B.

Assuming that Assumption 3.2 holds, we can find a feed-
back gain K € K™ and P € M}’ a positive definite
Hermitian matrix such that A, £ An, + e~ DAng By, K is
Hurwitz with desired pole placement and

“P+PAyg=—In,.

Then, a natural choice for the control input would be u(t) =
X[0,400) () K Z(t). However, the resulting up (t) = u(t—D) =
X[D,4o0)(t)KZ(t — D) is discontinuous at ¢ = D while
up must be of class C? over Ry to ensure the existence
of a classical solution of (1). Let {5 > 0 be given. We
consider a transition signal (from open loop to closed loop)
¢ € C*([-D,+o0);R) which is such that 0 < ¢ < 1,
el_po = 0, and o[y ) = 1. We define the state-
feedback control input v = @K Z. It satisfies u|[_D 0 = 0
and, for all ¢t > 0,

U(t) p(t)KZ(t)

o(t) KY(t

~—

€))

o(t)K e(t=s=D)Ano By ui(s) ds,

max(t—D,0)

where it has been used that the system is uncontrolled for
t < 0. In particular, the control law is such that up(¢)
u(t— D) =@t —D)KZ(t — D) with up(t) =0 for t <D
and up(t) = KZ(t — D) for t > D + to.

Remark 3.5: This is worth noting that the proposed control
law (9) is presented in a constructive manner and takes the
form of a predictor feedback as the ones classically designed
for the control of finite-dimensional LTI systems in the pres-
ence of a delayed control input.

C. Characterization of the control law

In practice, it is convenient to use the control law expressed
under the form (9) since it allows its computation at time ¢
based on the measure of Y at time ¢ and the past history
of the control law u. To do so, we must show that (9) fully
characterizes wu, i.e., the uniqueness of the function u satisfying
the implicit equation (9). In other words, it requires to invert
the Artstein transformation [2] when weighted by the transition
signal . For any locally integrable function f : I — K™
with either ] = R4 or I = [0,T] for some T' > 0, we define
Tpf: 1 — K™ as follows:

t
Pl (t—D,0) eltmr AN By, f(s)ds

(Tpf)(t) =
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In particular T)p f € C°(I; K™), and thus we can consider the
iterations 7% f for any k € N.

Lemma 3.6: Let I be either I = R or I = [0, 7] for some
T >0.Let D >0, g € CO(I;KN0), and o € C°(I;R) such
that 0 < ¢ < 1 be given. Then, there exists a unique locally
integrable function v defined on I such that, for all ¢ € I,

v(t) = p(t)Kg(t)
¢
+o(t)K elt=s=D)ANo B w(s) ds.
max(t—D,0)
Furthermore v € C°(I;KK™) and is given by the series ex-
pansion v(t) = Y (T5(pKg))(t) where the series converge
k>0

uniformly over any time interval of finite length.

The inversion of the Artstein transformation in the case ¢ =
1 has been investigated in [2]. The proof of Lemma 3.6 is a
straightfoward extension of theorem 1 in [2] by noting that
v=pKg+Tpv, ¢ is a continuous function, and 0 < ¢ < 1.

IV. STUDY OF THE CLOSED-LOOP INFINITE-DIMENSIONAL
SYSTEM

Throughout this section, we assume that Assumptions 2.1,
2.2, and 3.2 hold. Under these conditions, it has been proposed
in Section III to resort to the control law given by (9) to
stabilize the infinite-dimensional system (1). As the control
law has been derived on a finite-dimensional part of the
original infinite-dimensional system, we must guarantee that
the proposed control strategy successfully stabilizes the full
system. Furthermore, in order to make valid the computations
performed in the previous section, we must ensure that the a
priori regularity assumption on the control input u is indeed
satisfied, i.e., u provided by (9) is of class c2.

A. Dynamics of the closed-loop system

Let D,ty > 0 be given. We consider a given transition
signal ¢ € C?*([-D,+o00);R) such that 0 < ¢ < 1,
@l_po = 0, and ¢l . = 1. The closed-loop system
dynamics takes the following form:

(1) = AX (1) + (1), (102)
BX(t) = up(t) = u(t — D), (10b)
uli_pg =0 (10¢)
u(t) = p(t)KY () (10d)

t

+ o(t)K et=s=D)Ano B u(s) ds,
max(t—D,0)
(10e)
X(0) = Xy (10£)

for any ¢ > 0. The adopted control strategy takes the form of
a state-feedback in which the signal Y (¢) is computed based
on the state X (¢) via (6). The feedback gain K € K™*No ig
selected such that Ay £ An, + e~ DANg Bn, K is Hurwitz.
Function d : Ry — H represents a distributed disturbance.
Remark 4.1: We assume that the initial control input is
identically zero, i.e., ug £ u\[_DO_&O] = 0. This can be
obtained in practice by initially applying a zero control input.

This avoids the necessity of regularity assumptions on ug
and the introduction of compatibility conditions restricting the
admissible initial conditions X.

B. Well-posedness in terms of classical solutions

The following lemma ensures both the well-posedness of
the closed-loop system in terms of classical solutions and the
sufficient regularity of the control input. The proof is placed
in Annex A.

Lemma 4.2: Let (A,B) be an abstract boundary control
system such that Assumptions 2.1, 2.2, and 3.2 hold. For any
Xo € D(Ap) and d € C'(Ry;H), the closed-loop system
(10) admits a unique classical solution X € CO(R,; D(A)) N
CY(R,;H). The associated control law u is uniquely defined
and is of class C2([—D, +00); K™). It can be written under
the form u = K Z with, for all ¢ > 0,

t
Z(t)éy(t)+/ et=s=DAno By u(s)ds, (1)
t—D

which is such that Z € C%(R,;K™o) and satisfies, for all
t>0,

2(t) = (An, + (t)e” P40 By, K)Z(t) + Dy (t), (12)
where Dy, (t) is defined by (7). In particular, for all ¢ > ¢,
Z(t) = AaZ(t) + Dy, (t). (13)
Furthermore, wu is also expressed for all £ > 0 by:
u(t) =Y (TH(PKY))(#),
k>0

with uniform convergence over any interval of finite length.

C. Exponential ISS property of the closed-loop system

This section is devoted to the demonstration of the following
stability result.

Theorem 4.3: Let (A, B) be an abstract boundary control
system such that Assumptions 2.1, 2.2, and 3.2 hold. Then the
closed-loop system (10) is exponential ISS in the sense that
there exist constants ko > 0 and C,C5,C3,Cy4 € Ry such
that, for any Xy € D(Ap) and d € C*(R;H), the classical
solution X of (10) associated with the initial condition X
and the distributed disturbance d satisfies, for all ¢ > 0,

[X () < Cre™ | Xolly + Ca s?p] d(T)ll2¢,  (14)
T€[0,t
and the control law is such that
[u(t)]| < Cse™ ™" Xolls + Ca sup [|d(7)]l3.  (15)

T€[0,t]

Remark 4.4: Theorem 4.3 ensures the stability of the closed-
loop system whatever the value of the delay D > 0 may be.
In particular, the number of modes Ny to be considered in the
control design is only constrained by the number of open-loop
unstable modes via Assumption 2.2, regardless of the value of
the delay D > 0.

To prove the theorem, we consider throughout this section
Xo € D(Ap) and d € C*(Ry;H) arbitrarily given. Let X €
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C°(Ry; D(A)) N CH(R4;H) be the classical solution of the
closed-loop system (10) associated with the initial condition
Xo € D(Ap) and the distributed disturbance d € C*(R;H).
We denote by Z the function defined by (11).

1) Definition of the Lyapunov function candidate: The
proof of the theorem relies on the following Lyapunov function
candidate, defined for all ¢ > 0 by

" {Z(t)*PZ(t) + /th w(8)Z(s)*PZ(s) ds}
Y 0p(t — DVZ(t — D)*PZ(t — D)
LS X0 - Bup(®), i)l

+ —_
2
k>No+1

V(t)
(16)

where, because A, = An, + e~ DPAng By, K is Hurwitz, P €
HJJ(,: is a positive definite Hermitian matrix such that

:IP+ PACl = 7IN0. (17

Constant 71,72 € R are sufficiently large parameters to
be selected latter, independently of the initial condition X
and the distributed disturbance d. Note that, as a direct
consequence of the definition, one has V'(¢) > 0 for all ¢ > 0.

Remark 4.5: Function V is well-defined and belongs to
C'(R,;R). Indeed, as ¢ and Z are continuous over R, the
integral term is finite and, from (2),

> UX(t) = Bup(t), vi)y

k>No+1

| 2

1
mpg

< — |1 X(t) = Bup(t)[ln < oo
Thus we have V' (t) € R.. The continuous differentiability of
V follows from Annex B and the fact that functions ¢, X, Z,
and v are of class C!.

Remark 4.6: At this point, it is relevant to discuss the
motivation behind the choice of the different terms of the
Lyapunov function candidate (16).

1) Assuming a zero distributed disturbance (d = 0), the
term Z(t)*PZ(t) provides, based on (17), a Lyapunov
function for the finite-dimensional system Z(t)
AaZ(t). It aims at ensuring the exponential convergence
to zero of the Ny first coefficients (X (t),,),, corre-
sponding to the projection of the system trajectory X (¢)
into the Riesz basis {¢,, n € N*} (see (3)).

In order to ensure the stability of the full infinite-
dimensional system, the Lyapunov function candi-
date V' must ensure the convergence of all the
modes of the plant. This includes the coefficients
cn(t) =(X(t),%n)y» n > No + 1, which were not
considered in the synthesis of the control law, but
which are still impacted by the control input » accord-
ing to the dynamics (4). A natural choice to capture
t{lese coefficients would consist in the use of the term

- |<X(t),wk>7{|2. However, the ODE describ-
2 k>Not1
ing the time domain evolution of (X(t),v,),, given
by (4) shows that the eigenvalue ), appears via the
following term: A, (X (t) — Bup(t),¢n),,. Therefore,
in order to be able to absorb all the occurrences of

2)

the eigenvalue \,, n > Ny + 1, via the inequality
Re), < —a of Assumption 2.2, we consider the
term - Y [(X(t) = Bup(t), ¥r),|* (see (35) for

2 k>No+1
details).

As u = 9K Z, the introduction of the term up(¢) in the
Lyapunov function candidate V' yields the occurrence of
the term Z(¢t — D). It requires the introduction of the
term @(t — D)Z(t — D)*PZ(t — D) for compensation
purposes. The switching signal ¢ is used to materialize
the fact that the contribution of this term is relevant only
fort > D.

Finally, the contribution of the term
ftth p(s)Z(s)*PZ(s)ds is to provide an upper
bound on the norm of the system trajectory X (¢) which
only depends on V'(t) (see Lemma 4.7).

3)

4)

The detailed properties of the Lyapunov function candidate V'
are detailed in the next lemmas.

2) Upper bound on the norm of X: First, we establish a
connection between the norm of the system trajectory X (¥)
and the value of the Lyapunov function candidate V(). To do
s0, we define the constant C; > 0 by

C1 2 2max (1, DePll4n | ||BNDK||2) .as)

We denote by A, (P) > 0 the smallest eigenvalue of P.

Lemma 4.7: Under the assumptions of Theorem 4.3 and for
y1 > C1/An(P) and v2 > || BK||?/(mgrAy,(P)) arbitrarily
given, we have, for all ¢ > 0,

X (@)l < Cav/ V(1)

V/ BK
where Cy = /2Mpg + | H
Vy2mrAm(P) — | BK|?
The proof of Lemma 4.7 can be found in Annex C.

3) Exponential convergence of the closed-loop system tra-
jectories: In order to study the exponential decay of V, we
consider the time interval over which the infinite-dimensional
system is fully placed in closed loop, i.e., for t > D + tg
which corresponds to ¢(t) = 1. For t > D + ¢, one has

V(t)=m {Z(t)*PZ(t) + /t_D Z(8)*PZ(s) ds}
+ 45 Z(t — D)*PZ(t — D)
LS X @) - Bun(t), i)l

_|_ —
k>No+1

with up (t) = u(t — D) = KZ(t — D). We also introduce the
positive constant

19)

Cs & 2T S {ABeulB il + | BelBell KiAal )
amp el
(20)
where K; is the ¢-th line of the matrix of feedback gain K.
The study of the time derivative Vof Vfort>D+ to is
reported in Annex D and yields the following result.

Lemma 4.8: Let B € (0,1) be arbitrarily
given. Under the assumptions of Theorem 4.3, and
for any arbitrarily given ~; >  Ci/A\,(P) and

Y2 > max (||BK||?/(mpAm(P)),C5/(1 — B)), there exist
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constants! xg = ko(8,72) > 0 and Cs = Cs(8,71,72) > 0,
independent of X and d, such that we have for all t > D+t

IX (t)]l5 < Cae™m0E=P=0) V(D +1) (1)
C
+-C2\/2 S sup [|d(7)]|,
Ko r¢[0,t]
with a control input such that
K
lu(@)ll < —LEL_=ratt-p-10) /75 5 5)
Ca(m)
K C
KL G up e @2
\/CQ "}/1 2”/07—601&]

Remark 4.9: Coefficient 5 € (0,1) represents a trade-off
between the guaranteed decay rate kg and the coefficient
Cs/(2k0) that reflects the impact of the external disturbance
on the system trajectory. In particular (see (36-37) in Annex D
for details), taking 8 — 0T will result in an increase of the
decay rate o but also Cg/(2k0) — +00.

4) ISS estimate: In order to complete the proof of Theo-
rem 4.3, we resort to the following lemma that provides an
estimate of V'(¢) over the time interval [0, D + ¢].

Lemma 4.10: Under the assumptions of Theorem 4.3,
there exist constants Cy Cy(v1,72) > 0 and Cyp =
C10(y1,72) > 0, independent of X, and d, such that for all
t €10, D + to],

V(t) < Col Xol* + Co Sup IId( -

T€[0,t

(23)

The proof of Lemma 4.10 is in Annex E. We can now
complete the proof of Theorem 4.3. Indeed, for a given
arbitrary 8 € (0,1) and by selecting v; > C1/A,(P) and
2 > max (| BK|?/(mpAn(P)),Cs/(1 — B)), we obtain
from (23) and (39) that the following estimate holds

C
V(t) < 096_2”0(t_D_t0)HX(]”$_[+ (2,{6 + Cm)
0

for all ¢ > 0. From (19), we obtain that, for all t > 0,

||X( )”’H {04 Cg@HO(D—HO)} e—rzotHXoHH

Cs
+C4\/—+Olo sup |[d(7)|[3-
T€[0,t]

This shows that the claimed ISS estimate (14) holds. The
estimate of the control input (15) follows from (40), which
concludes the proof of Theorem 4.3.

T€0,t]

V. APPLICATION TO THE STABILITY ANALYSIS OF A
CLOSED-LOOP INTERCONECTED IDS-ODE SYSTEM

As an application of the ISS property of the closed-loop
system (10), we propose to study the stability of a related
IDS-ODE interconnection. Specifically, we consider the case
where the external input d depends on the state of an ODE
satisfying a certain ISS estimate. This study is motivated by
the fact that certain physical systems such as chemical reactors
and water tanks are naturally modeled by a coupled PDE-ODE
system as the one studied in this section [11].

I'These constants are explicitly given in Annex D by (36-37)

sup [ld(7)[1%;,

A. Dynamics of the closed-loop interconnected IDS-ODE sys-
tem and well-posedness

Let D, ¢y, > 0 be given. We consider a given transition sig-
nal ¢ € C*([~D,+00);R) such that 0 < ¢ < 1, ¢[;_p o =
0,and o[y, ) =1 Let f1 € CHK™ x H x K™v; K") and
fo € Cl(K” x H x K™ H) be two vector fields. We make
the following assumption.

Assumption 5.1:

1) Vector fields fi(z, X,v) and fa(x, X,v) are (globally)
Lipschitz continuous in (z, X) on K" x H, uniformly
in v over any compact subset of K.

There exist constants Dy, Do, D3 > 0 such that, for all
rzeK" X €H, and v € K™,

[f2(z, X, v)lla¢ < Dallzll + D2 X|l3 + Dsllv]|. (24)

The ODE & = fi(z,X,v) is such that there exist
Ko > 0 and C’o,é’l,é’g € Ry such that, for any
given initial condition 2(0) = z9 € K" and functions
X € CO%(R4;H) and v € CO(R4; K™), the following
ISS estimate holds for all ¢ > 0

le@I? < Cae lao|+ sup {CHIX () + C3llv(r)|}

(25)

Note that the above assumption implies (by taking ¢ = 0,

xo # 0 and null X and v) that Cy > 1. The considered
closed-loop system takes the following form:

2)

3)

sup
T€[0,t]

W) = AX0) + olat), X (0, (1), (26b)
BX(t) = up(t) = u(t — D), (26¢)
ul_po =0 (26d)
u(t) = o(t)KY(t) (26e)
+p(t)K t et=s=D)Ano By u(s) ds,
max(t—D,0)

x(0) = =, (26f)
X(0) =X (26g)

for t > 0 with Y defined by (6). The feedback gain K €
K™*No js such that Ay = Ay, + e P4A% By, K is Hurwitz.
Function w still represents the control input while function
v : Ry — K™v represents an external disturbance.

The well-posedness of the closed-loop system (26) is as-
sessed via the following result.

Lemma 5.2: Let (A,B) be an abstract boundary con-
trol system and f; € CHK" x H x K™ ;K") and
fo € CYHK™ x H x K™ H) be vector fields such
that Assumptions 2.1, 2.2, 3.2, and 5.1 hold. For any
(r9,Xo) € K" x D(Ag) and v € CHRy;K™), the
closed-loop system (26) has a unique classical solution
(z,X) € CH{R4; K™) x (CO(Ry; D(A)) N CHRy5 H)). Intro-
ducing d(t) £ fo(z(t), X (t),v(t)), we have d € C*(Ry;H).
Thus, X is the classical solution of (10) associated with
the initial condition X, and the distributed disturbance d.
Consequently, both Lemma 4.2 and Theorem 4.3 apply to X.

The proof of Lemma 5.2 follows from the same arguments
as the one used in the proof of Lemma 4.2 and from classical
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theorems on the existence and uniqueness of classical solutions
for lipschitz perturbations of linear evolution equations, see,
e.g., [18, Th. 1.2 and Th. 1.5, Chap. 6].

Remark 5.3: The first point of Assumption 5.1 regarding the
Lipschitz continuity of vector fields fi, fo is used to ensure
the existence of solutions defined on R,. In particular, it
avoids any potential blow up of the solution in finite time.
If this assumption is removed, the existence of the classical
solution is a priori only guaranteed over a time interval
[0, tmax) With 0 < tpmax < 400. Furthermore, if ¢y.x < +00,
we have the blow up of the solution in finite time, i.e.,
lz@)|| + | X(@E)|lw — 4o, see, e.g., [18, Th. 1.4 and

t_)(tmax)

Th. 1.5, Chap. 6]. In this case, the reasoning presented next
still applies over the time interval [0, max) at the condition
that no blow up occurs over the time interval [0, D + tg], i.e.,
tmax > D + to. This can be ensured by assuming that the
following small gain condition holds:

(D1Cy + D3)Cy/Cho < 1. 27)

Indeed, from (19), (23), and (24-25), we obtain that, for all
te [Oa D + tO] n [Ovtmax)a

1X(#)]|3 < D1CoCyv/Chrollzol| + Cav/Col| Xoll
+ (D1é1 + D2)04\/0710 sup ||X(T)||7'l

T€[0,t]

+(D1Cy + D3)Cyy/Cro sup |u(7)]].

T€[0,t]

Under the small gain assumption (27), we can introduce I' £

(1 —(DiCy + DQ)CM/ClO) > 0, which yields

sup X (7)1

7€[0,D+t0]N[0,tmax)
< T'D1CoCa/Crollzol| + TCiv/Col| Xo 12
+T(D1Cy + D3)Cy\/Cro lo(m)l

sup
T€[0,D+t0]

< Q.
From (25) we infer that

sup {lz (I + 11X (7)1} < oo,

T€[0,D+t0]N[0,tmax)

and, consequently, tynax > D + to.

B. Small gain condition ensuring the stability of the IDS-ODE
interconnection

The main result of this section is the following result.

Theorem 5.4: Let (A, B) be an abstract boundary control
system and f; € C}H(K" x H x K™ ;K") and f» € C*(K" x
H x K™ H) be vector fields such that Assumptions 2.1, 2.2,
3.2, and 5.1 hold. We assume that the small gain condition

~ | C
(DICI + DQ)C4 6 <1
2/10

is satisfied. Then, there exist constants J. € (0,kp) and
Gi,H; € Ry, 0 <4 < 3, such that, for any (z¢,Xg) €
K™ x D(Ap) and v € C'(R4;K™v), the classical solution
(z,X) of (26) associated with the initial condition (zq, Xo)

(28)

and the disturbance v satisfies for all t > D+t the following
fading memory estimate:

lz (@)l + X ()12 < Goe™**(lzo]l + 1 Xoll)
+Gre ! (Tl

X (7) [l

sup 29)

TE[O,Dth()}

+ Goe %t sup

TE[O,Dth()}

+ Gy sup e Tfu(r)]),
T€[0,t]

and the control law satisfies

lu()]| < Hoe ! (l|zoll + | Xoll)
+ Hye ! (7]l

X ()l

sup
TE [0,D+t0]

(30)

+ Hye %t sup

TE[O,D+t0]

+ Hy sup e 0" u(7)|
T€[0,t]
for all t > D + tg.

The proof of Theorem 5.4 is placed in Annex F. This
consists in an adaptation of the approach presented in [11]
for the study of the stability of IDS-ODE or PDE-PDE
interconnections via a small gain approach.

Remark 5.5: As the system is in open loop over the time
interval [0, D] and then the time interval [D,D + to] is
employed to switch from open loop to closed loop, we can
interpret x|, ) and X| p,; as initial perturbations. In
this case, (29) can be seen as an ISS estimate with fading
memory with respect to the initial perturbations x|[0’ Do) and
Xljo,p41,) and the disturbance v.

Remark 5.6: In the context of Remark 5.3, i.e., when
replacing the first point of Assumption 5.1 by the small gain
condition (27), the reasoning reported in Annex F still applies
over the time interval [0, tyax) because tymax > D + to. In
this case, estimate (29) holds for all ¢ € [D + tg, tmax). As
the supremum of the right-hand side of (29) over any time
interval [D + to,T] of finite length is finite, we deduce that
tmax = +00. Therefore, the conclusion of Theorem 5.4 still

apply.

VI. CASE STUDY

In this section, H denotes the real Hilbert space of square-
integrable functions L?(0, L) endowed with the inner product
(f.9)y = fOL fgd€&. We consider the following academic
system composed of a one-dimensional ODE and a one-
dimensional reaction-diffusion equation on (0, L) with delayed
Dirichlet boundary controls located at both ends of the domain

@(t) = fr(z(t), y(t,-), v(t))
yt(t’ 5) = ayff@? 5) + Cy(t’ 5) + fQ(‘T(t)v y(tv ')’ ’U(t))

i) =)

where (¢,£) € Ry x (0,L), X(t) = y(t,-) € H, z(t),v(t) €
R, and u(t) € R2 The considered coupling functions are

b
given by fi(z,X,v) = —ajz + flfOL mXdé + civ and
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d
fo(z, X,v) = agwfy + by arctan fQ fOL 12X d€ | O3 + cavb3

with a, ¢, a;,b;,¢;,d; € R, a,a1 > 0, and n;,0; € H such that
[7ill#¢ = 110l = 1.

We define the operator Af = af” + c¢f over the do-
main D(A) = H?(0,L) and the boundary operator Bf =
(£(0), f(L)) over the domain D(B) = H'(0,L). We intro-
duce the lifting operator B defined for any (uj,us) € R?
by {Blus,us)HE) = ur + (w2 — u)¢/L with € € (0,L).
We have that the disturbance-free operator Ag: 1) generates
a Cp-semigroup ; 2) is a Riesz-spectral operator with \,, =
c —an®m?/L? and ¢,(¢) = ¥,(§) = /2/Lsin(nné/L),
n > 1. Thus, (A, B) is a boundary control system satisfy-
ing Assumptions 2.1 and 2.2. Furthermore, straightforward
computations show that b,1 = anmy/2/L3 and b, =
(—=1)"*lanmy/2/L3. Thus, based on Remark 3.3, Assump-
tion 3.2 about the Kalman condition is satisfied.

Finally, with the considered coupling functions f; and fo,
Assumption 5.1 holds with Cy = v/2, Cy = 2|b1|/(a1L),
Cg = 2|cl|/a1, D1 = |CL2‘, D2 = |de2‘/L, and D3 = |62|.

For numerical computations, we take L = 27, D = 0.15,
a = 5 and ¢ = 2.5. Thus, we have one unstable mode with
Al 1.25 while Ay —2.5 and A3 = —8.75. For design
purposes, we consider a second order truncated model, i.e.,
Nyg = 2 and « 8.75. Then, the feedback gain matrix
K € R?*2 is computed based on this truncated model such
that the two poles are both placed at —3. Following the
developments of Section IV, the degrees of freedom available
in the choice of the parameters 5 € (0,1), v1 > C1/Am(P),
and 72 > max (| BK||?/(mrAn(P)),C5/(1 — B)) are used
to minimize the value of the constant Cy+/Cs/(2k0) involved
in the small gain condition (28). With the MATLAB function
fminsearch, we obtain with § = 0.4131, v; = 106.3290,
and 7y, = 337.1938 the value Cy1/Cs/(2K0) =~ 8.6260. Thus,
Theorem 5.4 applies when the vector fields f; and f5 are such
that 2|b1a2|/a1 + ‘b2d2| < L/8.6260 ~ (0.7284.

Consequently, we select for numerical simulations a; = 1.5,
bl = 0.5, C1 = 0.2, s = 0.7, b2 = 0.55, Cy = 10, dg = 0.45,
m o= = 0 = \6(L—&)/L%?, 6, = \2f/L, and
03 = \/2(L — &)/ L. The transition time t is set to tg = 0.2
while the switching function Lp|[0’t0] is selected as the restric-
tion over [0, %] of the unique quintic polynomial function f
satistying £(0) = f(0) = f"(0) = f'(to) = f"(to) = 0
and f(tp) = 1. The adopted numerical scheme consists in
the discretization of the reaction-diffusion equation using its
first 10 modes. The evolution of the closed-loop system is
depicted in Figs. 1-3 for the initial condition zo = —2
and Xo(§) = —5&(L/2 — &)(L — &), and with the external
disturbance v(t) = sin(2¢)sin(5t). The obtained numerical
results are compliant with the theoretical predictions.

VII. CONCLUSION

This paper discussed the feedback stabilization of a class
of diagonal Infinite-Dimensional Systems (IDS) with delay
boundary control. The proposed approach generalizes a design
method formerly reported for a reaction-diffusion equation
while proposing a simplification of the boundary control law.

50 |

y(t.d)

-50 |

2
Time (s)

Fig. 1. Time evolution of the reaction-diffusion part of the closed-loop system

0 1 2
Time (s)

Fig. 2. Time evolution of the ODE part of the closed-loop system

Time (s)

Fig. 3. Command effort of the closed-loop system

The method consists, via a spectral decomposition, in the syn-
thesis of a state-feedback for a finite-dimensional subsystem
capturing the unstable dynamics of the plant. Due to the input
delay, the design of the control law on the truncated subsystem
has been carried out by means of the Artstein transformation.
Then, an adequate Lyapunov function has been introduced to
assess that the control law designed on the truncated subsystem
also ensures the stabilization of the original IDS. Furthermore,
it has been shown that this Lyapunov function also allows
the assessment of the Input-to-State Stability (ISS) of the
closed-loop system with respect to distributed disturbances.
Finally, this ISS property has been used to study the stability
of the closed-loop IDS when interconnected with an Ordinary
Differential Equation (ODE) that also satisfies an ISS property.
It has been shown that the satisfaction of a certain small gain
condition ensures the stability of the IDS-ODE loop for the
proposed delayed boundary control law. Future research di-
rections include the evaluation of the robustness of the control
strategy w.r.t modeling uncertainties such as mismatches in the
computation of the vectors of the Riesz-basis.

APPENDIX A
PROOF OF LEMMA 4.2

We first note that, as u|[_ Do = 0, the two first lines of
(10), along with the initial condition, are equivalent over the
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time interval [0, D] to the following evolution problem:

%(t) = AoX(t) +d(t), te[0,D]
X(0)=Xo

As Ay generates a Cy-semigroup and d is of class C', we
deduce (see, e.g., [7]) the existence and the uniqueness of a
classical solution X € C°([0, D]; D(A)) NC(]0, D]; H) such
that (10) holds over the time interval [0, D] with associated
control input u = 0 € C?>([-D, 0]; K™).

We now proceed by induction. Assume that, for a given
n € N*, there exists a unique classical solution X &
C°([0,nD]; D(A)) N C([0,nD]; H) of (10) over the time in-
terval [0, nD] with associated control input u € C*([-D, (n—
1)D];K™) satistying ul;_p o) = 0 and

u(t) = e(t)KY (t) + (Tpu)(t) @31

for all 0 < ¢ < (n—1)D. We show that there exists a unique
classical solution of (10) over the time interval [0, (n + 1)D],
denoted by X € C°([0,(n + 1)D]; D(A)) n €' ([0, (n +
1)D]; 1), with a uniquely defined associated control input
@ € C*([-D,nD];K™). In particular, such a solution must
satisfy (10) over the restricted time interval [0,nD]. Thus,
X.

by induction hypothesis,

we must have X ‘
[0,nD]

Furthermore, X must satisfy

%(t) = AX(t) +d(t), t € [nD,(n+1)D]
BX(t) = up(t) = a(t — D), t € [nD,(n+1)D]
ﬂ|[—D,O] =0
u(t) = p(t)KY (t) + (Tpa)(t), t € [0,nD]
(X (t), 1)y
Y(t) = : ; [0, nD]
(X (1) ¥ng )y
X (nD) = X(nD)
(32)

Note that, due to the delay D > 0, the control input u is
only defined by X over the time interval [0, n.D] and does not
depend on X over [nD,(n +1)D]. As X € C'([0,nD]; 1),
we have that Y € C1([0,nD]; K0). Then, according to the
Lemma 3.6, 1) the control @ is well and uniquely defined on
[-D,nD]; 2) @ is continuous over [—D,nD]; 3) as both u
and af_p (n—1)D] satisfy (31) for all ¢ € [0, (n — 1)D], we
have by uniqueness that = u. Now, we can

—D,(n—-1)D] —
write @(t) = (t)K Z(t) with, for all t € [0, nD),
t
Z{t)=Y () + / e(t=s=D)ANo By di(s) ds.
t—D

Thus, we infer that Z € C*([0,nD]; K0). As X is a classical
solution of (10) over the time interval [0, n.D], we obtain with
the same approach used to derive (5) that Y satisfies over the
time interval [0, n.D] the following ODE:

Y(t) = AN, Y (t) + By ii(t — D) + Dy, (1),
where Dy, (t) is defined by (7). We have for all ¢ € [0, nD],
Z(t) = AN, Z(t) + e PA% By ii(t) + D, (t)

= (An, + @(t)e PA% By K)Z(t) + Dy, (t).

As d € CY(Ry;H), we have Dy, € CH(R,;KNo). We
deduce that Z is of class C? over [0,nD]. Thus, the control
law satisfies @ = @K Z € C?([—D,nD]; K™), showing that
@p € C([0, (n+1)D]; K™). Furthermore, the distributed dis-
turbance is such that d € C* (R ; H) while the initial condition
of (32) given at ¢ = nD is such that X (nD) € D(A) and
BX(nD) = up(nD) = ap(nD). This yields (see, e.g., [7,
Th. 3.3.3]) the existence and uniqueness of a classical solution
X € C%([nD, (n+ 1)D); D(A)) N CY([nD, (n +

[nD,(n+1)D] ~
1)D];H) associated with (32). As X(nD) = X(nD) and
(dX/dt)(nD) = AX(nD)+d(nD) = AX(nD) +d(nD) =

(dX/dt)(nD), it shows that the obtained X is such that
X € CO([0, (n + 1)D); D(A)) N CY([0, (n + 1)D];H) and is
the unique classical solution of (10) over [0, (n 4+ 1)D] with
associated control input @ € C?([—D, nD]; K™). Furthermore,
the obtained X and @ are extensions of X and u, respectively.

By induction, it shows the existence and uniqueness of both
the classical solution X € C°(Ry; D(A)) NCHR4;H) and
the associated control input u € C%([—D, +00); K™) for the
closed-loop system (10) associated with Xy, € D(Ag) and
d € C*(R4;H). The claimed properties for u follow from the
above developments and the application of Lemma 3.6. [

APPENDIX B
REGULARITY AND TIME DERIVATIVE OF AN INFINITE SUM
Let {e,, n € N*} by a Hilbert basis of 7. Then,
as {¢n, n€N*} is a Riesz basis with associated
biorthogonal set {1, n € N*}, there exists T € L(H)
such that T7-' € L£(H) and, for all n > 1, ¢, = Te,

and ¢, = (T Y*e,. Let A € CYR,;H) be given.
We obtain that, for all ¢ > 0, Z [(A(t),vr) > =
k§1\< O, (T er) P = Z|<T YA en) P =
TA0B, = (TAD.TA®),  Ths

A, i) |2 € CH(R4;R) and we have for all ¢ > 0,

&

Z (A

k>1

= Re <T1
= Re<

ZRQ{<

7/% H|

<t>,T1A<t>>H

< ¢k> Or, T~
H

A
dt

3

k>1

By (A

1>1

N
H

7/1k> < (t),¢l>7-1 <T1¢k>T1¢l>H}

:gf{e{@jw,@ﬂm<ek,ez>ﬂ}
:I;Re{< ¢k> <(t)7¢k>7-¢}

Noting that, for all k£ > 1,

d

% [310400. 000, =re

{5 wk>H<A<t>,wk>H},
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we deduce that > |(
k>No+1

A, by) |2 € CHR;R).

APPENDIX C
PROOF OF LEMMA 4.7

From (11) and using the identity u =
Y(t) = Z(t

fact that 0 < ¢ < 1, we deduce that, for all ¢ > 0,

Y@l

<zt ||+H/

< 12(0)] + ePlamll By, K| /

Yet=s=D)Ano By K 7 (s) ds

s)[1Z(s)]| ds

pKZ, we have
— Ji_p p(s)et =PI By, K Z(s) ds for all
t>0. Usmg the Cauchy-Schwarz (C.S.) inequality and the

C.S.
<Nz + VDePlAxoll | By, K'W
which gives

ol
<2 2@)|° + 20 PIxll | By, /

izl + [ s izoras).

where C is defined by (18). Now, from the definition of V'
given by (16) and using (2), we have for all ¢ > 0,

vz () {12001+ [ o0 12001 as
+V2/\ (P)ep(t
+ o X0 -

,,Z|

Recalling that up(t) = u(t — D) = o(t —
0 < ¢ < 1 which gives ¢? < ¢, we have

Z (X

(33)

- D)||Z(t - D)||”

2
Bup(t)[l3

BUD( )vwk>7-[‘2 :

DYKZ(t— D) and

BUD( )7¢k>7—[‘2

No

<23 {1(X(, vyl + 1 Bun(®), vyl |
k=1

<YW +2 [(Bup(®), vl

k>1
(2) 2 2 2
< 2IY(@)|IF + —IBup(t)ll3
mpg

2| BK|P?

<20Y@)|* + p(t— D) z(t - D)|I.

We deduce that
vz () {1201+ [ o0 1261 as

o) - 2 oo - oy 120 - D)2

s) 1 Z(s)II” ds,

Bup (b3, — Y (#)II*.

Using (33), this yields for all £ > 0,
t
V) 2 nwn(P) - ) {1201 + [ ot 1201 as)
BK]||?
+ {wmm S vt - D1z - e
R

+W”X()

As 71,72 € RY are such that v; > Ci /A (P) and v >
|BK||?/(mpAm(P)), we have Cg('h) £ A (P)—C1 >0

and C5(72) £ YA (P) — IBK] > 0 are such that
mg

Vi = G {12017+ [ o6 1261 s
+ C3(1)¢(t = D) |1 Z(t = D)
oL X0 = Bun®),.

In particular, this yields for all ¢ > 0,

1

Am(P)

2
Bup(t)|3 -

(34)

INZEIds | x (1)), < 1X(6) — Bun(@®)ll + |Bup(®)ll,

<V2MRV(t) + [|BK|| x \/o(t — D) [|Z(t — D
< {\rMH HBK} .

C3(72)
_IBK]|

Introducing Cy = +/2Mpg +
. . VCs(72)
inequality (19) holds. O

> 0, the claimed

APPENDIX D
PROOF OF LEMMA 4.8

From the definition of P, we have that for all £ > ¢,

d (13)
=127 PZ)(1)

Z(t)" [AyP + PAq) Z(t)
+ Dy, (t)*PZ(t) + Z(t)* PDy, (1)
2@ + D (0) PZ(t) + Z() PDx, 1)

Thus, for all ¢ > D + to,

d [t .
T [/t_D Z(s)*"PZ(s) ds} (t)
= Z(t)*PZ(t) — Z(t — D)*PZ(t — D)

- f/ 1Z(s)|P? ds
t—D

+ / D, (8)*PZ(s) + Z(s)* PDy, (s) ds.
-D

Let 8 € (0,1) be arbitrarily given. We infer from the Young
inequality (Y.1.) that, for all ¢t > ¢,

d *
3 £ P2

< 12| + 21 P Dx, 12D
Lz +2 (51201 + 351 PP IDw 01 )
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<~ - oz + Ll s, This yield
R
and for all > D + o Re{ (S 0) - Ban(t).on) X0 - Bunlo): oulw
H
t
4 U Z(s)*PZ(s) ds] (t) < —~S|(X(t) — Bup(t), i)y
dt |Ji—p 21
¢ t — BKZ(t—D BKA.Z(t — D),
<— [ izePasez [Py @Ilzelds "o (AR S IERAZE D) 00
vio [t 2 +1di ()] + [{BE Dy (t = D), ¢) 5| }*
< - A
- /t_D 12()Ids < =S X (8) = Bup(t). ¥
t
! L2
+ 2/ N 5\\2( $)I°+ 55 1P 11D, () ds + = {(ABKZ(t - D))y " + (BKAaZ(t = D), )
(8) t 2
Lo [ e LT jaesas (O + [(BK Da(t = D))}
o e 21000 ~ Bup(t) vl
S Y — bu ’
-9 [ jzePas+ 200 s a2 s
t—D R t€[t—D,t] 9 | ™
Finally, we have (see Annex B) T3 Z; (ABei, Yi)y KiZ(t — D)
2
d |1 m
15 X X = Bupwyl| @ + 213 (Bew, )y KidaZ(t - D)
k>No+1 @ i=1
2
= ¥ re{(G0- B0 + 2Ll + 1(BE D, (¢~ D), i)yl*)
o " < =S IX() — Bup(t), tn)y
x (X(0) = Bup(t), x| - ; m
L zm > [ ABei, i)y KiZ(t — D)|?
As X is a classical solution of the abstract Cauchy problem, .
using (4), Assumption 2.2, and the Young inequality, we have 2
for k > Ny + 1 that + ?m > [Bei, i)y KiAaZ(t — D)
=1
dx ,
Re {<dt(t) - BUD(t)a"/)k>H (X(1) - BuD(t),wm} + % |di(t)]” + [(BK D, (t — D),¢k>ﬂ|2}
2 Re(A) [(X (1) = Bup (0), )| (35) <=5 (X = Bup(t). vyl
+Re {({(ABup(t), Yr)q + di(t) — (Bip(t), Yi)3,) L m

{ZI (ABey, vr)y | | K12
=1

x (X(t) - BuD(t),wm}

< —a [(X(1) = Bup(t), e)y|” e A } Dy
+ {[{(ABup (1), V1) 5| + |di(t)] + [(Bip(t), Yr)g |} +;|B“wk H|K Al gzt =D

x (X (t) — Bup(t), ¥r)yl

Q

4 2 1) + {BE D, (¢~ D) iy}

YI 2
< = _
) [(X(t) = Bup(t), ¥y We deduce that, for ¢t > D + tg,
1 .
5= {I(ABup (8), i)y + |dic(8)] + (B (1), )51}
2 d 1 2
, o , : — 15 X KX =Bup,gw)yl’| ()
Introducing K; the i-th line of the matrix of feedback gain K, dt |2 N
one has, for all ¢t > D + to, a ’ )
up(t) =u(t — D)= KZ(t— D) =Y {K;Z(t—D)}e; k>No+1

=1 m
and =¥ {Zl (ABei, dn)y,|* | Kl

E>No+1 \i=1

up(t) =u(t — D) = KZ(t — D) m . i
U9 (e (AuZ(t — D)+ Dy, (t — D)) +;\ Bei, i)y | 1K Aal| }IIZ(t—D)II
= {KiAaZ(t— D)} e; + KDy, (t — D). +% > {Idk(t)\ +|<BKDN0(t_D)71/)k>H|2}

i=1 k>No+1
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«
< _ =
- 2

Y X (@) = Bup(t), du)y|”

k>No+1

SN (ABes, i)y, 1152

i=1k>1

D [(Bei, iy * 1 KiAal® 5 1Z(¢ — D)2

i=1k>1

2 2
+ =3 d(@®)F + =Y (BE Dy, (t — D), k)|
Y =1 X =1

«

(2)
< 7 X () — Bup(t), pw)yl’ + G5l Z(t - D)|?
E>No+1
2 2||BK\|2
— = ld(t)||2
+ R+ =

ld(t — D)I3,

with constant C5 given by (20). As vo > C5/(1 —
deduce that, for all £ > D + tg,

B), we

v <-nt-n{IzoP+ [ 1z}
~ (L - ) - C3)|Z(t - D)
23 (X(t) — Bup(t), iy

NENE T
mpr \« B

1 (2||BK|?

mR( ampg

71D||PH2

pmp

) o

72||P|2> d(t —
5 )l

ld ()13,

D)%

+ sup

TE[t—D,t]

n(l=8)f .. Y sy

o {Z(t) PZ(t) +/t_D Z(s)"PZ(s) dS}

_2(=-p)-Cs
A (P)

=230 KX @)~ Bun(t),va)yl’

k> No+1
L (2mnt | BE])
mp

ampg
x sup ld(T)][%
TE[t—D,t]

S — 2I<&0V(t) + Cﬁ

Z(t— D)*PZ(t — D)

L ({14 D) + )| PP
B

)

sup [|d(7)[13,,

TE[t—D,t]

where Ay (P) > 0 stands for the largest eigenvalue of P,

a1l . (1—ﬁ 1-B—C5/7 )
= - , , > 0, 36
o = 5 min ot (P) or (P) o (36)
and
2 BK]|? 1+D P|?
S G LS R T
R R
Then, for all t > D + tg,
% [62“0(‘)V} (t) < Cge*t sup |d(7)|3,. (38)

TE[t—D,t]

As V € CY(R,;R), we infer that, for all t > D + t,

V(t) <

HDVD o) s (7 69
Ko T€[0

and thus, from (19) and using the inequality va + b < y/a +

Vb for all a,b > 0, we obtain that the claimed estimate (21)

holds for all ¢ > D + ty. Finally, from (34), the control input

is such that, for all ¢ > 0,

K]
Ca(71)

from which we can deduce that the estimate (22) is also
satisfied for all £ > D + t;. O

lu@I < [K[Z@®)] < V(t), (40

APPENDIX E
PROOF OF LEMMA 4.10

1
With W () §||Z(t)||2, the use of Cauchy-Schwarz
inequality, Young’s inequality, (8), and (12) yields

W(t) < 20:W (¢) + ﬁlld(t)\\%

for all ¢ > 0 with C7 2 ||An, ||+ |le~P4% By, K||+1/2 > 0.
Then, for all ¢t > 0,

1 6207t

t) < _—
W( ) - 4mprCy

W (0) + sup [ld(7)[1%-

T€[0,t]

Using (2), and, from (11), Z(0) = Y'(0), we have ||Z(0)||
1Y (0)|| < IXoll3¢/+/mR- We deduce that, for all ¢ > 0,

62C7t
Z)|? < Xol|24+=——-€2°7 sup ||d(7)||2,. (41)
IZOI < TNl 5 s i)l
From up(t) = u(t — D) = p(t — D)KZ(t — D), we infer
that, for all ¢t € [0, D + t¢],
| K [JeCto L 1Ke Crto
up(t)|| < ———1|Xo ——— sup ||d(7)]|u
[up (@)l NG [ Xol[2 mTEOt]II ()l
(42)
and, from
up(t) = ¢(t — DYKZ(t — D) + ¢(t — D)KZ(t — D)
= ot — D)K (A, + @t — D)e~P4% By K) Z(t — D)
+¢(t—D)KZ(t— D)+ ¢(t— D)KDn,(t — D),
we obtain that, for all ¢ € [0, D + ],
Cg€c7t0
wp (1) < X
[ap ()] < Jn [ Xoll#
== (11 g™ sup )l
VMR 2C7 T€[0,¢]
(43)

(I AN, || + lleP A% By, K)).
To conclude, it is sufficient to note that from (16), we have
for all ¢t > 0,

v <P {120+ [ ez as)
FrAu(Plt ~ D) Z(t ~ D)?
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1 1B]?
+ X()||3, +

lun (8)[13,

where, as X is a classical solution of (10) and noting that
up(0) = u(—D) = 0, we have

X(t) = S(t)Xo + Bup(1)
+ /O S(t — ) {~Bip(r) + ABup(r) + d(r)} dr.

By direct estimation and using (41-43), we deduce that the
conclusion of the lemma holds true. (]

APPENDIX F
PROOF OF THEOREM 5.4

In order to be able to apply the results of Section IV, V is
still defined by (16) with 7y, v, large enough?.

A. Conversion of the ISS estimates into fading memory esti-
mates

Following the methodology presented in [11] for studying
the stability of IDS-ODE or PDE-PDE interconnections, the
key step relies in the conversion of the ISS estimates satis-
fied by each component of the interconnections into fading
memory estimates via the following lemma [11, Lemma 7.1].

Lemma F.1 (Conversion Lemma): For every o > 0, M > 1,
and € > 0, there exists a constant § € (0, ) such that for any
continuous functions ¢ : Ry — Ry and y : Ry — R, for
which there exists a constant v > 0 such that the following
inequality holds for all {5 > 0 and ¢ > %,

o(t) < Me 7106 (t0) + sup y(s),
s€E[to,t]

(44)

then the following inequality holds for all £ > 0:

$(t) < Me"'$(0) + (1 +¢) sup e y(s).
s€[0,t]

Even if the trajectories X of (10) satisfy the ISS estimate
(14) provided by Theorem 4.3, we cannot directly apply the
Conversion Lemma because the semigroup property does not
hold. This is due to the time-varying nature of (10) induced
by the transition from open loop to closed loop via ¢, yielding
uD|[O’ D) = 0. Therefore, we cannot directly deduce from
the ISS estimate (14) that an estimate similar to (44) holds
for all ¢ > ty > 0. In order to avoid this pitfall, we are
not going to apply the Conversion Lemma to the system
trajectories X but to the Lyapunov function V. Indeed, with
d(t) = fa(z(t), X (t),v(t)), we know from Lemma 5.2 that X
is solution of (10) associated with the initial condition X and
the distributed disturbance d. Consequently, we deduce from
(38) that, for all to > t; > D + tg,

62K0t2V(t2) — 62'10261 V(tl)

to
<Co [T s Jdr)lds
ty TE[s—D,s]
C
< et gup  sup  ||d(7)]f3,
2k0 s€[t1,ta] TE[s—D,s]

2More precisely, they are selected such that vy > C1/Am(P) and vy2 >
max (|| BK||?/(mprAm(P)), Cs/(1 = B)).

This yields, for all to > t; > D + ¢,

C
V(ty) < e 2ottty (1) 4+ =% gup sup
KO se[ty,ta] T€[s—D,s]

()13,

Introducing &g = min(g, &9) > 0 and noting that Cy > 1,
then we have for all t5 > t; > 0,

V(ty 4 (D + 1)) < C2e 2R 2=tV (4 4 (D 4 tg)) (45)

C
+ 5~ sup sup ()13,

2K0 se [t1,t2] TE€[s+to,s+(D+to)]

Furthermore, as the trajectories of the ODE = = f;(z, X, v)
satisfy the semigroup property, we also have from (25) that®
for all to > t; >0,

lz(t2) | < Ce2F o=t la(ty) |

+ swp {CHIX(MIE+ )P}

(46)

sup
TE[t1,t2]

Remark F2: The introduction of the constant C3 > 1
in (45) is motivated by the will to apply the Conversion
Lemma simultaneously to both (45-46). Even if this yields
some conservatism is the estimate with respect to the value of
V' at the lower bound of the interval of integration, such an
introduction will have no impact on the conservatism of the
small gain condition (28).

We now apply the Conversion Lemma. For 0 = 24y and
M = C? > 1, we denote by 25, € (0,2#) the constant “5”
provided by the Conversion Lemma (which is independent of
o, Xo, and v) for any given € > 0. From the proof of the
Conversion Lemma in [11, Lemma 7.1], we can select §,. such
that 6. — 07.

—0t

Applying the Conversion Lemma to (45) with ¢(t)

V(t + (D + to)), y(t) sup [d(7)[3;> and
T€[t+t0,t+(D+to)]
~v = Cs/(2Ko), we infer that, for all ¢ > 0,

{62555

Noting that s 4 to < 7 implies s < 7 — to and thus e**<* <
20T e=20to e obtain for all ¢ > 0,

XV (t + (D 4 ty))
< C3V(D + to)

+-—(1+¢€) sup
s€[0,t]

sup
TE[s+to,s+(D+to)]

d(T)II%}-

XV (t+ (D + tg))

- C
SCRVID +to) + (1 + e 0 qup e
2K0 TE€[to,t4+(D+to)]
47
Using (19), we obtain that, for all ¢ > 0,
| X (t+ (D + o))l
S 0400 V(D + tO) (48)
C
PO ot sup ()
2K T€[to,t+(D+to)]

3We estimate by replacing &g by Ao.

|d(7)]13-
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From the application of the Conversion Lemma to (46) with

o(t) = [lx(®)% y(t) = CFIX ()13, + C3llv(t)]|% and v = 1,
we infer that, for all ¢ > 0,
< |z (1)[|?

< Cillaoll® + (1 +€) sup 27 {CFX(DI, + CRlo(r)]?}

T€[0,¢]
This yields, for all ¢ > 0,
z(t)|| < Collzol| + C1vI+€ sup €
T€[0,t]

4+ Cov/1+€ sup e*7|u(r)]|.

T€0,t]

Get

(7)ll7 (49)

B. Stability of the interconnected IDS-ODE

We can now proceed to the proof of Theorem 5.4. From
(24) and (49) we obtain that, for all ¢ > 0,

d(t) [l

= " f2(a(t), X (1), v(t)) [l
< Dyedt||z(t)|| + Daed<t|| X (t)||3 + Dge’t
< D1Collzoll + D1C1VI+ € sup e’

T€[0,t]
(T)|| + Dae’

eéet

()]
()l

X ()l

+ D16~‘2\/1 + € sup ed

T€[0,t]
+ D3€§€t (t)H

< ch()Hx()” + (chl\/ 14+e+ Dg) sup 6
T€[0,t]

(7)1l

()l

+ (D1C2V/1 + € + D3) sup e (50)

T€[0,t]

This yields, for all £ > 0,
sup

7 |d(T) |12
TE[to,t+(D+to)]
< D1 Cyl|zoll + (D1C1V1 + € + D7)

sup
76[07t+(D+t0)]

()l

6557'

+ (Dlég\/ 14+e+ D3)

sup
T€[0,t+(D+to)]

< Dlé()”l’o” + (Dlél\/ 1+e+ D2)

()l
(7)ll

sup
TG[O,Dtho]

+ (Dlél\/ 1 + € + DQ)

sup
TE[D+to,t+(D+to)]

+ (D1CoVI + € + D3) e lu(7)].

sup
T€[0,t+(D+to)]

Therefore, we deduce from (48) that, for all ¢ > 0,
sup

()l
TE[D+to,t+(D+to)]

< 04006356([’“0)\/1/(19 +to)

Ce
g (14 9P o]

6D

O
(chl\/1+€+D2)C4 (1+ )

(T)||H

X sup

TE[O,D+t0]

+ (Dlél\/ 1 + €+ DQ)C4

6

Cs 5.D
—(1
2/*60( +e)e

X sup

TE[D+to,t+(D+1o)]
C
D102\/1—|—€+D3)C4 ( +€)
(T)II-

T X () [l

X sup

7€[0,t+(D+t0)]

As 6 — 07" and because of the small gain assumption (28),
e—0
there exists € > 0 such that

Co —(1+e)eP < 1.

2kg
We fix such € > 0, which is independent of the initial condition
(20, Xo) and the disturbance v. Therefore, we obtain that, for
allt > 0,

<UD X (¢ + (D +to))|ln

< (| X (7)1

(D1C1V1 + €+ Dy)Cy

sup
TE[D+to,t+(D+1o)]

< E\WV(D+to) + Exllaol + Es  sup  e*T[| X (7)]|n
TE[O,D+tU]
+E4 sup e lu(7)]. (51)
T€[0,t+(D+to)]
where
= AC,Cyed (Ptto)
~ Ce 5.D
Ey = AD.CyCy 7(1 + 6)6 S
Ko
Es = A(D1C1V1 + e + D2)Cy 2—6(1 +€)ed<P,
0
E,= A(Dlég\/1+€+D2)O4 ﬁ(l#‘ﬁ)eéeD,
0
with A > 0 defined by
-1
() IA = (1 — (DiCVTF e+ Da)Cy [ 7=(1+¢) ‘”D) -
0
From (49), we have, for all ¢ > 0,
e UHDHO| (b + (D + to))
< Collzoll + C1vi+e sup 7| X(7)[|n
T€[07D+t0]
+C1V1+e¢ sup () |ln
T€[D+to,t+(D+to)]
+CoV1+¢ sup o(7)||
T€[0,t+(D+to)]
< i V(D +tg) + Follxol| + F3 sup €6€T||X(T)HH
T€[0,D+t0]
+ Fy sup ™, (52)

7€[0,t4(D+to)]

vyhere F1 = élEl\/l + €, F2~: Qo + élEQ\/l + €, F3 =
C1(14E3)V/1+¢€,and Fy = (Cy+C1E4)v/1 + €. Combining
(51-52) and noting that (obtained from (23-24))

V(D + to)

< Gy Xoll3 + C1o lld(7)I3,

(7)1

sup
’TE[O,Dth()]

< Cy||Xoll3, + D1C1o  sup

T7€[0,D+t0]

(53)
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we
the

+DCr0 sup || X(7)[5, + DsCro sup  [lu(7)]%,

T€[0,D+to] T€[0,D+to]

obtain the existence of constants GG; > 0, independent of
initial condition (xg, Xo) and the disturbance v, such that

(29) holds for all ¢ > D +t. Finally, based on (47) and (40),
we estimate the control input as follows. For all ¢ > 0,

IN

- _IKIG,

K]

(t+ (D +to))l

A V(t+ (D +tg))e!

V(D +to)
VCa(m)
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Therefore, we infer from (50) and (53) the existence of
constants H;, independent of the initial condition (zq, Xo)
and the disturbance v, such that (30) holds. This concludes
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