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Time-domain investigation of an external cloak for antiplane elastic waves

S. Guenneau1, B. Lombard2, C. Bellis2

1 UMI 2004 Abraham de Moivre-CNRS, Imperial College London, SW7 2AZ, United Kingdom and
2 Aix Marseille Univ, CNRS, Centrale Marseille, LMA, Marseille, France

Space folding techniques based on non-monotonic transforms lead to a new class of 2D isotropic
cloaks with a constant negative shear modulus and a spatially varying negative density for antiplane
elastic waves. We consider an external cloak consisting of a core with positive shear modulus and
density, and a shell with simultaneously negative shear modulus and density. Such a core-shell
resonant system creates a virtual folded region outside the shell. To handle such negative physical
parameters in the time-domain, a two-step strategy is used: (i) assuming resonant (Drude and
Lorentz-types) effective parameters in the frequency-domain; (ii) returning to the time-domain by
applying the formalism of the auxiliary fields. We numerically show that, at the designed central
frequency, scattering of a cylindrical antiplane elastic wave incident upon a finite set of small clamped
obstacles is drastically reduced after a lapse of time, when they are placed in the close neighborhood
of the external cloak. However, cloaking efficiency decreases when the source is placed in the intense
near field of the external cloak and moreover at short times, cloaking breaks down.

It is well established that one can cloak objects sur-
rounded by specially designed anisotropic heterogeneous
[1–5], or plasmonic [6–8], shells. It is even possible to
cloak objects using some active sources [9, 10]. In this
Letter, we analyze the possibility to reduce the scattering
of small objects placed outside a core-shell system with
sign-shifting heterogeneous (yet isotropic) coefficients.

Here, we focus on the case of 2D scalar waves prop-
agating in non-dissipative media governed by equations:

{
∂tσ(x, t) = µ(x)∇v(x, t),

ρ(x) ∂tv(x, t) = ∇ · σ(x, t).
(1)

Such a system has a wide range of applicability [11],
such as in antiplane elasticity where v is the out-of-
plane velocity (m·s−1), σ the stress (Pa), ρ the mass
density (kg·m−3) and µ the elasticity modulus (Pa) of
the medium, all of which depend upon the space and
time variables x = (x1, x2) ∈ R2 and t ≥ 0, with
∇ = (∂/∂x1, ∂/∂x2)T .

Inspired by earlier work on anomalous resonance and
cloaking with resonant core-shell systems based on the
electrostatic [12–18] and electromagnetic [19–21] settings
of equation (1) in the time-harmonic regime, we consider
the following set of radially symmetric parameters for an
external cloak for the 2D scalar wave system (1) with
core and shell radii Rc < Rs (see Fig. 2):

µ−1(x;ω0) = µ−1
e


+ 1 0 ≤ |x| < Rc,

− 1 Rc < |x| ≤ Rs,
+ 1 Rs < |x|,

ρ(x;ω0) = ρe


+ (Rs/Rc)

4
0 ≤ |x| < Rc,

− (Rs/|x|)4
Rc < |x| ≤ Rs,

+ 1 Rs < |x|,

(2)

with |x| =
√
x2

1 + x2
2 and µe, ρe > 0, while the central

circular frequency parameter ω0 emphasizes that (2) per-

tains to the wave equation in the frequency-domain. We
note these material parameters can be inferred from the
analogous transverse electromagnetic problem [20, 21]
where the electric permittivity plays the role of µ−1 (resp.
ρ) and the magnetic permeability that of ρ (resp. µ−1) in
s (resp. p) light polarization in (1). Although our elas-
tic parameters are concerned with antiplane elastic waves
in transformed 2D elastic media [24, 25], results of our
study can thus be translated to transverse electromag-
netic waves. The specific form of (2) achieves impedance-
matching at the core and shell interfaces and has been
related in [15, 20, 21] (albeit in an electrostatic/time-
harmonic electromagnetic configuration) to coordinate
transform φ : x 7→ x′ defined as:

|x′| = φ(|x|) =


R2
s|x|/R2

c for |x| ≤ Rc,
R2
s/|x| for Rc<|x| ≤ Rs,
|x| for |x| > Rs.

(3)

Unlike in usual transformation acoustics where mass den-
sity is mapped, in general, to a rank-2 tensor while bulk
modulus remains a scalar [23], we note that the use of co-
ordinate transform (3) leads to transformed constitutive
parameters µ′(x′;ω0) and ρ′(x′;ω0) that remain scalar
functions in each subdomain. Geometrically, φ maps the
core disc C = D(0, Rc) onto D(0, R∗), with R∗ = R2

s/Rc,
and folds the shell annulus S = D(0, Rs)−D(0, Rc) onto
D(0, Rs) −D(0, R∗), see Fig. 2. Note that φ in (3) is a
non-bijective (and non-smooth) function, which is a gen-
uine feature of space folding.

Thanks to φ in (3), we thus create a folding zone in
space, namely the annulus F∗ of width |Rs −R∗|, which
corresponds to the so-called external cloaking region F
in the physical space [20] (with F∗ ≡ F). Physically, this
means that the scalar wavefield outside the region of ra-
dius R∗ should not sense what is inside this region, and
this has been confirmed by a mathematical analysis based
on the wave equation in the time-harmonic regime [21].
Interestingly, the core-shell system (3) can also be viewed
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Figure 1: Left: schematics of core-shell system in physical
domain with external cloaking region F (dashed area). Right:
transformed domain with virtual folded region F∗ (in green).

as a folded version of the Veselago-Pendry lens [26–28],
via the concept of complementary media [29], which is
reminiscent of space-folding. Actually, it has been nu-
merically shown in the time-harmonic regime that if one
considers a finite size object outside the external cloak
and a “space folded” copy of the object consisting of op-
posite sign electromagnetic parameters inside the shell,
then this makes a perfectly transparent electromagnetic
core-shell system at any frequency [30, 31].
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Figure 2: Snapshots of wavefield v at different times for the
cloak only (multimedia view in Cloak-final.avi). The yellow
cross marks the source. Panel (d) is a close-up of (c) high-
lighting negatively refracted waves in the isotropic shell.

However, despite all these works, the transient behav-
ior of waves propagating across the core-shell system (2)

remained an open question until now, and we would like
to address it through time-domain numerical simulations.
To do so, we employ the formalism of auxiliary fields,
which has proved powerful for modeling electromagnetic
[32–34] and acoustic [35] waves propagating within sign-
shifting media.

In the core C and in the matrix R2 \ (C ∪S), the physi-
cal parameters µ(x;ω0) and ρ(x;ω0) in (2) are both pos-
itive, which meets the standard assumption for a math-
ematically, and physically, well-posed problem. On the
other hand, in the shell S, both µ(x;ω0) and ρ(x;ω0)
are negative, which is non-standard and requires special
treatment in order to investigate external cloaking in the
time-domain. To do so, we consider that such negative
parameters can be realized, at the given frequency ω0,
as the macroscopic (homogenized) behavior in the time-
harmonic regime of a resonant microstructured medium
(which we do not intend to describe here) filling this re-
gion of space. Resonant microstructures generally lead to
frequency-dependent effective constitutive parameters:

κ(x, ω) = κ(x;ω0) gκ(ω), (4)

for κ = µ−1, ρ and x ∈ S. The introduction of gκ allows
for the possible use of two different resonant mechanisms
on µ and ρ, with the constraint that gκ(ω0) = −1, as
they usually rely upon different structural elements inside
acoustic metamaterials, see e.g. [36, 37] for passive struc-
tures and [38] for active circuits. Considering first a single
Drude-type model, we set gµ−1 = gρ = 1 − Ω2

0/ω
2 with

Ω0 =
√

2ω0. We note that even if such a Drude model
presents some shortcomings for effective elastic param-
eters, it is an accurate plasmonic model for the electric
permittivity [39]. To handle such frequency-dependent
parameters in the time-domain wave equation, we use
the formalism of auxiliary fields [35]. By introducing lo-
cally the fields ψ and w, elastic equations in the shell S
are rewritten as:

µ−1
e ∂tσ + µ−1

e Ω2
0 ∂tψ + ∇v = 0,

ρ(x;ω0) ∂tv + ρ(x;ω0) Ω2
0 ∂tw + ∇ · σ = 0,

∂2
ttψ = σ,

∂2
ttw = v,

(5)

where we emphasize only the variable dependency of the
constitutive parameters. Equations (5) are completed
with (1) in the core C and in the matrix R2 \ (C ∪ S)
with the parameters in (2). We further assume the usual
continuity conditions of v and σ ·n at the core and shell
interfaces, with n the unit normal vector at the inter-
faces, and suitable outgoing wave conditions at infinity.

Some scatterers are positioned in the cloaking region
F . These are nine equidistant and identical circular ob-
stacles of radius R whose centre is at a distance d from
the centre of the cloak. In the tracks of [13–21], we con-
sider small scatterers, and thus a homogeneous Dirichlet
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Figure 3: Snapshots of wavefield v at different times for scat-
terers with the cloak (multimedia view in Scatcloak-final.avi).
The yellow cross marks the source. Panel (d) is a close-up of
(c) highlighting the interactions of the surface waves on the
shell with the scatterers placed in F (grey dots).

condition v = 0 (typical of rigid inclusions in elasticity)
is imposed on the obstacles to maximize the scattered
wavefield and thus emphasize the effects of the cloak. In-
deed, the amplitude of the wavefield scattered by small
holes (with Neumann boundary condition σ · n = 0) is
comparatively much smaller [40], which reduces de facto
the efficiency of the cloak (see supplementary material).

Parameters are chosen as Rc = 2 m, Rs = 3.5 m, d =
3.7 m, R = 0.0583 m, µe = 1.2 · 108 Pa, ρe = 103 kg·m−3.
The cloaking region F is an annulus of width |Rs−R∗| =
|Rs − R2

s/Rc| = 2.625 m. The scatterers are put with a
uniform polar angle θ, from θ = π/2 to 3π/2 rad, and are
illuminated by a source at point xs = (−7.5, 7.5) m that
emits a monochromatic signal at the central frequency
f0 = ω0/2π = 100 Hz, switched on at time t = 0 s.

Systems (1) and (5) are solved on a Cartesian compu-
tational grid with N1 × N2 points. The grid is deemed
fine enough with N1 = N2 = 1700 to ensure a suffi-
cient number of points discretizing the scatterers. A 4-
th order space-time ADER scheme is used with a split-
ting algorithm. Discretization of curved interfaces on the
Cartesian grid considered requires care to avoid spuri-
ous diffraction and to accurately account for jump condi-
tions. To do so, the Explicit Simplified Interface Method
is used [41]. This method is based on the coupling at
each time step between two meshes: a Cartesian 2D
mesh where equations (5) are discretized, and a curved
1D mesh of the interface. The coupling is achieved by

imposing strong jump conditions and by using the lo-
cal geometry of the interface. Most of the work is done
in pre-processing, before numerical integration, leading
to a low computational cost. Technical details are pro-
vided in [42]. Perfectly-matched layers are applied on
external boundaries of computational domain to simu-
late outgoing waves. Computations are performed using
PROSPERO (http://prospero-software.science/).
All wave patterns shown in the sequel use a common
normalization and the same linear color scale (ranging
from dark blue for minimal values of field to dark red for
its maximum values).

In our first numerical experiment, we consider the
cloak only, i.e. without scatterers. Figure 2 illustrates
the interaction of the transient waves with the cloak at
different time steps. After a transient period (a-b), cloak-
ing takes place (c). In (d), a close-up shows waves inside
the shell. The effect of space folding can be observed.
Dynamic animations (supplementary material) show the
propagation of negatively refracted waves within the shell
S, where phase and group velocity have opposite signs
since the constitutive parameters µ and ρ are simultane-
ously negative (albeit being spatially varying) according
to (2). However, within the core C, µ and ρ are both pos-
itive constant, but the refractive index therein is larger
than in the medium surrounding the cloak, which leads to
an enhanced power flow in C, similar to that in concentra-
tors [43]. Finally, anomalous resonances at the core-shell
(|x| = Rc) and shell-outer medium (|x| = Rs) inter-
faces of such a core-shell system predicted 25 years ago
for an electrostatic configuration in [12] manifest here a
wave character since the condition for existence of sur-
face waves akin to those already studied in the context
of impedance-matched and sign-shifting electromagnetic
media [29, 44, 45], is naturally satisfied at all times by
the principle of space-folding.

Figure 3 illustrates the interaction of transient waves
with the scatterers and the cloak, at different time steps.
Clearly, at short times, the core-shell system does not
cloak the scatterers, and behaves in a way similar to a
superscatterer [46], whereas at longer times, when some
permanent regime has been established, the diffraction
by the scatterers is much reduced. A close-up on the
scatterers in panel (d) shows the interaction of surface
waves, at the matrix-shell interface, with the scatterers in
the cloaking region F (see supplementary material). We
note in (d) that scatterers are at the nodal lines of surface
waves, and thus scatterers have minimal scattering.

Figure 4 displays snapshots of the scattered wavefield
v at t = 1.424 s in various configurations. The diffraction
patterns of the scatterers (a) are significantly reduced by
the cloak (b). In (c), the distance between the cloak and
the scatterers is increased to d = 4.7 m: the interaction
between surface waves and the scatterers is weaker, which
degrades the efficiency of the cloak. This degradation is
amplified when larger scatterers are considered, as in (d)
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(a) Scatterers (R = 0.0583
m) at d = 3.7 m.
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(b) Same as (a) with cloak.
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(c) Same as (b), with
d = 4.7 m.
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Figure 4: Snapshots of scattered wavefield v at time t =
1.424 s with the source (yellow cross) at |xs|=10.6 m.
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Figure 5: L2-norm of the scattered wavefield v in Ωobs as a
function of time (in log scale) for various configurations. The
scatterers radius is R = 0.0583 m and their distance to the
cloak center is d (in meters).

with R = 0.3 m. These act somehow as a screen that
prevents waves from reaching the cloak, so that surface
waves cannot be generated to reduce scattering. One
might argue that a possible route to achieve invisibility
for larger scatterers, or even finite size possibly heteroge-
neous objects, that might be located further away from
the cloak, would be to implement an external cloak based
on complementary media as in [30]. But this would im-
ply that the design of the external cloak depends upon

the objects to cloak, unlike in the present scheme. We
further note that one can in theory increase ad libitum
the radius R∗ of the cloaking region by considering a
vanishing radius Rc for the core, which according to (2)
requires a core where ρ→∞. This might open a route to
external cloaking of finite size objects, or objects located
further away from the cloak.

To quantify these observations, the instantaneous L2-
norm ‖ · ‖= (

∫
Ωobs
| · |2 dx)

1
2 of the fields is measured in

the rectangular domain Ωobs = [−10, 10] × [−10,−7] m2

opposite the source point. From now on, the relative er-
ror is defined as the ratio ‖v − vinc‖/‖vinc‖, with v the
solution to (1) and (5) and vinc being the associated in-
cident wavefield in the background medium. This rela-
tive error is reported in Fig. 5 and plotted as a function
of time and for some of the various configurations con-
sidered previously. Without the cloak, a steady state
is reached rapidly and leads to a relative error around
60 %. With cloak and scatterers at d = 3.7 m, steady
state is reached only at about 0.3 s, i.e. 30 periods of the
source. Once the steady state is reached, external cloak-
ing is all the more efficient than scatterers are close to
core-shell system, as discussed previously: at d = 3.7 m,
relative error is around 12 %. For comparison, the cloak
alone yields an error around 2.5 %. In addition to the
error measurements corresponding to the chosen single
Drude-type model (solid lines), we also report in Fig. 5
some additional results (dashed lines) corresponding to
the choice of two different Lorentz-type models in (4):

gκ(ω) = 1− Ω2
κ,0/(ω

2 − Ω2
κ,r), (6)

with resonances at non-zero frequencies Ωκ,r, while we

set Ωκ,0 = (2(ω2
0 − Ω2

κ,r))
1
2 so that gκ(ω0) = −1. The

parameters are chosen as Ωµ−1,r = 100π, Ωρ,r = 40π
rad.s−1, for Lorentz-type 1 and Ωµ−1,r = 40π, Ωρ,r =
100π rad.s−1, for Lorentz-type 2. System (5) is modified
accordingly. Associated results in Fig. 5 show the same
trends as the single Drude-type model, highlighting the
low sensitivity of the overall behavior of the cloak to the
specific choice of the resonant mechanisms in the shell.
We finally note the long time behaviour would depend
on the lapse of time the source has been on as well as
inherent losses in the negatively refracting shell [47, 48].

Considering the configuration with R = 0.0583 m and
d = 3.7 m, we now vary the distance |xs| of the source
to the center of the cloak (with the single Drude-type
model), from |xs| = 4 m, when the source lies in the in-
tense near field of the shell (cf. Fig. 6a-c) to |xs| = 6.2 m,
when it lies just outside the cloaking annulus of outer ra-
dius R∗ = 6.125 m (see also Fig. 6d for an intermediate
case). The corresponding relative errors are reported in
Figure 7a. For |xs| ≥ 5 m the cloaking performances of
the core-shell system appear to be comparable to the case
where the source is much further away (see Fig. 4b and
5 where |xs| = 10.6 m). These performances deteriorate
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(b) |xs| = 4 m, scatterers
(R = 0.0583 m at d = 3.7 m)

−10 −8 −6 −4 −2 0 2 4 6 8 10

−10 

−8 

−6 

−4 

−2 

0 

2 

4 

6 

8 

10 

x (m)

y
 (

m
)

<latexit sha1_base64="F4hVkF2SlugVaUTwLNPGpzBHGp0="></latexit> y
(m

)

<latexit sha1_base64="9i1fjB/LnbUgdrC0OQmNOmXUvio="></latexit>

x (m)

(c) Same as (b) with cloak.
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Figure 6: Snapshots of scattered wavefield v at time t =
1.424 s depending on the source distance |xs| to the cloak
center. The yellow cross marks the source.

when the source approaches the shell, with a sharp in-
crease in the error when the former enters the region over
which the surface waves extend. Estimating such a skin
depth is a delicate open question.
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(a) Relative error (%) vs source
distance to the cloak.
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(b) Relative error (%) vs
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some scattered fields.

Figure 7: Instantaneous L2-norm at t = 1.424 s of scattered
wavefield in Ωobs as a function of some source parameters.

To achieve desired negative physical parameters in the
shell, we emulate them first as a realization of a single
effective Drude medium. The coefficient Ω0 in (4) was
defined from frequency f0 = 100 Hz. Figure 7b then
represents relative errors measured when the central fre-
quency of the source is shifted as f̃0 (solid line). Cloaking
performances are significantly reduced when the incident
frequency is not tuned so that properties (2) are met
within the shell, which highlights sensitivity of cloaking
to physical parameters used: injecting f = 95 Hz in (4)
yields g(0.95ω0) = −1.21, which brings a deviation of

only 21 % from (2) but in turn a sharp increase of the
error to 134 %. Repeating this analysis with the two dif-
ferent Lorentz-type models (6) (dashed lines) yields the
same trends, confirming earlier observations. We note
that a similar breakdown of external cloaking away from
the source central frequency has been observed in [50],
see also [49] for similar issues with superlensing.

These efficiency measurements as a function of fre-
quency raise three questions: (i) How to emulate negative
parameters in the time-domain over a large frequency
bandwidth? (ii) How to realize such a cloak in prac-
tice using a resonant microstructured medium within the
shell? An interesting route towards fabrication of such
complementary media has been proposed in [36–38], al-
beit only tested in the frequency domain. (iii) Would a
metamaterial external cloak work for short-time elastic
and electromagnetic pulses since this might open inter-
esting applications in imaging, sensing, and detection?
These questions, crucial for the design of external cloaks
in the time-domain, are left for future investigations.

Supplementary Material: The supplementary material
contains additional numerical data (Figures and Tables)
that support the findings in this study. For instance, we
consider scatterers with Neumann datum on their bound-
ary and we also implement constitutive parameters fol-
lowing a Lorentz-type law. Movie files are also available
as accompanying Multimedia for Figures 2 and 3.

We acknowledge the help of Dr. Patrick Sanchez from
LMA to generate movie files (supplementary material).

[1] J.B. Pendry, D. Schurig and D.R. Smith, Controlling
electromagnetic fields, Science 312, 1780-1782 (2006).

[2] U. Leonhardt and T.G. Philbin 2006. General relativity
in electrical engineering. New J. Phys. 8, 247 (2006).

[3] G.W. Milton, M Briane, JR Willis, On cloaking for elas-
ticity and physical equations with a transformation in-
variant form, New J. Phys. 8, 248 (2006).

[4] A. Greenleaf, M. Lassas, and G. Uhlmann. Anisotropic
conductivities that cannot be detected by EIT. Physiol.
Meas. 24, 413-419 (2003).

[5] H. Chen and C.T. Chan, Acoustic cloaking and trans-
formation acoustics, J. Phys. D: Appl. Phys. 43 113001
(2010).
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