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Abstract

In this paper, we study a doubly Reflected Backward Stochastic Differential Equation
with Jumps (DRBSDEs in short) when the driver have general quadratic growth. We
extend the result of Essaky and Hassani [14] to the jump setting and a generator with
general exponential quadratic growth.

Keywords: Doubly reflected BSDE with jumps, exponential stochastic quadratic growth, un-
bounded terminal condition.

1 Introduction

Motivation Our aim interest is to study backward stochastic differential equation with jumps
(BSDEJs) and unbounded terminal condition where the driver has stochastic quadratic growth.
We were inspired by the approach developed by Bahlali et al [2]. This approach is fundamen-
tally different and consists in deriving the existence of the solution via quadratic BSDEs with
two reflecting barriers. More precisely, the upper and lower bound in the structure condition of
the driver will play the role of obstacles processes. In this regard, there is no longer any need
to impose stronger integrability condition on the terminal condition £. The solution is then
obtained by proving that the constrained processes are equal to zero.

Unfortunately, as far as we know, there is no existing result on this subject. Hence, as a first
step, we concerns our self to the well-posedness of doubly reflected BSDEJ’s where the driver
has a general stochastic growth and unbounded terminal condition.

Literature review on doubly reflected BSDEs The notion of doubly reflected BSDEs
(DRBSDE in short) were first introduced and studied by Cvitanic and Karatzas [7] in the
Brownian setting. However the theory of BSDEs with constrains started with the seminal pa-
per of El Karoui, Kapudjian, Pardoux, Peng and Quenez [11] as the generalization of the work
of Pardoux and Peng [28]. Intuitively, the solution of these equation are constrained to stay
in the region surrounded by two given obstacles. This is achieved via two processes K~ and
K™ under a minimality condition that is the process KT and K~ only act when Y reaches the
obstacle L and U.

Several works have been obtained in this subject since they are encountered in various fields
such as financial problem and mixed game problem. In [16], Hamadene Lepeltier and Matoussi
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investigated the existence of solution for DRBSDE when the driver has linear growth by assum-
ing regularity condition on the one barrier and also the existence of a positive semimartingale
between the barriers constraints. Later Hamadene and Hassani [17] generalize the result of [16]
and proved the existence of the solution when the barriers are completely separated. Under the
Mokobodski condition, Bahlali et al. [3] treated the case where the driver has linear growth
in y and quadratic in z. This result was followed by Hdhiri and Hamadene [20], they estab-
lish an existence result by assuming that the barriers are completely separated. Essaki and
Hassani [14] proved existence and uniqueness of the solution of doubly reflected BSDE under
more general assumption on the data by considering a driver with quadratic stochastic growth
ie |f(t,y,2)| < (s(w) + %MQ without imposing any integrability condition on the terminal
condition. This result was generalized later by Essaky, Hassani and Ouknine to the case of
RCLL obstacles.

More recently, Baadi and Ouknine [1] have studied doubly reflecting barrier BSDEs when the
noise is driven by a Brownian motion. They showed existence and uniqueness of the solution
when the reflecting barrier don’t satisfy any regularity assumption.

Several authors have been regarding to extend these results to the discontinuous setting. Crepey
and Matoussi [6] considered the case when the driver f is Lipschitz the Obstacles satisfy the
Mokobodski’s condition.

When the obstacles are completely separated, Hamadene and Hassani [18] showed that the
DRBSDE driven by a Brownian motion and a Poisson noise has a unique solution under weaker
integrability assumption. Let us mention that, in their study the proces Y has only inaccessible
jumps. This result was generalized later by Hamadene and Wang [22].

Doubly reflected BSDE is further developed to different framework, such work includes that of
[19, 5, 9, 10] among others.

Main contributions The main objective of this paper is to deal with generalized doubly
reflected BSDEs when the noise comes from a Brownian motion and an independent jump
random measure.

}/t = 5 + f;&T f(}/sa st‘/s)ds + dRS+ftTg(Sa}/S)dAS - LT ZSdBS - LT fE ‘/s(e)ﬂ(ds,de)
+[TdKY — [TdK;, Pas.

Lo<Y,<U, and [} (Yy — Ui = [}

(Y- — Ly)dK; =0, P-as.

where ¢t € [0,T], B is a standard Brownian motion, /i is a random jump measure, A is a non
decreasing process and R is positive measure. In our study we consider the case when the driver
has stochastic quadratic growth, unbounded terminal condition and that the two barriers are
completely separated. We extend the result of [14] and show existence and uniqueness of the
solution.

The main motivation of our work is that the assumptions on the driver that we consider here
are much involved in finance. If we look for the simplest example of a pricing problem in a Black
and Scholes market problem we can see that the fair price of an European options is given by
the solution of a linear BSDE where f(t,y,z) := 7(t)y: + 0(t)z+, where 6 is the risk premium.
Unfortunately, the interest rate and the risk premium are in general not bounded in the market.
Indeed, we want to investigated the solvability of generalized DRBSDE when the noise is gov-
erned by a Brownian motion and random jump measure. Similar to [14], our approach combines
exponential transformation and monotone approximation by mean of sup convolution. The first
transformation enables us to obtain the doubly reflected BSDEJs with bounded terminal condi-
tion and a driver with uniform structure condition. However the exponential transformation as



it has been used in Kobylanski [24] cannot be applied singularly since we can not get a Lipschitz
one.

We are thus led naturally to a trancature procedure. We construct an approximation sequence
of globally Lipschitz doubly reflected BSDEJs by mean of sup convolution for which the solution
exists. The solution of the DRBSDE with jumps is constructed by proving a monotone limit
theorem and achieving the convergence of the Lipschitz DRBSDEs constructed by the above
trucation procedure. Then we show that the limit of those solution indeed solves the original
DRBSDEJ. As a final step we comeback to our initial system and prove that admit a solution
using a logarithmic transformation.

The paper is organized as follow. In section 2, we describe our setting and we recall briefly some
preliminary notations. In section 3 we give a precise definition of the solution of BRBSDEJ
and show by an exponential transformation how they are connected to another general doubly
reflected BSDEJ with more tractable coefficients. Then, we prove that these equations admit
a unique solution. Last section contains technical results. Furthermore, the special case of
generalized DRBSDEjs when the driver is Lipschitz is established .

2 Framework

We consider a filtered probability space (Q,F,F,P) on which the filtration F = (F})o<i<r
satisfies the usual conditions of completeness and right continuity and that Fr = F and Fy be
trivial. Due to these usual conditions, we can take all semimartingales to have right continuous
paths with left limits.

On this stochastic basis, let W a d-dimensional Brownian motion and p(w, dt, de) an independent
integer valued random measure defined on ([0,7] x E,B([0,7]) ® B(E)), with compensator
v(w,dt,de).

For a o-finite measure A on (E, B(E)) satisfying [}, 1Ale[*A(de) < co and a bounded P ® B(E)-
measurable non negative density function ¢, we will assume that the compensator ( is absolutely
continuous with respect to A ® dt such that

v(w,dt,de) = ((w,t,e)\(de)dt, 0< (<, forsome constant C,. (2.1)
Finally, we will denote by fi the compensated measure of u as
i(w,dt,de) = p(w,dt,de) — v(w, dt, de). (2.2)

Let f be a P ® E-measurable function, the integral with respect to the random measure and
the compensator are defined as follow

UUm—KLj@WMww,qum—fzy@@wmw»

In particular, the stochastic integral U x i = [ Us(e)ji(ds, de) is a local square integrable mar-
tingale, for any predictable locally integrable process U.

We will assume that W and f satisfies the following weak representation property with respect
to (Fe)o<i<r

M:Mo—i—/. Zs.dWSjL/'/ Us(e)i(de, ds).
0 0 JE

We will now introduce the specific spaces corresponding to our framework.
e £2 is the spaces of R%valued and P-measurable processes such that

T
|wmw=/|amm<ﬂnpﬁ&
0



o £2:4 is the space of P-measurable processes such that

T
HUH%E :—/0 /]E|Us(e)|2y(de,ds) < 400, P-a.s.

o [C the space of P-measurable continuous non decreasing process such that Ky = 0.
e D (respectively D) the space of R-valued P-measurable cadlag processes resp. (AY; = 0).

We also introduce the following classical spaces
e H? the set of all P-measurable processes Z such that E[fOT |Zs|?ds] < 400, P-as.
e For u,u in the space L°(B(E),v) of all B(E)-measurable functions with the topology of
convergence in measure, we define

fu— = (/E lu— G2C(t, )A(de)) .

e H2 the set of all P-measurable processes Z such that

T
IE[/O /E|VS(€)| v(de,ds)] < 400, P-a.s.

3 Generalized Doubly reflected BSDE with jumps

3.1 Formulation

In this section, we aim to prove existence of solution of generalized doubly reflected BSDE with
jumps given by (f.ds + gdAs + dRs, &, L,U) under weaker assumption. Let us first introduce
the following definition of generalized doubly reflected backward stochastic differential equation
with jumps .

We are given the following objects:

— & an Fr-measurable real valued random variable.

~ A function f : Q x [0,7] x R*? x L°(B(E),v) — R such that f is P @ B(R't9) ®
B(L°(B(E),v))-measurable.

— A function g : 2 x [0,7] x R — R such that g is P ® B(R)-measurable .
— Two continuous R-valued processes L; and U; such that L; < U satistying Ly < & < Uy.
— A positive random measure dR and a non-decreasing continuous process A.

Definition 3.1. We say that a quintuple (Y, Z,V, K% K~) is a solution to the generalized
doubly reflected BSDE with jumps associated to (f.ds + gdAs + dRs, &, L,U), if

YeD, zZeL* Vel K*rek.
T T T T T ~
Yi=£6+ [ fo(Ys, Zs, Vi)ds + [ dRs+ [, gs(Ys)dAs — [ ZsdBs — [, [}, Vs(e)fu(ds, de)
+[ldit — [Tk, 0<t<T, P-as.

Li<Y: <Up and [} (Yo —U)dKS = [/ (Yoo = L)dK; =0, 0<t<T, P-a.s.




The last condition is called the Skorohod condition. It requires that the processes K+ and
K~ are minimal in the sense that they only act when Y reaches the obstacles L and U. This
condition is crucial to obtain the wellposedness of generalized doubly reflected BSDEs with
jumps. Note that when there is no barrier, the system becomes an ordinary BSDE with jumps.

Definition 3.2. We say that dM} and dM? are two singular measure and we denote dM} 1 dM?

if

T T
/ 1{As(w)}th1 = / l{Ag(w)}dMsz =0, VA e P. (33)
0 0
We shall make the following standing assumptions on the maps under consideration.

Assumption 3.1 (Assumptions on the drivers).

— The first assumption characterize the growth of the driver f with a lower and an upper
bound: For every (y,z,v) € R x RY x LO(B(E),v), there ewist two positives processes 1
and C respectively in L1 (2, [0,T]) and D¢ such that

0,020 = —mo(w) ~ XD L)
< Suwy,2,0) < Bl 2,0) = ) + SNy L),

dt ® dP-a.s, (w,t) € Q x [0,T], where
J(v) = / (65”(6) —dv(e) — 1) v(de).
E

— The second assumption consists in specifying a lower and upper bound for g: For all
y € [Ls(w), Us(w)],
lgs(w,y)| <1 A(ds) ® P(dw)-a.s.

— The last assumption known as the ” A -condition ” deals with the increments of the driver
f with respect to the jump component: For all (y,z,u,u) € R x RY x LY(B(E),v) there
exists a P @ B(R™?)® B(E)-measurable function v where C; < v < Cy with —1 < Cy <
07 C2 > 07

fe(y, z,v) = fe(y, 2,0) < /E%(e)[v(e) —v(e)|v(de), Vte[0,T],P-a.s

Remark 3.1. We emphasize that, usually the above structure condition is uniform that is the
constants in front of z and u are constants. However in our context, we look for solution of
generalized doubly reflected BSDFEs where the driver has stochastic growth i.e. n and C' are no
longer constants but predictable processes.

To conclude this part we introduce the following requirement on the obstacle processes.

Assumption 3.2 (Assumptions on the Obstacle).
(i) There exists a semimartingale S with the following decomposition

S=8+Vt-V-+ fo asdBs, where So € R, VT, V= € K and as € L%?, P-a.s.

(i) Ly < Sy < Uy, L <0<U;, te(0,T],P-a.s.

(i) For all R € K, dR; >0, P-a.s.

Theorem 3.1. Under Assumptions 3.1 and 3.2, there exists a maximal solution (Y, Z,V, K+t K™)
for the doubly reflected BSDE with jumps associated to (f,&, L,U) satisfying the system (£).



3.2 Exponential transformation and estimates

To achieve our main result, that is the existence of solutions of generalized doubly reflected
BSDEJs, we first introduce an auxiliary BSDEJ which is explicitly given in terms of exponential
transformation of the original one. We then establish a correspondence between solutions of the
auxilary one and those of BSDEJs given by (fds + gdAs + dRs,&, L,U). To do so, we consider
the following Fi-adapted continuous increasing process

1
my =2 sup |C|+ Sup |U|+|Rt|+At+5+1 (3.4)

0<s<
Then we have the following result.

Proposition 3.1. There exists a solution (Y,Z,V,KT,K~) € D x £>% x £29 x K2 to the
system (€) if and only if (Y,Z,V,K* K~) is solution of () with data (f,&,L,U)

where

V; = ™) 7y = mYoZy, Ve =Yi[e™ V@ — 1), KE =mY.KE

o I U |
fzfs((y/\Ls)\/U572,U) TsMs and QZ%QS(QALS)VUS)—E

_ _ _ 1 - _

Uy = emtWemme) - [y = emebe=me) gR, = 5 @As + nsmsds, dAs = Smdms. (3.5)

with - »
gs(g) = g[msgS(M + ms) 4. + mstS +ms — n(y]7

ms Mg

(5, 2,0) = mag[fo (oL + my, -2, Lin(Z + 1)),

—12 17 —
+mag = gz — = [T — In(14 2) — 1)v(de)).

2msy me

Proof. Applying Ito’s formula to Y; = e™(Ye=™4) we obtain for all ¢ € [0, 7], P-a.s

Y = YT+/ Y, [msfs(Ys, Zs, Vs) — |msZ| —/[emSVS<6> msVa(e) — 1] (de)]ds

/mSY dK} — /mSY dK; — /mSY Z.dBs // [e™= V=) _1)fi(de, ds)

dAs dRs
/Y [2ms — Ys]dms + /t[YS msgs(Ys)d ldms + /[Y msdms]dms.

Thus, taking f, g, A and dR as in (3.5) yield to

T T T
Yt:YT+/ fs()é7237173)ds+/ gS(YS)dAS+/ dRs—/ Z+dBs —/ /V Q(ds, de)
t t t t
T _ T B
+/ dKj—/ dK7.
t t

We then deduce that if (Y, Z,V, K+, K~) is a solution of (£) then (Y,Z,V,KT,K7) is a
solution of the generalized doubly reflected BSDEJs associated to (fds + gdA, + dRs, &, L, U).
Conversely, let (Y,Z,V, K%, K~) be the solution of (£) with data (f,&, L,U). Applying Itd’s
formula to Y; = % + my, we obtain that (Y, Z,V, KT K7) is a solution of (£). O

The following lemma summarizes the properties satisfied by the transformed data.



Lemma 3.1. The data (fds+ dR, + gdA,, &, L,U) obtained by the above exponential transfor-
mation satisfy the following properties

(1) 0 < Ly < emi <Ui<el'<land Ly << Up, Vt€[0,T], P-a.s.
(i1) f is a P-measurable function such that for all (s,y, z,v) € [0,T] x [Ls, Us] x R**4 x LY(B(E),v) :

—2mans = 5 — §7(n(£ +1) < fuw,p,2,0) <0, P-as,
(17i) — 1 < gs(w,y) <0, Yy € [Ls, Us].

(iv) dR is a random positive measure .

Proof. (i) Since Uy < my — 1, it follows directly that 0 < L < e~ <U, <el<l.
Let us now prove that f satisfies the property(ii). Recalhng the expression of f and using
Assumption (3.1), we aim to determine an upper bound to f

LGP 1 L[ e v
< msglns + —= Lt S AN n049) _in(1+ =) — Dv(d
<Ml + 5 g+ 51+ £>2mw o [ (4 2) D))

_ Cs |2]* |2 _ In(1+2) v
< I[s - - — — y - - .
< yms.ns + (2ms 2> 7 5 J(m In(l1+ y)) / (e —In(1+ y) 1)v(de)

<

Using the following inequality J(ku) > kJ(u), Vk > 1 and § , we obtain

2my

<U<e™
- 1 |
— < —1 s - =
fs(wuyazuv) _€ msns ( 2) g
<

Since Cy5 < my yield to 2%: — % 0, we see that fs(w U, Z,0)

Now we aim to find a lower bound of f. In fact
Cs |22 1

(1 + g)))

7m§§2 67

—12 — v
_lr 1 / (0D n(1 + 2) — 1u(de)]
E y

2msg2 mg

_ C |Z|2 1 o v
> —e ! sTls — > = n(1+@)—l 1+ —)—1Drv(de).
> man = (g +3) B [ ntry) mrd

Folw,5.2,9) = mog| (= n -

Using once again J(ku) > kJ(u) together with L, < 3 < Uy and 5 Ce + < 1, we finally get

o _ Cs 1\ |z)? 1
> ¢! — B
fs(w,g,2,0) > —e~ "mgns (2 - + 2) 3 Js(In(1 + y))

Yy
z2 1 v
> MgNs — |E| _5’] (l (1+E_))

Similar arguments can be used to prove that g satisfy —1 < g4(w,y) < 0.
The property (iv) follows from Assumption 3.2 and the definition 3.4. O

3.3 Auxiliary generalized doubly reflected BSDE with jumps: Exis-
tence and uniqueness results

Our problem is then reduced to find a maximal solution for generalized doubly reflected BSDEJs

under the following weaker assumptions.



Assumption 3.3.

1. There exist two positives processes n € L1(Q,[0,T]),C € D¢ such that

Cy(w 1.
q:=—m(w) — t; )|z|2 - gj(’l}) < fe(w,y,z,v) <0, Vtel0,T].
2. For all y € R, -1 < gi(w,y) <0, 0<t<T.
3. There exists a continuous non decreasing process S = So — V., where Sy € R,V €

K such that L; < S; < U, P-a.s.
4. Vte[0,T],VReK, dR;>0and0<L;<U;<1, P-as.

Theorem 3.2. Assume that Assumption 3.3 and A -condition are fulfilled then the generalized
DRBSDE with jumps (£) associated to (fds + dRs + gdAs, &, L,U) has a maximal solution.

Classically, when we want to manage a quadratic BSDE, it seems natural to start by an expo-
nential change of variable to obtain a Lipschitz BSDE. However in general, this method may
fail as it can be seen in lemma (3.1). A possible way to do so is to approximate the BSDE by
mean of sup-convolution. This technique was introduced by Lepeltier and San Martin [26] in
the backward theory.

To be a little bit more precise, the scheme of our proof is the following.

e The first step consists on introducing an auxiliary generator (f™), globally Lipschitz with
respect to (y, z,u) as follows

[y, z,u) == sup {f(p,q,7) +nly — p| +nlz — q| + nlv — rls}
(p,q,m)ERXRIXLO(B(E),v)

Moreover, since the integrability conditions on the data are weaker, we will introduce a family of
stopping times (7;);>0. Hence, using the existence results of Appendix, we justify the existence
of a unique processes (Y™i Zmi ymi K—mt KTmi) golution for the truncated generalized
doubly reflected BSDEJs.

In the last step, we prove a stability result for the approximating sequence of this type of
BSDEJs and hence we deduce from it that the limit exists and solves the original one.

Before proceeding in the proof, we will need the following lemma which provides essential
properties of the truncated drivers. Define

fn(tayuzuv): sup {f(f,p,q,r)—n|p—y|—n|q—z|+n|r—v|t}
(p,q,m) ERXRIXLO(B(E),v)

q"(t,y,z,v) = sup {a(t.p,q,7) —nlp—y| — nlg — 2| + n|r — v }.
(p,q,r) ERXRIXLO(B(E),v)

9"(t,y) = sup {g(t,p) —nlp — y[}.
pER
Lemma 3.2. [27] Under Assumption 3.3 and A.-condition, we have
— The sequences (f™)n, (9™)n are Lipschitz with respect to (y, z,u).
~ For all (t,w,y,z,u) € [0,T] x A x R x R% x £°(B(E),v), ¥n € N
0,y 2,0) < €y, 2,u) < f7(y, %) < 0.

— For all (t,w,y) € [0,T] x xR, VneN, -1 < gl (w,y) <O0.

— The sequences (f™), and (g™), are increasing and converges uniformly in every compact
set respectively to f and g P-a.s.



proof of Theorem 3.2. The proof falls naturally into four steps
First step: Construction of the sequence of generalized doubly reflected BSDE with jumps:

Let j,i,p € N such that j < i < p and t € [0,7;] where 7; is a stationary family of stop-
ping times defined as follow

t
Tj —lnf{tZO,At+Rt+Ct+/ ’I]SdS Z]} AT.
0

Let us now introduce the doubly reflected BSDEJ associated to the truncated driver(f™),

- n,. __ T n n,t n,i n,i T 7 T n n,t n T n,i,+
(Z) }/t _€+ft fs (}/s ’ 5Z51 )‘/s ’ )ds+ft dRs+ft gs(}/s ’ )dAs +ft sz”

— JLaKpe — [P zmiaB, — [1 [, Vi (e)ilds, de), 0 <t < T,P-as,

(EYS (i) LY <YM <UM, 0<t< T, Pas,
(i) Jy (V' = LKt = [T

s S

—Y"dKM T =0, P-as.

(iv) dKTi+ LdK

where dR’ = lis<rydRs and dA™ = 1q,<, ydAs.

First, we have to justify the existence of the solution for the system (£'). Using both Lemma
(3.2) and the associate A,-condition, it follows from Theorem 4.4, the existence of a unique
solution (Y™ Zmi ymi gni— Kni+) Moreover, we have the following estimate: Vn,i € N

E[ sup Y, 24 / |Z"Z|2dt—|—/ /|thl (e)*v(de, dt)+ (K" )2+ (K;Zf)ﬂ < 400. (3.6)
0<t<T
In the other hand, since (T,

7)i>0 is an increasing family of stopping times, we deduce from the
comparison Theorem 4.3 and

>0
(3.6), that the solution satisfy the following properties
For all i,n € N, dR' < dR™*', L, <Y/t <y™ <yt <y, vt € [0,T), P-a.s
(3.7)
and

AR <dRKPT <dkPT9PY ARV <dKPPT < dKPTTVT VE € [0, T), P-as. (3.8)
For a fixed n, since (Y™%); is increasing we can define Y™ as follows

Y= lim SY™, Vvt € [0, 7], P-as.
1—+o00
From (3.6), the sequences (Z™") and (V™) are bounded which entails the weak convergence.
We denote respectively (Z™) and (V™) their weak limits .
In the next step we prove a stability result for the approximating sequence of generalized doubly
reflected BSDEJs. We define an order for the convergence: first we will send ¢ to infinity and
then in the third step we let n goes to infinity.

Step2: The convergence of the approximating generalized doubly reflected BSDEJ.

In this part we shall freeze n € N and let 7 goes to oo. For simplicity, we shall make the
following notations §Y = Y™ — Y"™P §7 = Z™" — Z™P and §V = Vi — VP,



2nAY +(2n2+2n)t

Consider e} := e , we obtain by applying It6’s formula to e? (V"¢ —YP)? between

t and 7;, the following

e (Y)} = el (6Y )2, + / 210, [J1 (YD, 20 Vi) — (Y, 20, V)] ds — / JR?
t

t

S

—2/J " 8Y,67,dB, / (52, |2ds—2/ / YLV, (e )ﬂ(de,ds)—i—/dei
t

/ ' / er|0Vs(e)|“v(de, ds) — / ' e?0Y? (2ndAZ + (2n 4+ n®)ds) .
¢

w2 [Ceaviasky 2 [ evoviains <2 [ sy, 07 - gr (2] 4
t t

(3.9)

Before going any further, we need to estimate the following difference
/ 2e00Y [fI (Y, 200 V) = fH(YP, Z0P, V)] ds.
t

We first rely on the classical inequality: Ve > 0, a.b < ea® + 1b? and the fact that both (f"),
and (g™),, are uniformly Lipschitz in (y, z,v). In this way we obtain what follows

/ 7 9en6Y, [fr(Ym, 208, V) — fr(ve, 200, V)] d
t
< [ 2nersvi 1oVl + 167 + 16Vil ds
t
< [ neriavifas s [ nel [0V, + 102, + 5V ] as. (3.10)
Besides, we have
[ eerov (g - grvry)aaz < [ znenloviPaar. (3.11)
t t
On the other hand, it follow from (3.8)
/Tj eSY,dSKF <0 and /Tj eVoY ddK, > 0. (3.12)
t t
Besides, Notice that if we use the standard localization procedure we can prove that the local

martingale [ e?0Y,6Z,dB, — [ [, €"0Y,6Vy(e)i(de, ds) is in fact a true (F,P)-martingale.
Now notice that since the family of stopping time 7; is increasing then,

T ) T Ti\T; TiNTp
/ dR;—/ de;:/ dRS—/ dR,
t t t t
:/ dRS—/ dR, =0 (3.13)
t t

Combining (3.10), (3.11), (3.12) and (3.13) and putting all terms containing §Z and §V in the
left-hand side, we can rewrite (3.9) as follow

E[e?|5yt|2+/ esl|6Zs% + 10VilF)ds] < Ele} [6Y,[?).
t

Now in order to justify the passage to the limit in the right hand side as 7 goes to +00, we apply
Lebesgue’s Dominated convergence theorem for a fixed n, since we know that the process Y ™?
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is bounded E[|6Y7, |?] goes to 0 as i goes to infinity.
Hence there exits Z" € £29 and V" € £24 such that for any n € N we have

1——+o00

lim E[/OTn (120" — 2 + /E (V" (e) — V]"(e)|*v(de))ds] = 0.

Now apply It6 formula to [Y;" — ¥;"?|2? and taking first the supremum over ¢ € [0, 7;] then the
conditional expectation we get using the Burkholder-Davis-Gundy inequality

E[ sup |Y;n,i B thn,p|2} S E[|Y71;)l _ YT7;7P|2] 4 2CE[/ I |Y'Sn,z _ Y;.n’p|2|Z;l’i _ Z?’p|2d8}%

tSTj

1
2

0
1 20K / / Y YRRV ) — 20 (e) Pu(de, ds)] .
0 E

Letting n goes to infinity in the above inequality, we can deduce from the monotone convergence
theorem and dominated convergence

lim E[sup [y, — Y,"P1?] = 0.

1—+00 tSTj‘

To conclude that the process Y is cadlag and hence belongs to D, the idea is to define Y? the
projection of Y as the unique predictable process such that Yz = E--[Y;] on {7 < oo} for all
predictable time 7 and then (Y"#)? = Y ™",

Putting Y = zliglo Y™ together with the fact that Y™ is cadlag from [4] we deduce by the
weak convergence of Z™" and V™' that Y™ = (Y"™)? 1 (Y")P as i — co.

Similar to the arguments used in [13] we can prove that the processes K+ and K~ belongs to

K. From (3.8), we deduce that K™%+ converges weakly to the continuous increasing process
K™*. Furthermore, using Fatou lemma :for fixed n € N and for all i € N

E [(Kn,-i-)ﬂ < E [(Kn,i,-i-)ﬂ < E [(Kn70,+)2} < 400.

Hence, we get that E [(K™)?] < oo which proves that K™ belongs to K.
Now since 7; is a stationary family of stopping times , it follows from the system (£') with
monotone convergence theorem that for a fixed n € N, K~ < 400, P-as.

Finally, letting i goes to infinity for fixed n € N in the system (') we get that the quintuple
(yn, zn v K™t K™7) solves the following system

T T
Yi =6t / Y 20 U )ds + dRY + gl (V) dAT — / 77B,  (314)
t t
T T T T
+ / AR — / Ak — / ZrdB, — / / VP (e)ilds, de),
t t t t E
with L <Y <UP, 0<t<T Pas. (3.15)

Note that Y satisfies the above system for all ¢ € [0, 7;]. However , since the family of stopping
time 7; satisfies P [U°, (1; = T')] = 1, we have immediately that Y™ satisfies the system (3.14)
for all ¢ in [0, T7.

To complete this step, it remains to prove the Skorohod condition of Y. Since 0 < U; — YY" <
U, — V", we clearly have

T .
/ (U — Y2 )dK""™ =0, P-as.
0

11



Therefore, since the process K™%~ converges to the continuous increasing process K", we obtain
the weak convergence of the measure dK™*. Hence it follows that

T
/ (U —Y2)dK,"~ =0, P-as.
0

The proof of fOT(Y;i — Ly)dK{"" = 0 is in the same spirit, we only have to notice that we have

the weak convergence of the measure dK™* to obtain that
0< / (V"' — Ly)dK;"" " < / (Y"' = Ly)dK;"" =0,  P-as.
0 0

With the help of Fatou lemma we get the desired result.
The 5-uplet (Y™, Z" V™ K™ K™~) is solution of the following generalized doubly reflected
BSDEs with jumps.

@) Y=+ [F e, ze,veyds + [DdRY + [ gr(Yr)dA? — [T Z1dB,
+ [Ldret — [T dKm — [T 20dB, — [ [, Vi(e)i(ds, de), 0<t<T,P-as.

(i) LP <Y <UP, 0<t<T, P-as.

S

(#d) [} (YI — LM)dK>t = [ (Y —UMdKP~ =0, P-as.

Moreover the processes Z™, V", K™t and K™~ inherits what follows : for all n € N
Tj Tj
B [1zzpas+ [ [ vrPrde.ds) + (P 4 (55)?) < oc,
0 o JE

To conclude this step, since dK™* = infdK™* and dK™~ = su_de"’i we have that dK™T

and dK™~ are singular.

Step 3 : In this part, we will derive a stability result of the system (£2). We proceed ex-
actly as in the second step. To this end, since we know that the sequence (Y),, is decreasing
and uniformly bounded, we only need to prove that there exits a Z and V in £2¢ and £2? such
that

T T
lim IE[/O |ZY — Z| ds—i—/o /E|VS"(6) — Vi(e)[Pv(de, ds)| = 0. (3.16)

n—oo

As in [25, 14], we first consider the function ¢ : RY — R defined by ¢(z) = 45 (e¥* —4jz —1)
with the following properties

’ "

1, ¢()—0 ¢'(0) = ¢ (z), ¢ (x) >0,
¢ (v )—436 (3.17)

o
I /\

¢()
¢ (« )= ¢(:v)+4j-

For the sake of clarity we define the processes Y ,Z and V

Vn<m,Y:=Y"-Y™, Z=7"—-7Zm, Vi=vr—_ym

12



Since ¢ is C? , by Itd’s formula we get

¢(—TJ/¢ dK+/¢ dK+/¢ )Z4d By

——/¢ |Z|2ds—/ /¢Y fi(de, ds) /qs g (Y)dAD
/¢ g (VAT // — 6(¥) - ¢ (V) Va)(de, ds)

/ & (V) [(fr (YR, 20,V — [y, Zm V™)) ds (3.18)

< I

Clearly f™ < f. By the growth assumption on f we get for all n € N
Cs 1
o = GZIE = SV < YV 2,V £ 0

Then we have

1 m
STV,

Now the elementary inequality |Z™|? = |Z™ — Z™ + Z"|? < 2|Z|* + 2|Z"|? yield to an upper
bound of f™ — f™.

Cs

Cs 1
—ns = S |20 = V) < fRO 28V = f YV 2V

_ 1
<+ Colw) (1267 + |2017) + 5, (V™)

< s + Cs(w) (121 + | Z217) + el V2
< s+ Cs(w) (127 + | Z1 ) + 26|V + 2¢| V- (3.19)
In the other hand

/ gn(Y)dAT — / g (VM)A = / YV Lpyer, ydAs / G (V)L puer, ydAs
t t t

Tj _
- / (g8 (V) — g7 (V) Loy dAs — / & (Vg (V)L <ocrny dAs.
t t

By lemma (3.2), we have
|6 G0 = M e < = [ TR0 4.
/ ¢ (V. Vo)l(s<r,}dAs
g/ 4je*Y,dAs. (3.20)
t
Hence, reporting (3.19 ) and (3.20) in (3.18) yield to

o(¥2) / / (Vs + V2) = 6(Ts) — & (V) Ve u(de. ds)

// Y.)ji(de, ds) /qSYZdB
——/ o ( |Z|2ds—/ ¢ (Yo)dK T +/ ¢ (Yo)dK T

+ / ¢ (V3) [ns + Cs(w) (1Zs|? + |22 %) + 26|V + 2€|Vi 2] ds
t

+ 4]/ 84j}75dA5 + 4]/ e4j}751{7'n§5S7—m}dA5'
t t

(3.21)
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Now, since the process Cs(w) is bounded by j for all s € [0, 7;] it follows
| ez -5 [T @iz pas
S/t o oIz Pas— 5 [ (136 5+ 15) 2 Pas
<y/ b (V. |Z|2s—2y/ o (V. |Z|2ds—2y/ 12, 2ds

< —j/ A dS—Qj/ & (Y3)|Z,|?ds. (3.22)
¢
Using the same argument as in [15], we obtain
ClVa(e)? < 6(Va- + Va(e)) = 6(Ya-) = ¢ (V- )Vale), dvae. (3.23)
Plugging (3.22) and (3.23) in the previous Itd equation (3.21) yields

Yt+0/ /|V v(de,ds) <

Y, —26/ ¢ (V. |V|2ds—2€/ o (V. |V”|2$—2]/ |Z|25—]/ ¢ (Ys)| Zs|?ds
—]/ ¢ (Y. |Z”|2ds+/ AL —1)dAS+/ ' (eﬂ'Ys - )dK +/ ( 1) AR
t t
—/ (e )stBS+dRQ’m+4j/ nse4j§7sds—/ /175(@)¢’(Y;),1(de,ds).
t t E

t

(3.24)

Let us underline that the process K acts only when Y reaches the obstacles L and U, it is
easy to see that K™ only increases when Y, = S; and K™~ only increases when Yo =L,
Therefore, we have

(V) +C/ /|V Vv (de, ds) < (Y, —26/ o (V. |V|2ds—2e/ ¢ (V)|V|2ds
Ti _ _ _ .
—2j/ [§+¢(Ys)]lZs|2ds—j/ ¢(Ys)lZ?|2ds+/ 4je™ (Y + 1ir, <ocr,}) dAs
t t
+/ j(YS’i—LS)dK;”’*+dR?’m+/ J(=Y™ £ U dK™ — / /
t t

—/ A0 —1)ZSdBS+4j/ nseY,ds.
t t

where

'(Yy)ji(de, ds)

dR™™ = dR?’m—F(eM(st* “Le) _ 45 (v — LS)) dK™ — (643'(%”1 HUs) 45 (—Y™ 4 Us)) dK™ .

Taking in the left sides all the terms containing either Z or V, we get
o(Yy) +C/ / [Vi(e)|?v(de, ds) +2e/ ¢ (V)| V|2 d8+2j/ [1+ ¢ (Y2)]|Z.)?ds
+ 4]/ (Y — Lg)dKI" " + 4]/ (=Y +Us)dK ™ +/ df%?’m.
t t

> T] +.7/ ¢ |Zn|2d8_26/ ¢ |Vn|2d8+/ 4]6 (Y +1{T <s5<Tm }) dA

—|—4j/ nse 43Yds—/ ¢ (Y.)Z.dB, / / Vii(de, ds). (3.25)
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Then using the fact that Y™ — Y™ < 1 we obtain for ¢t = 0,

E[2j(1+ ¢ (1)) / "\zr — 77 Pds + (266 (1) + C) / [E VI — VI Pu(de, ds)]

A , Ti ~
< ¢(1) + E[4je" / nsds + ¢ (1)/ dAs +/ dR™]
t 0 0
B[ 0 (D22 260 (W [ V2R, (3.26)
0 t
Let us underline that since ¢(Y™™) is uniformly bounded process, the conditional expectation

of the martingale part of equation (3.25) vanishes. Now, taking n = 0 we get from the apriori
estimates of (Y™, Z", K™% K™™) that

E[/ |Z9 —Z;”|2ds+/ / VO —VI(e)[Pr(de, ds)] < C,. (3.27)
0 0 E
and - .
sup E[/ |Z;”|2ds+/ / V" (€)lw(ds, de)] < +oo. (3.28)
meN 0

g
For all t € [0, 75], we can then extract a subsequence (mk) ren such that z" and V,"* converges
weakly respectlvely to an F- adapted processes Zy and V; in H2 and H2. Tt is obvious that

(¢ (v - vS" ))2 Lo, (20 — Z4" ) respectively (¢ (Y — m"))zl[o 7.]](V -V ) converge

weakly in H2 and in H2 to (¢ (Y — mk))%l[wj](zg—zs) and (¢ (Y —YI"™))% Lo, (VR =V).
Hence, recalling the It6 equation (3.25 ) we obtain

]E[/OTJQ( 6 (V)20 — 22 ds+/ /2«;5 )+ C) V= Vi™ (e) Pu(de, ds))]
< E[s(Y, )+4]e43/ s ds+/0 45et (1@+1{m§s§m})dAs+/oTj j.¢’(}7s)|zg|2ds]
—261E/ ¢ (V) [Vl, ds}
Notice that
/ ¢ (V:)|Z"|2ds] <2]E/ ¢ (V)| Z" — Z|2ds+/ ¢ (V3)|Zs|2ds],

and

2eE/ b (v — TV ds<2e~E/ b (v = VIV =V, 2ds)

woam] [ o (v - Vo)V
t

Now since we have
E[25(1+ ¢ (Y - 5?;))/ |z — Z,|%ds +/ / (2e¢ (Y = Yy) + C)| VI (e) — Vi(e)Pr(de, ds)]
0 0 E

< lminfE[2j(1+ 6 (¥ Y;’”i))/mzn— 20 ds]

+liminf E[(2e6' (12" = ¥{"™) +C) / / V() — V™ (€) [Pu(de, ds)]
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letting k goes to infinity allows us to obtain
B2 [ 120 - 2Pas+ O [ [ v - Vueude.ds)
< hmh}if [ [2j(1+¢ (Y7 Ymk)) /OTj |z — Z;"i|2ds
+ e (12 = ¥") 4 0) | / V7€) — Vi () Puide, ds)]].
<E[¢(Vy,) + 4je4j/t neds +/ ¢ (V,)dA, + 2;/ & (V)| 2] ds]
2wl [0 - YV s
t

Since ¢/ (Ym— Ys) goes to zero as k goes to infinity, we conclude by the dominated convergence
theorem, that

]E[/OTj |zg-2g’|2ds+/ / [V (e) — Vi (e)[*v(de, ds)] —>n—so0 O. (3.29)

Therefore by the uniqueness of the limit we have , ZJ(w) = ZI*(w) and V7 (w) = Vit (w),
P-a.s.

We then denote by Z and V' their respective limits when j goes to infinity. Finally since 7; =T,
we obtain

T T
lim IE[/ |Zm — Zs|2ds+/ / [V (e) — Vi(e)[Pv(de, ds)] = 0. (3.30)
n—oo 0 0 E

Hence, it remains to prove that the limit process Y is cadlag.

L

Y. - Y7 < / (Fo(Yar Za, V) — F1(Y2, 20,V ds + / 9(Y2) — g" (Y1) dAT
t

+ [Maentia s [Tz zmas ) [ 0@ - veeite as),

Taking the supremum over ¢t and the conditional expectation yields to

B sw V.- v2l] < B[ [T 100200 - 0 22 v (3.31)

0<t<r;

+E[ [ o0 ntia] + B[ o) - a2 raa
sup |/ (Zs — Z")dBs| + sup |/ / (e))i(de, ds)]].

0<t<7'] 0<t<T;

Furthermore, the Burkholder-Davis-Gundy inequality allows us to deduce that

E[ sup /j(zs — ZM)dB,] < 2E[/ |2, — Z7|%ds]?. (3.32)
0 0

0<t<7;

and

Nl=

(3.33)

B[ s | [ - veienitae.as) <25 [ [ wiie) - vz evtae,as)

Reporting (3.32), (3.33) in the previous inequality yields to

E[ sup [V; —Y/"[]—=, 0.
0<t<T;
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Step 4: Identification of the limit
In this part we aim to prove that quintuple (Y, Z,V, K=, KT) is the solution of the generalized
doubly reflected BSDEJ (£). To do so we first prove that

n—oo n—roo

lim E[/ PO 20U = fi(Y, Zi, Up)|de] = 0 and - lim IE[/ g2 (V") — g:(Ya)|dt] = 0.
0 0

By Lemma 3.2, f"(y,z,v) converges to fs(y,z,v), Vs € [0,T],P-a.s. Moreover, from the
cadlag version of Dini’s theorem, f(y,z,v) converges uniformly on every compact set. Thus,
[y, z,v) 10,7, converges uniformly to fs(y, z,v)1o,7,) as n goes to infinity, dt @ dP ® dv a.s.
In fact as Z™ and U™ are unbounded, one can decompose the expression above in the following
way

Tj Tj
E[ / P Z0,UD) = fo(Ya, Ze,Un)dE] = E / P, 20U = fo(Ya, Ze, UL i
0 0

’Vlj n‘7
{1Zzs*|+usF|1<Cy

]
+1E[/ RO 20U — fu(Va, Ze, UL dt
0

n‘7 ’Vlj
{1Zs*|+Us *|>C}
The first term in the right-hand side goes to zero as k goes to infinity since Y™ is bounded
over [0, 7;] and

R 20 V) = Y 26 Vil < ek 51204 + 5 0(0).
For the last one, using Markov inequality we have

nj 2 'n,j 2
E[l{\Z"i\HV"QZC }} < EEHZ RV k|t}

Hence, using the dominated convergence theorem we obtain that f;" i (Ytn;“, z i, U 7“) converge

to f(Ye, Zy,Uy) in LY (dt @ dP @ dv) for all t < 7; .

Using the same argument we can prove that E [ [, |g/" (V") — g:(Y2)|dt] goes to zero as n goes

to infinity.

Now, notice from the system (€?) that supE[Kfj’Jr] < o00. By Fatou lemma we deduce that
n

IE[K;‘;} < 00. Thus, we obtain that K}’ < 00, P-a.s. We can show similarly that K, < oo.
In order to finish the proof we need to show that the limit process Y satisfies the following
minimality condition

T T
/ (Y,- — Ly)dK} = / (U, - Y,-)dK; =0, 0<t<T,P-as.
0 0

This is deduced from the following facts :

e From the system (4.1) we have [) (Y — L) K2+ = [ (U = Y)dK™™ =0, P-a.s.

e K™ respectively K™~ converges uniformly to KT, K.

The only point remaining concerns the singularity of the measures dK+ and dK~. The result
follows from the singularity of dK™~ and dK™* with dK~ = inf,, dK™~, dK* = sup,, dK™*.

We can hence conclude that the 5-uplet (Y, Z,V, K+, K ™) is a solution of the system (£1). O

Proof of Theorem 3.1. As already explained, the existence is obtained directly from a logarith-
Y0 4 iy, Zy = 2 and V, = mitln(%—i—l). Then applying

my mesYe

mic change of variable. Let Y; =
1t6’s formula, we obtain

T T T T T
Yt=s+/ fs<n,zs,vs>ds+/ dRs+/ gs<Ys>dA5+/ dK:—/ I
t t t t t

T T
- / Z.dBg — / / Vi(e)i(ds,de), 0 <t <T,P-a.s,
t t JE

In addition, since fOT(st ~ Ly)dKf = fOT(Z, —U,)dK; = 0. we have fOT(st — Ly)dK} =
Jy (Yo = U)dK; =0, P-as.

O
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4 Appendix

4.1 Existence and uniqueness result: The Lipschitz case.

In this section, we extend some of the results of Pardoux and Zhang [29] concerning generalized
BSDEs with no reflection to the case of doubly reflected BSDEJs. Let us note that the majority
of the following proofs follows straightforwardly from the original proofs of[29], [21] [30] and
[12] with some minor modifications due to jumps and reflection. However, we still provide the
proof of existence since it will be needed in the construction of stochastic quadratic BSDEJ’s
solution. To the best of our knowledge, they do not appear anywhere else in the literature.
We look for the solution of the following generalized doubly reflected BSDE with jumps,

Vi =&+ [ £ (Ve Zo, Vo)ds + [, 9. (Yo)dA, = [ ZedBs — [[1 [ Vile)ia(ds, de)
(S) + LA — [TdK;  0<t<T,P-as.
Li <Y <Up and [} (Y —U)dK}; = [1 (Y, — Ly)dK; =0, 0<t<T,P-as.

under the following assumption

(7) There exists a positive constant Ly such that Yy, y €R,z, 2 e R uu € LY(B(E),v),
|fe(y, z,u) — ft(y/,z/,u/)| <Li(ly=y|+1|z—72|+ k- k/|t), vt € [0,T], P-a.s.
(H1) { (ii) There exists a positive constant L, such that Yy, y/ € R,
19:(y) — 9: (V)| < Lgly — 9|, and —1<gi(y) <0, Vte0,T]
(iii)VR € K, dR;>0and 0< L, <U, <1, Vte[0,T],P-as.

Comparison result

Theorem 4.3. Let (Y, Z1 V1 KL= KbY7%) and (Y222, V2 K%~ ,K>%) be to two solutions
of (S) associated to (f,&, L, U%);—1 2, such that, for (i =1,2) Assumption (H1) is satisfied.
Assume moreover that

o <€ P-as.

o L} <L?andS} <S? Vvtel0,T],P-as.

o JHYZZ2V2) < AYEZ2VE), Ve [0,T]Pas

o QY2 <R(Y2), Ve[, T),Pas

then we have Y,! <Y? Vt € [0,T],P-a.s.
Furthermore, if U} = U2, Ly = L}, Ly < Uy, Vt € [0,T], P-a.s, then K;*' < K;* and
K <K', vtelo,T],P-a.s.

Proof. The proof follows the lines of the proof of the theorem (1.3) in [?] in the continuous
setting . For simplicity, we shall make the following notations.

(0Yy, 02, 0Ve) = (Y, =Y, Z; — 22,V = Vi), d=¢ =&
ofe = ftl(va Zt27 ‘/;2) - ftz(Y;fzv Zt27 ‘/;2) dgt = gtl (Y;fz) - 9152(3/;2)
Let us define the following bounded processes

_ fsQ(}/slaZslv‘/sl)_fz(}/szazslv‘/sl) ~ gg(}/sl)_gg(}/g)

Qs yi_ye Liyazvey, Qs = yi_vy2 Liyazvey

_ fsz(}/szazslv‘/sl) - fg(Yszvzslv‘/sl)
a 1Zi — Z2|?

B (Zs = Z2) 21222y
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Consider the following stopping times

¢ t
T = inf {tZO,/ (|Z§|2—|—|Z52|2) ds—|—/ / (|V51(e)|2+|V52(e)|2) v(de,ds) Zk}/\T.
0 0 JE

We start by applying It6 formula to R;6Y; = et (Y,! — Y?)T where R; = e®.

Tk
Rt/\Tk((S}/t/\Tk)-’_ = RTk((SYTk)-’_ +/ 1{K12K2}R56}/vs [fsl(ytj? Zg"/sl) - fZ(Yf, Zg?‘/f)] ds
tATE
Tk

Tk
+ / Rs6Y4[gs (Y — gs(Y2)]dA, — / Liyi>y2y0Ys R0 ZdB
t

ATk tATE

—/ /RséYséVs(e)ﬁ(de,dS)—/ asR0Yds
t E t

ATk ATk
Tk Tk

+/ Lyisy2a Ro(dKPT — dK ) —/ Liyisyay Ro(dK 2 — dK 7).
tATE tATE

Notice that when Y > Y2 we have U? > Y;? and Y} > L}, we obtain

Tk

Tk
‘/t 1{Y51* ZYS{ }(SY;(dK:’l — dK;_’z) — /

ATk tATE

1{Y5172YS27}6Y;(dK;’1 —dK;?) <0.

Hence, using Assumption (H1), we get

Tk

Rt/\Tj (6)/:fl\fk)+ S R‘rk (6Y7k)+ + /

tATE

1{Ys] Zysg}asRs |5Ys|d8

Tk Tk Tk
_/ 1{Y512Y52}R5623dB5—/ /l{yslZYSQ}RS(iVS(e))ﬂ(de)ds—|—/ RoGil fy1sy2) [9Y2ldA
tATE tAT JE

tATE

M

Tk Tk
+/ 1{Y1>Y2}R5|5Z5|ﬂsds+ /l{yl>Y2}Rs’ys(e)5VS(e)l/s(de7ds). (4.34)
tATY s=7s g Us=7s

tATE

M—-<M,N>

Now we define the probability measure P such that g—g = &(N)r. Since —1+0x < (UL, U?) <
Ck and |B,(Z}, Z2)| < C since Z* and Z? are of BMO types.
Hence &(M) is a BMO-martingale with M = [} Ry@s0YsdAs + [y Ry(Z) — Z2)dB,+ [ Ry(V,} —
V2)ji(de) and N = fg BsdBs + fg J(e)fi(de,ds). Using Girsanov theorem, we obtain that
M — (M, N) are locale P-martingale.
Hence, taking the conditional expectation in (4.1) between ¢ and 7,, when 75, converges to T as
long as k goes to infinity yield

R(Y, —Y2)" <E° R (Y, —Y2)"|A].

Sending k to oo we get §Y; = Y,! — Y2 =0,Vt € [0,T], P-as.
e Let as now prove that

K7'<K;7?, KPP <K' viel0,T), P-as.
Exactly as (Theorem (1.3), [21]), we define the following family of stopping times
r=int{t>0, KK HAT.
Suppose that P(7 < T) > 0 . Hence, K-'' = K2 on{r < T}. Moreover

T

Y=Y?=U, on{r < T}.

T T
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if Y w) (W) # Ur(w)(w) then Yy (w) < Up(w) for all ¢ €]r(w) — p(w), 7 + p(w)[ where p(w) is a
p031t1ve real number

Thus, it follows that for all ¢ €]7(w) — p(w), T + p(w)], K;(;ﬂl) (w) = K;(MQ) (w) = Yf(w)(w) which

contradicts the definition of the stopping family 7(w). Hence

Ytl(w)(w) = Ut(w)(w) = Yt2(w)(w)-

In the other hand, we consider the family of stopping times § = inf {t >7Y! = Lt} AT such
that {7 < T} C {6 < T'}. Notice that

- if 7y < T then Y, = Uy (u)(w).

- if §(w) = 7(w) then Ys(u)(w) = Lsw) = Uw) = Liw)(w) which contradicts the fact that the
process U; remain above the process L; . We can deduce that P[d < 7] >0 .

This implies that K;' = K;>' and K;? = K;"? V¥t € [r,0], P-ass, since Y! < Y2 and K+
(resp. K~) moves when Y'! (resp. Y2 reaches the lower obstacles L. Henceforth, we have

5 T
Y=Y +/ fsl(Ysl,Zi,Vsl)ds+/ gr(YYdAs — Ky~ + KPT —/ ZtdB, / / V. (e)i(de, ds).
t t t
5 T
\ :Y52—|-/ ff(Yf,Zf,Vf)ds+/ g2(Y2)dAs — Ko~ + K™ —/ Z2dB, — / / VZ(e)i(de, ds).
t

t t

Now in order to conclude, we define (Y,!, Z}, V;', K})i<s (vesp. (Y2, Z2,V;3, K?)i<s) solution of
the reflected BSDE with jumps in the upper obstacle L associated to (f'ds + g'dAs, Y3') (resp.
(f?ds + g*dAs,Y#)). Then by the comparison theorem given in [30], we have

V!<V? and K" — KLY >K>T - K*% Viel[s, 0], P-as.

Using the growth property of f! (resp. g') and f?(resp. g'), we obtain that ;! = Y,!, V;? = Y2,
Zl =2z} 72 =72 V} =V} and V2 = V2, Vt € [1,0], P-a.s. Hence, we immediately get

K} - K! =K} - K}, K2 - K?=K?— K2Vt €|[r,d], P-as,

which contradicts the definition of the stopping time 7. Therefore, P [r < T'] which implies that
K—! < K2, P-a.s. To conclude the proof, we can show similarly that K2 < K+t P-as.. O

Theorem 4.4. Under Assumption (H1), there exists a unique solution (Y,Z,V,KT,K~) to
the generalized doubly reflected backward stochastic differential equation with jumps associated

to (fds + gdAs,&). Moreover, it satisfies
T T
E[sup [Y;]? +/ |Z4)?dt +/ / \Vi(e)|Pv(de)dt + | K5 |° + | Kp|*] < +oc. (4.35)
t<T 0 o JE
Proof. The uniqueness is a simple consequence of the above comparison theorem. Let us prove
the existence of the solution. We consider the following penalized generalized BSDEJ: for any
n,m € N*

T T T
v =g [ e ey v [ g vrmaas s [ - Ly ds
t t t

T T
—n/(TUs—YS"’m)_ds—/ ZmmdW —/ /VS"’mﬁ(de,ds), vt € [0, 7], P-as,
t t t E
(4.36)

were [ (s,y,z,v) = f(s,y,2,0) +m(y — Ls)~ —n(Us — y)~. Referring to the results of [23],
we obtain existence and uniqueness for a solution (Y™™, Z™™ V™™) to the BSDEs given by
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(f7,€). We set K" =m (V"

" — Lg)"ds and K" = nfOt(US —Y") " ds.
Stepl. we aim to prove the following estimate. There exists a constant C' such that

T T
sup Bsup V" " [ [ 1zpmPaer [ Ve @ stde,dn + g 1G] < o
n,meN* t<T 0 0 E
(4.37)
As usual we start by applying It6 formula to e¢|y;™|

2, relying on the Lipschitz property of
f and g and using Young’s inequality we obtain

T T
MY < MY - / A MY 2dA, + / M+ [g,(0)dAs + £2(0,0,0)ds]
t t
1

T T
5z Vs + (1 6L3) [ My s

T T
+(1+ 2Lg)/ M|y 2d A, + 2/ My rmggnmt 9
t t

T
-2 / My mznm AR, + / VT (e)i(de, ds)].
t E

From the Skorokhod condition and Young inequality we have

T T
2/ Y;dK;:/ L.dK;
t t

T
/ ekAS)/Sn,de;L,m—
t

1
< - sup |Ls]* +elK; — Ky |

(4.38)
€ 0<s<T
T T 1
2/ Y,dK} :/ UdKS <= sup |Us]? + &K} — Kf|2 (4.39)
t t € 0<s<T

Therefore taking the conditional expectation we get

1 T
B Y g [z Vs
t

T T
BTV 4 [ g 0)dA, + £.(0,0,0)5]+ (<34 1+ 2L B [ My A
t t

T
1
+(1+6L?)E[/ eAASIYS"””IQdSHg(]E sup |Ls|* + E[ sup |Usl?]) + e(E[|K7 |* + E[K7 [°])
t 0<s<T

0<s<T
T
—om( [ Mypmizira, v [ Vireidde, ds)
t E

In the other hand, we consider a sequence of stopping time 7,, such that

(4.40)

Top1 =inf{t >7,, Y/ <L;}AT
Tpn42 = inf {t > Tnt1, }/tn,m > Ut} AT.

Using the same argument as in [18] or [22] we can rewrite the penalized generalized BSDEJ as
follow

e)\ATn ynm e)qu—n+lyn,m +

Tn+41
/ M [fL (Y, 20 VI ds + g (V0 )dAL] (441)

Tn+1 Tn+41 Tn+1
—n / M (Uy = Y™ " ds — / eMs Zmmaw, — / / MV i(de, ds).
Tn Tn Tn E

Relying on assumption (H1) we get

YTva z ST" on {Tn < T}7 Yszm = STn on {Tn = T}
Yoo

SSraon {mp <T}; Y =50, on {7y =T},
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Hence from (4.41) with the help of the Lipschitz assumption of f and g we derive the following
estimate

Tn41 Tn+1 Tn41
n / MUy = Y"™) ds < — / Mo (g — ZP™)dW, — / / MV i(de, ds)
T T, Tn E

n n

Tn+1
[ N 0,0,0) LV 125 V)

n

+ / o (e [gs(0) + Ly |V |d A | + eMedV, — ereaV,7).

Hence, since 7, is stationary sequence [18] we obtain from assumption (H1)

T

T
E[n / M (Us =Y ™)7ds]” < C{1+ B / [ Zym 2 ds
t t

T
}/Sn,m|2ds] —I—E[/ e)\AS
t
T T
+ E[/ eMs |V m 2 ds) 4 E[/ MY 2dAL]Y. (4.42)
t t
Similarly we obtain
T 9 T T
Blm [ (V27 = L) ds)” <CQAB([ [y Pas 4Bl Mjzpm s
t t t

Y 2d AL} (4.43)

T T
+B[[ M) B[ M
t t
where C' is a generic constant. Plugging (4.42) and (4.43) in (4.40) we obtain

B[y + 5 / AMe(|Zmm 2 4 /E V() P (de))ds] (4.44)

T
1
SBYETR 4 [ g (0)dA. + £.(0.0,0)ds]) + L (E] sup L)+ E[ sup UL )
¢ T 0<s<T

€ 0<s<

T T
+]E[/ (—)\+1+2Lg)e’\AS|YS"’m|2dAS]+(1+6L§»)]E[/ eMe|ym 2 ds)
t t

T T T
+ 2¢C {1 + ]E[/ [eMe Y™ 2ds) 4 ]E[/ M (|22 4 |V 2 ds] + ]E[/ M |yrm2dA,]
t t t

Hence, using Gronwall inequality we get

T T
sup E|Y"™|* + E/ |Z4|?ds —|—E/ / |Vi(e)|?v(de,ds) < C,
0<t<T 0 0o JE

which implies the desired result.

Step 2: There exists a constant C' such that for any n € N* we have E [sup, [Y"|*] < C and
T

there exists an Fi-adapted process (Y;), such that nll)rfOOIE[/ Y - V;|dt] = 0.

We know that all the requirements of existence result of [30] are fullfilled. Thus we know that
for fixed m € N Y™™ Z™" and V™" converge respectively to Y™ | Z"™ and V"™ as m goes
to infinity. Moreover the limit process (Y™, Z", V™) is the unique solution of the generalized
reflected BSDEJs associated to (&, f™, g, K"*) where f™(y,z,v) = f(y,z,v) — n(Us — y)~.
Moreover the limit process inherits the property (4.37).

Notice that for all n € N and V(s, vy, z,v)

iy, z,0) < fI(y, z,0).
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Therefore by comparison Theorem [21] we have, Y;* < Y/ vt € [0,T], P-a.s.
Hence, Y* Y, P-a.s. Now from the property (4.37) and Fatou’s lemma we deduce that
E [|Y;|?] < C and then by Dominated convergence theorem we obtain that

T
lignlE[/O Y = v;[’] = 0.

Step3 In this step, we aim to prove lim [ sup [(Y{" —Uy)"[*] =0.
notooto<t<T

Let (Y,», Z, V;*, K') be the solution of the following reflected generalized BSDE with jumps
V=64 [TV 22, V) + (U, = YI)ds + [, g, (YA, + K3t — K7™
— [T Zraw, — [T [, Vi (e)i(de,ds), Vit e [0,T],P-as, (4.45)
V> L, [ (V= L)dKPT =0, Pas.

nm

In addition, we consider (Y;»™, Z;»™, V/*™) the solution of the penalized generalized BSDEJ
associated to the system (4.45). By comparison, since

tn)m(yuzuv) S ft(yuzuv) + n(Ut - y) + m(y - Lt)i'

We have, for any n,m € N*, V"™ < V"™ P-as. Letting m goes to infinity we obtain that
Y,” <Y;". Now, applying It6’s formula to Y;"e~"*, yield to

Y = esssupE, [e_"(T_t)fl{T:T} + e_"(T_t)LTl{T<T}
T - - T
+ / e MO [F (Y, Z0, VI ds + gs (Y dAG] +n / e T ds],  (4.46)
where 7 is an Fy-family of stopping times 7 < T'. Now since U is continuous then
T
e_"(T_t)ﬁl{T:T} + n/ e "D ds S lgr—1y + Urlr<ry P-as and in H2.
In addition, we have

T
ET[/ T\ (TR, 2, T ds) < f [/ (TR 20 U ds]E —s 0. (447)

T
Bl [ e a] < oE [ la it —o.

Besides, since we have that L; < S; < U; and

v 1
E.[ [ e " m(av," —dvy)] < —=E[V 2+ VA2 — 0. 4.49
[ e av - avi)] < BV P + (v (1.49
where v is a stopping time with 7 < v < T'. Combining (4.47), (4.48) and (4.49), we finally
obtain
Y <Y Elpery + U<y in H2 (4.50)

Henceforth, we deduce from (Theorem 86, [8]) that V¢ € [0,T] Y; < U, P-a.s. Consequently,

(Y =Uy)~ \(0, ¥te[0,T], P-as. Then, from Dini’s theorem [8], we deduce that sup,(Y;* —
U)™ N\ 0.
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Therefore, since for any n € N, (Y;" —U;) <Y, —S; and (Y™ —U;)™ < |Y?+|Uy|, by dominated
convergence theorem, we obtain that

lim E[ sup [(Y" —Uy)"]?] =0, as.

n—roo 0<t<T

Step 4 In this step, we aim to prove that lim E[ sup |Y* — th = 0 and there exists Z , V
— n—r00 0<t<T

KT and K~ such that

T T
liranE[/O IZtIZ’dtﬂL/0 /EM(e)Py(de,dtH|K;|2+|K;|2] =0 (4.51)

Let n,p € N and consider the following processes 8Y; = Y;* —Y}F 62, = Z* — Z¥ and 6V, =
Vr — VP, Applying It6’s formula to |AY|? between ¢ and T

T T T
6V + / 162, 2ds + / / 16V (e) P(de, ds) = |5V +2 / 5Y.[gs (V) — ga(YP)]dA,
t t E t
T T
2 / / 5, [fa (Y2, 20, V) — fu(YP, 2P, VP)] ds — 2 / / 5Y.6V(e)ji(de, ds)
t E t E

T T T
— 2/ 8Ys8ZsdBs + 2/ / §Y(dK™ —dKTP) — 2/ §Ys(dK ;™ — dKP).
t t E t
(4.52)

Since n < p we have 2ftT [ OVi(dK ™ — dKP) <0 and

T T T
2/ /5}@((11(;"—(11(;?) = 2/ /51@dK;”—2/ /de;vP
t E t E t E

<2 sup Y/ —-U|K;:"+2 sup |U —Y,"|K;7.
0<t<T 0<t<T

In the other hand, from the growth assumption of g we have

T T
2 / SY[gs(Y7) — gu(YP)|dA, < 2C / 6Y, [2dA,.
t t

Using step 2 and 3, we can deduce that

T T T
B6YiPl-2L,E( [ |6v.[aa) + 28] (oz.Pas+ [ [ jovice)Putde,ds)
t t t E
T
SCE[/ 0 |?ds +2 sup |[YP —U|Kz" +2 sup |Up — YK 7] RALYY
0 0<t<T 0<t<T

Therefore (Z™) and (V™) are a Cauchy sequences in a complete spaces. Consequently there
exits two processes Z and V such that (Z™) and (V") converge respectively to Z and V.
T 1
Since E[f, |0Y,|2dA,] < 2L,VT (E| / 0Y,|?ds]) ?, using BDG inequality we can rewrite (4.52)
0

as follows,

T 1
E[ sup [o%i[?] < 2Lgﬁ(E[/ 6Y,[2ds)
0<t<T 0

T
—I—CE[/ 0Y,|?ds +2 sup |YP —U|K; " +2 sup |Up — Y/ |[KpP].
0 0<t<T 0<t<T
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Therefore,

lim E[ sup |Y* —YP?)?] =0 and then lim E[ sup |V —YP?|?] =0.
o [0§t£T| t t” i [0§t£T| t t”

Moreover, since K™t is an increasing sequence then K™7T converges to the process K. In
addition, E[K7"|?] < C we deduce that E[|K;|?] < +oc.
Besides, for any n € N we have L; <Y, <Y; < U; and limE[ sup (Y;* — U;)*]? = 0.

no0<t<T

Then L, < Y; < Uj. In the other hand, [, (Y;* — Ly)dK{"" = 0 and lim [ (Y;* — Ly)dK]"" =

fOT(Y} — Ly)dK,; . Thus the Skorohod condition is satisfied and the proof of the Theorem (4.4)
is complete. O
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