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Abstract Our first objective is to identify two-dimensional equations that model the displacement of a
linearly elastic flexural shell subjected to the action of an external heat source. To this end, we embed the
shell into a family of linearly elastic flexural shells, all sharing the same middle surface 6(w), where w is
a domain in R? and 6 : @ — E? is a smooth enough immersion and whose thickness 2 > 0 is considered
as a “small” parameter approaching zero. We then identify, and justify by means of a rigorous asymptotic
analysis as € approaches zero, the corresponding “limit” two-dimensional variational problem.

Our second objective is to identify and justify a set of two-dimensional equations that are meant to
approximate the original three-dimensional model in the case where the shell under consideration is either
an elliptic membrane shell or a flexural shell.

Keywords Flexural shell - Thermoelasticity - Semi-groups - Asymptotic analysis - time-dependent
problems
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1 Introduction

A thin linearly elastic shell can be either modelled by the three-dimensional equations of linearised
elasticity or by means of a set two-dimensional equations obtained by W.T. Koiter in the seminal works [26,
27].

Koiter’s model provides a different approach from the classical one (i.e., the one based upon the three-
dimensional equations of linearised elasticity) for modelling the same kind of situation by means of specific
two-dimensional equations. A rigorous asymptotic analysis (cf. [10] and [14]) shows that both the three-
dimensional equations and the two-dimensional equations of Koiter’s model have the same asymptotic
behaviour as the thickness of the shell approaches zero. Moreover, Koiter’s model does not a priori depend
on the choice of the shell and it indeed includes both the elliptic membrane shells bilinear form and the
flexzural shells bilinear form. This feature is very convenient if one aims to approximate a variety of situations
that would otherwise be substantially more delicate to handle by means of the classical three-dimensional
approach.

Koiter’s model has been extensively studied in the literature by Ciarlet and his associates [13, 14, 15,
16, 17, 18, 19, 20]. For what concerns the literature related to time-dependent problems in elasticity, it is
worth mentioning the papers [3, 4, 5, 31, 32]. It is also worth mentioning the papers [33, 34, 36].
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In this paper, we propose a suitable model of Koiter’s type for time-dependent thermoelastic shells.
Differently from the classical model, the model we are going to propose does not only incorporate bilinear
forms associated with the elliptic component and the flexural component, but also additional terms related to
the interaction between the temperature variation and the displacement. As a consequence of the Duhamel-
Neumann law (cf., e.g., Chapter I, Section X of [28]), the model takes the form of a coupled hyperbolic-
parabolic system.

To our best knowledge, there is no record in the literature treating the justification of Koiter’s model
for thermoelastic shells. The purpose of this paper is exactly to remedy this situation.

This paper is divided into eight sections (including this one). In section 2 we present some background
and notation. In section 3 we introduce the problem under examination, modelling the displacement of a
general three-dimensional linearly elastic shells as well as the evolution of its internal temperature variation.
In section 4 we scale the problem presented in the previous section and, following [9] and [10], we make
suitable assumptions on the given data in the case where the linearly elastic shell under consideration is a
flexural shell. In section 5 we show that a certain initial boundary value problem — that will turn out to be
the two-dimensional limit problem of the asymptotic analysis performed in section 6 — has a more regular
velocity field. In section 6, as announced, we perform a rigorous asymptotic analysis of the scaled three-
dimensional model in the case where the linearly elastic shell under consideration is a flexural shell, and
we identify a suitable two-dimensional limit model, which exhibits the peculiar feature of being governed
by two sets of uncoupled evolutionary equations, i.e., the equations governing the mechanical displacement,
and the equations governing the internal temperature evolution. In section 7 we state our proposed Koiter’s
model for a family of “general” thermoelastic shells, and we study its convergence in the case where the
shell under consideration is a flexural shell. Lastly, in section 8 we study the convergence of our proposed
Koiter’s model for a family of thermoelastic elliptic membrane shells, and we show that the recovered
two-dimensional limit model coincides with the one recovered in [7].

2 Geometrical preliminaries

For details about the classical notions of differential geometry recalled in this section, see, e.g. [10] or
[11].

Greek indices, except €, take their values in the set {1, 2}, while Latin indices, except when they are used
for indexing sequences, take their values in the set {1,2,3}, and the summation convention with respect
to repeated indices is systematically used in conjunction with these two rules. The notation E? designates
the three-dimensional Euclidean space; the Euclidean inner product and the vector product of u,v € E?
are denoted u - v and u A v; the Euclidean norm of u € E* is denoted |u|. The notation 87 designates the
Kronecker symbol.

Given an open subset §2 of R™, notations such as L?(§2), H™(£2), or H{"(2), m > 1, designate the
usual Lebesgue and Sobolev spaces, and the notation D({2) designates the space of all functions that are
infinitely differentiable over {2 and have compact support in §2. The notation ||-|| ; designates the norm in a
normed vector space X. The dual space of a vector space X is denoted by X™* and the duality pair between
X* and X is denoted by x=«{-,-)x. Spaces of vector-valued functions are denoted with boldface letters.
Lebesgue-Bochner spaces defined over a bounded open interval I (cf. [29]), are denoted LP(I; H), where H
is a Banach space and 1 < p < oco. The notation |[|-[|,;, 7, designates the norm of the Lebesgue-Bochner
space LP(I; H). Sobolev-Bochner spaces defined over a bounded open interval I (cf. [29]), are denoted
W™P(I; H), where H is a Banach space, m > 1 and 1 < p < co. The notation ||-||Wm,p(I;H) designates the
norm of the Sobolev-Bochner space W™ P(I; H). The notations 7 and 7 denote the first weak derivative
with respect to t € I and the second weak derivative with respect to ¢ € I of a scalar function 7 defined
over the interval I. The notations 17 and 7} denote the first weak derivative with respect to t € I and the
second weak derivative with respect to ¢ € I of a vector-valued function 7 defined over the interval I.

The boundary I" of an open subset 2 in R™ is said to be Lipschitz-continuous if the following conditions
are satisfied (cf., e.g., Section 1.18 of [12]): Given an integer s > 1, there exist constants a1 > 0 and
L > 0, and a finite number of local coordinate systems, with coordinates ¢, = (¢7,...,¢5h_1) € R"" ! and
¢r = ¢y, and corresponding functions

O, :0r :={¢p, eR" || <ar} =R, 1<r<s,
such that .
r=J{(¢r: ¢r); ¢ € @r and ¢ = 6-(¢7)},
r=1
and ~ ~
10 () — 0-(vy.)| < L)y — vy, for all ¢y, v;. € @, and all 1 <7 < s.

We observe that the second last formula takes into account overlapping local charts, while the last set
of inequalities express the Lipschitz continuity of the mappings 6.
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An open set {2 is said to be locally on the same side of its boundary I" if, in addition, there exists a
constant a2 > 0 such that

{(¢r,0r); Pr € @r and O,(¢)) < ¢r < Or(¢)) + a2} C 02, forall 1 <r <s,
{(@h, br); @l € B and 0,(¢l) — a2 < ¢ < Or(@L)} CR™\ 2, forall 1 <r <s.
A domain in R™ is a bounded and connected open subset {2 of R™, whose boundary 9(2 is Lipschitz-
continuous, the set {2 being locally on a single side of 9f2.

Let w be a domain in R?, let y = (ya) denote a generic point in @, and let O := 0/dya and Onp :=
0% /(0ya0ys). A mapping 0 € C'(w; E?) is an immersion if the two vectors

aa(y) = 0a0(y)

are linearly independent at each point y € @. Then the image 8(w) of the set @ under the mapping 0 is a
surface in E2, equipped with Y1, Y2 as its curvilinear coordinates. Given any point y € @, the vectors aq(y)
span the tangent plane to the surface () at the point O(y), the unit vector

_ ai(y) Nas(y)
%) = (a1 (y) A aa(y)

is normal to 8(w) at 6(y), the three vectors a;(y) form the covariant basis at 6(y), and the three vectors
a’ (y) defined by the relations

o’ (y) - ai(y) = o]
form the contravariant basis at 6(y); note that the vectors a”(y) also span the tangent plane to 8(w) at
6(y) and that a®(y) = as(y).
The first fundamental form of the surface 6(w) is defined by means of its covariant components

AaB = Qo - A3 = Ao € Co(w),
or by means of its contravariant components
a®? = a0’ =d’* e ).

Note that the symmetric matrix field (a®?) is the inverse of the matrix field (aqg), that a® = a*aq

and an = aaga’g, and that the area element along 0(w) is given at each point 8(y), y € w, by v/a(y) dy,
where
a = det(anp) € C°@).

Given an immersion 0 € C%(@; E®), the second fundamental form of the surface 8(@) is defined by means
of its covariant components

bOL,B = Gaag a3 = —ag - aaa'?) = bﬁa S Co(w)a

or by means of its mized components
b2 = aP7bao € CO(w),

and the Christoffel symbols associated with the immersion @ are defined by
I55:=8aas-a’ =I5, € C°@).

The Gaussian curvature at each point 8(y), y € w, of the surface 8(w) is defined by

det(bag(y)) _
K(y) = Wi(y)) = det <b§(y)) ;

and we observe that the denominator in the above relation never vanishes as the mapping 6 is assumed to
be an immersion. Note that the Gaussian curvature x(y) at the point 6(y) is also equal to the product of
the two principal curvatures at this point.

A surface 8(w@) defined by means of an immersion 8 € C?(w;E?) is said to be elliptic if its Gaussian
curvature is everywhere > 0 in w, or equivalently, if there exists a constant ko such that

0 < ko <k(y) forallyedw.
Given an immersion 8 € C?(w; E®) and a vector field n = (1;) € C*(@; R?), the vector field
ij == mia’

can be viewed as a displacement field of the surface 8(w), thus defined by means of its covariant components
7n; over the vectors a® of the contravariant bases along the surface. If the norms ||7;|| c1(w) are small enough,

the mapping (0 + n;a’) € C*(w; E?®) is also an immersion, so that the set (6 + n;a’)(@) is also a surface
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in E®, equipped with the same curvilinear coordinates as those of the surface 0(w), called the deformed
surface corresponding to the displacement field 77 = 7;a*. One can then define the first fundamental form
of the deformed surface by means of its covariant components

aap(n) = (@a + 0am) - (ag + I37M),
and the second fundamental form of the deformed surface by means of its covariant components

(a1 + 01m) A (a2 + 02m)
(@1 + 017) A (a2 + 02m)|

bap(n) := da(apg + 9p7n) -

_ . 1 . . .
The linear part with respect to 7 in the difference g(aag (n) — aqp) is called the linearised change of

metric tensor associated with the displacement field mai, the covariant components of which are then given
by

1 N N
Yap(n) = 5 (o - Opm + Dal - ap)

1
= 59870 + Banp) = Lagne — basns = Ysa(n)-

1
The linear part with respect to f) in the difference E(baﬁ(n) — bagp) is called the linearised change of

curvature tensor associated with the displacement field 7;a’, the covariant components of which are then
given by

paﬁ(n) = (aa,ﬁfl - Fgﬁaoﬁ) - as
= Oapns — I'3p0oms — babopns + ba(9pne — Iienr) + bs(0anr — I'arno)
+ (0abs + I'aobf — I'igbs ) = ppa(n).
Let us now define the time-dependent “analogue” of the linearised change of metric tensor y,3. Consider

the operator
Fap s L2(0,T; H' (w) x H' (w) x L*(w)) — L*(0,T; L*(w)),

defined by
Fas(M)(t) = Yap(n(t)) for all n € L*(0,T; H' (w) x H'(w) x L*(w)),

for almost all (a.a. in what follows) ¢ € (0,T). It has been shown in [31] that this operator is well-defined,
linear and continuous.

Let us now define the time-dependent “analogue” of the linearised change of curvature tensor pag.
Consider the operator

Pap : L2(0,T; H (w) x H' (w) x H*(w)) — L*(0,T; L*(w)),

defined by
Pas(M)(t) = pap(n(t)) for all n € L*(0,T; H' (w) x H'(w) x H*(w)),

for a.a. t € (0,T"). It has been shown in [31] that this operator is well-defined, linear and continuous.

3 The three-dimensional problem for a “general” linearly elastic shell

Let w be a domain in R?, let  := dw, and let 79 be a non-empty relatively open subset of ~. For each
€ > 0, we define the sets

2° :=wx]—¢e,g and I5 :=70 X [—¢€,¢] and I'f :=w x {xe},

we let z° = (z5) designate a generic point in the set ¢, and we let 0 := 0/0x5. Hence we also have
25, = Yo and 05, = Oa.
Given an immersion 8 € C3(@;E®) and ¢ > 0, consider a shell with middle surface 0(w) and with

constant thickness 2e. This means that the reference configuration of the shell is the set ©(2<), where the
mapping O : 2¢ — E3 is defined by

O(z°) := 0(y) + z5a>(y) at each point z° = (y,z5) € (2°.

One can then show (cf. Theorem 3.1-1 of [10]) that, if & > 0 is small enough, such a mapping ® €
C?(£2¢;E®) is an immersion, in the sense that the three vectors

gi (z°) := 9;O(z°)
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are linearly independent at each point x° € (2¢; these vectors then constitute the covariant basis at the
point @(z°), while the three vectors g’*°(z°) defined by the relations

9" (a%) - g5 (2%) = 6]

constitute the contravariant basis at the same point. It will be implicitly assumed in the sequel that € > 0
is small enough so that @ : 25 — E3 is an immersion.
One then defines the metric tensor associated with the immersion @ by means of its covariant compo-
nents
g5 =g - g5 € C(829),

or by means of its contravariant components
gz’j,a — gi,s . gi,s c Cl(@)

Note that the symmetric matrix field (¢*°) is then the inverse of the matrix field (95;), that ghc =
1J,€ €

g"°g; and g§ = g5;g7°, and that the volume element in @(£2) is given at each point @(z°), z° € ¢, by

V/g¢ (z¢) dz®, where

g° = det(g5;) € C*(29).
One also defines the Christoffel symbols associated with the immersion @ by
Ihe = 0,95 - g = T € C°(1).

Note that 1'% = I'’s® = 0. Given a vector field v° = (vf) € C*(£25;R?), the associated vector field

o = vight
can be viewed as a displacement field of the reference configuration @(£2¢) of the shell, thus defined by
means of its covariant components v over the vectors g"° of the contravariant bases in the reference
configuration.
If the norms ”Uichl(W) are small enough, the mapping (@ + v5g"®) is also an immersion, so that one
can also define the metric tensor of the deformed configuration (© 4 v$g*¢)(£2%) by means of its covariant
components

gi; (V%) := (gi +0;0%) - (gj + 9;0°) = gi; + gi - 0;0° + O;0° - g§ + 0;0° - 9;0°.

P . 1 . . ) .
The linear part with respect to ¢ in the difference i(gfj('vs) — g5;) is then called the linearised strain

tensor associated with the displacement field v$g®¢, the covariant components of which are thus defined
by
1 - - 1
e, (v°) = 3 (gi - 050° 4+ 079" - g5) = 5(61605 + 05 v5) — Fi’;’gv; = e (v°).

The functions ej);(v°) are called the linearised strains in curvilinear coordinates associated with the dis-

placement field v$g®©.
Let us now define the time-dependent “analogue” of the linearised strain tensor ej ;. Consider the
operator
&)y 1 L2(0, Ty H' (22°)) — L?(0, T; L* (7)),

defined by
€55 (v7) (1) := f);(v° (1)) for all m € L*(0, 75 H'(2°)),

illj

for a.a. t € (0,T"). It has been shown in [32] that this operator is well-defined, linear and continuous.

We assume throughout this paper that, for each & > 0, the reference configuration @ (£2¢) of the shell is
a natural state (i.e., stress-free) and that the material constituting the shell is homogeneous, isotropic, and
linearly elastic.

The behaviour of such an elastic material is thus entirely governed by its two Lamé constants A°* > 0
and p® > 0 (for details, see, e.g., Section 3.8 of [8]). The positive function p* € L*(£2°) denotes the mass
density of the shell per unit volume.

We will also assume that the shell is subjected to applied body forces whose density per unit volume
is defined by means of its covariant components f“¢ € H'(0,T; L*(£27)), to applied surface forces whose
surface per unit area is defined by means of its covariant components h*** € H'(0,T; L*(I'; UT¢)) and to
a homogeneous boundary condition of place along the portion I of its lateral face (i.e., the displacement
vanishes on [7).

Apart from the applied body forces and the applied surface forces mentioned beforehand, the shell is
also subjected to the action of heat (or cool), defined by the function Q° € L°°(0,T; L°°(£2°)). The positive
function A® € L°°(£2°) denotes the thermal dilatation coefficient, the positive function K € L°°(£2°)
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denotes the conductivity coefficient, and the positive function S° € L°°(£2°) denotes the specific heat
coefficient.
Let

Aldkbe )\gij,egkl,e tu (gik,egjl,e +gi£,sgjk,s) — pdikle _ gktije

denote the contravariant components of the fourth order three-dimensional elasticity tensor of the linearly
elastic material constituting the shell. The unknown associated with the “mechanical” part of the problem

is the vector field u® = (u§) where the functions uf : [0,T] x £2° — R are the three covariant components
of the unknown “three-dimensional” displacement vector field uig"® of the reference configuration of the

shell. The space of admissible displacements is defined by:
V(02°):={v° =) e H(2°); v* =0 on I§}.

The unknown associated with the “thermal” part of the problem is the function ©° : [0,7] x £2¢ —
R, which denotes the (internal) temperature variation of the shell. The space of admissible temperature
variations is defined by:

W(02°):={=° e H'(2°); 25 =0o0n I§}.

This gives rise to a system of coupled equations defined in terms of the displacement and the temperature
variation. Such a coupling is achieved thanks to the Duhamel-Neumann law (cf., e.g., Chapter I, Section X
of [28]), and gives rise to a hyperbolic-parabolic system.

Following [28], we assume that the temperature variation is very small if compared with the temperature
of the surrounding environment. Besides, we assume that the surrounding environment is sufficiently big
so that the heat irradiated from the linearly elastic shell induces a negligible change in the temperature of
the surrounding environment.

In order to infer the well-posedness of the solution of the problem we are going to define next, we need
to introduce the space

X (02°) := V(£2°) x L*(02°) x W(£2°),

and the space
H(°) := V(£2°) x L*(02°) x L*(£2°),

and we equip them with the norms

1T [ x(2¢) = V" [lv(oe) + lwllLzces) + 127 lw(ge), for all UT = (v°,w", %) € X(£2°),
and

U e 20y = [0 lv (o) + [[lw[lL2(oe) + (127 ]Ir2(0e),  for all U = (v°,w", %) € H(£2°),

respectively.
The three-dimensional problem modelling the displacement of a “general” linearly elastic shell takes
the following form:

Problem P(2°) Find a vector field u® = (u3) : (0,T) — V(£2°) and a function ©° : (0,T) — W(£2°)
such that

u® € L>(0,T; V(£2°)),

u € L™(0,T; L*(2°)),

u® e L(0,T; V*(02°)),

O° € L=(0,T; W(£2°)),

O € L0, T; W*(£2°)),

that satisfy the following variational equations
d2 e € 1J,€ € z 5 ijkl,e e e e 5 = 5
az ). ui (t)g" " vjv/g¢ da® + . AT e o (u” (2))eq)  (v7) Ve da

- [ A 2 (B (o) Vi dot "

= [ peapiveEas s [ wmevaEar
0= rsure

for all v* = (v{) € V(£2°), in the sense of distributions in (0,7,
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% K°0° (1)2° Vg dat + / S20EO° (1)g =08 22/ dat
o8 e
d € € g\ —E € € ij,€ 5 £ —E 5
b AN ) E e W) Ve = [ @ 0E Ve @)

for all ¢ € W(£2°), in the sense of distributions in (0, 7T),

and that satisfy the following initial conditions

u®(0) = ug,

u®(0) = uj, 3)
©°(0) = 65,
where the initial data (uf,ui, 0f) € X (§29) is prescribed. [ |

The existence and uniqueness of solutions of Problem P({2°) immediately follows by the properties of
semi-groups [22], which can be verified for the context under consideration by resorting, since X (£2) is
dense in H (£2°), to the same proof technique utilised in [23]. As a consequence of Proposition 6.2 of [22],
we obtain that u® € L°(0,T; V(£2°)).

Another proof, not resorting to semi-groups theory, can be given by mimicking the argument of Theo-
rems 5 and 6 in section 5.

4 The scaled three-dimensional problem for a family of flexural shells

In Section 3, we considered a variational problem for “general” linearly elastic shells. From now on, we
will restrict ourselves to a specific class of shells, according to the following definition (originally proposed
in [16]; see also [10]).

Consider a linearly elastic shell, subjected to the various assumptions set forth in Section 3. Such a shell
is said to be a linearly elastic flexural shell if the following two additional assumptions are satisfied: first,
() # o C 7, i.e., the homogeneous boundary condition of place is imposed over a non-zero area portion of
the entire lateral face o X [—¢,¢€] of the shell, and second, the space

Vie(w) == {n = () € H"(w) x H"(@) x H*(@); ap(n) = 0 in w and n; = dns = 0 on 70},

contains non-zero functions, i.e., we have Vp(w) # {0}. The symbol 9, denotes the outer unit normal
derivative operator along ~y.
The corresponding space of admissible temperature variations takes the form:

W(w) :=={¢ € H'(w); £=0o0n 0}
Similarly, we define the space
Xp(w) = Vr(w) x L*(w) x W(w),

and the space
Hp(w) := Ve (w) x L*(w) x L*(w),

and we equip them with the norms

Ul xr () = [10llvie(w) +11€l22 @) + ITllww), forall U = (n,§,7) € Xr(w),

and
U e w) = [10llve ) + 1€llz2w) + ITll22(w),  for allU = (n,§,7) € Hp(w),

respectively.

If the initial data of Problem P(£2°) is also in X r(w), then such an initial data can be identified with a
uniquely determined vector field in X (£2°) independent of the transverse variable (cf. Section 4.2 of [10]).
Such an assumption on the data will be used to correctly recover the sought two-dimensional limit problem
in the forthcoming asymptotic analysis. Therefore, in the rest of the analysis, we assume that the prescribed
initial data (u§,u§, ©F) satisfies the following hypothesis: There ezists ((o,¢1,00) € Vi (w) x Vi (w) x L (w)
such that:

(u5, u1, 65) = (Co, €1, o). (4)

Our basic objective then consists in performing an asymptotic analysis as € — 0, so as to seek whether
we can identify a two-dimensional limit problem. To this end, we shall resort to a (by now standard)
methodology first proposed by Ciarlet, Lods and Miara (cf. Theorem 5.1 of [16] and Theorem 6.2-1 of [10]):
To begin with, we “scale” each problem P(£2°), € > 0, over a fized domain (2, using appropriate scalings
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on the unknowns and assumptions on the data. Note that these scalings and assumptions definitely depend
on the type of shells that are considered; for instance, those used for the linearly elastic elliptic membrane
shells considered elsewhere (cf., e.g., [15], [17] and also [18]) are different.

Let us define the sets

2:=wx]-1,1] and Iy := v x [-1,1] and I't := w x {£1},

let z = (x;) denote a generic point in the set £2, and let 0; := 9/0x;. With each point = = (z;) € 2, we
associate the point ¢ = (z§) defined by

T5, 1= To = Yo and T5 1= ex3,

so that 05 = 0, and 95 = e '05. To the unknown u® = (uf) and to the vector fields v° = (v§) appearing
in the equations (1) of Problem P({2°) corresponding to a linearly elastic flexural shell, we then associate
the scaled unknown u(e) = (ui(e)) and the scaled vector fields v = (v;) by letting

ui(e)(t)(x) := ui (t)(z%) and vi(z) == v; (2°),

at each x € 2 and at each t € [0, 7.

For the temperature variations, we can proceed analogously: To the unknown @° and to the functions
Z€ appearing in the equations (2) of Problem P({29), we associate the scaled unknown ©(e) and the scaled
functions = by letting

O(e)(t)(z) := O°(t)(z°) and Z(z) := =°(z°),

at each x € 2 and at each t € [0, 7.

To begin, with, we assume that there exist functions f* € H*(0,T; L*(£2)), h* € H*(0,T; L*(I'+ UI-)),
Q € L>(0,T; L*(£2)) independent on e such that the following assumptions on the data hold:

DE()(2F) = e (t) () at a.a. t € (0,T) and a.a. x € 12,
h”(t)(a:s) =c h’(t)(w) at a.a. t € (0,7) and a.a. x € It UT, (5)
Q°(t)(z°) = £2Q(t)(z) at a.a. t € (0,T) and a.a. z € £2.

Finally, we assume that there exist positive constants p, A, K, S, A and u such that:

£ €

p°(z°) = e°p at a.a. x € 2,
A®(z°) =eA at a.a. z € 02,
K®(2°) = £’K at a.a. z € £, (6)
S€(x°) = €28 at a.a. z € 12,
A =X and pu°=p.

Note that the independence on & of the Lamé constants assumed in Section 3 in the formulation of
Problem P(£2°) implicitly constituted another assumption on the data. The scalings of the mass density
per unit volume, of the applied body force, and the applied surface forces are made in accordance with [9]
and [10].

The next lemma (cf., e.g., Theorems 3.3-1 and 3.3-2 in [10]) assembles various asymptotic properties as
e — 0 of functions and vector fields appearing in the formulation of problem P(g; {2); these properties will
be repeatedly used in the proof of the convergence theorem (Theorem 7):

In the next statement, the notation “O(g)”, or “0(52)”, stands for a remainder that is of order ¢, or €2,
with respect to the sup-norm over the set 2, and any function, or vector-valued function, of the variable
Yy € w, such as aa’g, bag, a’, ete. (all these are defined in section 2) is identified with the function, or vector-
valued function, of = = (y,x3) € 2 = w x [—1,1] that takes the same value at x3 = 0 and is independent
of w3 € [—1,1]; for brevity, this extension from @ to 2 is designated with the same notation.

Recall that € > 0 is implicitly assumed to be small enough so that @ : 25 — E? is an immersion.

For later purposes (like in Lemma 1 below), we also let

gi(e)(x) := g; (z°) at each z € 2.

Lemma 1 Let g9 be defined as in Theorem 3.1-1 of [10]. The functions A7*(e) = AT (g) = AFY(¢)
have the following properties:

Aijke(s) _ Aijke(o) +0(e), Ao‘ﬁ"3(5) = AO‘333(8) =0,
for all 0 < e < g, where

AO‘B‘”(O) Aa®Pa’™ + u(a*a BT 4 aO‘TaBU),

APB(0) = Xa®F, A%(0) = pa®?,  APB(0) = A+ 2p,
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and there exists a constant Co > 0 such that

Y ltig|* < CoA7™ () (@) tneti

4,3

for all 0 < e < o, all x € 2, and all symmetric matrices (ti;).
The functions Fg(e) and g(g) have the following properties:

Is(e) = Ig — ex3(9abf + I5:bs — TLgbT) + O(£7),

I3p(e) = bag — cx3bibep, 03I 4(e) = O(e),

IZ5(e) = —b% — exsbnd? + O(e?), Tias(e) = I'y(e) =0,
g9(e) =a+ O(e),

for all 0 < e < eg and all x € 2. In particular then, there exist constants go and g1 such that
0<go<g(e)(z) <giforall 0 <e<egoandall z e (2
The vector fields gi(¢) and g’ (€) have the following properties:

ga(e) = an —cx3blas, g3(e) = as,

9%(e) = a® + ex3bla’ + O(?), g°(e) = a®.

O

Remark 1 The various relations and estimates in Lemma 1 hold in fact for any family of linearly elastic
shells, i.e., irrespective of whether these shells are flexural ones or not.

The scaled variational problem P(e; £2) defined in the next theorem will constitute the point of departure
of our asymptotic analysis.

Theorem 1 Define the space
V(2):={v=(v) € H(2); v=0on Iy},
and the space
W(2):={5 e H'(R2); E=0on Iy}
Let g > 0 be defined as in Lemma 1. For each 0 < € < ¢, define the scaled functions

g'(e)(z) := g"°(«f) at each z € 2,
g(e)(z) := g% (z) and A" (e)(z) := AYF"S(2°) at each = € 12,

1
€QHB(E;’U) = i(agva + Oavp) — Fo’fg(s)vk = eﬁ\la(53 v),

1/1 -
cala(650) = eaja(650) = 5 (10500 + 2uvs ) — TEa(e)ur

1
es|s(g;v) = g&wg,

where
If(e)(x) := I (2) at each = € 2.
Define the scaled version of Problem P(£2°) as follows:
Problem P(e; 2) Find a vector field u(e) = (ui(e)) : (0,T) — V(£2) and a function O(e) : (0,T) — W(£2)
such that

u(e) € L(0,T;V(£2)),
u(e) € L=(0,T; L*(2)),
ii(e) € L0, T; V*(R2)),
O(e) € L™=(0,T; W(£2)),
O(e) € L™=(0, T; W*(£2)),
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that satisfy the following variational equations

2

o [ O o+ [ A Eewleiule) () ) Vo) da
— Ae(3\ +2p) /Q O(e)(t)e;(e5v)9” (2)V/g(e) dz
=&’ / Ftviv/g(e) dz + & / K (t)vin/g(e) dI,
2 I

Lur

(7)
for all v = (v;) € V(£2), in the sense of distributions in (0,7,

KEQ% / O(e)(1)3+/g(&) dz + S&2 / 0.0() ()9 (£)93.5+/9() dz + S / 0:0() ()95 2\/3(e) d
(9] (9] (9]
+ A+ 20 [ ey (eu(0)” (Vo dr =< [ QZValE) d ®)

for all = € W({2), in the sense of distributions in (0,7,
and that satisfy the initial conditions (3), which are assumed to appear in the form (4). [ |

Then the pair of scaled unknowns (u(e), ©(€)) is the unique solution of Problem P(e; (2).

Proof The variational problem P(g, §2) simply constitutes a re-writing of the variational problem P(£2°),
this time in terms of the scaled unknowns u(g) and ©(¢), of the vector fields v, and of the functions f*, h*
and @, as well as the constants p, A, K, S, X\ and p which are now all defined over the domain 2. Then all
the assertions follow from this observation. O

The functions e;;(¢; v) appearing in problem P(g; 2) are called the scaled linearised strains in curvi-
linear coordinates associated with the scaled displacement vector field v;g*(e).

When one considers a family of linearly elastic flexural shells whose thickness 2e approaches zero, a
specific Korn’s inequality in curvilinear coordinates holds over the fized domain {2 = w x |—1, 1], according

to the following theorem (cf., e.g., Theorem 4.1 of [16] or Theorem 5.3-1 of [10]). That the constant C; that
appears in this inequality is independent of € > 0 plays a key role in the forthcoming asymptotic analysis.

Theorem 2 Let there be given a family of linearly elastic flexural shells with the same middle surface 6(w)
and thickness 2 > 0. Recall the definition of the space

V(2)={v=(vi) e H(2); v=0on Ip}.

Then there exist constants 0 < 1 < €9 and C1 > 0 such that
5 172 ¢y 5 1/2
(il < ZH{E leasEoliam |
i 125

forall0 < e <e1 and all v € V(£2). O

We recall a very important inequality which is used to study evolutionary problems: Gronwall’s inequal-
ity (see the seminal paper [24] and Theorem 1.1 in Chapter III of [25]).

Theorem 3 Let T > 0 and suppose that the function y : [0,T] — R is absolutely continuous and such that
dy
E(t) <a(t)y(t) +b(t), fora.a.te (0,T),

where a,b € L*(0,T) and a,b > 0 almost everywhere in (0,T). Then, it results

t "t
y(t) < {y(O) +/ b(s) ds] eloal®ds gorall t € [0, 7).
0
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5 A preparatory result for the asymptotic analysis

In this section we consider the following problem Pg(w), that will be recovered by means of a rigorous
asymptotic analysis in the next section. Before rigorously stating the problem, we define the space

Vi (w):={n=(n) € H' (w) x H'(w) x H*();n; = du1j3 = 0 on 0}

Define the norm || - ||y, (w) by

1/2
Ml Vi () == {Z 1m0l () + ||7I3||§12(w)} for each n = (n;) € Vg (w).

(e}

Define the fourth order two-dimensional elasticity tensor (a®?°7), the vector p = (p*) € H'(0,T; L*(w)),
and the function ¢ € L°°(0,T; L*(w)) respectively by:

+a a

4
aaBOT L X —:guaaﬁao‘r + 2,“/ (aaaaﬁ‘r aT BU) 7

p(t) := / FA @) zs)das + B () (1) + () (-, —1) € L*(w), for a.a. t € (0,T),
q(t) := / Q(t)(-,x3)dzs € L?(w), for a.a. t € (0,T).

Problem Pr(w) Find a vector field ¢ = (¢;) : (0,T) — Vr(w) and a function 9 : (0,T) — W(w) such that

¢ e L™(0,T; Vr(w)),
(€ L=(0,T; L*(w)),

¢ € L¥(0,T;VF (W),
9 € L0, T; W(w)),

D e L=0,T; W*(w)),
that satisfy the following variational equations

it [ ol na + OmVady+ 3 [ @ CDpmsmVady = [ ' Onvady,

w 9)
for all n = (n;) € Vp(w), in the sense of distributions in (0,T),
2 (3A + 2p)° / / aB /
2 (r0+ 2O L [ otevaay +25 [ o000 osevady = [ atevaa, o)
for all £ € W(w), in the sense of distributions in (0,7),
and that satisfy the initial conditions
C(O) = o,
¢(0) = ¢, (11)
O(0) = Yo,
where the right hand side of (11) is as in (4). [ ]

Following [30] and [31], it can be shown that this problem admits a unique solution. In this fashion,
the “mechanical” part of Problem Pr(w) is treated via a penalty scheme, amenable for the realisation of
numerical simulations (cf., e.g., [38]). In order to establish this existence and uniqueness result, we resort
to the following inequality of Korn’s type on a general surface (cf., e.g., Theorem 2.6-4 of [10] for a proof).

Theorem 4 Let w be a domain in R? and let 8 € C3(@;E*) be an immersion. Let o be a non-empty
relatively open subset of v = Ow. Recall the definition of the space

Vic(w) = {n = (n;) € H'(w) x H' (w) x H*(w);7i = dums = 0 on 70}
Then there exists a constant ¢ = c¢(w,~0,0) > 0 such that
1/2 1/2
2 2
{Z el ) + ||773||H2(w)} < C{ Z Yap (ML) + Y lpasl 77)||L2(w)}
[e] o,B

for allm = (n;) € Vi (w). |
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The above inequality, which is due to [1] and was later given a simpler proof in [2], constitutes an
example of a Korn’s inequality on a general surface; it constitutes a “Korn inequality” in the sense that it
provides a basic estimate of an appropriate norm of a displacement field defined on a surface in terms of
an appropriate norm of a specific “measure of strain” (here, the linearised change of metric tensor and the
linearised change of curvature tensor) corresponding to the displacement field considered.

The purpose of the next theorem, which constitutes the first new result in this paper, is to show that
if the applied body forces and applied surface forces are as regular as in the assumption (5), we have that
the velocity field ¢ is of class L°°(0, T; Vi (w)).

The technique we propose is independent of semi-groups theory, and the proof is worth working out, as
the space Vg (w) incorporates a linear constraint which renders the analysis more complicated and prevents
many of the standard results from being applied.

Let x > 0 denote a penalty parameter and let us introduce the “penalised” problem Ppg . (w) corre-
sponding to equations (9) of Problem Pr(w).

Problem Pg . (w) Find a vector field ¢x = (Ci,x) : [0, T] = Vi (w) such that
¢ €C°([0,T); Vi (w)) NC ([0, T); L* (w)),

that satisfies the following variational equations

2d—2/<< (005 + ConOmVady+ 5 [ 67 por(Gultpas(mvad
pdt2 . a, K B 3,x\L)N13 Y 3 Por Gk Pap(M Y

w

1 afBoT i
o [ GO vanmiady = [ B mvady,
w w
for all m € Vi (w), in the sense of distributions in (0,T), and which satisfies the initial conditions

{QN(O) = G,
Cx(0) =i

Problem Pp . (w) admits a unique solution by virtue of the results contained in [31]. We show next that

the velocity field (. is more regular with respect to the spatial variable.

Theorem 5 Let x> 0, and let ¢, be the unique solution of Problem Pr. . (w). Ifp = (p*) € H*(0,T; L*(w)),
then
¢o € L°°(0,T; Vi (w)) and ¢, € L(0,T; L? (w)).

Proof Strong, weak and weak-star convergences are respectively denoted —, —, and .

The outline of the proof is to a large extent inspired by the proof of Theorem 5.1 of [31], where no
thermal action was considered. For sake of clarity, the proof is broken into three parts, numbered (i)—(iii).

(i) Construction of Galerkin approximation. Observe that the space Vi (w) is an infinite-dimensional
and separable Hilbert space. Therefore, by Theorem 6.2-1 of [35], there exists an orthonormal Hilbert basis
(w”*)%2, of the space L?(w) which also constitutes an orthogonal Hilbert basis of the space Vi (w).

For each positive integer m > 1, let us denote by E™ the following m-dimensional linear hull

E™ := Span (w")iL; C Vk(w) C L*(w).

Since each element of the Hilbert basis (w*)$°; is independent of the time variable ¢, we have w® ¢
L°°(0,T; Vi (w)), for each integer 1 < k < m. We now discretize Problem Pp . (w) and, in order to keep
the notation simple, we drop the dependence of the vector fields entering the variational equations on the
parameters k and €. Let us observe that, the duality pair between E™ and its dual coincides with the inner
product of L?(w).

For each positive integer m > 1, the “penalised” discrete problem corresponding to Problem Pp . (w),
that we denote by Pg', (w), amounts to:

Problem Pg, (w) Find functions cy : [0,T] = R, 1 <k < m, such that
¢ () = Z cx(t)w”, for a.a. t € (0,7),
k=1

which satisfies the following variational equations in the sense of distributions in (0,T), for each integer
1<p<m

2 [ GO0 ugvady+ 2 [ EOuEVady+ 3 [ a0 O)ps(w)Vady
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+

X

[ 4 (€™ s )Wady = [ o0l vady,

and for which the following initial conditions hold:

{cmm) = ¢,

&) = (2

where initial data 3 and {1* are, respectively, the projections of (o and {1 onto the finite dimensional
space E™. |

For each k > 0, we define the following continuous and Vi (w)-elliptic bilinear form:

_ 1

aﬁ(nvg) 3

/aaﬁwpﬁ(n)paﬂ(g)\/&dy+%/ a7 o r (M) Vap (€)Vady,

for all § = (n;) € Vi (w) and all € = (&) € Vi (w).
We immediately observe that the projections of o = ({o,:) € Vr(w) and {1 = (¢1,:) € Vr(w) onto E™
can be expanded as follows (cf. Theorem 4.9-1 of [12])

¢ = Z </ Co,iwf v/ady +/ 8a§0,i8awf\/ﬁdy+/ &lﬁCo,?,@agwlg\/Edy) w”,
k=1 w w w

¢ = Z </ Cl,iwf\/&dy+/ 8a41,i8awf\/6dy+/ 3Q5C1,33a5w§\/ady) wk7
k=1 w w w

so that ¢7* — o in Vi (w) and ¢ — (1 in Vi (w).

Since the elements of the Hilbert basis do not depend on the time variable we can take the coefficients
cr as well as their derivatives ¢, and ¢ outside the integral sign. This gives, for each 1 < k < m, the
following second order linear ordinary differential equation with respect to the variable t:

206k (1) + an(w", w*)ex () = / pi(HwtVady, (13)
w
and satisfying the following initial conditions:
0) = [ Gosutvady+ [ 0ucoduut Vady+ [ Ouatoadaslvady,
w w w
¢x(0) = / CrwiVady + / Bal1,i00wf Vady + / OapC1,30aswh/a dy.
w w w

By the Cauchy-Lipschitz theorem (cf., e.g., Theorem 3.8-1 of [12]), such an ordinary differential equation
admits a unique solution, which clearly depends on the parameter k.

Since, by Theorem 8.60 of [29], we have that p* € H'(0,T; L?*(w)) < C°([0,T]; L?(w)), and since the
left hand side of the variational equations in Problem Pg . (w) is an inner product in L?(w) (recall that the
matrix (a®?) is uniformly positive-definite in @), we are in a position to infer that the vector field ¢, (0) is
well-defined in LQ(w), and is independent of x as well. We are thus in a position to infer the existence of a
vector field ¢2 = ((2,;) € L*(w) in a way such that

C2,i := (w,i(0),
and this is the unique vector field for which the following variational equations are satisfied

2/)/ Cz,aaa’anﬁ\/&dwa?p/ 42,3773\/5dy+%/ a®?"" par(Co)pas(n)vady
/a“B”%r(Co))vaﬁ(n)\/ﬁdy=/pi(O)m\/ﬁdy,

w

+

R

=0 as o€ VF(w)
for all n = (1;) € Vi (w). Letting ¢3* be the projection of {2 onto E™ gives
(38— ¢2, in LQ(w).

(ii) Energy estimates. For a.a. t € (0,T), let h > 0 be such that 0 < t+h < T'. Multiplying the variational
equations in Problem Pf', (w) at times ¢ and (¢t + h) by {¢r(t + h) — ¢éx ()} gives:

2 / Em(t+ ) — E ()P (Gt + h) — €7 (1) vady
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+2p/(§§"(t+h) — G ()G (t+h) = ¢ (1) Vady

1

+ 5 [ a™ T par (¢ (E+h) = ¢ ()pap(CM(t 4 h) = {M(1)Vady

w

g\e\

P77y (¢ (E 4 ) = ¢ (D)) Yap (M + 1) — € (1) Vady

m\'—‘

/ ('t +b) = P O)E 4+ h) — & ()Vady.
An integration ove: (0,1) gives:
p [ (G0 = G (1) = CEOWady +p [ G @) - G 0P Vady

t5 [ AT o €7 4 ) = T O)pan €+ 1) = €7 () Vady
t g [ e (€ W) = )0 (1)~ €7 () Vady
= [ @ m = p o) 0y - P adydr
o [ (€ = & 0)a (&) = ErO)Vady +p [ 16 0) =& O Vady
[ a0 (€7 0) = €7 (0)pas (¢ ()~ ¢ (0)Vady

| =

+

/a“ﬁ” (€™ (h) = ¢ (0))7ap(¢™ (h) = ¢™(0))Vady.

%’\H

Thanks to the uniform positive-definiteness of the matrix (aaﬁ ), the uniform positive-definiteness of
the tensor (a®?°T), Korn’s inequality on a general surface (Theorem 4), Holder’s inequality and Young’s
inequality [39], we obtain that there exists a constant C' > 0 independent of m and & such that:

IC™ (t 4+ h) = ™ (D1 T2y + 1€ (E+h) = ¢ (UH%/K(W)JFEZH’VM(C (t+h) =" (O)I72 ()
a,B

< C’{ Z/ ' (t + h) —pi(t)||2Lz(w) dt + Z/ &Mt + h) — C’;ﬂ(t)||%2(w) di
—~ /o o
+[I€™(R) = ™)1 Z2(wy + 1IK™ () = <™ (0) |V ()
+ i/ a®PoT o (C™(R) = C(0))Yaps (¢ (h) — Cm(O))\/Edy}.

Divide both sides by h? and let h — 0. An application of Theorem 8.60 of [29] together with the
convergence of the family (¢3")m—=1 and the convergence of the family (¢1")m=1, gives:

1™ @32 + IE™Oer + = 3 s € O3y
a,B

T T
. im 1 afBoT m m
< C{/ ||P(75)H2LZ(W) dt+/ I8 (t)H%Z(w) dt + HCQ”%Z(w) + ||<1||%/K(w) + *%/a BT o (CT)Yas (& )ﬁdy}.
0 0 w

We also observe that, since ¢(I* — ¢1 € Vr(w) in Vi (w), there exists and integer m = m(k) such that

for all m > m it results

1 apoT m m 1
ﬂ/wa ? Yor (€1 )’Yozﬁ(Cl )\/Edyg 9

Proceeding like in [31], we apply Gronwall’s inequality and we infer that
(¢™)2°_, is bounded in L*(0,T; Vi (w)),
(¢™)2°_, is bounded in L™ (0, T; L* (w)),
1 : e
<Jm(cm)) is bounded in L*(0, T; L*(w)).
K m=1
It is also possible to observe, by Fatou’s lemma, that there exists a constant L > 0 independent of k

such that )
Ve (Ce)ll 20,7522 (w)) < VL. (14)
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(iii) Passage to the limit. An application of the Banach-Alaoglu-Bourbaki theorem (cf., e.g., Theo-
rem 3.16 of [6]) gives that, up to passing to suitable subsequences,
¢" G in L(0,T; Vi (w)),
¢" S &e in L7(0,T5 L (w),

and the proof is complete

Theorem 6 Let ¢ € L*°(0,T; Vi (w)) be the unique solution of Problem Pr(w). If p = (p') € H*(0,T; L*(w))
we have that
¢ € L(0,T; Ve (w)) and ¢ € L°(0,T; L*(w)).

Proof By virtue of the conclusion obtained in Theorem 5 can thus re-perform the same passages as in the
energy estimates. Thanks to the uniform positive-definiteness of the matrix (ao‘ﬁ ), the uniform positive-
definiteness of the tensor (ao"B ?7), Korn’s inequality on a general surface (Theorem 4), Holder’s inequality
and Young’s inequality [39], we obtain that there exists a constant C' > 0 independent of x such that:

1€t + h) = a2 () + 1€t + 1) = () () + i D e (Crlt +h) = Gl 122w
o,B
T . 5 T . 5
sc{z L) = Ol dt+ 3 [ st + 1) = a0l

. . 1
16 0) = GO + 16 = GO e + 5 |

w

a®? 7T Y7 (Ce(h) = €e(0))Yap (Gr(h) — CH(O))\/&dy}-
Divide both sides by h? and let h — 0. An application of Theorem 8.60 of [29] gives:

.. . 1 .
1€ T2 (@) + 1€x (D13 @) + - D as Gz (w)
a,B

T T |
SC{/O ||1'7(15)||2L2(w>dt+/O IICn(t)IIiz<w)dt+||C2lli2(w)+||41||3f,<<w)}-

Proceeding like in [31], we apply Gronwall’s inequality and we infer that

(¢)r>0 is bounded in L™ (0, T; Vi (w)),
(€x)r>0 is bounded in L™ (0, T; L (w)).

We apply the Banach-Alaoglu-Bourbaki theorem (cf., e.g., Theorem 3.6 of [6]) and we observe that the
weak-star limits obtained are the weak time-derivatives of the unique solution ¢ obtained in Theorem 6.1
of [31]. Combining the convergence process above with (14) and applying Fatou’s lemma gives that

||7aﬁ(é)||L2(O,T;L2(W)) =0,

which means that ¢ € L= (0,T; Vi(w)) as it was to be proved.

6 Asymptotic analysis

The following theorem, that resorts to an argument very similar to the one of [16] (see also Theorem 6.2-1
of [10]), constitutes the second new result in this paper. It shows that, in a specific sense, the solutions u(e)
of the (scaled) three-dimensional problems P(g; £2) converge as € approaches zero to the solution of a ad
hoc two-dimensional problem. It will turn out that such a two-dimensional limit problem exactly coincides
with Problem Pr(w) introduced in section 5.

The vector fields a® and the functions I'Sg,bas, a®?,a, and ~Yap (M), have already been defined in sec-
tion 2.

Theorem 7 Let w be a domain in R?, let 0 € C3(w; IE3) be the middle surface of a flexural shell, let vo be
a non-zero length portion of the boundary v (cf. Section 4).

Let us consider the non-trivial space of admissible linearised inextensional displacements introduced in
section 4

Vie(w) = {n= () € H'(w) x H" (w) x H*(w); Yap(m) = 0in w and n; = dunz = 0 on v},
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as well as the space of admissible temperature variations

W (w) :={¢ € H'(w); £=0o0n o}

Let there be given a family of linearly elastic flexural shells with with each having the same middle
surface O(w) and with each subjected to a boundary condition of place along a portion of its lateral face
having the same set O(vo) as its middle curve, and let the assumptions on the data be as in (5) and (6).

For 0 < e < e1, where e1 was defined in Korn’s inequality (Theorem 2), let the pair (u(e), ©(e)) denote
the solution of the associated scaled three-dimensional problem P(e; §2) introduced in Theorem 1. Then there
exists a vector field uw = (u;) € L*(0,T; H*(R2)) satisfying u(t) = 0 on Iy for a.a. t € (0,T) and there
exists a function © € L>(0,T; H'(2)) satisfying O(t) =0 on Iy for a.a. t € (0,T) such that

u(e) »w, in L(0,T;V(2)),

u = (u;) is independent of the transverse variable z3,
a(e) = w, in L°(0,T; L*(£2)),

O(e) - O, in L>(0,T;W($2)),

© is independent of the transverse variable x3.

For a.a. t € (0,T), define the averages

1 1
w(t) = (@ (1) = %[ wt)(yws)des,  and  O(F) = %lle(t) dzs.
Then

u=¢ and 6 =9,

where the pair (¢,9) is the unique solution of the two-dimensional limit problem Pp(w) introduced in
section 5.

Proof Strong, weak and weak-star convergences as € — 0 are respectively denoted —, —, and =. For sake
of brevity, we let
€i|;(e)(t) := e (s;u(e)(t)) fora.a. t e (0,T).

The outline of the proof is to a large extent inspired by the proof of Theorem 6.2-1 in [10] (itself adapted
from Theorem 5.1 in [16]), where no thermal action was considered. This is why some parts of the proof
are reminiscent of those in [10]; otherwise, considering the time dependence requires substantial extra care.
For sake of clarity, the proof is broken into six parts, numbered (i)—(vi).

(i) There exist subsequences, still denoted (u(e))e>0 and (O(g))e>0, and there existu € L (0,T; V (12)),
6 € L™(0,T;W(2)) and there exist e} ; € L*(0,T; L*(§2)) satisfying

illj

u(t) =0on I'y =70 x [-1,1] for a.a. t € (0,T),
O(t) =0on Iy for a.a. t € (0,T),

and such that the following convergence process holds:
u(e) > win L0, T; V(2)),

*

a(e) = @ in L(0,T; L (2)),
ii(e) =i in L=(0,T; V*(R2)),
ééi”j( ) = ey in L°(0, T3 L (12)), "
O(e) 2 @ in L™(0,T; L*(£2)),
0aO(g) = 8,0 in L*(0,T; L*(£2)),
233@(5) —ate in L2(0,T; L2(92)),
O(e) = © in L=(0,T; W*(2)).

Let us fix a time instant ¢ € (0,7T). By virtue of the consequences drawn in Proposition 1 of [23] (see also
Theorems 5 and 6), we can plug (v, =) = (u(e)(t), O(g)(t)) in the equations of Problem P(g; £2), getting:

p/ iis () (t)g" ()i (e) (1) v/ 9(e) dw+/ AT )Eg o) (Besy; (5 () (1) Vg () da
+K/ (H)O(e)(t)\/g(e dx+S/{8 O(e)(1)g™* ()950(e)(t) + e 2|930(e) (1)} /9(e) dz
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— [ FouE@OVIEas [ HOuEOVIE A+ [ QeE) Ve d.
Q ryur_ Q
Let us now perform an integration over the interval (0,¢), getting:
p [ )9 (i (e) (1) V/aTE) do
fo)
+y [ AT @@ EOVIE de + Yy [ 190Vl da
S
+ S 00 O(£)(1)g" (€)850(e)(T) dzdr + = |50 (e) (7)|? dz dr
[ e

//f (M)us(e) () g( dxdTJr/ /F o K (7Y (€)(7)\/g(e) dI" dr
+ / | emeEm Ve dedr+p [ uig? @i, Vol do
0 (93 (9]
+%/ Aijkl(g)ekw(s;uS)eiHj(g;uS)\/g(e)dm+%/ 105%V/g(e) d.
N (93

Combining (16), the uniform positive-definiteness of the matrix (g"(€)), the positive-definiteness of
the tensor (A“*(¢)), Korn’s inequality (Theorem 2), Holder’s inequality, Young’s inequality [39], and the
asymptotic behaviour of the function g(¢) (Lemma 1), we obtain that for £ > 0 sufficiently small we can

find a constant C' > 0 independent of ¢ such that:

é{llu(f)(t)llizm + u(e) )V (@) + ||9(5)(t)||i2((2)}

2

< pllu(e) 6z||a

+lleE) ML (a)
L3(92)

< C{f%Z(o,T;LZ(Q)) + Hh||2L2(o,T;L2(F+uF,)) + HQ||2L2(O,T;L2(Q)) + ||9(5)||2L2(0,T;L2(Q))

+p/0 /Qm(s)(T)gij(E)uj(E)(T)JgTS)dxdt+%/0 16() (1)1 202yt
T ..
+%/o /QAzm(g)ékw t)ei; (e \/ﬁdazdt}

By Gronwall’s inequality (Theorem 3) we infer that:

(u(€))e>o0 is bounded in L>(0,T; V(£2)),
(i(€))e>0 is bounded in L>(0,T; L*(12)),

(%éiuj(e)) is bounded in L (0,T; L*(12)),
e>0

(O(g))e>0 is bounded in L (0, T; L*(£2)).

Similarly, starting again from (16), we can prove that there exists a constant C' > 0 independent of ¢

such that: ,
<cC.

1
Sleaa 720,122 +SH 030(e)
¢ L2(0,T5L2(92))

In view of the boundedness of the families above, we have that equation (7) gives:
(it(€))e>o0 is bounded in L>(0,T; V*(£2)).
Likewise, from equation (8) we derive that:

(©(€))e>0 is bounded in L>(0,T; W*(£2)).

By the Banach-Alaoglu-Bourbaki theorem (cf., e.g., Theorem 3.6 of [6]), we have that the convergence

process (15) holds.

Besides, the fact that u(t) = 0 on v x [—1,1] for a.a. t € (0,7T) follows from the continuity of the
trace operator tr : H*(£2) — L*(yo x [~1, 1]). Likewise, we can infer that ©(t) = 0 on o x [~1, 1] for a.a.

€ (0,7).
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(ii) The weak limits u; € L>((0,T); H(R2)) found in (i) are independent of the transverse variable
x3 €] — 1,1], in the sense that they satisfy

dsu; = 0 in D'((0,T) x £2).

Also the weak limit © € L*(0,T; L*(2)) found in (i) is independent of the transverse variable x3 €
] —1,1[, in the sense that

0360 =0 in D'((0,T) x £2).

Besides, the average uw satisfies w € L°°(0,T; Vr(w)), namely,

u

(w;) € H' (w) x H'(w) x H*(w),
t) = Ovus(t) = 0 on o for a.a. t € (0,T),
)

u)=0in (0,7) X w.

u;
Fap (@

Apart from the part concerning the limit temperature ©, the proof is identical to that of part (ii) of the
proof of Theorem 6.2-1 in [10]. Let us thus prove that 930 = 0 in D’((0,T) x {2). Thanks to the seventh
convergence in (15), we obtain that there exists a constant C' > 0 such that:

1
_10s0(E)ll 20,73 2(02)) < C.

This means that
limsup [|030(¢)||2(0,7;22(02)) = 0,
e—0

and thanks to Theorem 8.28 of [29], we have that

/ 930 (e)pdxdt = —/ O(e)d3pdxdt — 0, for all o € D((0,T) x £2),
(0,T)x (0,T)x 22

which in turn implies that 930 = 0 in D'((0,T) x £2).

(iii) The weak limits e%”j € L0, T; L*(2)), u € L=(0,T; V(R2)) and © € L>(0,T; W (£2)) found in
(i) satisfy

—0sep) 5 = Pap(u) in L=(0,T; L(12)),
eays = 0 in L%(0,T; L*(12)),

A apf 1 . oo 2
e3|3 = N 2 e - /\+2,ua eq|p in L (0, T; L7 (£2)).

The equality —3363;”5 = pap(u) in L*(0,T; L?(£2)) follows from Theorem 8.28 of [29] and Theorem 5.2-

2 of [10]. Besides, since u € L°°(0,T; Vi (w)) (Theorem 6), we have that the interchangeability of the
weak time derivative with the weak derivative with respect to the transverse variable (which holds as a
consequence of Theorem 8.28 of [29]) gives:

d - . . roo
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Given any vector field v = (v;) € V (£2), the variational equations (7) of Problem P(g; £2) read as follows
(recall that A°P73(g) = A*333(¢) = 0):

T
,052/0 (1 (2))~ (i (€) (£) vV 9(€)) mi(2)¥(t)
T
+é/0 /QAaﬂ‘”(s)éo‘h(e)(t){aeaw(e;v)}\/g(e) dzi(t) dt
T
#1 [] A R @aE) O ecaale v} Vol dowle) de
0 2
T
#1 [ ] an @@ Ofecas 0 oE) dov(
0 2
T
b2 [ ] AT @) @) e e 0))Vo(E) de( (19)
0 2
T
S]] A @m0 ceapa(ero) ) das(o)
— Ae(BX 4 2p) / / e)(t)eaqp(e;v)g"" (€)V/g(e) daep(t)
— Ae(BX 4 2p) / / e)(t)es)s(e; v)\/g(e) dwap(t) dt
/ / it vi/g(e) dz dt 4 €2 / /Fmps R (t)vi/g(e) dIp(t) dt,

for all ¢ € D(0,T).

Observe, in the same spirit as part (iii) of Theorem 6.2-1 of [10], that the following asymptotic behaviours
as € — 0 hold for each v € V(£2):

eeauﬁ(e; v) = 0 in LQ(Q),
ceayae;v) = %agva in L2(02), (19)

eeg)3(g;v) = O3v3 in L*(£2) for all £ > 0.
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The relations (19), combined with the convergence process (15), and the asymptotic behaviour of the
functions A7*¢(¢) and /g(e) as ¢ — 0 (Lemma 1), give:

T
p€2/ (1 (2))- (@i (e)(t), 97 ()viV/9(e)) (¥ (t) dt — 0 as € — 0;
%/ / Aaﬁm(e)egHT(s)( Heeas(e;v) 1/ g(e) day(t) dt — 0 as e — 0;
%/ / O‘ﬁ33 (e)ésys(e)(t){eeaq)s(e;v) } v/ gle) doap(t) dt — 0 as € — 0;
: / | 4477 a6 Hearale )} alE) o) de
— /0 /Q Q;Laaae(l,ug(t)@gva\/admb(t) dt as e — 0;
L[ a7 @ @wieente )o@ v ar
-, ollr 13 (e
T
— /0 /Q AaGTecl,‘|T(t)83v3ﬁdz¢(t) dt as e — 0;
17 3333, _\ 5
L[ [ A @@ eess o)) devt) de
o Jao
T
— /0 /Q(A + 2u)e§|‘3(t)83113\/5d:m/)(t) dt as e — 0;
T
A2 [ [ O beaalei)s® €)ValE) dei(o) a
T
+ Ae(3N +2p) /0 /Q O(e)(t)es)s(e; v)v/g(e) dzep(t) dt
— A(BX+2p) /T/ O(t)d3v3vadzy(t)dt as e — 0;
0o Jo
T
52/ / Fit)vi/g(e) dap(t) dt — 0 as e — 0;
0o Jo
T
52/ / B (£)vs /() AT(E) dt — 0 as & — 0.
o Jryur.

(20)

Consequently, we are able to draw the following conclusion from (18) and (20):

/Q ((21a°7 b 3())Bsva + (A" el (8) + (A + 2p)elys (1) dsvs ) Vade
=AQB N+ Q,u)/ O(t)dsv3v/adz, for a.a. t e (0,T).
2

Since this inequality holds for any vector field v = (v;) € V(2) and for a.a. t € (0,T), by Theorem 3.4-1
of [10] it follows that:

eljs = 0 in L0, T; L*(2)),
Xa”Tegr + (A + 2p)edys = A(BN+21)0 in L(0,T; L*(12)).
In particular, the latter gives:

BA+2u . A

1
— A
L I WD VG W5

a*Pegyp in L0, T; L*(92)),

and the conclusion is thus reached.
(iv) The vector field w = (u;) satisfies the variational equations (9) of Problem Pr(w). Fix n € Vp(w)
and, following the same steps as in part (iv) of Theorem 6.2-1 of [10], define the vector field w(e;n) by
wa (g;M) 1= Na — x3(0anz + bno), and ws3(e;n) == 3.
Observe that w(e;n) € V(£2) and that, as € — 0,
w(e;m) —n in V(£2),

Leapaeswlein) < {—wapas(n)} in ()
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(leaug(a;w(s;n))) converges in L*(£2),
€ e>0
es|s(e; w(e;m)) =0 for all € > 0.

Letting v = w(e; n) in the variational equations (7) of Problem P(e; £2) gives:
[ s 0.6 s 5 o) s ()
[ e e @m )} { eastwiem | VaETamo a
[ e a0} Leasterom | Vo arv a
ca [0 asso fLe@0}  Leasteutem) | Vi@ o a
1] o Lo @0} L) ViEasoa
[ {Lapeo}  Laneuem | Vi@ o

T
—a@A+ 20 [ [ 00 Tearaleiulem)e™ () + 2 earaleiweim) b Vo) devt de

=0

_ / / Fi(t)wi (1) /g(@) dab(t) dt + / / B (£)ws (23 ) /9(8) dTw(t) dt,  for all v € D(0,T).
0o Jao o Jrour_

1
The asymptotic behaviour of the functions w(e;n) and gei”j(s; w(g;n)), the asymptotic behaviour of

. 1 .
the three-dimensional elasticity tensor A“*¢(¢) and g(¢) (Lemma 1), the weak-star convergences géi\l HOES

e}”j in L>°(0,T; L(£2)) established in part (i), and the relations satisfied by 611”3 (part (iii)) together give:

pdtQ /{ua(t) ns + us(t)ns }vady — %/ﬂa‘w‘” o+ (t ){wapaﬁ(n)}fdw—/pi(t)ni\/adx, (21)

for all n € Vp(w) and a.a. t € (0,T).
We have yet to take into account the relations gapg(u) = —8363”3 in L°°(0,T; L*(£2)) established in

part (iii). Since u is independent of x3 (part (ii)), these relations show that the functions ei“b’ are of the
form

eallp = Tap — v3pas(@), for a unique Yop € L(0,T; L*(w)).
Likewise, we infer from (17) that there exists a unique function 9, € L (0, T; L?(w)) such that:
Callp = Dap — T3Pap ().
By the uniqueness of the time weak derivative, we infer that
Bap = Tag, in L0, T; L2 (w)), (22)

which implies that 7,5 € W°°(0, T; L?(w)).
Since, for a.a. t € (0,7, we have

1 ~
/ 0BT L (1) {~w3pas(@(t)}yads = / 0P o (B(1)) e (8(8)) dy— / / 077 25 porr (T(1)) T (£) v/ dy iz,
0 w w

—1

OJH\D

=0
we thus get
d’ E 8 /
25 [ 00 ns +wOmivady — 3 [ a0 por @O)pus@0) ay = [ ponvade, (@)
w w
for all § € Vp(w) in the sense of distributions in (0,7).
Using the representation for linearised strains in Theorem 4.3-2 of [11], we infer that

op(u(e) = Tap, in H'(0T (), (24)

wW| =
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where here, without loss of generality, we denote by ¥.s the standard extension to the three-dimensional
case of the time-dependent “analogue” of the change of metric tensor (cf., e.g., [11]).
Moreover, the fact that Y5 € W°°(0, T; L*(w)) (cf. (22)), (24), and the fact that u(e)(0) = o € Vi (w)
imply that
Tap(0) =0 in L*(w).

(v) The function © satisfies the variational equations (10) of Problem Pr(w). Since this problem has a
unique solution as a consequence of Theorem 6.1 of [31], we infer that the convergences established in (15)
actually holds for the whole families. Testing the variational equations (8) of Problem P(e;(2) at any
& € W(12) independent of the transverse variable x3 gives

T
K [ (@0, 5wyt
T N g T 1
+S/O /Qaae(e)(t)g ?(£)9p¢\/g(e) dap(t) dt+g/0 /Q <g339(5)(t)) 83€/g(e) dwip(t) dt
T
AR 2ﬂ)/o /g {éea“ﬁ(a”(g)(ﬂ)gaﬁ(e) + 16:>>|\3(<E u(e)(t) }grdﬂﬁ(t
:/0 /QQ(t)f\/g(T)dm/)(t)dt,

for all ¥ E.D((),T).
Since u(t) € Vr(w) for a.a. t € (0,T), the relations established in part (iii) imply that the following
time derivatives are well-defined:

ézlllj(t) = (i ZH](t) € L*(92) for a.a. t € (0,T),
Gy (©)(t) = %éiuj(g)( £) = eay; (& 0(e)(8)) € L2(2) for aa. t € (0,T).

The convergence process (15) and the definition of weak derivative in time give:
K/ () OB, EVI @ w(enwlt) d — 2K/ W (B(1), €@ () (1) d a5 £ = 0
S /0 /Q 0a0()(£)g*" (£)Dp&\/g(e) daap(t) At — 25 /0 /w 9aO(t)a™" dse/adyy(t) dt as e — 0;
g /0 ! /Q (éage(a)(t)) 0361/9(2) datb() dt = 0 for all £ > 0 being ¢ independent of z3;
Apr+21) | : | {Eeanstesa@i™ @) + Leapte ale)0) | eV asu at

<2A2(3:\\17§Z>/ W () (O(8), /@) w () (£) dt

3A+2 . o
+4A% D’(O,T;W*(w))<eaHBaa 5¢\/®D(0,T;W@))

:(2,42 3;155 )/ We (o) (B(8), £3/a) (o (1) dt

44 PBAt 20)
A+ 2u

T
/0 /Q Q) g(e) dzyp(t) dt — / q(t)év/ady as € — 0.

D'(o,T;W*(w))<Taﬁaaﬁ751/1\/5>D(0,T;W(w)) as € — 0;

By the Duhamel-Neumann law, it results that Taﬁa = c1vap(@)+c2pap(m), for some c1, c2 € R. Moreover,
up to changing the observation time instant to to a point where u(to) € Vg (w) \ {0}, we have that

0 ="Y0p(0) = c2pas(o)-

Thanks to Theorem 2.6-3 of [10], it must be ¢2 = 0. In conclusion, it must occur that for a.a. t € (0,7)
the term fag(t)aaﬁ is directly proportional to the change of metric tensor at @ and so it vanishes almost
everywhere in w. In conclusion, we have that Y5 = 0 in C°([0, T; L?(w)).

In conclusion, we obtain that

2(K+A2%) < / B(t)ev/ady + 28 / 0aB(t)a*PDp¢ V/ady = /w g(t)ev/ady,



Thermoelastic Koiter’s model 23

for all £ € W(w) in the sense of distributions in (0, 7).
By virtue of (4), we have that w and © satisfy the initial conditions (11), and this puts us in a position
to infer that the pair (@, ©) is the unique solution of Problem Pr(w) (see Chapter 3 of [30] and Theorem 6.1
of [31]).
(vi) The weak-star convergences
u(e) = win L=(0,T; V(2)),
a(e) = in L™(0,T; L?

1 oo
Zij(e) = edy; in (0,

(
( (

( (£2)
Oe) 2 © in L™(0,T; L*(£2)
0a0(e) = 8,0 in L=(0,T; L*(£2)

established in part (i) are actually stronger, in the sense that,

u(e) — w in L*(0,T;V(02)),

w(e) — win L=(0,T; L*(2)),
%éi”]( ) = el in L(0,T; L3(12)),

O(e) = © in L™=(0,T; L*(12)),
0a0() = 8,0 in L™=(0,T; L*(£2)),
d30(g) — 830 in L>(0,T; L*(R2)).

Besides, since these limits are uniquely determined, these convergences hold for the whole families.
For each £ < &7 and for a.a. t € (0,7, let us consider the number

A@E) () = p ve(){(ii(e)(t) — iis()), g7 () (15 () (1) — () 9(e)) v (@)
[ Enyje(e)(t) _el];:”Z(t)} {Ekle( e)(t) —ézlcw(t)} V(@) da

0 g
+ K @ (OE)(1) — O(1), (Be) (1) — @(t»\/g(e»mm
+ 5 / 0a(6(E)(t) — O(1))g°? (£)95(6(e) (1) — O(1)V/3(e) du

+s/ ’ D30(e)(t) — 930 t)‘ Vgl(e)da.
On the one hand, by virtue of equations (7) and (8) of Problem P(e; 2), we get that
Ao = [ FOEOVEE @+ [ Wi OVaE ar + AB +2) [ OE)01;) 05" () Vo) ds
=20 e )0 505 T vy + 1 v (0,5 ()5 T o
72/914””(5){lék”e(s)(t)}ézl”j(t)\/@der/QAiW( e)elie(®)ely; (DV/a(e) da

+ K we2)(0(e)(t), Oe)(t )v9(5)>w<9> K - (9)(9(75) O(e)(t)Va(e)w ()
— K w2)(0(e)(1), 0t)Vg(e))w (o) + K w-(2)(O1),0t)V9(e))w (o)

—I—S’/ 9a6(2)(t)g™" (£)030(e) (1) /9 (e dm—QS/ 9a0(2)(t)g™? ()90 (t)\/g(e) da:
(P} (9]
+5 [ 0,605 (©9:00Va(e) do + 5 [ 10300 VolE) da
_zs/ {133@ e (t)}@é@(t)mdx—kS/ 92062 V/9(e) da
2
- [ rouE0viE e [ op MOROOVEE T
—2p v (o (i () (1), 15 (1) 97 (€)V/9(€)) v (2) + p v (@i (), 15 (£) 9" (€)V/ 9 () v ()
/QAwkz(g){,ek”L,( (t)} z||g(t)\/ dx+/ Aljké( )ekw ZHJ(f),/ g)dx
— K w2 (01),0()(t)V9(e)) wia) — K w-(2)(0() 1), 0(t)V9(€)w (o)
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K e (B0, 0OV wioy —25 [ 2:0) (05" (€)0,0()/a(e) o

+s/zae@¢w@mﬁ ONIE dx—zg/{ 0:0(2) ¢ } ()v/g(&) dz

+5 [ 160 VaE) o+ [ Qe d
2 (9]

An integration over the interval (0,t) gives:
/0 Ae) T)dT_/ / Fi 7)) (1) g dxd7+/ / B (+)is () () /g (&) AT dr

~2 / 1@y (7). 5 (7)™ DN g sy dr o[ o 7).y ()5 €V 3@ o
2 [ [ ane {lap@m Vi asar+ [ [ a4 eedmeln) Ve s ar
—K/W*(Q)(Q(T)a9(5)(7)\/9(5)>W(9)dT—K/W*(Q)(Q(E)(T),Q(T)\/@>W(Q)dT
+K/W*(Q) o(1)vg( W(Q)dT—I—//Q (e)(1)\/g(e) dzdr
—25/ / ENC) 9°%(£)030(7)\/g(e) da:dT+S/ / 9.6(7)g*" (£)056(7)V/g(e) dz dr
—25/0 /Q{g@g@(s)(ﬂ}8%9(7’)\/g(€)dxd7'+5/0 [2|8§9(T)|2\/9(8)dxd7.

Let € — 0, and observe that the Lebesgue dominated convergence theorem gives:
t t ] 1 [t )
i [ A@))ar = [ [ p@aovadgdr— g [ ] a7 @)pas(itn)vadydr
c—=VJo 0 Jw 0 Jw
t t
—2p / (H(w))* (ﬂa (T)7ﬂﬁ(7)ao‘f3\/a>H1(w) dr —2p / (H2(w))* <ﬂ3(7‘),ﬂ3(7’)\/a>H2(w) dr
0 0
t
-2 (K + A2 (32 + 2u)” ) / W () (O(T), O(T)Va) w () dT — 25/ / aa@(r)aaﬁag@(ﬂ\/adydr

A+ 2u
t
—S/ / |8§9(7—)|2\/6dxd7-+/ / fdydr_—s/ / |036(7)|*Va dz dr.
0 J w
In conclusion, we have shown that:

t

lim [ A(e)(r)dr <0. (25)

e—=0 Jo

On the other hand, the uniform positive-definiteness of the fourth order three-dimensional elasticity
tensor (AY*¢(¢)), Korn’s inequality (Theorem 2), and the initial conditions, give that there exists a constant
C > 0 such that:

2
L0 - )] 10 - 00l

/ Ae)(r) dr > [[ae)(t) —
0 L2(Q)

, (26)

)

3 110.0()(1) — 0aOW 3 + Hla36<e><t) —olew)
o € L2(2)

for a.a. t € (0,T). Combining (25), and (26) thus gives that
9360 = 0in L™=(0,T; L*(£2)).
and that the claimed strong convergences hold. The proof is complete.

In the asymptotic analysis conducted in Theorem 7 we noticed that, as the thickness € to zero, the mutual
interaction between the temperature and the displacement tends to zero. Indeed, the variational equations
appearing in Problem Pr(w) are uncoupled. This does not mean that there is bo interaction between the
displacement and the temperature variation. The fact that the mechanical variational equations and the
thermal variational equations in Problem Pg(w) are uncoupled is solely owing to the fact that the heat
induces a deformation expressed in terms of the change of metric tensor v,4 only. The action of the change
of metric tensor vy, at the elements of the space Vi (w) is null by definition.
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It remains to “de-scale” the results of Theorem 2, which apply to the solutions u(e) of the scaled problem
P(e; £2). This means that we need to convert these results into ones about the unknown uig"® : [0, T]x {25 —
E2, which represents the physical three-dimensional vector field of the actual reference configuration of the
shell. As shown in the next theorem, this conversion is most conveniently achieved through the introduction

€ .
of the averages % u;g"° dz§ across the thickness of the shell, a procedure which also clearly highlights
€ —E&
the striking difference (in terms of function spaces) between the asymptotic behaviors of the tangential and

normal components of the displacement field of the middle surface of the shell.

Theorem 8 Let the assumptions on the data be as in Section 4 and let the assumptions on the immersion
0 € C3(@;E®) be as in Theorem 7. Let u® = (uf) € L>=(0,T; V(£2°)) and ©° € L*(0,T; L*(£2°)) denote
for each € > 0 the unique solution of Problem P(§2).

Let ¢ € L°°(0,T; Vp(w)) and ¥ € L°>(0,T; L*(w)) denote the unique solution of Problem Pr(w).

Then

1 £
% us,g™c dz§ — Caa® in L°(0,T; H' (w)) as € — 0,
—
1 N e _3,e € 3 . oo . 1
— uzg”®dx3 — (3a” in L™(0,T; H (w)) as € — 0,
2e J_.
1 g
5 ©°dz§ — ¥ in L>(0,T; L*(w)) as € — 0.
—e

Proof The proof strategy, apart from a few slight changes concerning the time-dependent part, is analogous
to that of Theorem 4.6-1 in [10] and for this reason is omitted.

7 Justification of Koiter’s model for thermoelastic flexural shells

A commonly used two-dimensional set of equations for modelling such a shell (“two-dimensional” in
the sense that it is posed over @ instead of {2¢) was proposed in 1970 by Koiter [26, 27]. We now recall,
following Chapter 7 of [10], the modern formulation of this model in the static (i.e., time-independent) case.
Koiter’s model has also been recently studied in the context of obstacle problems by Ciarlet, Mardare and
Piersanti [17, 18, 19, 20].

First, we recall the definition of the space

Vi (w) = {n = (n;) € H'(w) x H' (w) x H*(w);mi = 0y = 0 on 0},

and we recall that the norm |[| - ||y, () is defined by:

1/2
1Ml vie () = {Z el F () + ||773§-12(w)} for each n = (1;) € Vi (w).

Next, we recall the definition the fourth-order two-dimensional elasticity tensor of the shell, viewed here
as a two-dimensional linearly elastic body, by means of its contravariant components (at this point, we have
not made any assumptions on the data yet):

apoT 4AE € « oT [e%eon T T ag
a®? ’6:7)\84_‘; —a Ba —|—2/f(a " +a aﬁ).
w

Finally, define the bilinear forms Bas(-,-) and Br(-,-) by

Wl

Bu(€,m) ::/ a®? T yor (€)ap(m)Vady, and Bp(€,n):=

w

for each € = (&) € Vi (w) and each n = (1;) € Vi (w).
Define the linear form £° by

/ U«aﬁm—pm' (&)pas(n) Vady,

€ (n) = / p"“nivady, for each n = (n;) € Vi (w),

where p"©(y) := o o (y, 25) da§ + h>S(y,e) + h"S(y, —¢) for a.a. y € w.
Then the total energy of the shell is the quadratic functional J : Vi (w) — R defined by:

3
J(n) = 5 Bar(n,m) + S Br(n,m) = €(n)  for each n € Vic(w).
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The term EBM(-, -) and B r(+,-) respectively represent the membrane part and the flexural part of

the total energy, as aptly recalled by the subscripts “M” and “F”. .
In Koiter’s model, the unknown “two-dimensional” displacement field (f xa" : @ — E? of the middle
surface 6(w) of the shell is such that the vector field % := ((f k) should be the solution of the following

problem: Find a vector field (% : w — R3 that satisfies

(k € Vk(w) and J(k)= inf J(n),
NEVk (w)

or equivalently, find (% € Vi (w) that satisfies the following variational equations:

eBr(Cicom) +€°Br(Ci,m) = (n)  for all n € Vic(w).

As first shown in [1] (see also [2]), this problem has one and only one solution. To begin with, define

the space
X (w) = Vi (w) x L (w) x W (w),

and the space
Hyg (w) := Vi (w) x L*(w) x L*(w),

and we equip them with the norms

1Ux k(@) = Inllvic ) + l1€llz2) + ITllw(w), forall U = (n,€,7) € Xk (w),
and

1U ey ) = Inllvic ) + 1€llz2) + I7ll22w),  forallU = (n,§,7) € Hk (w),
respectively. For a.a. t € (0,T), we also define

g

()= [ Q(t)(a5)daf € L (w),
—€
and, in the same fashion as the static case, we define for a.a. t € (0,7") the functions
pUE() = [ FURO)( a8) daf + W) (e) + AU (D) (- —e) € L (w).
—e

Our aim is to now formulate and justify the analogue of Koiter’s model in the case where the shell under
consideration is also subjected to the action of a heat source, apart from the usual applied body forces and
applied surface forces.

To begin with, we propose a Koiter’s model for thermoelastic shells, and we will proceed to its justifi-
cation in the case where the shell under consideration is a flexural shell.

Problem Pj (w) Find a vector field (kx = (Cik ;) = (0,T) = Vi (w) and a function 9% : (0,T) — W(w)
such that

Ci € L*(0,T; Vi (w)),

cKeL(OTL%))

% € L=(0,T; Vi (w)),

K € L7(0,T; W(w)),

% € L=, T, W*(w)),

that satisfies the following variational equations
2

d £ « £ 53 apoT,E £
25@ P (Cira(t)a™ np + (e ams)Vady + 3 / a®®7 7 por (Cie (1) pap(n)Va dy

se3>\ +2 i,€
—%/A e die(van(maVady = [y (Omv/ady,

for all § = (1;) € Vi (w), in the sense of distributions in (0,7),

(27)

5 £\2
25% (K€+(A€)Q%> ﬂ%(t)ﬁx/&dy+2ssa/ D% (1)a’ s /a dy

d 3N+ 2u°

+de Asugmévaﬁ(@(t))aaﬂ\/ﬁdyZ/wqg(t)ﬁx/adyv

for all £ € W(w), in the sense of distributions in (0,7),

(28)
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and that satisfy the initial conditions

Cic(0) = Go,
Cr (0) = ¢, (29)
O (0) = Vo,

where the initial data satisfies (4). [ ]

Once again, mimicking the proof of the results contained in [23], noticing that X i (w) is dense in Hg (w),
and applying Proposition 6.2 of [22] gives that Problem Pj% (w) admits a unique solution and, moreover,
the velocity field 5 (¢) is in the space Vi (w) for a.a. t € (0,T).

We are now ready to state Koiter’s model for a general linearly elastic shell. The forthcoming analysis
resorts to an argument similar to the one used in Theorem 7.2-3 of [10] (itself based on [37] and, especially,
on [16]), and constitutes the third new result in this paper.

Theorem 9 Let w be a domain in R? and let @ € C3(w; E*) be an immersion. Consider a family of flexural
shells with thickness 2e approaching zero and with each having the same middle surface 6(w). Let vo be
a non-empty relatively open subset of v, and assume that each shell is subject to a boundary condition of
place along a portion of its lateral face, whose middle curve is the set 6(70),
Finally, assume that there exist functions f* € H*(0,T;L*(2)), h* € H'(0,T; L*(I'+ UT-)) and Q €

L>=(0,T; L*(£2)) independent of ¢ such that the assumptions (5) hold, i.e.,

FoE(t)(2%) = 2 (t)(z) at a.a. t € (0,T) and a.a. © € 2,

hUE () (2f) = W' (t)(z) at a.a. t € (0,T) and a.a. z € [y UT_,

Q°(t)(z°) = £%Q(t)(x) at a.a. t € (0,T) and a.a. z € £2,

as well as the assumptions on the coefficients (6) hold, i.e., there exist positive constants p, A, K, S, A and
1 such that:

£

p°(zf) =%p at a.a. x € 12,
A®(2°) = A at a.a. x € (2,
K®(2°) = &’K at a.a. x € (2,
S€(x°) = €S at a.a. z € 12,
A=) and puf=p.
For each € > 0, let the pair ((%,Y%) denote the solution of Problem Py (w). Then the following con-
vergences hold:

Cic = ¢ in L=(0,T; Vk(w)) as € — 0,
¢ — ¢ in L™(0,T; L*(w)) as e — 0, (30)
% — 0 in L(0,T;L*(w)) as € — 0,

where the pair ({,¥) denotes the unique solution of Problem Pr(w).
Proof The outline of the proof is to a large extent inspired by the proof of Theorem 7.2-3 in [10] (itself
adapted from [14]), where only the static case is considered. This is why some parts of the proof are
reminiscent of those in [10]; otherwise, considering the time-dependence and requires extra care. For sake
of clarity, we break the proof into three parts, numbered (i)—(iii).

(i) There exist subsequences, still denoted (i )e>o0 and (9% )e>o0, and there exist { € L™ (0,T; Vi (w))
and ¢ € L=(0,T; W (w)) such that the following convergence process holds:

Ck = ¢ in L*(0,T; Vi (w)),
(i = ¢ in L%(0,T; L (w)),
(i = ¢ in L¥(0,T; Vg (w)),
95 =9 in L(0,T; L*(w)),
a5 — 0a® in L2(0,T; L*(w)),
95 =9 in L0, T; W™ (w)).

31

By virtue of the results contained in [23] and Proposition 6.2 of [22], we can specialise n = (% (t) and
& = 9% (¢) in the variational equations (27) and (28) of Problem Pj% (w) at a certain time instant ¢ € (0,7).
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After such a specialisation, we sum equations (27) and (28) of Problem P (w), getting:
20€® (1. (o)) (Cie o (8), 6P Coe g (V@) (111 () + 202 (112 (w0 (Cie (1), Che s (V@) 112 (o)

3
b [ @ GO as (CieOWady + 5 [ a7 por (Ciel)pas(Cie®)Vady

(3)\ + 2u)? (32)

23 [ K + A2
+6(+ N+ 2

) et (05 (0, 95 (DY@ w o)

2583 / Datic (H)a®* D505 (£)v/a dy — /

w

P (1) (t)ady + / ¢ ()95 (1) Va dy.

Carrying an integration in the interval (0,t), dividing (32) by €%, and resorting to the uniform positive-
definiteness of the fourth order two-dimensional elasticity tensor, Korn’s inequality on general surface
(Theorem 4), Holder’s inequality and Young’s inequality [39] gives:

LE 1 £ £ T £
||CK(t)||2L'2(w) + E”CK(t)”%/K(w) + ||19K(t)||2L2(w) + Z/O ||3a19K(t)||2L2(w) dt

2

< IOl + 3 | Franteicto)
a,B

T
+ Z 1Pas (S 172wy + 195 (0|2 ) + Z/ 106 9% () |72 () dt
L2(w) a,B o 0

T T
<C{|ICO||%/F(W)+C1||%2(w)+||190||3v<w>+/0 €k M)lz2 () dt+/0 [19% (D] L2 ) dt},

for some C' = C’(pi, g) > 0 and some ¢ = ¢(w,~0,0) > 0. Hence, by Gronwall’s inequality, we can conclude
that
(¢k)e>o0 is bounded in L™ (0,T; Vi (w)),
(¢§<)a> is bounded in L*(0, T} LQ(w)),
(%) is bounded in L™ (0, T; Vi (w)),
(15/(15((;()) is bounded in LOO(O’ T’ LQ(Q}))’ (33)
© £>0

Ik

0

e>0
)e>0 is bounded in L™(0,T; L*(w)),

(D% )e>0 is bounded in L*(0,T; L*(w)),
e>0

(9% )e>o0 is bounded in L™ (0, T; W*(w)),

and the conclusion is thus reached by the Banach-Alaoglu-Bourbaki theorem (cf., e.g., Theorem 3.6 of [6]).
(ii) The found weak-star pair (¢, ) is the unique solution of Problem Pr(w). Let us test the variational
equations (27) at n € Vp(w), and at ¢ € D(0,T), and divide these equations by €. We obtain:

T B T .
2/)/0 (i (@) (Ci (1), a*P153/a) g ()0 (t) dt+2p/0 (H2 () (Chc,3(1), m3v/a) g2 ¥ (t) dt

T T
w0 e e mvadys© a5 [ [ (G )pos () Vady(o) a

4 (32
g2 A+2u

)/()T/wﬁ%(t)a“ﬁvaﬁ(n)\/ﬁdyw(t) dt:/OT/wpi(t)m\/adW(t) dt.

By virtue of the convergence process (33), letting € — 0 in the equations above gives:

d2 « 1 aBoT %
205 [ G5+ Glom)Vady + 3 [ @ porCO)papmVady = [ pOmvady,
for all n = (1;) € Vr(w) in the sense of distributions in (0, 7).
Let us test the variational equations (28) at £ € W (w), and at ¢ € D(0,T'), and divide these equations
by €. We obtain:

2 2 T . T
2@*%)/0 w(w) (V% (), EVa) w () () dt+2S/0 /waaﬁ‘i{(t)aa’gagéx/adyz/)(t) dt
% 3A+2u T e WP/ B T _
. M(>\+2u)/o /w%zﬂ(CK(t)) §\fdy¢(t)dt—/o /wq(t)ffdyw(t)dt.

By virtue of the convergence process (31), the Duhamel-Neumann law, and the fact that ¢(t) € Vi (w)
for a.a. t € (0,T) (Theorem 6), letting e — 0 in the equations above gives:

2 2
2 (K+ %) 3 | rwevadures [owmaosevad = [ aweva,
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for all £ € W(w) in the sense of distributions in (0,7"), proving the claim.
(iii) The weak-star convergences established in (i) are actually stronger, in the sense of the process (30),
i.€e.,

(i — ¢ in L™(0,T; Vk(w)) as € — 0,
¢ = ¢ in L=(0,T;L*(w)) as € — 0,
% — 19 in L=(0,T;L*(w)) as e — 0.

Let us define, for a.a. t € (0,7) and for all 0 < € < g1,

AE)(E) 1 =20 (111 () (e (t) — Calt), a®P (Cip — (8 (O))V@) 1 ()
+2p (12 (w))- (Cie,3(t) — Ca(t), (Ck,3 — G3(0))Va@) ()

5 [ a0 €0~ COmplEiclt) - e)Vady

+%/GQBUT/JM(CK t) = ¢(t))pap (Cic (1) — C(t)Vady

2
w2 (10 BELBEY [z - o) 5t~ Do) vady

+25 [ 00 (05c(t) — 9(0)a*0503c(1) ~ 9(1) Vady.

By virtue of equations (27) and (28) of Problem P (w) and the fact that ¢(¢) and ¢(t) belong to Vi (w)
for a.a. t € (0,T), we get that:

Ae)(t) = / (B¢ ()Vady + / a(t)9% (t)va dy
2 (i) (Ciea (1), a®P (V) 1 0y — 20 (51 () (Calt), a®P Ce s (V@) 1 ()

- 4P/ G3(t)Ch 3 (t)Vady + 20/ GMEGMOVady + 2o (71w (Calt), aaﬁéﬁ(t)\/@m(w)

2 / a7 o (Cie (1)) (E(8) Vady + © / 077 o (C(1)) Paus (€ (1)) v/ dy

3
(3“2“)) [ srewiovaay

ATBA+ 2)7 )/ﬁ%(t)ﬁ(t)ﬁdy—2<K+A 2l

A+ 24
A2 (3X + 2p)?
A+ 20

(K

+2(K+ )/w B()I(t)ady — 45/8 95 ()aP D50(t )fdy+2s/a 9(t)a®? 959 (t)y/a dy.

On the one hand, letting ¢ — 0 gives

t

lim Ale)(r)dr (34)

e—0 0

as the limit satisfies the equations (9) and (10) of Problem Pg(w) for a.a. t € (0,T).

On the other hand, by virtue of the uniform positive-definiteness of the fourth order two-dimensional
elasticity tensor (a®?°7), Korn’s inequality on general surfaces (Theorem 4), the uniform positive-definiteness
of the matrix (a®?), and the initial conditions, we obtain that there exists a constant C' > 0 independent
of & for which:

[t e g c
& | M@ ar > i~ {0l + 16 - Ol

(35)
195 (5) = D032y + 3 190t (5) — Bad(B)] 32,

for a.a. ¢ € (0,7). Putting together (35) and (34), the conclusion immediately follows and the proof is
complete.
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8 Justification of Koiter’s model for thermoelastic elliptic membranes

The last part of the paper is devoted to the justification of Koiter’s model in the case where the linearly
elastic shells under consideration is a linearly elastic elliptic membrane shell (from now on simply elliptic
membrane).

In section 3, we considered a variational problem for “general” linearly elastic shells. From now on, we
will restrict ourselves to a specific class of shells, according to the following definition (proposed in [13]; see
also [10]).

Consider a linearly elastic shell, subjected to the various assumptions set forth in section 3. Such a
shell is said to be a linearly elastic elliptic membrane shell if the following two additional assumptions are
satisfied: first, 7o = 7, i.e., the homogeneous boundary condition of place is imposed over the entire lateral
face v x [—&, €] of the shell, and second, its middle surface 8(w) is elliptic, in the sense of section 2.

The following result is of paramount importance when studying elliptic membrane shells.

Theorem 10 Let w be a domain in R? and let an immersion 0 € C3(w; E*) be given such that the surface
0(w) is elliptic. Define the space

Vi (w) := Hy(w) x Hy(w) x L*(w).

Then there exists a constant co such that

1/2
{z ol + ol } < { S sl }
« a7ﬁ

for allm = (m;) € Vpr(w). O

1/2

The above inequality, which is due to [15] and [21] (see also Theorem 2.7-3 of [10]), constitutes an
example of a Korn’s inequality on a surface, in the sense that it provides an estimate of an appropriate
norm of a displacement field defined on a surface in terms of an appropriate norm of a specific “measure of
strain” (here, the linearised change of metric tensor) corresponding to the displacement field considered.

In the recent paper [7] the authors performed a formal asymptotic analysis of the model, the point of
departure of which was Problem P (£2°). In order to conduct the asymptotic analyses in [7], the authors made
the following assumptions on the data: there exist functions f* € H'(0,T; L*(R2)), h* € H*(0,T; L*(I'+ U
I'_)), Q € L*(0,T; L*(2)) independent on e such that the following assumptions on the data hold:

o) (%) = f'(t)(x) at a.a. t € (0,T) and a.a. z € £2,
RS (t)(z°) = eh’(t)(z) at a.a. t € (0,T) and a.a. x € [y UT_, (36)
Q°(t)(z°) = Q(t)(x) at a.a. t € (0,T) and a.a. x € £2.

Finally, we assume that there exist positive constants p, A, K, S, A and p such that

p°(z°) = p at a.a. T € (2,
A%(z°) = A at a.a. z € £2,
K®(z°) = K at a.a. x € £2, (37)
S°(z°) = S at a.a. z € £2,

A=), and u°=p.
The following convergence result was obtained (see Theorem 5 of [7]).

Theorem 11 Assume that @ € C*(@;E®). Consider a family of elliptic membranes with thickness 2¢ ap-
proaching zero and all sharing the same elliptic middle surface 8(w). For all 0 < ¢ < g9 let the pair
(u(e), O©(g)) be the solution of the associated three-dimensional scaled Problem P(e; §2).

Then, there exist functions ©,us € H*(2) satisfying © = 0 on vy x [—1,1] and a function us € L*(£2)
such that

Ua(€) = ua in L(0,T; H'(2)),
uz(e) — uz in L(0,T; L*(12)),
O(e) = © in L>(0,T; L*(£2)).

Besides, the functions u; and 9 are independent of the transverse variable x3, and the pair (u,©) is the
unique solution of the two-dimensional limit problem Py (w):
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Problem Py (w) Find a vector field ¢ = (&) : (0,T) — Vi (w) := Hi (w) x H (w) x L?(w) and a function
9 :(0,T) — Hj(w) such that

¢ € L(0,T; Vi (w)),

¢ € L¥(0,T; L*(w)),

¢ € L¥(0,T; Vir(w)),

9 € L=(0,T; Hy(w)),

9 € L0, T; H (w)),

that satisfies the following variational equations

25 [ (Caltla® s +Cm)Vady+ [ a7 (CO) s () Vady
—aan (352 [ o0asmavaay = [ ' Onvads (33)

for all n = (n;) € Var(w), in the sense of distributions in (0,7),

2<K+A2(3§:17§M)) dt/ﬂ(t)g\fdy+23/ B (t)a*P dpe/ady

4 (?jjj) < / o (C(1))a® Va dy = /w a()EVady, (39)

for all ¢ € Hy(w), in the sense of distributions in (0, ),

and that satisfy the initial conditions

¢(0) = Co,
¢(0) = ¢, (40)

e(0) = Yo,
for a sufficiently smooth initial data (o, ¢1,70). |
Clearly, by semi-groups theory (cf., e.g., [23]), it results that ¢ € L*°(0,T; Var(w)). O

The purpose of the next theorem is to justify Koiter’s model by means of a rigorous asymptotic analysis
as the thickness of the shell approaches zero in the case where the shell under consideration is an elliptic
membrane. This constitutes the fourth new result in this paper.

Theorem 12 Let w be a domain in R? and let @ € C3(@; E?) be an immersion. Consider a family of elliptic
membranes with thickness 2¢ approaching zero and with each having the same middle surface 0(w).
Finally, assume that there exist functions f* € H'(0,T;L*(2)), h* € H*(0,T; L*(I't UT-)) and Q €
L>(0,T; L?(R2)) independent of € such that the assumptions (36) hold.
For each € > 0, let the pair (C5,V%) denote the solution of Problem Py (w). Then the following con-
vergence holds:
Ci — ¢ in L*(0,T; Vi (w)) as € — 0,
(i = ¢ in L*(0,T; L% (w)) as € = 0, (41)
% —9 in L*(0,T; L*(w)) as € — 0,

where the pair ({,9) denotes the unique solution of Problem Py (w).

Proof The outline of the proof is to a large extent inspired by the proof of Theorem 7.2-3 in [10] (itself
adapted from [14]), where only the static case is considered, and Theorem 9. This is why some parts of
the proof are reminiscent of those in [10]; otherwise, considering the time dependence requires substantial
extra care. For sake of clarity, we break the proof into three parts, numbered (i)—(iii).
(i) There exist subsequences, still denoted ((k)e>o0 and (9% )e>0, and there exist { € L*(0,T; Vas(w))

and 9 € L*(0,T; H} (w)) such that the following convergence process holds:

Cic = ¢ in L¥(0,T; Vi (w)),

{ic = ¢ in L°(0, T; L2 (w)),

{ic = {in L%(0, T; Vi (w)),

95 =9 in L>(0,T; L*(w)),

D% — ¥ in L*(0,T; L*(w)),
95 =9 in L°(0,T; H ' (w)).

(42)
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By virtue of the results contained in [23] and Proposition 6.2 of [22], we can specialise n = {5 (¢) and
& = 9% (t) in the variational equations (27) and (28) of Problem Pj (w) at a certain time instant ¢ € (0,7T).
After specialising in this fashion, we sum equations (27) and (28) of Problem P% (w), getting:

2p5H*1(w)<§;{,a(t)aaa )7&%,3(t)\/a>Hg(w)

3
e [ @ GO as CicOWady + 5 [ a7 por (Cielt)pas(Cie®)Vady

BC%,&@)\/@H;(UJ) + 2pe pr-2(0) (Che 3 (t

3A+2 2 g€ € € «a € (43)
L) s o 5O, 5OV iy + 25 [ 000500 050300y

/ PP (1) (b vady + / ¢ (0% (t)v/a dy.

+ 2 <K+A2

Carrying an integration in the interval (0, t), dividing by ¢ in (43), and resorting to the uniform positive-
definiteness of the fourth order two-dimensional elasticity tensor, Korn’s inequality on an elliptic surface
(Theorem 10) and Holder’s inequality gives:

LE 1 £ 5 T £
1€ (D122 ) + EIICK(t)II%Kw) + [[9% ()22 (w) +Z/O 1005 (1)1172 ) dt
T
<EE O T20) + D Iras €k @)IT2w) + D llepas(Ci @)1z ) + 195 (D112 + Z/O 1005 (£)[172 ) dt
a,B a,f a

T T
< C{HCOH%/M(M) + (€1 1E2 () + 190017 (o) +/0 1€ (8) 22w dt+/0 19% (8)[| 2 (w) dt},

for some C' = C(p*, q) > 0 and some ¢ = ¢(w,0,8) > 0. Hence, by Gronwall’s inequality, we can conclude
that

(Ck)e>0
($)e>0
(S
(ehap(C%))en0
(9% )e>0
(0a¥i)e>0
(9% )e>0

is bounded in L*(0,T; Vi (w)),
is bounded in L™ (0, T; L*(w)),
is bounded in L*(0,T; Vi (w)),
is bounded in L (0, T}; L*(w)),
is bounded in L™ (0, T}; L*(w)),
is bounded in L™ (0,T; L* (w)),

(

is bounded in L™ (0, T; H™ *(w)),

and the conclusion is thus reached by the Banach-Alaoglu-Bourbaki theorem (cf., e.g., Theorem 3.6 of [6]).
(ii) The weak-star pair (§,9) is the unique solution of Problem Ppr(w). Let us test the variational
equations (27) at n € Vs (w), and at ¢ € D(0,T), and divide these equations by e. We obtain:

T . T ..
2 / 11 0 (5t (8), 0P 538 3 oy (1) lt -+ / / &5 a(E)mav/a dyns(t) dt

T 2 T
+ [ [ i mvaden a5 [ [ a7 o G )pasmvaayi) ar

3A+2p
A+ 2p

—4Au<

> /0 : /W i (1)a™ yap(n)Va dyy(t) dt = /0 ! /w p'(t)nivadyp(t) dt

By virtue of the convergence process (31), letting ¢ — 0 in the equations above gives:

20 32

/ (Cat)aPns + Ca(tys)va dy + /

a®P T g7 (C(t))Vap (M) Vady

w

~aAu (3A - 2“) [ 000 0stmvaay = [ ponvaay,

A4 2p

for all m =

(n:) € Vam(w) in the sense of distributions in (0, T).

Let us test the variational equations (28) at & € H{ (w), and at ¢ € D(0,T), and divide these equations

by €. We obtain
A% (3X\ + 2p)?

2| K+ ————

( + A+ 2pu

3A+2p
+4Ap ()\+2u>/ dt/’YaﬁCK

T ) T
) / -1 o) (D (1), 66/) 3 oy 6(8) it + 25 / / Da®ic (£)a™ Do /a dyip(1)

T
OLB a = & a
evadyd(t) dt /0 /w ¢ (O)evadyp () dt
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By virtue of the convergence process (42) and the fact that ¢(t) € Var(w) for a.a. t € (0,T) (cf., e.g.,
[23]), letting € — 0 in the equations above gives:

A2 2
5 (K+ (i’iizj“)) %/wz?(t)g\/ady + 2s/w 0ad(t)a®? Ds¢/ady
T 4Au (‘?ji’j) & | rescoaevaay = [ awevaay,

for all £ € H§(w) in the sense of distributions in (0, T).
(iii) The weak-star convergences established in (i) are actually stronger, in the sense of the process (41),
i.€.,

(i — ¢ in L=(0,T; Vk(w)) as € — 0,
i = ¢ in L®(0,T;L*(w)) as € — 0,
% =9 in L™(0,T;L*w)) as e — 0.

Let us define, for a.a. t € (0,7) and for all 0 < € < g1,
AE)() : = 2p -1 (w) (Ciia(t) = Ca(t),a® ((es — o)V 2 () + 20 /(5%,3(0 — G3(1)(Ck,3 — ¢s(t)Vady

2
b [ @ (Gielt) = CO)an (i)~ EOWady + G [ a7 (Gl®) = €)1 (Eic(0) — CB)Vady

A%(3X + 2p)?

2K
+<+ A42u

) [ e =00t~ dtvacy
+25 [ 0a(05c(t) ~ 9(0)a05 (V5 () ~ 9(0) Vady.

By virtue of equations (27) and (28) of Problem P (w) and the fact that ¢(¢) and ¢(t) belong to Vas(w)
for a.a. t € (0,T), we get that

Ae)(t) = / (B¢ (Vady + / a(t)9% (t)va dy
—2p H*%w)(éfﬂa(t)v aaﬁéﬁ(t))\/g>Hé(w) —2p H*l(w)<é'a(t)7 aaﬂé%,ﬁ(t)\/a>H,}(w)
—4p / Ea()) e 5(0Vady + 20 11wy (Eat), a™ (V) b1y (o) + 20 / Ea(t)is(t)Vady
9 / 07 (Coe (D) rap (E(E)Vady + / a7 (C(6)) v (E(1)Va dy

w
22

3 a“ﬁ‘”pw(C?c(t))paﬁ(ﬁ(t))\/&dy+%/ a®77 por (§())pap (D) Vady

)/wqé%(t)ﬁ(t)\/&dyd(f(+ W)Aﬁ%(twwﬁdy

A2(3X + 2p)?
A+ 2u

A (3X +2p)?
A4 2u

(K

+2 (K + ) / I()9(t)vady — 48 / Do ()a®P0p9(t)v/ady + 25 / Da?(t)a™P 059 (t)v/a dy.

On the one hand, letting ¢ — 0 gives

t
shg(la | Ae)(r)dr =0, (44)
as the limit satisfies the equations (38) and (39) of Problem Pjs(w) for a.a. t € (0,T).

On the other hand, by virtue of the uniform positive-definiteness of the fourth order two-dimensional
elasticity tensor (a‘xﬂ ?7), Korn’s inequality for elliptic surfaces (Theorem 10), as well as the uniform positive-
definiteness of the matrix (a®?), and the initial conditions, we obtain that there exists a constant C' > 0
independent of € for which:

t . .
& | M@ ar = i = {0l + 16 - COl

(45)
+ 9% (8) = D22 () + Y 10a0% () = Bad (D)2 (w),

for a.a. ¢ € (0,7). Putting together (44) and (45), the conclusion immediately follows and the proof is
complete.
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Conclusions

In this paper we first conducted — after making a suitable assumption on the data — a rigorous asymptotic
analysis on a time-dependent thermoelastic three-dimensional flexural shell model as the shell thickness
approaches zero, and we recovered a time-dependent thermoelastic two-dimensional limit model, where the
mechanical and thermal equations do not exhibit any couplings.

Secondly, we proposed and justified a suitable time-dependent thermoelastic model of Koiter’s type for
flexural shells. We showed that under the same assumption on the data made beforehand, the proposed
model of Koiter’s type converges to the same two-dimensional limit model recovered as outcome of the
asymptotic analysis conducted on the original three-dimensional mode in the case where the shell under
consideration is a flexural shell.

Finally, we showed that our proposed time-dependent thermoelastic Koiter’s model converges to the
time-dependent thermoelastic two-dimensional limit model for elliptic membrane shells recovered in [7]
provided that the given data satisfies the same assumptions made in the aforementioned bibliographical
reference.
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