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Simulation of Viscous Fingering Instability by the Lattice Boltzmann Method

The viscous fingering instability is successfully simulated within a lattice Boltzmann framework. Each species of the mixture is governed by its own kinetic equation and a force takes into account the diffusion between species. The influence of the porous medium is mimicked by using the gray lattice Boltzmann model or the Brinkman force model. In this study, both representations of the porous medium yield equivalent results. Then a physical analysis of the instability is performed and two different dynamical behaviour are stated and discussed. Finally, it is observed that a high Péclet number intensify the instability and the viscous dissipation stemming from the Darcy-Brinkman equations delay the development of the fingers in the case of large effective viscosity.

I. Introduction

Mixing in porous media is particularly difficult due to the absence of inertia but it plays a key role in carbon sequestration, oil recovery, mantle convection, microfluidic device, and chromatographic columns. High Reynolds number flows can be actively stirred by turbulence but other mechanisms are needed in a porous medium. The generation of an interfacial instability is one mechanism among others that can improve the mixing. This instability can be driven by chemical reactions, density stratification (Rayleigh-Taylor instability), or difference in viscosity. Here, we focus on the latter, which is called viscous fingering or Saffman-Taylor instability. This interfacial instability occurs when a less viscous fluid displaces a more viscous fluid in a porous medium [START_REF] Homsy | Viscous Fingering in Porous Media[END_REF]. Finger-like patterns emerge and grow, exhibiting complex dynamics.

Since the pioneer work of Hill [START_REF] Hill | Channeling in packed columns[END_REF] in 1952 and Saffman and Taylor [START_REF] Saffman | The penetration of a fluid into a porous medium or Hele-Shaw cell containing a more viscous liquid[END_REF] in 1958, extensive investigations has been performed on both immiscible and miscible fluids. A distinctive characteristic of miscible fluids is the lack of a sharp interface. Mixing produces changes to the fluid since the properties of the mixture vary continuously while diffusion occurs. Usually, the viscous fingering is modeled by using Darcy's law and a scalar transport equation for the concentration. A relation between the viscosity and the concentration of the components must be defined. Most articles follow the standard literature rather than a physical rigor and assume an exponential dependence. In this paper, the viscous fingering instability is simulated with a lattice Boltzmann framework. The interactions between the species of the mixtures are taken into account by means of a forcing term. This model for miscible fluids has been recently introduced in Ref. [START_REF] Vienne | Lattice Boltzmann model for miscible gases: a forcing term approach[END_REF]. One of the important feature of this model lies in the computation of the viscosity coefficient which has a more rigorous physical foundation, stemming from approximations of the kinetic theory of gases extended to mixtures. Adopting a lattice Boltzmann approach, we investigate two strategies so as to mimic the porous medium effects: the gray lattice Boltzmann model assuming a partial reflection condition and the Brinkman force model adding a drag force.

This paper is laid out as follows. In the first section, we present the lattice Boltzmann model for miscible mixture, and how the porous medium is modeled. In the second section, the viscous fingering dynamic is highlighted. The development of the instability is studied globally through the evolution of the mixing length. Then, we focus on the two main stages of the instability, the first one in the early times when the fingers grow linearly and the second one when the fingers interact with strong non-linearity. The influence of different parameters such as the ratio of the rate of advection to the rate of diffusion (Péclet number), the porous representation, and the effective viscosity are underlined.

II. Model

A. Simplified kinetic model for miscible mixtures

The lattice Boltzmann method is an alternative method for simulating fluid flows by solving a simplified formulation of the kinetic model. A mixture is composed of multiple species and each species is defined by its own distribution function, which is governed by its own kinetic equation. The present lattice Boltzmann model for miscible mixtures is based on a forcing term approach. We summarize here its main features and a more detailed presentation can be found in Ref. [START_REF] Vienne | Lattice Boltzmann model for miscible gases: a forcing term approach[END_REF].

Let m and n denote different species (m, n = 1, 2, ..., N; N being the total number of species). The distribution function of species m, f m α , obeys the following discrete kinetic equation

f m α (x + e α δ t , t + δ t ) = f m α (x, t) - δ t τ m f m α (x, t) -f m(eq) α (x, t) + δ t S m α (x, t) (1) 
where x, t, α, and τ m are, respectively, the spatial coordinate, the time, the number of discrete kinetic velocities e α , and the relaxation time of each species. Usually, the left and right hand sides of Eq. ( 1) are processed separately into two steps: streaming and collision, respectively. The equilibrium distribution functions, f m(eq) α

, are given by the standard polynomial formulation,

f m(eq) α = ρ m ω α 1 + u m • e α c 2 s + (u m • e α ) 2 2c 4 s - u m • u m 2c 2 s . (2) 
S m α is the source term from Guo's forcing scheme [START_REF] Guo | Discrete lattice effects on the forcing term in the lattice Boltzmann method[END_REF], widely used in order to include forces in the lattice Boltzmann algorithm,

S m α = (1 - δ t 2τ m )ω α e α -u m c 2 s + (e α • u m )e α c 4 s • F m (3) 
F m being the force acting on the m-th species which is derived in the following to take into account the species interactions.

In this study, we use the so-called D2Q9 isothermal, two-dimensional and nine-velocity discretisation. Extension to the three-dimensional formulation (D3Q19 or D3Q27) is straightforward. The pseudo-sound velocity is c 2 s = 1 3 , the kinetic velocities are expressed as

e α = 0 1 0 -1 0 1 -1 -1 1 0 0 1 0 -1 1 1 -1 -1 T 1 ≤ α ≤ 9 (4) 
and the lattice weights are equals to

ω α = 4 9 1 9 1 9 1 9 1 9 1 36 1 36 1 36 1 36 T 1 ≤ α ≤ 9. (5) 
The macroscopic quantities, namely the density and momentum of each species, are obtained by computing the different moments of the distribution functions.

ρ m = α f m α , ρ m u m = α f m α e α + δ t 2 F m . (6) 
The resulting macroscopic equations are the conservation equations for low Mach number flows subjected to a body force (e.g. gravity). In order to take into account the interaction of miscible species, we introduce diffusion forces. These forces are derived from kinetic theory by Kerkhof and Geboers [START_REF] Kerkhof | Toward a unified theory of isotropic molecular transport phenomena[END_REF],

F D,m = -p N n=1 x m x n D mn (u m -u n ), (7) 
and

F m becomes F m = F D,m + F B,m (8) 
where F B,m is a body force and p is the total pressure given by Dalton's law p = m p m . As a result, the discrete kinetic equations Eq. ( 1) for the various species are coupled through F m . Since the diffusion force F D,m depends on the velocity, total pressure p, molar fractions x m , and (Maxwell-Stefan or binary) diffusion coefficients D mn , a linear system must be solved at each time step in order to compute the species momentum by means of Eq. ( 6).

In the standard lattice Boltzmann equation, the pseudo (isothermal) speed of sound (c s ) is fixed by the lattice. For D2Q9 velocity set, c s is equal to c 2 s = 1/3 for all species which is not the case for mixture of species having different molecular masses. Recalling that the partial pressure obeys the ideal gas law, p m = ρ m c 2 s,m and c 2 s,m = RT/M m , where R is the universal gas constant, T is the temperature, and M m is the species molecular mass; we introduce the following body force in order to take into account species having different molecular masses

F B,m = (1 -β m )c 2 s ∇ρ m , (9) 
where the gradient term is computed by means of a compact scheme

∇ρ m (x) = 1 c 2 s α ω α e α ρ m (x + e α ). (10) 
The partial pressure then becomes

p m = β m c 2 s ρ m (11) 
where β m = c 2 s,m /c 2 s is the ratio between the species and the standard LBM pseudo speeds of sound. The lattice Boltzmann scheme still retains a connection with the macroscopic scale through the moments of the distribution functions (Eqs. 6), and the relation between the relaxation time and the viscosity stemming from the Chapman-Enskog expansion (see V.A)

µ m = ρ m c 2 s (τ m - δ t 2 ). (12) 
The viscosity of a species has a similar formulation as Wilke's law [START_REF] Vienne | Lattice Boltzmann model for miscible gases: a forcing term approach[END_REF] 

µ m = x m µ 0,m N n x n Φ mn (13) 
where µ 0,m is the viscosity of the pure species m, x m is the molar fraction of species m, and

Φ mn = 1 2 √ 2 1 + M m M n -1 2 1 + µ 0,m µ 0,n 1 2 M n M m 1 4 2 . ( 14 
)
Complex diffusion between species can successfully be simulated by the present approach [START_REF] Vienne | Lattice Boltzmann model for miscible gases: a forcing term approach[END_REF]. For purely diffusive flow, the dynamic predicted by Maxwell-Stefan's equations is recovered and non-Fickian behaviors such as reverse, osmotic or barrier diffusion may occur.

B. Porous medium

Porous media, such as natural soils or sedimentary rocks, are incredibly difficult to model due to the heterogeneous structure and composition of the pores at many different scales. Moreover, the simulation of a large-scale flow at the pore scale is often impractical because of long CPU time and excessive memory consumption. Hence, a volume average approach is usually used to overcome these difficulties. In this case, Darcy or Darcy-Brinkman semi-empirical equations are solved and porosity, permeability, and other measurements are defined. In the case of a single fluid, the Brinkman equation adds a drag force to the Stokes equations,

∇p = - µ K u + ∇ • µ e ∇u + (∇u) T ( 15 
)
where p is the pressure, K is the permeability of the medium, u is the fluid velocity, and µ e is the effective viscosity which may not be equal the fluid viscosity. The Brinkman equations are a convenient transition model between Darcy regime (K → 0 or ∇ • µ e ∇u + (∇u) T → 0) and Stokes regimes (K → +∞).

It is to be noted that the dynamics of the viscous fingering is mainly governed by the Darcy equation [START_REF] Homsy | Viscous Fingering in Porous Media[END_REF] thereby the Brinkman term, ∇ • µ e ∇u + (∇u) T , is not of primary importance and the effective viscosity is taken equal to the fluid viscosity unless otherwise stated. Indeed, the literature [START_REF] Homsy | Viscous Fingering in Porous Media[END_REF][START_REF] Tan | Stability of miscible displacements in porous media: Rectilinear flow[END_REF][START_REF] Pramanik | Effect of Péclet number on miscible rectilinear displacement in a Hele-Shaw cell[END_REF][START_REF] Hota | Nonmodal linear stability analysis of miscible viscous fingering in porous media[END_REF][START_REF] Nijjer | The dynamics of miscible viscous fingering from onset to shutdown[END_REF] only considers Darcy's equations. The latter equations correctly described flows in Hele-Shaw cells and in simple porous media whereas Darcy-Brinkman's equations are often used as a transition model between porous flow and Stokes flow such as in the case of fractured porous media. In order to give some insight on the influence of the effective viscosity, three simulations are also performed with different ratios of viscosity and effective viscosity .

Furthermore, the porous medium is assumed to be isotropic and the permeability is given by a scalar value. Viscous fingering in anisotropic media is studied in Ref. [START_REF] Norouzi | A numerical study on miscible viscous fingering instability in anisotropic porous media[END_REF]. The originality of this work is the use of the aforementioned lattice Boltzmann model for miscible mixtures. Neither transport equation for the concentration, nor Darcy equation with exponential viscosity dependency are solved. Each species dynamic is governed by its own kinetic equation (Eq. ( 1)) and the viscosity of species stemmed from the kinetic theory of gases (Eq. ( 13)). In this section, we present how the porous medium effects are introduced in the lattice Boltzmann framework.

Gray lattice Boltzmann

Taking the advantage of the mesoscopic view of the lattice Boltzmann method, a porous medium can be modeled by different means. We first present the so-called gray lattice Boltzmann scheme where a special condition is applied on the whole domain: in each cell during the streaming step, the distribution functions are bounced back with a certain amount. Various schemes are proposed in the literature. In Ref. [START_REF] Walsh | A new partial-bounceback lattice-Boltzmann method for fluid flow through heterogeneous media[END_REF], the local pre-collision distribution functions are reflected whereas in Ref. [START_REF] Zhu | An improved gray lattice Boltzmann model for simulating fluid flow in multi-scale porous media[END_REF], the local post-collision distribution functions are taken as reflected distribution functions. Yoshida and Hayashi [START_REF] Yoshida | Transmission-Reflection Coefficient in the Lattice Boltzmann Method[END_REF] also suggest a gray lattice Boltzmann model based on Ref. [START_REF] Thorne | Lattice Boltzmann model for the elder problem[END_REF] but the neighboring post-collision distribution functions are reflected. Despite some differences, all the previous gray lattice Boltzmann schemes [START_REF] Walsh | A new partial-bounceback lattice-Boltzmann method for fluid flow through heterogeneous media[END_REF][START_REF] Zhu | An improved gray lattice Boltzmann model for simulating fluid flow in multi-scale porous media[END_REF][START_REF] Yoshida | Transmission-Reflection Coefficient in the Lattice Boltzmann Method[END_REF] recover the Darcy-Brinkman equation [START_REF] Chen | Chapman-Enskog Analyses on the Gray Lattice Boltzmann Equation Method for Fluid Flow in Porous Media[END_REF]. In this study, the use of the model proposed in Ref. [START_REF] Yoshida | Transmission-Reflection Coefficient in the Lattice Boltzmann Method[END_REF] is motivated by two main reasons. First, a redefinition of the macroscopic velocity is not required in this latter scheme. This redefinition would lead to complicated expressions especially on the boundary nodes since in the present approach, velocity and forces are coupled (Eqs. (6-7)). Furthermore, the classical bounce-back boundary condition [START_REF] Krüger | The Lattice Boltzmann Method[END_REF] is obtained as a limit expression. If we use the notation Γ m α to substitute for the right-hand side of Eq. ( 1) (post-collision part), the following gray lattice Boltzmann scheme is obtained,

f m α (x + e α δ t , t + δ t ) = (1 -θ m )Γ m α (x, t) + θ m Γ m α (x + e α δ t , t) , (16) 
where Γ m α (x + e α δ t , t) are the post-collision distribution functions from the opposite direction of α velocity located at the neighboring node and θ m is the amount of reflection. When θ m = 0, the usual streaming step occurs and θ m = 1 is similar to the classical bounce-back (no-slip) condition [START_REF] Krüger | The Lattice Boltzmann Method[END_REF]. For 0 < θ m < 1, the scheme mimics the dynamics of a porous medium and this approach should be related to a subgrid model for porous medium. The parameter θ m depends on the viscosity of the fluid and the permeability of the considered porous medium and the following relation can be obtained [START_REF] Yoshida | Transmission-Reflection Coefficient in the Lattice Boltzmann Method[END_REF][START_REF] Chen | Chapman-Enskog Analyses on the Gray Lattice Boltzmann Equation Method for Fluid Flow in Porous Media[END_REF] 

µ m K ρ m = 2θ m (1 -θ m )δ t (17) 
Here, θ is defined on the link between nodes instead of being a node based value. In each direction α, θ is computed by the means of an interpolation between the two nodes. This ensures that the mass is conserved strictly by the scheme.

Brinkman drag force

In the second approach, referred as Brinkman force model, the porous medium resistance is included explicitly through a drag force to the lattice Boltzmann equation, e.g. [START_REF] Ginzburg | Consistent lattice Boltzmann schemes for the Brinkman model of porous flow and infinite Chapman-Enskog expansion[END_REF][START_REF] Guo | Lattice Boltzmann model for incompressible flows through porous media[END_REF][START_REF] Martys | Improved approximation of the Brinkman equation using a lattice Boltzmann method[END_REF][START_REF] Spaid | Lattice Boltzmann methods for modeling microscale flow in fibrous porous media[END_REF]. Here, we follow a similar approach as in Ref. [START_REF] Grosfils | Structural and dynamical characterization of Hele-Shaw viscous fingering[END_REF] and the forcing term is written as

F por ous,m = - µ m K u m (18) 
As mentioned in Refs. [START_REF] Talon | Assessment of the two relaxation time Lattice-Boltzmann scheme to simulate Stokes flow in porous media[END_REF][START_REF] Khirevich | Coarse-and fine-grid numerical behavior of MRT/TRT lattice-Boltzmann schemes in regular and random sphere packings[END_REF][START_REF] Ginzburg | Comment on An improved gray Lattice Boltzmann model for simulating fluid flow in multi-scale porous media: Intrinsic links between LBE Brinkman schemes[END_REF], the numerical permeability depends lightly on the viscosity for both Brinkman force and gray lattice Boltzmann models. This nonphysical variation can be removed by keeping the so-called magic number Λ constant (see [START_REF] Ginzburg | Consistent lattice Boltzmann schemes for the Brinkman model of porous flow and infinite Chapman-Enskog expansion[END_REF][START_REF] Talon | Assessment of the two relaxation time Lattice-Boltzmann scheme to simulate Stokes flow in porous media[END_REF][START_REF] Khirevich | Coarse-and fine-grid numerical behavior of MRT/TRT lattice-Boltzmann schemes in regular and random sphere packings[END_REF][START_REF] Ginzburg | Comment on An improved gray Lattice Boltzmann model for simulating fluid flow in multi-scale porous media: Intrinsic links between LBE Brinkman schemes[END_REF]). We use the multiple relaxation times (MRT) collision model [START_REF] Coveney | Multi-ple&#x2013;relaxation&#x2013;time lattice Boltzmann models in three dimensions[END_REF] with Λ = 3/16 corresponding to s q = 8 2-1/τ m 8-1/τ m [START_REF] Krüger | The Lattice Boltzmann Method[END_REF][START_REF] Coveney | Multi-ple&#x2013;relaxation&#x2013;time lattice Boltzmann models in three dimensions[END_REF].

III. Results and discussions

A. Darcy law

In order to show that Darcy's law is recovered by both of the proposed schemes, a flow composed of two identical species (m = 1, 2 and β m = 1) through a homogeneous porous medium is simulated. Domain size is set to (n x = 101, n y = 20). Periodic conditions are applied on top and bottom of the domain and a constant velocity profile (u x,m = U, u y,m = 0) is imposed at left and right side of the domain [START_REF] Zou | On pressure and velocity boundary conditions for the lattice Boltzmann BGK model[END_REF]. Distribution functions are initialized at their equilibrium values f m α (t = 0) = f m(eq) α (ρ m , u x,m = U, u y,m = 0) with an uniform initial density field ρ 1 = ρ 2 . Simulation is stopped when steady state is achieved. In Fig 1, the pressure drop between the left and right side of the domain is plotted against the horizontal inlet velocity. Both gray lattice Boltzmann and Brinkman force models give equivalent results and show the expected Darcy behavior of the simulated system. This first result shows that the present model is able to accurately reproduce the standard behaviour of a porous medium for different values of K and for both porous modeling strategies.

B. Viscous fingering

Global description of the instability

The viscous fingering instability occurs when a less viscous fluid invade a more viscous fluid. In the case of miscible fluids, if the interface between fluids is sharp enough, finger-like patterns emerge and grow, exhibiting complex dynamics.

In the following simulations, the fluid consists of two species having equal molar masses (m = 1, 2 β m = 1). The resting mixture is composed of molar fractions x 1 = 0.1 and x 2 = 0.9 and these are swapped for the injected mixture (x 1 = 0.9, x 2 = 0.1). Following the literature, dimensionless parameters are defined such as the log-viscosity ratio and the Péclet number (ratio of the advective transport rate and the diffusive transport rate)

R = ln µ 0,2 µ 0,1 , P e = U L r e f D 12 ( 19 
)
where U is the injected velocity and L r e f is the reference length. Here, the characteristic scales are based on the convective length L r e f = n y and time t r e f = n y /U with n y the height of the domain. If R < 0, the invading fluid is more viscous than the resting fluid, and the interface is always stable. On the other hand, if R > 0, the invading fluid is less viscous than the resting fluid, and the interface between the two fluids may be unstable. The number of fingers increases with both the Péclet number and the ratio R. We recall that the relation between the pure viscosity and the species is given by Eq. ( 13). The influence of different parameters on the instability is studied. First, we compare the results obtained from the gray lattice Boltzmann and the Brinkman force models. Afterward, the effects of the Péclet number on the viscous fingering are highlighted. Finally, we present the differences on the emergence of the fingers caused by the effective viscosity. The domain considered is two-dimensional, (n x = 1024, n y = 512) unless otherwise specified, and we impose periodicity at the top and bottom boundaries. At the left and right boundaries, a constant velocity condition equal to U is applied for both species. In order to compare our results, we keep the reference pressure constant p r e f = µ 0,1 Un y /K = 1 and the permeability of the porous medium is set to K = 1. Each simulation is initialized by an almost sharp interface with a small perturbation so as to trigger the instability, x 1 (x, y, t = 0) = 0.9 + (0.9 -0.1) 0.5 + 0.5 × erf

x -50

√ t 0 + r(y) × 10 -3 exp -(x -50) 2 √ t 0 , (20) 
x 2 (x, y, t = 0) = 1 -x 1 (x, y, t = 0), (21) 
where the function r returns a random number which is uniformly distributed in the interval [-1, 1]. In each simulation, the same seed is used for the pseudo-random generator. We set t 0 = 10 -6 to avoid strong gradients. The initial total pressure is computed from Darcy's law for the mixture

p(x, y, t = 0) = p r e f + (1 - x n x ) µ 1 + µ 2 K U, (22) 
and the distribution functions are initialized at their equilibrium values f m α (t = 0) = f m(eq) α (ρ m , u x,m = U, u y,m = 0). As the instability evolves, fingers develop first linearly then interact non-linearly, and the dynamics become chaotic. Before exploring theses different regimes, we examine the global dynamics of the viscous fingering. The average molar fraction over the transverse direction is a classical measurement

x(x, t) = 1 n y ∫ x 1 (x, y, t)dy, (23) 
as well as the length of the mixing zone, which is defined here as

l mix (t) = 1 L r e f x| x(x,t)=0.9-10 -3 -x| x(x,t)=0.1+10 -3 (24) 
In Figure 2, the mixing length is represented in logarithmic scale according to the non-dimensional time t * = t/t r e f for various Péclet number at R = 3. Two different regimes are clearly visible. In the first regime up to t * = 0.13, the diffusion dominates the growth of the mixing length, which is proportional to √ t * as in the case of no viscosity contrast (R = 0). Afterward, a transition regime occurs and depends on the Péclet number. The second regime can be seen in Fig. 3. The mixing length is represented in linear scale to better highlight the longtime behavior and the linear evolution of the fingers. The growth of the mixing length is linear in time suggesting that the advection now dominates. It is interesting to note that both regimes exist even when the initial molar fractions are not perturbed and no finger emerges. In this case, the development of the mixing length is reduced in the second regime. For instance in Fig. 3, the approximate slope is 1 with no finger, whereas the slope is around 2.2 with fingering. Compared to the pure diffusive case, the mixing length is heavily affected by the viscous fingering instability. Moreover, Fig. 3 shows no significant difference between the gray lattice Boltzmann and the Brinkman force model. The small deviation for t * > 6.5 is probably due to the influence of the boundary condition close to the location of the fingers. Same dynamic results independently of how the porous media is modeled confirming that the gray lattice Boltzmann or the Brinkman force adequately reproduce the viscous fingering instability.

The development of the instability is shown in Fig. 4. The onset of fingers is observed on the diffusive regime. Then, the fingers interact via highly non-linear mechanisms such as merging, splitting, etc (more details are given in section III.B.3) during the transition between diffusive and advective regimes (0.13 < t * < 3). A better measurement of the transition between linear and non-linear behavior is given by a sudden growth of the interfacial length

I(t) = 1 L r e f ∬ [(∂ x 1 /∂ x) 2 + (∂ x 1 /∂ y) 2 ]
1 2 dxdy. Finally for t * > 3, the few remaining fingers grows at constant rate. At very late time (not observed here), the fingers should mix with the ambient fluid and are convected at a given speed close to the injected velocity. The length of the fingers should stay roughly the same since the interface is diffuse enough to smooth out the viscosity and molar gradients. In order to give some insight on the influence of the effective viscosity, three simulations are performed with µ e,m = 0.1µ m , µ e,m = µ m , µ e,m = 10µ m . As expected, the diffusion caused by the effective viscosity affects the instability as shown in Fig. 5. The development of fingers is delayed in the case of a high effective viscosity. The dynamic when no finger emerges does not dependent on the effective viscosity. The influence of the fingers on the mixing length becomes only apparent at t * ≈ 0.6 for µ e,m = 10µ m instead of t * ≈ 0.3 for µ e,m = µ m . In contrast, the differences between µ e,m = 0.1µ m and µ e,m = µ m are small. Thus, when the effective viscosity is sufficiently small, the Darcy drag is the dominant term in Eq. ( 15) and the development of fingers is not altered.

In this section, the global development of the instability has been discussed. We now focus on two specific parts of the viscous fingering, namely the very beginning of the onset of the instability when the fingers grow linearly and the intermediate times when strong non-linear interactions occur. 

Early times: growth rate of the perturbation

At early times, the interface between the two mixtures spread because of diffusion and fingers develop. At the very beginning, the flow is linearly unstable and perturbations grow exponentially. The onset of fingers is explored by many authors using linear stability analysis [START_REF] Homsy | Viscous Fingering in Porous Media[END_REF]. Because of diffusion, the base flow is unsteady. Tan and Homsy [START_REF] Tan | Stability of miscible displacements in porous media: Rectilinear flow[END_REF] use a quasi-steady state approximation in which the base flow is frozen and modal analysis is performed at successive frozen time. This method is commonly used to study the viscous fingering [START_REF] Pramanik | Effect of Péclet number on miscible rectilinear displacement in a Hele-Shaw cell[END_REF][START_REF] Norouzi | A numerical study on miscible viscous fingering instability in anisotropic porous media[END_REF]. Non modal analysis is carried out in Ref. [START_REF] Hota | Nonmodal linear stability analysis of miscible viscous fingering in porous media[END_REF] and shows some discrepancy with linear stability analysis.

Linear stability analysis can also be directly performed in the lattice Boltzmann framework (see. [START_REF] Vergnault | A lattice Boltzmann method for nonlinear disturbances around an arbitrary base flow[END_REF][START_REF] Pérez | Lattice Boltzmann methods for global linear instability analysis[END_REF]) however this approach is still in its infancy and is only applied to simple single fluid flow. In this study we carry out non linear simulation with the aforementioned lattice Boltzmann model and compute the growth rate of the perturbations. The molar fractions can be decomposed into a base state x 0 m and a perturbative component x m ,

x m (x, t) = x 0 m (x, t) + x m (x, t). (25) 
If we assume that the perturbation can be expressed in the form of

x m (x, t) = x m (x) exp (σt) (26) 
where σ is the growth rate of the perturbation. The dispersion curves are obtained by applying a fast Fourier transform (FFT),

x m (x, t) = x 0 m (x, t) -x m (x, t) (27) x(x, k, t) = FFT y x m (x, t) (28) 
a(k, t) = || x(x, k, t)|| 2 = ∫ x • xdx (29) σ(k, t) = d ln (a(k, t)) dt ( 30 
)
where k is the wave number and assuming that the growth rate is constant between two derivation steps. The perturbative components are computed by subtracting the components from the non-linear perturbed solution to the components from the unperturbed base state. No finger emerge in this latter case. First, we compare in Fig. 6 the results obtained from the gray lattice Boltzmann and the Brinkman force models. Both approaches lead to equivalent growth rates. Thus, at early times, the linearly development of the instability is well captured by the two models. The growth rate decreases in time. The most dangerous wave number corresponding to the largest growth rate as well as the threshold and the cutoff wave numbers are reduced as the instability progresses resulting in widening fingers. Diffusion acts as a stabilization factor by smoothing perturbations and heading to an homogeneous mixture. Hence, as shown in Fig. 7, the instability is more dominant with higher Péclet numbers. A lower fluid dispersion expands the range of unstable wave numbers and increases the growth rate. The cutoff wave number increases with the Péclet number whereas it has a very limited influence on the threshold wave number. These results are in qualitative agreement with the growth rates obtained by linear stability in Ref. [START_REF] Pramanik | Effect of Péclet number on miscible rectilinear displacement in a Hele-Shaw cell[END_REF]. Remark that the choice of scaling is not neutral for the linear stability analysis. As noted by the previous authors, taking the reference length and time as the diffusive length l re f = D/U and t r e f = L r e f /U leads to dispersion equations independent of the Péclet number in the linear stability analysis [START_REF] Tan | Stability of miscible displacements in porous media: Rectilinear flow[END_REF] whereas in the case of the convective length l r e f = n y and t r e f = L r e f /U, dispersion curves depends on the Péclet number [START_REF] Pramanik | Effect of Péclet number on miscible rectilinear displacement in a Hele-Shaw cell[END_REF]. The Péclet number also influences the transition from linear to non-linear instability. At t * = 0.1, for P e = 5000, fingers starts to interact non-linearly whereas for lower Péclet numbers, the perturbation is still well-described by Eq. [START_REF] Coveney | Multi-ple&#x2013;relaxation&#x2013;time lattice Boltzmann models in three dimensions[END_REF]. The present non-linear simulations confirm the important role of the Péclet number in the development of the instability at early times. As observed in Fig. [START_REF] Guo | Discrete lattice effects on the forcing term in the lattice Boltzmann method[END_REF], the value of the effective viscosity changes the beginning of the instability. The linear growth of the fingers is also affected. At early times, the dissipation due to the effective viscosity reduces the growth rate of the perturbation and the cutoff wave number also decreases as shown in Fig. 8. However, the time evolution of the growth rate and the cutoff wave number is different from the effect of the diffusion caused by a low Péclet number. The growth rate for µ e,m = 10µ m increases slightly from t * = 0.01 to t * = 0.05 and then keeps constant from t * = 0.05 to t * = 0.1. The cutoff wave number stays at k ≈ 200. For µ e,m = 0.1µ m and µ e,m = µ m , the growth rate and the cutoff wave number decrease in time. As the instability progresses, the differences resulting from the effective viscosity are less visible. 

Intermediate times: non-linear interactions

At early times, the sharp interface diffuses and begins to deform. This stage is called the linearly unstable regime and linear stability analysis tools are suitable to describe the instability. The fingers then start to interact via various nonlinear mechanisms. Many thin fingers develop, and strong linear interactions take place, which lead globally to a coarsening of the fingers in the transverse direction and a growth of the fingers in the streamwise direction. The number of fingers and the intensity of these interactions increase with the Péclet number and the log-viscosity ratio. The influence of the effective viscosity is less significant as long as the interface is not overly diffuse after the delay in the emergence of fingers. The interactions are also dependent of the noise of the initial perturbation and may vary from simulation to simulation. Results obtained from the Gray lattice Boltzmann model and the Brinkman force model are identical if the same initial perturbation is applied.

Figure 9 shows a sequence of snapshots of a simulation performed with the Brinkman force model at R = 3, P e = 16000. This high Péclet number is chosen to assure intense interactions between fingers for better identification of the main non-linear mechanisms. These include spreading, shielding, fading, and coalescence. By spreading, we refer to the process whereby one finger is slightly ahead of others. The finger grows very quick and the gradient steepens between the finger and the surrounding more viscous fluid. The finger may then widens at the tip and shields the growth of the smaller neighbouring fingers. Few thin fingers fade and diffuse in the ambient fluid resulting in a region of intermediate viscosity. Coalescence phenomenon describes the merging of two or more fingers together. The present dynamics of the simulation is rich displaying all major mechanisms, and exhibits also more complex behaviors such as tip splitting, when a finger splits into two at the tip and side branching when a finger splits at its side. These fascinating interaction mechanisms occurs in the nonlinear regime.

IV. Conclusion

In this study, the lattice Boltzmann simulation of the viscous fingering instability is discussed. The global dynamic is presented, and we especially focus on two stages of the development of the instability. First, the very beginning of the instability, when the fingers grow linearly, is studied by computing the growth rate associated to the perturbation. Secondly, we describe qualitatively intermediate times when strong non-linear interactions take place.

For these two stages, we show that both of the gray lattice Boltzmann and Brinkman force porous models give the same result despite of being based on different formulations. Both result in Darcy-Brinkman equations that is why the influence of the viscous dissipation on the instability is then explored by varying the value of the effective viscosity. A high value of the effective viscosity causes a delay in the emergence of fingers whereas a low value of the effective viscosity has not a significant effect on the instability. Moreover, the differences are reduced when the instability is growing up. Indeed, contrary to the Darcy drag, the terms related to the effective viscosity are not the driving force of the instability. We also observed that a high Péclet number leads to a more intense instability. In the linear regime, the growth rate as well as the most dangerous and the cutoff numbers increase with the Péclet number. In addition, more fine-scale fingers develop and interact considerably in the non-linear regime at high Péclet number.

V. Appendix

A. Macroscopic limit of the Lattice Boltzmann model for miscible mixtures

The macroscopic limit of a lattice Boltzmann scheme can be obtained via the Chapman-Enskog analysis. This multiple scale expansion provides a relation between the mesoscopic scale of the Boltzmann equation and the macroscopic scale of the Navier-Stokes equation. This derivation is straightforward and is similar to the standard lattice Boltzmann model with a force arising from Guo's forcing scheme (see Ref. [START_REF] Guo | Discrete lattice effects on the forcing term in the lattice Boltzmann method[END_REF]). Therefore in the low Mach and continuum limit, the kinetic equation Eq. ( 1) and its moments Eq. ( 6) are equivalent to the following hydrodynamics equations, where the partial pressure is equal to p m = ρ m c 2 s,m , and the total pressure is given by Dalton's law p = N m=1 p m . The dynamic viscosity of species m is expressed in terms of the relaxation time according to

∂ t ρ m + ∇ • (ρ m u m ) = 0, (31) 
µ m = ρ m c 2 s (τ m - δ t 2 ). (33) 

Fig. 1

 1 Fig. 1 Pressure drop according to the velocity for different permeability at fixed viscosity µ m = 2 × 10 -1 . Values are given in lattice units. Squares and stars stand for numerical results obtained respectively with the gray lattice Boltzmann and the Brinkman force schemes. Lines are the analytical solution -∇p m = µ m /KU.

Fig. 2

 2 Fig. 2 Mixing length multiplied by √ Pe at various Péclet for R = 3 with the gray lattice Boltzmann model. Dashed line shows a power law with exponent 1/2.

Fig. 3 Fig. 4

 34 Fig. 3 Mixing length for R = 3, Pe = 2000. Simulations are performed with the lattice Boltzmann and Brinkman force models on a larger domain (n x = 8192, n y = 512). Blue dots stand for a simulation carried out with no initial perturbation.

Fig. 5

 5 Fig. 5 Mixing length for different values of the effective viscosity and R = 3, P e = 2000 with the gray lattice Boltzmann model.

Fig. 6

 6 Fig. 6 Dispersion curves for R = 3, P e = 2000 at various times. • gray lattice Boltzmann, + Brinkman force model.

Fig. 7

 7 Fig. 7 Dispersion curves for R = 3 at t * 0.01, 0.05, 0.1 with different Péclet values. Simulations are performed with the gray lattice Boltzmann model.

Fig. 8

 8 Fig. 8 Dispersion curves for R = 3, P e = 2000 at t * = 0.01, 0.05, 0.1 with different effective viscosity values. Simulations are performed with the gray lattice Boltzmann model.

Fig. 9

 9 Fig. 9 Instability development for R = 3, P e = 16000 at t * ≈ 0.91, 1.22, 1.52. The whole domain (n x = 4096, n y = 1024) is plotted. The color-map (black-red-yellow-white) represents the variation of the molar fraction from x 1 = 0.9 to x 1 = 0.1. Same scaling is used for both x and y-axis.

∂

  t (ρ m u m ) + ∇ • (ρ m u m ⊗ u m ) = -∇p m + ∇ • µ m ∇u m + (∇u m ) Tp N n=1 x m x n D mn (u mu n ) (32)
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