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A Tiny Proof of the Dirichet Theorem

Dirichlet's theorem states that for any two positive coprime integers a and d, there are innitely many primes of the form a + nd, where n is also a positive integer.

Here we present his substantiation by elementary number theory methods

Introduction

Let P be the set prime numbers. Let a, b be two positive coprime integers Let D(a, b) be the set {p ∈ P : ∃k(p = a + kb)}. Our goal is to demonstrate that it is innite. (1.2)

0 < i < b ⇒ Card(D(i, b)) = Card(D(b -i, b)).
(1.3) Proof. The rst statement follows from 

  Lemma 1.1. a ≡ r mod b ⇒ D(a, b) = D(r, b) (1.1) r, s < b ⇒ Card(D(r, b)) = Card(D(s, b))

  (a ≡ r mod b)(p ∈ D(a, b)) ⇒ ∃k(p = (r + hb) + kb ∈ D(r, b)).
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The second statement can be deduced from the fact that the function r + kb → s + kb is a bijection. The third statement follows from the second statement.

The Main Theorem

Owing to the fact that the set P is innite, all the D(i, b) are innite.

Proof. From p = r + qb where r < b (Euclid) the rst result follows. If p ∈ D(i, b) ∩ D(j, b), then p = i + kb = j + hb for some k,h. Then,

Then P is a nite union of disjoint sets of the same cardinality. Proof. The result follows from the previous proposition. Found in Paris on November 18, 2019.