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Victor Hernandez-Santamaria* Alberto Mercado® Piero Viscontit
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Abstract

In this paper, we study the controllability of a nonlinear system of coupled second- and
fourth-order parabolic equations. This system can be regarded as a simplification of the well-
known stabilized Kuramoto-Sivashinsky system. Using only one control applied on the boundary
of the second-order equation, we prove that the local-null controllability of the system holds if
the square root of the diffusion coefficient of the second-order equation is an irrational number
with finite Liouville-Roth constant.
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1 Introduction

The study of controllability of systems of coupled partial differential equations has deserved a lot of
attention in the literature of the past recent years. For systems of second-order equations, we refer
the reader to the classical works [1, 2, 3], and the references within. For systems involving fourth-
and second-order differential equations, we refer to [8], [9], [6], and [12]. Particularly, in [7], the
authors study controllability properties of a linear cascade system coupling a bilaplacian operator
to a heat equation with a single boundary control, obtaining positive and negative controllability
results depending of the diffusion coeflicient.

The interest in the study of systems involving fourth-order parabolic equations comes from
models of front propagation in reaction-diffusion phenomena. Indeed, in [17] a system was pro-
posed as a model for such phenomena with both dissipative and dispersive features and allowing a
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stable solitary-pulse. The system consists of a one-dimensional Kuramoto-Sivashinsky-KdV (KS-
KdV) equation, linearly coupled to an extra dissipative equation, under the name of the stabilized
Kuramoto-Sivashinsky system, and given by

Ut + YUpzrr + Uzzr + QUgy + UUz = Uy, (1 1)
U — dUgy + CUp = Uy, '

where v > 0 accounts for the long-wave instability, a is the short-wave dissipation, d > 0 is the
dissipative parameter and ¢ € R is the group-velocity mismatch between wave modes. Notice that
the coupling is through first-order terms, which is harder to deal with than zero-order couplings.

The objective of this work is to perform one step in the direction of studying the boundary
controllability of system (1.1), by considering the controllability of the nonlinear version of the
system studied in [7]. That is, we consider the problem given by

Ut + Ugpwer + Uy = U, te(0,7)

Vg — dvgy = 0, te (0,T)

u(t,0) = ugy(t,0) =0, t e (0,7), (1.2)
u(t, ™) = Uz (t,m) =0, te(0,7)

v(t,0) = h(t), v(t,m) =0, te(0,T)

where u = u(t,x) and v = v(t, z) are the state variables and h = h(t) is the control. Observe that
the control acts only on the heat equation and influences indirectly the first equation by means of
the coupling. The parameter d > 0 is the diffusion of the heat equation and will play a crucial role
in the analysis of controllability properties for the system.

The controllability problem we are interested in can be formulated as follows.

Definition 1.1. We say system (1.2) is locally null-controllable at time T if there exists R > 0
such that for any state (ug,vo) € L*(0,7) x H=1(0,7) satisfying

| (w0, vo)ll 20,y x H-1(0,7) < R,
there exists a control h € L*(0,T) such that the solution of (1.2) with initial condition
u(0,) =up and v(0,-) =g

satisfies

w(T,-)=0 and o(T,-)=0.

In [7], the global null-controllability (i.e., without imposing any constraint on the size of the
initial data) of the linear version of system (1.2) (see (3.1) below) is proved, depending on the
diffusion coefficient d > 0. To be more precise, we recall the following.

Definition 1.2. The Liouville-Roth constant of a real number x is the least upper bound of the set
of positive real numbers p such that

O<|lz—=| < —

q q*

is satisfied by infinitely many integer pairs (p,q) with ¢ > 0. A real number is said to be a Liouville
number if it has infinite Liouville-Roth constant.

p‘l

Remark 1.3 ([5, Theorem E.3|). The set of Liouville numbers has null Lebesque measure in R.



In this regard, if v/d is not a Liouville number, then corresponding linear version of (1.2) (see
(3.1)) is null-controllable at time 7 for any 7" > 0 and any initial datum (ug,vo) € L?(0,7) x
H=Y0, ).

In this same spirit, the main result of this work is the following.

Theorem 1.4. If\/d is an irrational number with finite Liouville-Roth constant, then system (1.2)
18 locally null controllable.

The proof of Theorem 1.4 follows from a precise estimate of the cost of the control of the
linear system (3.1), which is based on bounds for the norm of biorthogonal families to exponential
functions associated to sequences with condensation index, which have been recently found in [11],
and an application of the so-called source term method, introduced by Y. Liu, T. Takahashi and
M. Tucsnak [16]. It is important to mention that we are able to prove such a precise estimate only
in the case where v/d has finite Liouville-Roth constant (see Definition 1.2). As we have mentioned,
in [7, Theorem 1.5], the global controllability of the linear system (3.1) is established also when
V/d satisfies the same condition. Nonetheless, such result does not provide enough information on
the control cost which is crucial to perform the source term method and extend the result to the
nonlinear case. Therefore, one of our main contributions is Theorem 3.4 which improves the result
in [7].

Remark 1.5. In Definition 1.1 there is an implicit well-posedness assumption, as we refer to “the
solution of (1.2)”. Like in other works concerning the source term method (see e.g., [14, 10]), the a
priori well-posedness of the nonlinear system (1.2) is not a prerequisite to study the controllability
problem, since the existence and local uniqueness of the controlled solution can be obtained as a
byproduct of the proof of Theorem 1.4. However, in our case, (1.2) enjoys uniqueness and, for
wnatial data and control with small enough norms, existence. These features are made precise in
Proposition 4.1 and Proposition 4.2. See also Remark 4.3.

The rest of the paper is organized as follows. In Section 2 we establish some basic results
of well-posedness and we apply the source term method to our system. In Section 3 we obtain
adequate bounds for the cost of the control of the linear system under suitable hypothesis of the
diffusion coefficient. Finally, in Section 4 we prove Theorem 1.4.

2 The source term method

In [16], the authors introduced the so-called source term method, a quite general methodology to
deduce local controllability results for semilinear problems based on the controllability properties
of the underlying linear system perturbed by an external force with some decay properties.

By adapting this methodology to our case, we are reduced to study the controllability of the
linear system

Ut + Ugzze =V + te(0,T), z € (0,m),

vy — dvgy =0, te (0,7), x € (0,m),

u(t,0) = ugy(t,0) =0, t e (0,7), (2.1)
u(t, ™) = Uz (t,m) =0, te(0,7),

u(t,0) = h(t), v(t,7) =0, te (0,T),

where f is a suitable source term acting only in the first equation, since this is where the nonlinearity
appears.
We begin by stating a general well-posedness result for system (2.1).



Proposition 2.1. Let t; < te be any arbitrary positive times. Assume
f € L2(ty, to; (H*(0,m) N HY(0,7))), h € L3(t1,t2), (ur,v1) € L*(0,7) x H (0, 7).

Then (2.1) admits a unique solution (u,v) € C([t1,t2], L?(0,7)x H=1(0,7))NL2(t1, t2; (H?(0,7)N
HE(0,7)) x L*(0,7)) satisfying (u,v)(t1,) = (u1,v1). Moreover, we have the following bound

2 2
H(UaU)HL2(t1,t2;(H2mHg)xL2) + H(u7v)HC([tl,tQ},L2><H—1)
2 2 2
<G <||h||L2(t1,t2) + [[(ur, 0020 g1 + HfHLQ(tl,tz;(H%Hg)')) )
where Cy does not depend on tq,ts.

The proof of this result is classical and relies on well-known arguments. For the sake of com-
pleteness, we present it in Appendix A.

Now, we recall the method introduced in [16] that will allow us to deal with the controllability
of the nonlinear system (1.2).

We introduce the following weighted spaces: consider a measurable function p : [0,7] — R
which is nonzero a.e. on [0,7]. We denote by L%(O, T; X) the weighted L? space with values on X
and with measure mr/p?, where mr denotes the Lebesgue measure of the interval (0,T). Notice
that when p is bounded from above, L%(O, T; X) injects continuously into L?(0,7T’; X), this happens,
for example if p is continuous.

In the spirit of [16], we have the following controllability result for (2.1) in weighted spaces.

Proposition 2.2. Assume that system (2.1) with f = 0 is null controllable in any time T, with
control cost C(t) bounded from above by a continuous and nonincreasing function K(7). Suppose
that ¢ > 1 and po,p1 : [0,T] — R are continuous, nonincreasing functions which are positive on
[0,T), satisfy po(T) = p1(T) = 0 and verify the identity

plt) =P+ (1= ATK( - DT -0), (1 |(1-5)77)).

Then, for each f € L,%1 (0,T; (H?NHZ)') and any initial condition (ug,vo) € L?(0,7)x H~1(0,7),
there exists a control h € Lf,o (0, T) driving the state to zero at time T such that the solution (u,v)
to (2.1) satisfies
(u,0) [|*

2
”(%U)”Lgo(o,T;(mmHol)xL?) + ’ oo

+|hl7
C([0,T],L2xH~1) L3, (0,T)

2 2
< G (110, 00) 1 Fesir—1 + 17132, o.1ycarznmyy)

(2.2)

where Co > 0 is uniform with respect to f, yo and h.

The proof of this result is very close to [16, Proposition 2.3], where it is assumed that the
underlying operator is self-adjoint, which is not fulfilled for our system. Therefore we only give a
brief sketch of the proof in Appendix B.

3 Bounds on control cost for the linear system

As we anticipated in Section 1, one of the key ingredients of the proof of Theorem 1.4 is a precise
bound of the cost of the control of a linear version of (1.2), which allow us to prove the hypotheses



of Proposition 2.2. In this section, we give sufficient conditions on d such that the control cost has
bounds that allow us to deal with the controllability of the nonlinear problem.

We begin by recalling the known results on the linear control problem, which is given by the
following system.

Ut + Uggar = U, te )
v — dvgg = 0, te )
u(t,0) = ugy(t,0) =0, te ), (3.1)
u(t, ™) = Ugy(t,m) =0, te )
v(t,0) = h(t), v(t,m) =0, te (0,T).

Definition 3.1. Let T > 0. System (3.1) is said to be globally null-controllable in time T if for
any state (up,vo) € L*(0,7) x H-1(0,7), there exists a control h € L*(0,T) such that the solution
of (3.1) with initial condition

u(0,-) =ug and v(0,-) =g

satisfies
uw(T,-)=0 and o(T,-)=0.

We have the following.

Theorem 3.2 (Theorem 1.5 of [7]). If vV/d is an irrational number with finite Liouville-Roth con-
stant, then system (3.1) is null-controllable in time T for any T > 0.

Theorem 3.2 indeed tell us that system (3.1) is null-controllable at time 7" for a wide class of
diffusion coefficients d. In particular, this means that for every (ug,vo) € L?(0,7) x H~(0,7) the
set of admissible controls

H(T,uo,v0) == {h € L*(0,T) : (u,v)(T,-) =0} (3.2)

is nonempty. Thus the control cost in time 7' is defined as

C(T) := inf h : a<l1y. 3.3
@)i=sup{, it Wl ¢ N, )1 < 1) (33

If (3.1) is not null controllable in time T, we set C(T') = oo.

Remark 3.3. For fized (ug,vo), it follows from the linearity and well-posedness of (3.1), that
H(T,up,v0) is a closed affine subspace of L*(0,T), which is a translation of H(T,0,0) whenever
the former is nonempty. If system (3.1) is null controllable, since L*(0,T) is Hilbert, H(T,uq, vo)
contains a unique element with minimal norm. Denoting N as the map which sends the initial data
(up, vg) to this null control, due to the linearity of (3.1), it follows that N is a linear operator with
norm |N|| = C(T), making clear the use of the term control cost.

The techniques used in [7] to prove Theorem 3.2 do not allow to directly obtain an estimation of
(3.3) in all the cases where the system (3.1) is null-controllable. We will see that using the bounds
recently found in [11], we can obtain a suitable estimation of the control cost for the existence of a
control h for system (3.1). The result is the following.

Theorem 3.4. Let 0 < T < 1. If\/d is an irrational number with finite Liouville-Roth constant,
then there exist positive constants C and M, independent of T', such that the control cost for system
(3.1) satisfies

C(T) < Cexp(M/T).



In order to prove Theorem 3.4, we begin by rewriting system (3.1) in a more compact way, that
is,

where y = (u,v), D(A) :
A:D(A) C L*(0,7) x H-

= {u € H¥0,7) : u(0) = u(r) = v"(0) = v’(r) = 0} x H}(0,7) and
10,7) — L*(0,7) x H~(0,7) is given by

A=- < Ooaes ) , (3.5)
and B € L(C, ((H*(0,7) N H(0,7))?)’) is given by
(Bh)(¢1, p2) = dho2.(0). (3.6)

Notice that with this we have for the adjoint operator,
D(A*) = {u € HY0,7) : u(0) = u(r) = u"(0) = u" () = 0}

x{u € H3(0,7) : u(0) = u(r) = u”(0) = u"(7) = 0}
and A* : D(A*) C L*(0,7) x H}(0,7) — L*(0,7) x H}(0, ) is given by

* 89090:31 0
we (P D) o

In [7, Section 3.2] it was found that there exists a Riesz basis of L?(0,7) x H~1(0,7) made up
of eigenfunctions of A, these are

1 k* — dk?)~1
(I)l,k = (0> Pk (p2,k: =k <( 1 ) ) Pk ke N7 (38)

2
where @i (x) = \/7 sin (kz) and N denotes the set of positive integers. The eigenfunction @y, is
T

associated to the eigenvalue —k?* while ®, 1, is associated to the eigenvalue —dk?.
The biorthogonal basis (of L?(0,7) x H}(0,7)) corresponding to this Riesz basis is given by

1 0
\Ijl,k = ((de _ k’4)1> Pk \IIZ,k = k_l (1> Pk, ke N. (39)

The vectors Wy j, and Wq ;. are then the eigenvectors for the operator A*, associated with —k*
and —dk?, respectively.
We have the following auxiliary result.

Lemma 3.5. If V/d is an irrational number with finite Liouville-Roth constant, then there exist pos-
itive constants 7,0, €, (independent of T') such that for each T' > 0 there exists a family {q1 i, g2, }
biorthogonal to {exp(—k*t),exp(—dk?*t) : k € N} in L?(0,T) such that

19i k[l 207y < Cexp(y/T) exp((VT + )k)kS, i=1,2, keN (3.10)

Remark 3.6. Notice that since {exp(—kt),exp(—dk?t)} C {exp(—k*t),exp(—dk*t)}, the subset
{a142, 42,6} is biorthogonal to {exp(—k*t),exp(—dk?t)}.
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Proof of Lemma 3.5. Let us consider the sequence A = {k?};>1 U {dk?};>1. Since V/d is an irra-
tional number, it is clear that k? # dn? for any k,n > 1. Thus, the sequence A = {k?};>1U{dk?*}1>1
can be rearranged as an increasing sequence A = {A;};>1 which verifies all the hypothesis from
[11, Definition 1.4] (see [11, Proposition 2.13]). In turn, [11, Theorem 1.7] yields the existence of
a family of functions {g;};>1 C L?(0,T) which are biorthogonal to e~%i* ¢ € (0,T), and positive
constants v, §p and €y such that

051l 207y < Cexp(/T) exp ((GoVT + o) /A7) Py, Vi > 1

where

1 1

|A; — Aja|[Aj — A J PTIAL = Ay (8:11)

Pj =

Now, we claim that there exist C' > 0 and r > 2, depending only on d, satisfying
P; < CK20—2) (3.12)

for each j > 1 such that A; = k? or A; = dk>.
In order to prove (3.12), we begin by noting from Definition 1.2 that for an irrational number

x with Liouville-Roth constant pu, there exists a constant C' > 0 such that
327

q

> 2 3.13
> ¢ (3.13)

for each fixed r > p and any integers p, ¢ with ¢ > 0. On the other hand, any number has the same
Liouville-Roth constant as their reciprocal. This is proven in Appendix C. Hence we can take

r > p(Vd) = p(1/Vd). (3.14)

From (3.11), note that for estimating each P; we only have to bound the difference between
two consecutive elements of the sequence {A;}. Assuming that j > 2, we have four different cases:

o If A; = dk? and Ajy1 = d(k +1)?, then

IAj — Ajuq| = d|k?* — (k£ 1)%| > dk (3.15)

o If A; = dk? and Aji; = m?, we have from (3.13) with = = v/d that

[As = Agar| = [dk? —m? = |k — m| | Vak +m| =
> Vk? )f - %( > e k2T (3.16)
where ¢; > 0 depends only on pu, r and d.
o If A; = k% and Aj1 = (k£ 1)2, we have
|Aj — Ajua| = K> — (k£ 1)?*| >k (3.17)



o Aj =k? and Aj1; = dm?, we have from (3.13) for x = 1/+/d that

IA; — Aji1| = |k + Vdm||k — Vdm)|

. @m!k\/ﬁ‘\}g - (3.18)
> Vak? \}& _ 7}:“ (3.19)
> ek (3.20)

for some c3 > 0 only depending on u, r and d.

Finally, we have the corresponding estimates concerning |A; — As|, and then we have proved
(3.12).

Then, for each k, we set ¢; 1, = ¢; where j is the only index satisfying A; = k2, and g2,k = q Where
Ay = dk?. Then (3.10) follows with ¢ = 2(r — 2), § = §o max{1,/d} and € = ¢y max{1, Vd}. O

According to Proposition 2.1, for each yo € L?(0,7)x H~1(0,7) and h € L?(0,T), equation (3.4)
admits a unique solution y € C([0, 7], L2(0,7)x H~1(0,7))NL2(0, T; (H?(0, 7)NHZ (0, 7)) x L(0, 7))
satisfying y(0) = yp. Furthermore

2 2 2 2
1Yl z2 0,75 m20m3) <22y + WllcoyL2xm-1) <€ (”hHLQ(O,T) + Hyo||L2xH—1) : (3.21)
Now, we are in position to prove the main result of this section.

Proof of Theorem 3.4. We know that A is diagonalizable and it is the generator of a strongly
continuous semigroup {exp(tA)}:>o (see [19, Section 2.6]). Write X = L?(0,7) x H~1(0,7), X' =
L*(0,7) x H}(0,7) and Y = ((H?(0,7) N HL(0,7))?), Y = (H?*(0,7) N H(0,7))?, with this
(v)xx = (,)yy on X x Y’ since X, X’ are both primal-dual pairs with respect to the same
pivot space (namely, (L2(0,7))?).

By standard interpolation arguments, the semigroup {exp(tA)}+>0 can be extended to the space
Y (see [15, Theorem 5.1, pp. 27] and [19, Proposition 10.2.4]). Hence, since Bh € L?(0,T;Y), the
mild solution formula

T
y(T) =exp (T A)yo + /0 exp ((T' — t)A)Bhdt. (3.22)

holds in Y, and because of [13, Prop. 0.1, pp. 4], also in X.

Similarly, A* generates {exp(tA*)}>0 = {exp(tA)*}:+>0 that shares the eigenfunctions of A*
and its eigenvalues are exponentials of those of A* (which, in this case match those of A, see [19,
Sections 2.6 & 2.8]).

Now, let us write the moment problem associated with the null controllability of system (3.4).
It is clear that, if v/d is irrational, the positive real numbers {k* dk* : k € N} are all distinct.
We denote them by {\;};jen, indexed in increasing order. For each j, we denote by ¢; and ;
the eigenvector and the biorthogonal eigenvector, respectively, associated with the eigenvalue —A;.
Since {9;};en is a Riesz basis of X', y(T') = 0 if and only if for each j € N we have

W(T),vj)x.x =0,
i.e.

T
</0 exp ((T — t)A)Bhdt, ¢j> = — (exp (T'A)yo, wj>X,X’ ) (3.23)

X, X/

8



In that case, since {1;} C Y’ C X’ and exp ((T — -)A)Bh € L?(0,T;Y) we have

(/ " exp (T - ) A)Bh, ¢j>X,X, ~(/ " exp (T - ) A)Bh, ¢j>w o

T
- /0 (exp (T — ) A)Bh, ).y,

so that -
| e (T = 04)Bh ),y = = ex0 (T Ay ) - (3.25)

ie.
T
/0 (h, B*exp ((T' — t) A" )4p;) dt = — (yo, exp (TA*)%-)X,X, , (3.26)
applying the spectral decomposition of exp(tA*)

T
B, /0 B(T — s) exp (=A;s)ds = — exp (=\T){yo, 1) x.x. (3.27)

This motivates writing h as the formal sum

LOEDS W@o, o) xx00) (T 1), (3.28)
jEN J

where {g;};en is a set of functions biorthogonal to {exp(—A;t)}jen in L2(0,T).

By Lemma 3.5 such a family {g;};jen exists. It suffices to prove that (3.28) is absolutely con-
vergent.

Notice that

exp (—A\;T
17l 20,7y < Z M|<Z/Oa¢j>X,X/’ 151l z2(0,7)

; | B*1)
jeN
1/2 1/2 (3.29)
exp (—2A;7) 9 )
Z W ||qJ'||L2(o,T) Z (Y0, ¥5) x, x| )
jEN J JEN

since {1j}jen is a Riesz basis of L?(0,7) x H~1(0, ), there exists a constant Q such that

H(yo;wj>X,X’ 02 S Q HyOHX7 (330)
so that
1/2
exp (—2\;7T)
IBl20m) <@\ D=7 Maillieom | wollx - (3.31)
JEN ’ 1’/}3’

We seek to bound the series

exp (—2\;7) 2
Z ’7 Wy\; HQjHL2(0’T) . (3.32)

JeN



We explicitly compute

i 2 dk . 2
By, = \/;de T By, = \/;d. (3.33)

Now, using the bound found in Lemma 3.5 we find that, letting w = §+e+4 (64 2() and recalling
that 0 < T < 1, we have

exp (—2k4T) 2
%W HquQHLQ(O,T)

<C Z exp (—2k*T) exp(27/T) exp(2(0VT + &)k?)k5+2

keN
< Cexp(2y/T) Y exp(2(wk® — k*T))
keN
¢ (3.34)
<Cexp(2y/T) | Y expwk® —K'T))+ > (exp(2(wk — k°T)))F
| k2 <[] k2> [l
. [ 1
< Cexp(2v/T) |V W “ exp(w?/2T) + ¢
T 1—e
< Cexp(2(y +w?/4+1)/T)
and
Zexp (—2dKk>T) ol
——— |2k
keN | B*Wy 1|2 2o
<C Z exp (—2dk>T) exp(2y/T) exp(2(6V/T + ) k)k*
keN
< Cexp(2y/T) Y _ exp(2(wk — dk°T))
hen (3.35)
< Cexp(2v/T) Z exp(2(wk — dk2T)) + Z (exp(2(w — dkT)))*
_k<[“ji—+T11 k>[4
< Cexp(y/T) | |21 ] exple?/2ar) + ——
< Cexp(2y | a7 exp(w %
< Cexp(2(y +w?/4d +1)/T)
plugging (3.34) and (3.35) into (3.31) we get Theorem 3.4 with M =~v+ 1+ “’72 max{1, 1}. O

4 Controllability of the nonlinear system

We will obtain a weak formulation for system (1.2), which, using the notation introduced in Sec-
tion 3, has to be something like

yr = Ay + Bh — (uuy,0).

10



2
u
Taking into account that uu, = <2> , formally multiplying the previous equation by a test
x

function ® = <¢ ) (which is R? valued) and integrating by parts we get

®2
T s s u2
/ yt-<I>d:):—/ (Ay+Bh)-<I>d:r—|—/ ()qﬁlzdx.
0 0 0o \2

This motivates us to define F : L2(0,7) — (H?(0,7) N H(0,7))’ by

T u2
(F(w), ) (52 (0,m)nHL (0,m)) , H2(0,m)NHE (0,7) = /0 <2> ¢y da,

and we would like to define that y = (u,v) is a solution of (1.2) if it satisfies the system (2.1) with
f = F(u). In order to do this, we show that F'(u) has enough regularity such that the corresponding
mild solution (3.22) is well defined.

Using Holder inequality and since H'(0,7) < L>(0,7), we deduce that, for all ¢ € H?(0,7) N
H}(0,7), we have

2

u
(F(u), &) (2 (0.mn B3 (0.m)) H2(0m)NHE (0.m) < || 5 162l oo (0,7)
L1(0,m)
=3 HuQHLl(O,w) Cs 191l zr20,m)n 812 (0,m)
C'3
ll20 ) 161|120,y 822 0,70)

. C C .
meaning HF(U)H(HQ(OJF)HH(%(OJ‘.)), < 3 HU2HL1(O Y= “3 HuHL2(0 ) for some C3 > 0, by definition
of the dual norm.

Moreover, note that
2 T 2
). ) g gy = | >||Lz(o,T;(H2mH01y) = [ IP@O gy
2 A TC: o,
< 73 ; ||uHL2(O,ﬂ') < Tg lullego,m),£20,7))
T02
S — HyHC([OT L2(0,m)x H=1(0,r)) < O©-

Therefore F(u) € L?(0,T; (H?(0,7) N H&(O,ﬂ))’), and it makes sense to put f = F(u) in (2.1).
Accordingly, we say that y € C([0,T], L?(0,7) x H~1(0,7)) is a solution of (1.2) if it satisfies

= Ay + Bh + (F(u),0).

In the following result, we show that the local existence of solutions of the nonlinear problem
(1.2): for data with small enough norms, there exists a solution.

Proposition 4.1. Let T > 0. There exists Ry > 0 such that for all (ug,vy) € L? x H 1 and
h € L*(0,T) satisfying
(w0, v0) 172 -1 + 1217200 ) < BY, (4.1)

system (1.2) has a solution C([O T),L? x H~Y) N L*(0,T; H?(0,7) N HE(0,7) x L?(0,7))

(u,v
such that u(0,-) = ug and v(0,-)

| |

11



Proof. Fix T > 0 and let (ug,vg) € L? x H~! and h € L?(0,T) verifying (4.1) for some R; > 0 to
be determined. Denoting Z = L2(0,T; (H?> N H})'), we define

F.Z— Z,
[ F(u)

where (u,v) solves (2.1). By definition, the fixed points of F correspond exactly to the solutions
of (1.2).
From the previous estimations of F', we obtain

T
IFDIE = 1Py = | 1@ gy dt

cz (T 4 TC? | 4 TC? 4
<3 Olzem dt < 2 lullegon ) < = 1@ olleqm ey @2
TC3C? 2
< 2L () oy v Fawgr—1 + Il 2oy + 1F1%) < +o00,
T
and taking Cy = \Fglc’?’, we get that

1Pz < Ca (Iollzes 1 + 1820y + 11%)

and then F is well defined.

Moreover, if we define Ry = ——, we have
4CYy

|F(f)]lz <2C4R3 < % <R, VfeB(0,R)CZ.
Therefore, F maps B(0, R1) C Z into itself.

To conclude, we will show that F is a contraction on B(0, R;) and use the Banach fixed point
theorem. To this end, take f(, f() € B(0, R;) and consider y() = (v, v(M), 42 = (u(2) )
the respective solutions.

A straightforward computation yields

|7y~ Fa|] = [ Fe) - ra®)|

L2(0,T;(H?NHy)')

_ /OT HF(U(l)) _ F(“(Q))H(QHang)f dt < Cf /OT H(u(l))z N (u(z))z‘ il(o,w) dt
S R N TR
0 L2(0,m) L2(0,m)
Whence, for f1), @ such that Hf(l)HZ , | f(2)HZ < Ry, we get
|7y - 7|
TG [ +u<2)H2 [ w(z)HQ
4 c([0,T),L2) C(j0,T7,L2)

< Tcifcg

2 2
(H%/oll%sz_l + 12k 01320y + Hf(l) n f(z)HZ> Hf(l) _ f@)”z
2

<scanilso - o

12



where we have taken into account the smallness of the initial condition, the control and the source
terms.
From the above expression and using R = ﬁ, we get

g g, <2t - 7, - - g,

Z

and the existence of a unique fixed point of F in B(0, R;) follows from the Banach fixed point
theorem. O

The following result gives us the global uniqueness of the nonlinear problem.

Proposition 4.2. Let y € C([0,TM), L? x H;l) and y@ € C([0,7?)),L? x H™') be solutions
of (1.2) with the same data (ug,vo) and h. Let T = min{TM TZ)}. Then y(1)|[0j) = y(2)|[0 )

Proof. Assume that y(l)][oj) # y(Q)\[Oj), we may define 7©) = inf{t € [0,T) : yM(t) # yD (1)},
we then have yM(T©)) = y@(TO)) and TO) < T, let 0 < e < T — T,
Due to Proposition 2.1, for t € [T, T 1 ¢ we have

2 2

RIOEPRIO]

< Gy |[PV) - F®)|

L2 L2(T(©)t;(H2NH})')

<O [l - w0, 0

<O [ @l 06 ool e
2 t

= % HU(I) + U(2)HZ([T(O),T(O)—‘,-G],LQ) /T(o) )u(l)(s) B U(Q)(S)‘ 2L2(0,7r) ds,
2 t

= 01203 HU(I) * U(2)HZC([T<0>,T(0)+6],L2) /T(O) )y(l)(s) B y(2)(s)‘ ;xH—l ds,

so that the Grénwall Lemma implies 3P () = y@(t) on [T 7O 4 ¢, which contradicts the
definition of T, O

Remark 4.3. As a consequence of Propositions 4.1 and 4.2, we deduce the local well-posedness of
the nonlinear system (1.2): for data with small enough norm, there exists a unique solution. Hence,
the property of local null-controllability given in Definition 1.1 is a-priori well defined, in the sense
that, given an initial condition and a control (with small enough norms), there is only one solution
that needs to vanish at t =T. Although the technique of the proof of Proposition 4.1 is quite similar
to that of the proof of Theorem 4.4, where we will prove the existence of both a null-control h and
a controlled solution, we include both results and their proofs for the sake of completeness.

Theorem 4.4. Let 0 < T < 1. Suppose (3.1) is null-controllable in time T for all T > 0, and also
suppose that there are uniform constants (w.r.t. 7) Cs, M > 0 such that the control cost is bounded
by K(1) = Csexp (M/1) for all 7 € (0,1]. Then (1.2) is locally null-controllable at time T.

Proof. We consider pg and p1, as in [18], given by

p1(t) = exp <_(Ti“t)2>’

« M
po(t) = Cs exp <_q4(T—t)2 + (= 1)(T—t)>’

(4.3)
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where K(T') = Csexp (M/T) is an upper bound for the control cost,

2MTq*
(¢—-12~—q"

Then we may directly check that (4.3) define continuous and nonincreasing functions, which are
positive in [0,7), vanish at ¢ = T', and verify

1<q<21/4, and «a>

2
1.5 (4.4)
P1 £0

and for ¢ € [(1 — q%) T, T}, we have

po(t) = p1(¢®t+ (1 — ¢*)T)K((q — 1)(T —t)).

In this way, the weights (4.3) verify the hypotheses in Proposition 2.2.

We now prove that if the initial data (ug,vg) is sufficiently small, there exists a control h and a
solution (u,v) of (1.2) such that (u,v)(T,-) = 0. Denoting Z,, = L2 (0,T;(H*N Hg)'), and given
yo € L? x H™', we define

For : Zpy — Zpy,
fr= F(u)

where (u, v) solves (2.1) with h given by Proposition 2.2. Clearly, in view of Proposition 2.2, finding
a fixed point of the map F,, will gives us a controlled solution to (1.2) which in addition satisfies
(u,v)(T,-) = 0.

We begin by showing that F,, is well defined.

T\ () Py

2 _ 2 —
1Fn (I, = WP oy = | o ar
4
_cicy /T lu@lz20m |,  TCICE || u ! _ TC4CS || () || (4.5)
-4 o po(t)? — 4 dpolleqoyzy — 4 Po lc(o,1),L2x H-1)
TCC2C2 2
< 2 (| (0, v0) Farrr + 111, ) < +o0,

where Cy > 0 is the constant coming from Proposition 2.2.

TC2C,C:
Taking Cg = W, we get that

15 (D)l1z,, < Co (Iwolzen + 1513,

1 R
We define Ry = min{ !

4Cs” \/2C2p0(0)2 + 1

R
[P (2, <206R5 < 7 <Ry VS € B(0,Ry) C 2.

}. For any yo such that ||yol| 2, -1 < R we have

Therefore, F,, maps B(0, Ry) C Z,, into itself.

To conclude, we will show that F,, is a contraction on B(0, Rz) and use the Banach fixed point
theorem. To this end, take f(, f(2) € B(0, Ry) and consider y() = (u),v(M), 42 = (42 )
and KW, A the respective solutions and controls given by Proposition 2.2.

14



Since y and h depend linearly and continuously on the pair (yo, f), ) — y® and A1) — p(?)
are the solution and control associated with f = f(1) — ) and yy = 0. Using property (4.4),
straightforward computations yields

2 2

HF(u<1>) _ F(u(2))‘

| Fon (7 = Foa(5)

Zp, L2, (0,T;(H?NH}))

) = P gy g 7 IO = @O
— 5 g 5 dt
0 p1(t) 0 p1(t)

dt.

2 2
- cic? /T [ + “(2)HL2(07W) [ “(2)HL2(0,7T)
- 4 0 p()(t)4
Whence, for f1), ) such that Hf(l)Hzp ,Hf(Q)HZp <R,
1 1

FAGIEE AT )

Z,,
_ TCICE [[u® + u® 2 D _ @]
-4 Po c([0,T),L2) Po o([0,7],L2)
TCAC202 2 2
< TCsC5C <H2y0HQL2><H—1 N Hfa) +f(2>‘ ) Hfu) _ f<2>‘
4 25, 25

a1 R

Zp1

where we have taken into account the smallness of the initial datum and the source terms. From
the above expression and using Re < ﬁ, we get

< 2VACeR, 1V - O - \f |- ]

[For (70 = For(5)

)
Zpy Zp1 Zp1

and the existence of a unique fixed point f of F,, in B(0, Ry) follows from the Banach fixed point
theorem.
Notice that Proposition 2.2 implies

1003 0.1y < Co (1l (o, v0) 321 + 11113, )

R
so that Ry < L yields
14 2C5p0(0)2

(0, 00) F -1 + IAI2(0,7) < 110y 00z + p0(0)2 RIS 0.7 < (1 +2Cap0(0)2) RS < R,

so that (ug,vo) and h satisfy the hypotheses of Proposition 4.1. O

Once we have established Theorem 4.4, the proof of Theorem 1.4 for T' < 1 is a direct application
of such result and the bound for the control cost obtained in Theorem 3.4. For T' > 1, we can write
[0,T] = [0,1] U[1,T]. For the first time interval, we control as in the previous case obtaining that
u(-,1) = v(-,1) = 0. Then, setting h(t) = 0 for [1,T], we extend the solution (u,v) by zero, thus
yielding the desired control result.
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A A well-posedness result

Here, we give a proof of Proposition 2.1.

Proof. Since (—0yz)? : H?(0,m) N H(0,7) C (H?(0,7) N H}(0, 7)) — (H?(0,7) N H}(0,7))" and
~dOyy : L*(0,7) C (H%(0,7) N HE(0,m)) — (H?(0,m) N H}(0,7))" are strictly positive self-adjoint
operators, we have the following two results due to [4, Thm. 3.1, pp. 143|.

If f € L2(ty,te; (H*(0,7) N HE(0,m))") and uy € L?(0,7), then

ut(tv‘r)—'_uxxxx(t?x) :f7 te (t17t2)7 T e (Oaﬂ-))
u(t,0) = ugq(t,0) =0, t € (t1,t2), (A1)
u(t, m) = ugq(t,m) =0, t € (t1,t2),

admits a unique solution u € C([t1,ta], L*(0,7)) N L2(t1, t2; H*(0,7) N HL(0, 7)) satisfying u(ty,-) =
u1, and we have

2 2 2 2
||U”L2(t1,t2;H2mH01) + HUHC([tl,tQ],B) <Ky (HU1||L2 + HfHL2(t1,t2;(H2mH3)/)> ) (A.2)

for some K; > 0 independent of t1, ts.
The second result tells that if h € L?(t1,t2) and v; € H~1(0, ), then

v(t, ) — dvge(t,z) =0, t€ (t1,t2), x € (0,7),
{ v(t,0) = h(t), v(t,m) =0, te (ti,tz), (A.3)

admits a unique solution v € C([t1,t2], H1(0,7)) N L?(t1,t; L?(0,7)) satisfying v(ty,-) = vy.
Moreover, we have the following energy estimate

2 2 2 2
H’UHLQ(tl,tQ;LQ) + HUHC([tl,tQ},H_I) S K2 (HUIHH_l + Hh’”LQ(tl,tz)) ’

with Ko > 0 independent of 1, to.
We will now exploit the cascade structure of the system. Notice that if v € L2(t1,t2; L?(0, 7)),
then in particular v € L?(ty, to; (H?(0,7) N H}(0,7))’) and

2 2
H’UHL2(t1,t2;(H2ﬁHé)’) S HUHLQ(tl,tQ;L2) :

We take v to be the solution of (A.3), and u to be the solution of (A.1) with right hand side
f 4+ v. Since

2 2 2
v+ f||L2(t1,t2;(H2mHg)f) <2 (||f||L2(t1,t2;(H20Hé)’) T ”””LQ(tl,tz;(H?ﬂHé)’)) )
we get
o]l + [[vlIZ < Ko (|l + o7 (A.4)

L2(t1,t2;L2) O([trsta], H-1) = 2 L2(t1,t2) Hig=1)> )

and
2 2 2 2
HUHLQ(tl,tQ;H?ﬂH(}) + HUHC([tl,tg},LZ) <K <||U1HL2 + Hf + UHLQ(tl,tQ;(HQﬂH&)’))
2 2
< 281 ([ la + 17120, szt

+ 265K (1Bl 724, 1) + a1 ) (A.5)
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where we have used (A.4) in the last line. Writing y = (u,v) and y; = (u1,v;1), we can combine
(A.4) and (A.5) and take C = max{ K>, (2K; + 1)K3} to deduce

2 2
Hy||L2(t1,t2;(H2mH3)><L2) + ||y”c([t1,t2},L2><H*1)
2 2 2
< C (Il 20y a0y + 90321 + 1 W2 mrrznagyy)

This concludes the proof. O

B Sketch of the proof of Proposition 2.2

1
We define T, =T <1 — k> Notice that with this
q

p0(Thv2) = p1(Ti) K (Thy2 — Ths1)-

Consider the notation y = (u,v). We recursively define yi+1 as z(Ty+1), where z = (21, 22)
solves (2.1) on (T, Tk+1) with initial condition z(7T%) = 0 and control h = 0. By Proposition 2.1
we have

2 2 2
1202 1y 12y ) T WE o m .2 xm-1) < Collf 2, e sznmgy) -
with this
2 2 2 2
k1l 2w -1 = 12T ) 72— < HZHC([Tk,TkH],LQXH—l) <Ci HfHL2(Tk,Tk+1;(H20H&)’)'

Define h on (T, T;+1) as the minimal norm control that drives (2.1) to zero at time Ty with
initial condition y; at time T} and source term f = 0. We denote the corresponding solution by w.
Since we have assumed that system (2.1) with f = 0 is null-controllable with control cost K(-), we
have, because of Remark 3.3,

2 2
Az sy < K2 (Thpr = Ti) 9nl 72
and therefore
2 2 2
1Pl 22Ty Tss) < K*(Teo = Tosr) lyks1ll 721 < CLE*(Topa — Thoyr) 122 T ss2nm Y -
We define y = z + w. Since z(T}, ) + w(T},) = 2(T} ) + w(T}"), y is continuous at T}, for every

k > 0. With this definition, it is also clear that y solves (2.1) for ¢ € [0,T).
Notice that, due to the fact that py and p; are nonincreasing

2
111 1001 € 7 1,00 < O b2 i ey o
< s W ey < O I, oy
. : L KATY) |
HhHLgO(o,Tl) < m ||h||L2(O,T1) < m lyollz2 -1 - (B.2)
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Proposition 2.1 yields

2
Y

po

2
1L (s Tsr2nEdy x22) T+ ‘
P k+1,4 k42, 0
0 C([Tht1,Tht2], L2 xH™1)

1
2 2
< (1+ =g ) s, oy
C1 2
* K2(Tit2 — Thy1) HfHL?q (T+1,Tr2;(H?NHG)') (B.3)
and also
JII?
2
Wlizz,omsrznmyns) + ‘ pollcqor),rexa-1) (B.4)
S CSC LR T S 1N
= pg(Tl) L?xH p%(Tl) Lp1(07T1;(H ﬂHO))

It follows from Proposition 2.1 that ¥ is continuous on [0, 7], with values in L? x H~1. Because
po is positive on [0,7), p% is also continuous on [0,7"). Since the right hand side of (B.3) converges
to 0 as kK — oo, it follows that % — 0in L2 x H ' as t — T—. With this, we may extend p%
to [0,7] and it remains continuous, in particular, this implies that (u(7"),v(7")) = 0. This tells us
that the control h constructed drives the state to zero, and also gives a bound on how quickly the
convergence takes place, namely, faster than pg approaches 0.

Combining estimates (B.1)—(B.2) with (B.3)—(B.4) we can deduce the existence of a constant

Cy > 0 such that (2.2) holds. This ends the proof. O

C Liouville-Roth constant of the reciprocal of a number

Lemma C.1. Let > 0. Then x and 1/x have the same Liouville-Roth constant.

Proof. Assume without loss of generality that the Liouville-Roth constant of 1/z is strictly greater
than that of z (this implies « has finite Liouville-Roth constant). Fix r strictly in between both
Liouville-Roth constants and € > 0 such that r + ¢ is also in this interval. By definition, there exist
infinitely many pairs (p, q) € Z? with ¢ > 0 such that

1 p 1
i <7

so we may construct a sequence (p, ¢,) of distinct such pairs. Since for a given g,, only finitely
many values of p, can satisfy the equation, we know by the pigeonhole principle that g, — oo as
n — oco. With this, 2—: — 1 which implies p, — oo and g—z — x. Notice that

x 1 e
0 <o By = 2 P2 e (22) 5y
n Pn |Gn @ In Ph
ince 22 (22)7 _ p2or—e |pa _ 1| grte < 1 and L - 0. Tt follows that th infinitel
since Tl (£ — x g —z|@n © < land = — 0. ollows that there are infinitely
many pairs (p, q) such that
q 1

0<|x— 1; < E,

which contradicts the fact that r is greater that the Liouville-Roth constant of x. O
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