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Abstract

In this paper, we study the controllability of a nonlinear system of coupled second- and
fourth-order parabolic equations. This system can be regarded as a simplification of the well-
known stabilized Kuramoto-Sivashinsky system. Using only one control applied on the boundary
of the second-order equation, we prove that the local-null controllability of the system holds if
the diffusion coefficient of the second-order equation is a quadratic irrational number.
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1 Introduction

The study of controllability of systems of coupled partial differential equations has deserved a lot of
attention in the literature of the past recent years. For systems of second order equations we refer
the reader to the classical work [1, 2, 3|, and the references within. For systems involving fourth-
and second-order differential equations, we refer to [8], [9], [6], and [11]. Particularly, in [7], the
authors study controllability properties of a linear cascade system coupling a bilaplacian operator
to a heat equation with a single boundary control, obtaining positive and negative controllability
results depending of the diffusion coefficient.

The interest in the study of systems involving fourth order parabolic equations comes from
models of front propagation in reaction-diffusion phenomena. Indeed, in [14] a system was pro-
posed as a model for such phenomena with both dissipative and dispersive features and allowing a
stable solitary-pulse. The system consists in a one-dimensional Kuramoto-Sivashinsky-KdV (KS-
KdV) equation, linearly coupled to an extra dissipative equation, under the name of the stabilized
Kuramoto-Sivashinsky system, and given by

Ut + YUgzzr + Uzzz + QUzy + VU = Vg, (1 1)
U — dUgy + CUL = Uy, ’
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where v > 0 accounts for the long-wave instability, a is the short-wave dissipation, d > 0 is the
dissipative parameter and ¢ € R is the group-velocity mismatch between wave modes. Notice that
the coupling is through first order terms, which is harder to deal with than zero order couplings.

The objective of this work is to perform one step in the direction of studying the boundary
controllability of system (1.1), by considering the controllability of the non-linear version of the
system studied in [7]. That is, we consider the problem given by

Ut + Uppgs + UlUy = U, te (0,7)
— dvgy =0, te (0,7
u(t,0) = uge(t,0) =0, te(0,7), (1.2)
u(t, ) = Uz (t,m) =0, te (0,7)
v(t,0) = h(t), v(t,7) =0, te (0

where u = u(t,x) and v = v(t,z) are the state variables and h = h(t) is the control. Observe that
the control acts only on the heat equation and influences indirectly the first equation by means of
the coupling. The parameter d > 0 is the diffusion of the heat equation and will play a crucial role
in the analysis of controllability properties for the system.

The controllability problem we are interested can be formulated as follows.

Definition 1.1. We say system (1.2) is locally null-controllable at time T if there exists R > 0
such that for any state (ug,vo) € L?(0,7) x H~1(0,7) satisfying

| (w0, vo)ll L20,myx H-1(0,7) < R,
there exists a control h € L?(0,T) such that the solution of (1.2) with initial condition
u(0,-) =ug and v(0,-) = vy

satisfies
w(T,-)=0 and o(T,-)=0.

In [7], the global null-controllability of the linear version of system (1.2) (see (3.1) below) is
proved, depending on the diffusion coefficient d > 0. More precisely, if v/d is not a Liouville number
(see [5]), then the system (3.1) is null-controllable at time 7" for any 7" > 0 and any initial datum
(ug,vo) € L2(0,m) x H=(0, ).

In this spirit, the main result of this work is the following.

Theorem 1.2. If\/d is a quadratic irrational number, then system (1.2) is locally null controllable.

Remark 1.3. We recall that x € R is a quadratic irrational number if it is irrational and there
exists a quadratic polynomial with rational coefficients q such that q(x) = 0. In particular, these
numbers can be written as q1 + q2+/c with qi1, g2 rationals and ¢ > 0 and they are a proper subset of
the algebraic numbers.

The proof of Theorem 1.2 follows from a precise estimate of the cost of the control of the linear
system (3.1) and an application of the so called source term method, introduced by Y. Liu, T.
Takahashi and M. Tucsnak [13]. It is important to mention that we are able to prove such precise
estimate only in the case where v/d is a quadratic irrational number. Even though a more general
result is known in the linear case, where the global controllability of the linear system (3.1) holds
for any irrational number with finite Liouville-Roth constant (see [7, Theorem 1.5] and Section 3
below), here we use strongly the fact that V/d is a quadratic irrational number in order to deduce
the required cost of the control.



Remark 1.4. As in other works relying on the source term method for deducing controllability
properties of nonlinear systems (see e.g., [12, 10] for recent works), the a priori well-posedness
of the nonlinear system (1.2) is not a prerequisite to study the problem. In fact, while proving
Theorem 1.2, the existence and uniqueness of the controlled solution will be a byproduct of the
methodology.

The rest of the paper is organized as follows. In Section 2 we establish some basic results
of well-posedness and we apply the source term method to our system. In Section 3 we obtain
adequate bounds for the cost of the control of the linear system under correspondent hypothesis of
the diffusion coefficient. Finally, in Section 4 we prove Theorem 1.2.

2 The source term method

In [13], the authors introduced the so-called source term method, a quite general methodology to
deduce local controllability results for semilinear problems based on the controllability properties
of the underlying linear system perturbed by an external force with some decay properties.

By adapting this methodology to our case, we are reduced to study the controllability of the
linear system

Up + Uggze = UV + [f1, te (0,T), z € (0,m),

Ut_dvxx:f% tE(O,T),ZL‘E(O,?T),

u(t,0) = ugy(¢,0) =0, te (0,7), (2.1)
w(t, m) = uge(t, ) =0, te (0,7),

v(t,0) = h(t), v(t,7) =0, te(0,T),

where f = (f1, f2) is a suitable source term.
We begin by stating a general well-posedness result for system (2.1).

Proposition 2.1. Let t; < ty be any arbitrary positive times. If f € L2(ty,ta; (H?(0,m) N
H}(0,7)))2, h € L%(t1,t2) and (u1,v1) € L*(0,7) x H=Y(0,), then (2.1) admits a unique so-
lution (u,v) € C([t1,t2], L*(0,7) x H=1(0, 7)) N L2(t1,t2; (H2(0,7) NHL (0, 7)) x L*(0, 7)) satisfying
(u,v)(t1,) = (u1,v1). Moreover, we have the following bound

2 2
1€ty N2ty osrrznmg) 22y + 100 )y to1,L25m-1)
2 2 2
< C (320, + 10,00 st + 11 sz )
where C' does not depend on t1,ts.

The proof of this result is classical and relies on well-known arguments. For the sake of com-
pleteness, we present it in Appendix A.

Now, we recall the method introduced in [13] that will allow us to deal with the controllability
of the nonlinear system (1.2). We consider a function p verifying the following properties

p:[0,T] — [0,400) continuous, non-increasing, positive on [0,7"), with p(T") = 0.

We denote by L%(O, T; X) the weighted L? space with values on X and with measure mr/p?, where
myp denotes the Lebesgue measure of the interval (0,T). In the spirit of [13], we have the following
controllability result for (2.1) in weighted spaces.



Proposition 2.2. Assume that system (2.1) with f = 0 is null controllable in any time T, with
control cost K (1), which is a continuous and non increasing function of 7. Suppose that ¢ > 1 and
p1:[0,T] = R is a continuous, non-increasing function with p1(T) = 0 and such that

plt) = mlaPt 4 (1= ADE G- 0T -0). (ve|(1- %) 7)),

is non-increasing and verifies po(T) = 0.
Then, for each f € L2 (0,T;(H* N H§)')? and any initial condition (ug,vo) € L*(0,7) X
H=1(0, ), there exists a control h € L%O(O,T) such that the solution (u,v) to (2.1) satisfies

(w,v)
Po

2
2
+ HhHLgO(o,T)

2
H(%”)HLgO(o,T;(mmHg)xL?) + ‘

C([0,T),L2x H—1) (2.2)

2 2
< Cs (w0, v0) 32w + 1135 o.r:(nmgye) s
where Cy > 0 is uniform with respect to f, yo and h.

The proof of this result is very close to [13, Proposition 2.3], therefore we only give a brief sketch
of the proof in Appendix B.

Remark 2.3. e Although the original weight po(t) is defined only for t € {(1 — q%) T, T} , it 1s

possible to define an extension (still denoted by py) which is continuous and non-increasing
on the whole interval (0,T). Thus estimate (2.2) is meaningful.

e Since po verifies in particular po(T) = 0, it is clear that (u,v)(T,-) = 0.

3 Bounds on control cost for the linear system

As we anticipated in Section 1, one of the key ingredients of the proof of Theorem 1.2 is a precise
bound of the cost of the control of a liner version of (1.2). Actually, the importance of this bound
can be already seen in the statement of Proposition 2.2, where the cost of control is assumed
to behave as a continuous and non-increasing function K(-). In this section, we give sufficient
conditions on d such that the control cost has bounds that allow us to deal with the controllability
of the non-linear problem.

We begin by recalling the known results on the linear control problem, which is given by the
following system.

ut(t, @) + Uggee (6, ) = v(t,z), t€(0,T), z€ (0,7),

ve(t, ) — dvge(t, z) = 0, te (0,T7), x € (0,7),

u(t,0) = ug(t,0) =0, te(0,7), (3.1)
u(t, ) = ug,(t, ™) =0, te(0,7),

v(t,0) = h(t), v(t,m) =0, t e (0,7).

Definition 3.1. Let T > 0. System (3.1) is said to be null-controllable in time T if for any state
(ug,vo) € L2(0,m) x H1(0,7), there exists a control h € L?(0,T) such that the solution of (3.1)
with initial condition

u(0,) =ug and v(0,-)=wvg

satisfies
uw(T,-)=0 and o(T,-)=0.



We have the following.

Theorem 3.2 (Theorem 1.5 of [7]). If \/d is an irrational number with finite Liouville-Roth con-
stant, then system (3.1) is null-controllable in time T for any T > 0.

Theorem 3.2 indeed tell us that system (3.1) is null-controllable at time 7" for a wide class of
diffusion coefficients d. In particular, this means that for every (ug,vo) € L?(0,7) x H~1(0,7) the
set of admissible controls

C(T,ug,v0) == {h € L*(0,T) : (u,v)(T,-) = 0} (3.2)

is non-empty. Thus the control cost in time 7T is given by

K(T) := inf h : 1 <1 . 3.3
0= sup ({, ot i ¢ o)l <1}) 33)

The techniques used in [7] to prove Theorem 3.2 do not allow to directly obtain an estimation
of (3.3) in all the cases where the system (3.1) is null-controllable. We will see that, under an extra
assumption on the coefficient d, we can obtain a suitable estimation of the control cost for system
(3.1). The result is the following.

Theorem 3.3. If \/d is an irrational algebraic number of degree 2, then there exist positive con-
stants C and M such that the control cost for system (3.1) satisfies

K(T) < Cexp(M/T).

In order to prove Theorem 3.3, we begin by rewriting system (3.1) in a more compact way, that
is,

y = Ay + Bh, (3.4)

where y = (u,v), A: D(A) := {u € H*(0,7) N H}(0,7) : Oppu € H*(0, ) N HL(0,7m)} x H}(0,7) C
1

L2(0,m) x H~1(0,7) — L?(0,7) x H~1(0, ) is given by
_ 2 _
A:—<( %m) —d@lm>’ (3.5)
and B € L(C, ((H*(0,7) N H(0,7))2)’) is given by
(Bh)(¢1, $2) = he22(0). (3.6)

According to Proposition 2.1, for each 3o € L?(0,7) x H~ (0, ), equation (3.4) admits a unique
solution y € C([0, 7], L*(0,7) x H=(0,7)) N L*(0,T; (H?(0,7) N H}(0,7)) x L?(0,)) satisfying
y(0) = yo. Furthermore

HyH%?(O,T;(H?ﬂH&)xL?) + 19lE o, 21y < € (’\h\\%2(o,:r) + HyOH%wal) : (3.7)

In [7, Section 3.2] it was found that there is exists a Riesz basis made up of eigenfunctions of

A, these are
1 k4 — dk?)~!



2
where ¢ () = \/7 sin (kx). The eigenfunction @1 j is associated to the eigenvalue —k* while @5
T

is associated to the eigenvalue —dk?.
The biorthogonal basis corresponding to this Riesz basis is given by

1 0
\Ijl,k‘ — ((de _ k4)_1> SDkH \IIQ,k‘ = k <1> SDIC (39)

It is clear that, if v/d is irrational, the positive real numbers {k4, dk? : k € N} are all distinct.
We denote them by {A;};en, indexed in increasing order. For each j, we denote by ¢; and 1; the
eigenvector and the biorthogonal eigenvector, respectively, associated with the eigenvalue —A;.

We have the following auxiliary result.

Lemma 3.4. If \/d is an irrational algebraic number of degree 2, there exist positive constants
C,M (independent of T') such that

T
3 Jag P exp(—\T) < Cexp(M/T)/O ’Zaj exp(—\;t) ‘it (3.10)

for any {a;}jen € 2(C).

Proof. Notice that if the inequality is true for a set of exponents larger than {k* dk? : k € N}, it
is in particular true for {k* dk? : k € N} (just by making the remaining coefficients null). We will
show that we have (3.10) for {k?, dk? : k € N}.

Hence, we denote {1;};jen = {k? dk* : k € N} indexed in increasing order. By [16, Corollary
3.6], in order to prove Lemma 3.4 it is enough to show

e the gap property |pj+1 — pj] > v > 0 for each j € N, and that

e there exist constants r, R such that
|1j — 5% < Rj. (3.11)

2
Having shown this, [16, Corollary 3.6] yields (3.10) with any M > 32i and some K depending
T

on R and v, however not explicitly.
We first show that {k2,dk? : k € N} admits a gap. Since v/d is an irrational algebraic number
of degree 2, Liouville’s Theorem implies that there exists a positive constant ¢ such that

0
Vd - p‘ > 2 3.12
‘ al ~ ¢* (3.12)
for all integers p, ¢ with ¢ > 0. Hence
a2 —m?| = |V = " k| Vak + m| > |Vd - | Vak? = Vs, (3.13)

Since |dk* — dm?| > d and |k* — m?| > 1 for k # m, a gap condition is satisfied, with gap
v = min{1, d, V/dé}.



In order to prove (3.11), we write |z | for the floor function of z, given by max{n : n € Z,n < x}.

k
Suppose p; = k2, then dm? < pj <= m < —=, which is true for m = 1,..., LJ With this

Vd' Vd
j=k-+ {kJ = \‘ka . Notice that

Vd Vd
Vd+1 Vd+1
= |k — j < ——<j+1
J { Nz J< Va J
Ja i (3.14)
d d
— k< (g+1 <jJ +1<k+1,
U )\/&+1 IVd+1
Vd d
with this k= |(j +1)——— |, take r = —=——, we have
{(] )\/&+1 (Vd+1)2
-2
g =] = [ - e Y] e Ve
(Vd+1)? Vd+1 Vd+1 (3.15)

2

< |1+ vd Vd +11;.
Vd+1) \Vd+1

On the other hand, if,uj:de, m2§uj <= m < V/dk, which is true formzl,...,{\/ﬂ.

With this j = k+ | Vak| = | (Vd+ 1)k|.

j={(\/3+1)kj — j<(WVd+1Dk<j+1

: : 3.16)
J+1 J (
— k< < +1<k+1
Vd+1 Vd+1
. Jj+1 . .
meaning k = { , with this
\/&+1J
. dj? - Vd RVZ
2 2
wi —rj?| = |dk* — ———| = |Vdk — j - Wdk + j———
g | ‘ (Vd+1)? Vd+1 Vd+1 _
Vd 2V/d '
< | Vd+ +Vd)j.
_( Vd+1) \Vd+1 J

To conclude, taking

N Vd 2Vd Vd 2Vd
R—max{<1+\/&+1) <ﬁ+1+1>’<‘/&+\/21+1> <\/g+1+\/8>}, (3.18)

we deduce (3.11). O

Proof of theorem 3.3. We begin by writing the moment problem associated to the null controlla-
bility of system (3.4). We know that A is diagonalizable and it is the generator of a strongly
continuous semigroup {exp(tA)}s>o0. Then

T
y(T) = exp (T A)yo + /0 exp (T — t)A) Bhdt. (3.19)

7



Since {v}en is a Riesz basis, y(T") = 0 if and only if, for each j € N we have

T
| (exp (@ = 04 B0 dt = — (exp (TA)n, ). (3.20)
0
i.e. T
| 0B exp (7 = 040, dt = (g, xp (T47)5) (3.21)
0
applying the spectral decomposition

T
B*wj/o h(T — s)exp (—Ajs)dt = —exp (—=\;T)(yo, ¢;)- (3.22)

This motivates writing h as the formal sum

ht)y =3 w(ym ¥3)q;(T — 1), (3:23)
jEN J

where {g;};en is a set of functions biorthogonal to {exp(—A;t)}jen in L2(0,T).

It suffices to prove that such family {g;};en exists and (3.23) is absolutely convergent.

We denote p; = exp (—A;t) and II; = span{p; : i # j} for each j € N, and by P; the orthogonal
projection on II;.

For each f € span{p; : i # j} we can write p; — f as a finite linear combinaton »,_;a;p; of
exponentials {p;}ien+ with I finite and j € I, such that a; = 1, therefore, due to lemma 3.4, we

have
lpj = fll 20y = €% exp(=AT/2 — M/2T). (3.24)

By the continuity of the norm, we have (3.24) for f € II;, in particular, this shows us that
pj ¢ 1.

We define P
pi — Pip;
g = I . (3.25)
lp; — Pjpj”L?(o,T)
With this {g;};en is biorthogonal to {p;};en, and
1
llg;ll = < CY?exp (A, T/2 + M/2T). (3.26)
JIL2(0T) Hpj - PjijL2(o,T) !
We seek to bound the series T
Z M. (3.27)

|2

We explicitly compute

. 2 dk ) 2
B \I/Lk — \/;de—kA’ B \IIQ’k- — \/;dk . (328)



On one side, since k < k? and exp (—dT'z) is decreasing

exp(—dk?T) ™ T /°° T Ry
—_ < — —dkT) < — dl'z)dx = — 2
% 1B Uy 2 = 242 %GXP( VS op | e (dln)de = 5or == (3.29)

for the other branch of eigenvalues we need to be more careful, since |B*¥ 1| is not bounded by
below.

(d — k?)? 1 12\ %7
We define L = d2 MaXy /G~ g then |B*¥y x|> > T Denoting m = <7T> , we
get
exp( k4T 7/27m 1.6
Z B < LZexp(—k T)k
keN keN

(3.30)

=L Zexp(—k7/2T)k6+exp( m"2TYymb + Z exp(—k"?T)ES | |
k<m k>m+1

2/7 2/7
2
since the function exp (—Tx7/ )20 is increasing for z < <7T) and decreasing for x > <7T> ,

we have

Z exp(—k:7/2T)l~::6 + e:><;p(—m7/2T)m6 + Z exp(—k7/2T)k6
k<m k>m+41

m [e.9]
§/ eXp(—T$7/2)x6+eXp(_Tm7/2)m6+/ exp(—Tm7/2)m6
0 m

0 12\ 12/7
< / exp (—Tx"/?)2% + exp (—12/7) ( >
0 T

9 [ 9\ 12/7
=7 ; exp(—Tz /27T /22°227/% + exp (—12/7) <7T> (3.31)
00 2/7
_ 2 exp(~Tz"/%)7/22%/ + exp (—12/7) 12\
T Jo T
- 2/00 exp(=Tz"?)7T /22°/% 4 exp (—12/7) 12\ /7
2% J T
9 19\ 12/7
=7 + exp (—12/7) <7T> ,
which means 127
exp( k4T L 12
> B 7/2T2 + Lexp (—12/7) <7T> : (3.32)

keN
: 2L
Taking Ry = - and R3 = Lexp(—12/7) we have
exp(—\;T) 1 1\? 1\ /7
it WG bl — — —
Z B, 2 _R1T+R2 T + R3 T

Jen (3.33)
< Ryexp(1/T) + Raexp (2/T) + Rz exp (12/7T)

< (Ri + Ry + Rg) exp (2/T) =: R§ exp (2/T).

9



Finally, since {t;};en is a Riesz basis of L?(0,7) x H~1(0,7), there exists a constant @ such
that

‘(y07 7/’j)’€2 <Q |?JO’L2><H71 . (3.34)
Putting this all together we have

>

jEN

=

jEN

< 2 exp M/QTZ M
JeN w

< CY2RyQ exp (M/2+1)/T) |yolp2s g1 -

—exp (—A\;T)

Bry;

exp (—A,;1/2)
B*w

(0,%5)q;(T — 1)

L2(0,T)

lexp (—=A;1/2)q;(T — t)’LQ(O,T)

—————(y0,¢)

exp (—\;T1/2)

| il

(yo,wj)‘ < Cl/QeXpM/2T

£2

(3.35)

Taking new constants C = C/2RyQ and M = M /2 + 1, this concludes the proof.

4 Controllability of the nonlinear system

We introduce a weak formulation for system (1.2).
2
Taking into account that uu, = <u2> , formally multiplying by a test function ¢ (which is R?
x
valued) and integrating by parts we get

s m us 2
/ yt-wdxz/ (Ay+Bh)-s0dw+/ <u> P10 d,
0 0 o \ 2

where we have used the notation introduced in Section 3. This motivates us to define F' : L(0, 7) —
(H?(0,7) N H}(0,7))" in the following way

T u2
(F(w), ) (12 (0,m)n H2 (0,m))' H2 (0,m) N HL (0,7) :/0 <2> pod,

Using Holder inequality and since H'(0, ) < L*>(0, 7), we deduce

u?

2

<%

||¢a:HLoo(o,7r)

(F(w), @) (112(0,m)n H2 (0,7))!, F2(0,m) " HL (0,7) < o
0,m)

||U||L2(o7r ||¢||H2 (0,m)NHA(0,7) >

. Cs

meaning HF(U)H(H2(o,7r)mH3(0,7r)) S5 D)

We say that y € C([0,7],L*(0,7) x H=1(0,7)) N L?(0,T; H*(0,m) N H}(0,7) x L?(0,7)) is a
solution of (1.2) if it satisfies

||uHL2 (0,r) for some C3 > 0.

yr = Ay + Bh + (F(u),0).

10



Note that

T
H(F(u)a0)”%2(0771;(]_]20]_16)/)2 = HF(U)”%,Q(O,T;(HQHH(})’) :/0 ||F(U)H%H20H&)’
c3 (" TC3
< 43/0 ull72(0.m) < Ts lulleo.17,22 (0.0

< Ty
= = Wileqor),z20m)xm-1(0,m) <

Therefore (F(u),0) € L*(0,T; (H?(0,7) N H}(0,7)))?, and it makes sense to put f = (F(u),0)
in (2.1).

Theorem 4.1. Suppose (3.1) is null-controllable in time T for all T > 0, and also suppose that
there exist constants C1, M > 0 such that the control cost is bounded by K(T) = Cyexp (M/T).
Then (1.2) is locally null-controllable at time T.

Proof. We consider py and p1, as in [15], given by

p1(t) = exp <_(Ti.ét)2>’

o M
po(t) = Crexp (_q4(T — )2 + (¢q—1)(T — 1))7

where K(T) = Ciexp(M/T) is a strict upper bound for the control cost, 1 < ¢ < 2'/4 and

(4.1)

MTq*
a > o ql)' Then we may directly check that (4.1) are continuous, non increasing functions,
q —
which vanish at t = T, and verify
1 C
P1 Po

and for t € [(1 — q%) T, T}, we can write

po(t) = pr(’t + (1 — ¢*)T)K((q — 1)(T — t)).
In this way, the weights (4.1) verify the hypotheses in Proposition 2.2. Also, as we have mentioned
in Remark 2.3, it is possible to extend the weight py to the whole interval [0,77]. We still denote it

by po.
We now prove that if the initial data (ug,vo) is sufficiently small, there exists a control h and
a solution (u,v) of (1.2) such that (u,v)(T,-) = 0. Denoting Z = L2 (0,T; (H? N Hy)")?, we define

F:Z2—2Z,
[ (F(u),0)
where (u,v) solves (2.1). Clearly, in view of Proposition 2.2, finding a fixed point of the map F

will gives us a controlled solution to (1.2) which in addition satisfies (u,v)(T,-) = 0.
We begin by showing that F is well defined.

1 -~
O PR O a—— (P nHG)

0 p1(t)?
4
Solcg /T Hu(t)HL2i0,n)dt§TC’10§ 4 _ TG\C3
4 Jo po(t) 4

cqor,L2y 4
. TC’14C§C§

4
U

Po

(u,v)
Po

C([0,T),L2x H~1)

2
2 2
(1o, v) 2 esr-1 + 11£1%) < +oo,

11



where Cz > 0 is the constant coming from Proposition 2.2.

VT C1CC
Taking Cy = #, we get that

1FAz < Ca (lgolaep + 1712)

1
We define R = TRk For any yo such that ||yo|| 2, y-1 < R we have
4

R
|F(f)]lz <2C4R* < 5 <R

Therefore, F maps B(0, R) C Z into itself.

To conclude, we need to show that F is a contraction on B(0, R). To this end, take @ e
B(0, R) and consider y(M = (u(), vM), 4@ = (4 v@)) and (Y, 2 the respective solutions and
controls given by Proposition 2.2.

Since y and h depend continuously on the pair (yo, f), yM —y@ and A — 12 are the solution
and control associated with f = f() — f@ and yy = 0. A straightforward computation yields

2 2

| 7Oy = F )| = [Fa) - pe®)|

Z L2 (0,T:(H?NHg)")

dt

_ /T |7 () ~ F(U(Z))H?HQOH(})’dt _ C%/T [ (wM))? — (u(z))zuiz(om)
0 p1(t)? 4 Jo p1(t)?

2 2
< C,C3 /T H“(l) +“(2)HL2(0,7T) H“(l) - “(2)HL2(0,W) a
= 4 t 4 Y
0 po(t)

where we have used property (4.2). Whence,

2

|7y = 7|

Z
TG [[u® +u® | WO @ |
- PO c((0,7),12) Po c((0,7),12)

< TG (ool + 10+ 12 ) 50 - 52|

<scie -,

where we have taken into account the smallness of the initial datum and the source terms. From
the above expression and using the definition of R, we get

R I L R A

Z

and the proof follows immediately. O

Once we have established Theorem 4.1, the proof of Theorem 1.2 is a direct application of such
result and the bound for the control cost obtained in Theorem 3.3.
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A A general well-posedness result

Here, we give a proof of Proposition 2.1.

Proof. Since (—0y4)? : H?(0,m) N H(0,7) C (H?(0,7) N H(0, 7)) — (H?(0,7) N H(0,7))" and
—~d0Oyy : L2(0,7) C (H?(0,m) N HE(0,7)) — (H?(0,7) N HL(0,7))" are strictly positive self-adjoint
operators, we have the following two results due to [4, Thm. 3.1, pp. 143].

If fi € L%(t1,te; (H?(0,7) N HE(0,7))) and uy € L?(0,7), then

U (t, ) 4 Ugpaa (b, 2) = f1, t € (t1,t2), x € (0,7),
u(t,0) = ugs(t,0) =0, t € (t1,t2), (A1)
u(t, ) = ugy(t, ™) =0, t € (t1,t2),

(

admits a unique solution u € C([ty, t2], L2(0, 7)) N L%(t1, t2; H2(0,7) N HL(0, 7)) satisfying u(t;) =
u1, and we have

2 2 2 2
HuHLQ(t17t2;H2mH3) + HUHC([tl,tQ},L2) S Kl (HUIHL2 + HflHL2(t1,t2;(H2ﬁHé)’)) ) <A2)

for some K7 > 0 independent of t1, ts.
The second result tells that if fo € L2(t1,t2; (H2(0,7) N H(0,7))") and v; € H~1(0,7), then

ve(t, ) — dvge(t,x) = fo, t € (t1,t2), x € (0,7),
{ o(t.0) = h(t). v(t.m) = 0. te (rte) (A-3)

admits a unique solution v € C([t1,t2], H~1(0, 7)) N L?(t1,to; L?(0, 7)) satisfying v(t1) = v1. More-
over, we have the following energy estimate

2 2 2 2 2
HU”L2(t1,t2;L2) + HUHC([tl,tQ],H*l) < Ko (”h”LQ(th@) + HUIHHfl + ||f2||L2(t1,t2;(H2mH3)/)> )

with Ko > 0 independent of 1, to.
We will now exploit the cascade structure of the system. Notice that if v € L2(t1,t9; L*(0, 7)),
then in particular v € L2(t1,to; (H2(0,7) N H(0,7))") and

HUHL2 t1,t2,(H2ﬁH1 < HUHLQ(tl,tQ,L2) :

We take v to be the solution of (A.3), with right hand side fa, and u to be the solution of (A.1)
with right hand side f; + v, since

2 2 2
[lv+ f1HL2(t1,t2;(H2mH3)/) <2 (Hfl||L2(t1,t2;(H2mH3)/) + HU||L2(t1,t2;(H2mH3)/)> )
We get
2 2 2 2 2
HUHL2(t1,t2;L2) + HUHC([tl,tﬂ,H—l) < Ky (HhHLQ(tl,tz) + lvillz-2 + Hf2HL2(t1,t2;(HZnH3)/)) ;o (A4
and
2 2
||u||L2(t1,t2;H2r1H3) + H“”C([tl,tg] L2) = < Ky (HU1||L2 +fr+ UHL2 (t1,ta;(H2NHE) ))
< 2K (llualFe + 11 32ge, oz
2 2 2
+2K5K, (||h||L2(t1,t2) + ol + Hf2||L2(t1,t2;(H2mH3)/)) ;

(A.5)
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where we have used (A.4) in the last line. Writing y = (u,v) and y; = (u1,v;1), we can combine
(A.4) and (A.5) and take C' = max{ Ko, (2K + 1)K} to deduce

2 2
”yHL?(tl,tQ;(H?mHg)xL?) + Hy”C’([tl,tg],L?xH*l)

2 2 2
< C (I3 20y + I Wor—s + 01320, sy ) -

This concludes the proof. ]

B Sketch of the proof of Proposition 2.2

1
We define T}, =T <1 — k) Notice that with this
q

Po(Tikr2) = p1(Ti) K (Thy2 — Tiet1)-

We recursively define yxy1 as z(Tj41), where z = (21, 22) solves (2.1) on (T}, Tk+1) with initial
condition z(Ty) = 0 and control h = 0. By Proposition 2.1 we have

2 2 2
1202 (1, 1y 2y < 22y T 12 o mgn 2 x -1y < C U2 m s rznmgyne
with this

2 2 2 2
lvkt1llT2x -1 = l2(Thr )220 g1 < ”Z"C([Tk,Tk+l],L2xH*1) <C Hf’\L2(Tk,Tk+1;(HzmHg)/)2-

Define h on (T}, Ti+1) as the control that drives (2.1) to zero in time T} with initial condition
yr at time Ty and source term f = 0. We denote the corresponding solution by w. Since we have
assumed that system (2.1) with f = 0 is null-controllable with control cost K(-), we have

2 2
”hHL2(Tk,Tk+1) S K2(Tk+1 - Tk) HkaL2XH71

and therefore
2 2 2
Il Z2 0z s, 70y < K (Tiv = Do) lps 72w 1 < CE* (T = Tiwt) | 2200y 1120 2 -

We define y = z +w. Since z(T}, ) + w(T},) = z(T}) + w(T}"), y is continuous at T}, for every
k > 0. With this definition, it is also clear that y solves (2.1) for t € [0,T).
Notice that
1 K?(Tyyo — Thy1)
2 2 k+2 k+1 2
||h||LgO(Tk+1,Tk+2) < m ||h||L2(Tk+1,Tk+2) < pg(TkH) Hf”L2(T;Q,Tk+1;(HQNH’S)’)2

C 2 2
- P%(Tk) Hf||L2(Tk,Tk+1;(H2ﬁH§)')2 <C ”fHLgl(Tk’Tk+1§(H20H3)I)27

(B.1)

and 2( )
2 1 2 K=(Ty 2
I1lZ2, 07) = 2T 1Pl 200,10y < Nl Yol 725 g1 - (B.2)

Proposition 2.1 yields

()|

0o

2
”(U, U) ”L,QJO(Tk+1,Tk+2;(H2ﬁH3)><L2) +
C([Thy1,Th2),L2xH1)

1 2
K?(Tiyz - Tkm) 1 IZ2, (i sz e
C ) i
! K2(Thto — Tht1) HfHLgl (T 1,Thao;(H2NHG)')? (B.3)

§02<1+
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and also

2
2 (u,v)
[CR A ———
0 Po (o1, L2 xH-1) (B.4)
WHZ/OH% 1+C’p%(0) ”f”22 R
- M) T g3 (my) 1 (0T HG) )2

Combining estimates (B.1)—(B.2) with (B.3)-(B.4) and taking into accouht Remark 2.3, we can do

a limit process to deduce that v is continuous on [0, 7], and equals 0 at t = T. Furthermore, we

PO
can deduce the existence of a constant Cy > 0 such that (2.2) holds. This ends the proof.
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