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Abstract

We revisit the one-dimensional one-phase Stefan problem with a Dirichlet boundary condition
at © = 0 as stated in the book of Avner Friedman about parabolic equations [F3]. We prove that
under rather general hypotheses on the initial data, the solution converges to a self-similar profile
as t — +o00.
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1 Introduction

In this article, we revisit a standard one-dimensional one-phase Stefan problem. This free boundary
problem arises in very simple physical situations and has been studied by numerous authors; in
particular we should mention a chapter of the book of Avner Friedman on parabolic equations
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(Chapter 8 of [F3, p.215]). This problem is given by

Ut = Ugy, t>0,0<x<s(t),

u(0,t) = h, t>0,

u(s(t),t) =0, t>0,

dzw:—ﬂﬂdﬂJ% £>0, (L.1)
S(O) = bO’

u(z,0) = up(z), 0<z<b

where x = s(t) is the unknown free boundary which is to be found together with u(z,t).

Friedman [F3] proves that this problem has a unique smooth classical solution (u(z,t),s(t)) in
Q = {(z,t),t > 0,0 < z < s(t)}. Moreover it follows from Schaeffer [S] and Friedman [F1] that
s € C*°(0,00) and that u is infinitely differentiable up to the free boundary s.

The purpose of this paper is to study the large time behavior of the solution pair (u,s). Also

let us mention some previous results from literature. Meirmanov [M] has proved that S(tt) — a,
where a is the unique solution of the nonlinear equation (1.3) below. Also, Ricci and Xie [R] have
performed a stability analysis of some special solutions of a related one-phase Stefan problem on the
semi-infinite interval (s(t), o). In particular, they mention that the interface s(t) behaves as 5/t
for some positive constant 5 which they characterize. Moreover, Aiki and Muntean [AM1, AM2], as
mentioned in [Z], have proved the existence of two positive constants ¢ and C' independent of ¢ such
that

C\/Egs(t)éC\/t+1 for all ¢t >0,

in the case of a more complicated system.

In this article, we will prove that the solution pair (u,s) converges to a self-similar solution as
t — oo.

First, let us define the self-similar solution. To do so, we introduce the self-similar variable

X
)

. Then, the self-similar solution is given by

2
n -5
T e 4ds
u(z,t) = U( > =U(n) = h[l = 0] for all n € (0, a), (1.2)
vi+1 Iy e~ ds

where a is characterized as the unique solution of the nonlinear equation

a a2 a s2
h = 64/ e 1ds. (1.3)
2 0
In the first step, we will write the problem (1.1) in terms of n and ¢. To do so, we set

V(U> t) = u(x, t)a
s(t) (1.4)

NES

However, the partial differential equation for V' which we obtain explicitly involves the time variable
t. It is given by

@+nw=mm+gw,t>u 0<n<alt). (1.5)
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This leads us to perform the change of time variable 7 = In(¢+1). A similar change of variables was
performed by [HH]. The full time evolution problem corresponding to the system (1.1) in coordinates
n and 7 is given by

'WT:WW+gW,7, >0, 0<n<b(r),

W(0,7) = h, T >0,

Igggb()ﬂ,;;)( :) 0, T >0, (1.6)
D B = W), ), >0,

b(0) = bo,

W(n,0) = uo(n), 0 <n <bo

where b(7) = a(t). We shall denote by (W (n, 7, (uo,bo)), b(7, (uo, bo))) the solution pair of (1.6) with
the initial conditions (ug, bp).
It is in the coordinates n and 7 that we will rigorously characterize the large time behavior of the

solution pair (W, b). However, for technical reasons, we sometimes have to use different variables,
n

o) for all 0 < n < b(7). The problem is then transformed into a problem
-

namely (y,7) with y =
on a fixed domain.

Organization of the paper. In Section 2, we introduce the Stefan problem [F2] and recall known
well-posedness and regularity results [F1, S]. Using a maximum principle [F3|, we show that if ug is
nonnegative and bounded then the solution u is also nonnegative and bounded.

In Section 3, we start by defining a notion of upper and lower solutions for Problem (1.1). Then,
we prove a comparison principle in the (z,t) coordinates for a pair of upper and lower solutions of
Problem (1.1).

In Section 4, we construct the self-similar solution (U, a). We will show that U is as given by
(1.2) and a is characterized as the unique solution of the nonlinear equation (1.3).

In Section 5, we transform Problem (1.1) in coordinates (z,t) to obtain an equivalent problem,
Problem (1.6), in coordinates (7, 7) where the solution pair becomes (W, b). We present an equivalent
comparison principle in these coordinates and a class of functions which include both the lower and
upper-solutions. We use the notation (W,b) for the upper-solution, respectively (Wj,by) for the
lower-solution depending on a parameter A > 0, and we construct a function (W), by) such that

an upper solution if 0 < A <1, (1.7)
a lower solution if A>1. ’

(W, by) is {

Then, we prove the monotonicity in time of the solution pair (W, b) of the time evolution Problem
(1.6) with the two initial conditions (W, b) and (W, by). In other words, we show that starting from
a lower solution, the solution W(n,7) := W(n, T, (WA,b,\)) increases in time as 7 — oo to a limit
function v and the corresponding moving boundary b(7) := b(T, (W)\,bA)) increases to a limit .
Similarly, one can show that starting from an upper solution, the solution decreases to another limit
function ¢ as 7 — oo and the moving boundary b converges to a limit bs.
At the end of this section, we discuss some properties of upper and lower solutions to conclude that
they are ordered functions.
However, we do not know yet whether v and ¢ coincide with the self-similar profile U and whether
bso and b coincide with the point a. In order to prove these results we first have to show extra a
priori estimates which we do in the following section.

In Section 6, we prove a number of a priori estimates some in the moving domain and some in
the fixed domain. Indeed, we temporarily pass to fixed domain (y,7) € (0,1) x R to avoid technical
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problems related to the characterization of the limits b, and boo. In other words, we need to show
that W, (b(7), T) converges to ¥, (bs) as 7 — co. This requests to prove the uniform convergence of
W, (n,7) to its limit as 7 — oo which we can more easily do in the fix domain coordinates. Section
7 is devoted to the study of the limits as 7 — oo. More precisely, we prove that (i, bs) verifies the
following conditions

boo

and 1) satisfies the ordinary differential equation
Y + gwn =0.

Similarly, it turns out that <W (77, , (W, 5)), b(T, W, b))> converges as T — oo towards the unique

solution (¢, bs) of the stationary problem corresponding to Problem (1.6). At the end of Section 7,
we show that the solution pair (1, boo) coincides with the unique solution (U,a) of Problem (4.4)
which coincides also with the solution pair (¢, beo).

Next, we present the results of some numerical simulations. We choose the initial data (uo, bo)
such that by < bg < b and W, < ug < W. Figure 1 shows the large behavior of the solution pair
(V,a) defined in (1.4).

—— Upper-solution for A =0 4.0 A —a(t)
—— Lower-solution for A = 11000 == g
== = self-similar solution U(n) 3.8 1

— initial data ug

— V(n,t=0.01) 3.6

—— V(n,t=0.07)

— V(n,t=1.11) 3.4

— V(n,t=11.13)

— V(f],f=94.31) 3.2

3.0 1
2.8 1
2.6 1
0 1 2 3 4 0 2l0 40 60 80
n=xW1+t time t
(a) Time evolution of the unknown function V(n,1t). (b) Time evolution of the moving boundary a(t).

Figure 1: Large time behavior of the solution pair (V,a).

To state an exact formulation of the results of this article, it is most convenient to use the variable
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y lying in [0, 1]. In the variables (y,n), the problem for (W(y,T), b(t)) = (W(n,7),b(r)) is given by

.

5 1 din(b(t)) 1\ .

WT(va) - mWyy(va)‘*‘y (d’7’+2> Wy(y)T)a T>07 0<y< 17

W(07T) = h, T >0,

W(l,7)=0 >0 (

’ ’ 1.8)

1.db?(7) (1) .

5 dr 92 __Wy(laT)a T>0,

b(0) = by,

W(y,0) = uo(boy), 0<y<1.

The main result of this article is the following. We suppose that the initial data (ug, bg) satisfies the
hypothesis:
Hy : by < b and ug € W->(0,bg) with uo(0) = h and

up(x) =0 for all z > by,

0 < up(x) < h(1 - L) for all 0 < x < by.

V2h

Main Theorem 1.1. Suppose that (ug,bp) satisfies the hypothesis Hy. The unique solution (VV, b)
of Problem (1.8) is such that

lim W (.,7) = Ulleqo,1) = 0, (1.9)
TEI—‘POO b(T) = a, (1.10)

@ﬁ%ﬁyzo, 0<y<l1,
) =0, (1.11)

which is equivalent to the stationary problem corresponding to Problem (1.6)

Unn+gUn:0, 0<n<a,

UO)=nh, U(a)=0, (1.12)
a

5 = _Un(a)a

for the self-similar solution of Problem (1.1).

Remark 1.2. (1.10) is equivalent to the convergence result

s(t)
vVi+1

which was already proved by Meirmanov [M].

—a as t — +oo, (1.13)
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2 Friedman’s formulation
Let h > 0, b > 0. We define the function space
X"(b) := {ug(z) € C[0,00), up(0) = h, ug(z) >0 for 0 <z < b, up(x) =0 for = > b}.

and we consider the problem

;

Ut = Ugy, t>0,0<x<s(t),

u(0,t) = h, t>0,

u(s(t),t) =0, t >0,

d‘;(;) = u(s(t)t), >0, @1)
$(0) = bo,
L u(z,0) =uo(z) € X" (by).

Problem (2.1) is a free boundary problem where x = s(t) is the free boundary to be found together
with the unknown function u(z,t).

Definition 2.1. Let 7" > 0. We say that the pair (u, s) is a classical solution of Problem (2.1) if
(i) s(t) is continuously differentiable for 0 < ¢ < T
(i) u € C(Qr), where Qp = {(x,t),t € (0,T),0 <z < s(t)};

(iii) v e C*Y(Qr);

(iv) uz € C(Q3,) for all § > 0 where Q4 = {(,t),t € (5, T],0 < z < s(t)};
(v) the equations of Problem (2.1) are satisfied.

Let (u(z,t),s(t)) be a solution of (2.1) for all 0 <t < T. We extend u by:
u(z,t) =0 for x > s(t), (2.2)
so that u(-,t) is defined for all z > 0.

Theorem 2.2 ([F2, Theorem 1]). Let & > 0,b > 0 and ug € X"(b). Then, there exists a unique
solution (u(x,t), s(t)) of (2.1) for all ¢ > 0 in the classical sense. Moreover, the solution (u, s) is such
that s is infinitely differentiable on (0, 00) and w is infinitely differentiable up to the free boundary
for all ¢ > 0 [F1],[S]. Furthermore, the function s(t) is strictly increasing in t.

Proposition 2.3. Let h > 0,b > 0 and uy € X"(b) such that 0 < ug < h. Then, the solution
(u(z,t),s(t)) of (2.1) is such that 0 < u(x,t) < h for all (z,t) € Q.

Proof. We apply the strong maximum principle (Theorem 1 of [F3, p.34]) which states that if «
attains its minimum or its maximum in an interior point (2°,t) € Qr, then u is constant in Q.
However, since u(0,¢) = h > 0 for ¢t € (0,7] and u(s(t),t) = 0, u(.,t) cannot be constant in space
on (0,s(t)), so that u attains its minimum and its maximum on the boundary I' := {(0,¢),0 < ¢ <
T} U{(z,0),0 <2z <bU{(s(t),t),0 <t < T} As 0 < ug < h, we conclude that 0 < u(z,t) < h for
all (:L',t) € Qr. ]
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3 Comparison principle
To begin with, we define a notion of lower and upper solutions.

Definition 3.1. For u € C(Q7) N C*Y(Q7), we define L(u) := u; — Uyy.
(u, s) is a lower solution of the Problem (2.1) if it satisfies

['(U) = Ut — Ugz < 0 in QT7

w(0,6) <h, uls(t),) =0, >0,

dig) = —uy(s(t),1), t>0, (3.1)
5(0) < b07
(u(7,0) < up(), z € (0,bo).

(u, 5) is an upper solution of the Problem (2.1) if it satisfies (3.1) with all < replaced by >.

Theorem 3.2 (Comparison principle). Let (ui(x,t), s1(t)) and (u2(z,t), s2(t)) be respectively lower
and upper solutions of (2.1) corresponding respectively to the data (hy,up1,b1) and (he, ugz, b2).

If by < ba, hy < ho and wug; < wpz, then s1(t) < so(t) for ¢t > 0 and uy(z,t) < ug(x,t) for z > 0
and t > 0.

In particular, u;(x,t) < ua(z,t) for 0 < z < s1(t) and t > 0.

Before proving Theorem 3.2, we first show the following result.
Lemma 3.3. Any upper solution (i, 5) of Problem (2.1) is such that @ > 0 in Q7.

Proof. We first perform the change of function @(x,t) = o(x,t)eM where X is a strictly positive
constant. The function v, as is easily seen, satisfies the inequality

(Ut — Vg + A@)e)‘t >0 in Qp, for all A > 0,

so that
Ut — (Uge — AD) 2 0 in Qp, for all A > 0.

Now, we prove that © > 0 in Q7. Indeed, it follows from the weak maximum principle (Lemma
1 of [F3, p.34]) that © cannot have a negative minimum in Q7. Then, v attains its minimum on the
boundary I' := {(0,%),0 <t < T} U{(2,0),0 <z <bo}U{(s(t),t),0 <t <T};sincev >0onT,it
follows that © > 0 in Q7 which implies that @ > 0 in Qr.

Next, we apply the strong maximum principle (Theorem 1 of [F3, p.34]) which states that if ©
attains its negative minimum at an interior point (Z,t) € Qr, then ¥ is constant in Q7. However,
since 9(0,t) > he™* > 0 for t € (0,T)], we have reached a contradiction, so that we conclude that
v > 0 in @p. Then, we conclude that @ > 0 in Q7. O

Proof of Theorem 3.2. Suppose that
there exists 9 > 0 such that s1(t) < sa2(t) for 0 < t < tp and s1(to) = s2(to). (3.2)
Let xg := s1(to). Since s1(t) < sa(t) for 0 < ¢ < tg, we see that
$h(to) > shlto). (3.3)

Let D = {(z,¢)] 0 < t < to,0 <z < s1(t)} and T := {(0,¢)] 0 < t < tp} U{(2,0)] 0 < = <
b U{(s1(2),t)| 0 < t < to}. We introduce w(x,t) := ug(x,t) —ui(x,t). We shall prove that w > 0 in
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D. Indeed, w; — wg > 0 in D, it follows from the weak maximum principle that w > 0 in D. Then,
we remark that w(si(t),t) = ua(s1(t),t) and according to Lemma 3.3 we have ua(s1(¢),t) > 0, so
that we deduce from the strong maximum principle that w > 0 in D.

oz, t) == e—alz—zo+€)*+a(t—to) _ ,—ag? -

and
p(x) = (x —x0 + £)? — €2 + to. (3.5)
Let 6 > 0 be small (to be chosen later). We define
D(0) := {(z,t)| x0 — 6 < x <z, p(z) <t <to}.

Next we show that there exist a small £ > 0 and a small §; > 0 such that D(d;) C D, indeed since
0 < s} (tp) < oo and there exists a small & > 0 such that

dp~1(t) 1 1

s1(to) < 0t

It follows that if £ < then D(d1) C D. Indeed, suppose that

b
25 (to)
plx) = (x—20+ &> -+t =t.

Then
dp(t) 1 1
dt pp~t(t)  plz)
where p~1(t) is the inverse function of p(z) near z = x¢ and p/(x) = 2(z — ¢ + &) which implies
that p/(z¢) = 2£. By direct calculation, we shall prove that

(20, t0) — ez (w0, t0) = —¢ €2 < 0. (3.6)
Indeed, from (3.4) we deduce that
(pt(x7 t) — ae_a(x_x0+£)2+a(t_t0) — a(p(aj’ t) + ae_a£2.

We remark that since ¢(xg,tg) = 0, it follows that ¢;(xg,t0) = ae~%" = ¢=2¢=1, Next, we compute
the space derivatives of ¢ :

Pa(w,t) = —2a(x — @ + e @ TT0F Hall=to),
Oua(,t) = _9ge—(@—z0+8)*+a(t—to) + 4a2(x — 2o+ g)Ze—a(w—wo+£)2+a(t—to).
Thus, @z (x0,t0) = —2aqe~%" 4 4a2£26*“52 and since a = €72, we have,
Pua(@o,to) = —26 27 + 4672t = 26727

which implies (3.6).

Since ¢ is smooth, and since ¢ satisfies (3.6), there exists a neighborhood U of (zg, o) such that
ot — @z < 0in U. We choose o € (0,071) such that D(d2) C U.
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We define z(z,t) := w(x,t) — ep(z,t), where € > 0 will be chosen later. Then,
2t — Zzo = 0 on D(d2). (3.7)
Indeed, since wy — wyy = 01in D, @ — @z < 0in U and D(d2) C U, we have
2t — Zgg = Wi — EQt — Wag + EQug = Wi — Weg + (Ve — 1) 2 04 &(Pzz — 1) > 0in D(d2).

Let
Y0 :={(z,t)| o — 02 <@ < wo, t = p(x)}
and
y1 = {(z,t)| x = o — 2, p(axg—d2) <t < to}.
In what follows, we use the notation 9(D(d2)) := 70 U1 to denote the parabolic boundary of
D(62). Next, we show that ¢ = 0 on ~y. Indeed ¢ = p(x) on =y , we have that

o(z, p(x)) = e-@-T0HE Fala—a0+)% o —a® _ o—al® _

and thus, ¢ = 0 on 7. Since w > 0 in D and vy C D, we deduce from the definition of z that
z=w 2 0 on 7.

Since w > 0 on 7, there exists a small € > 0 such that z > 0 on ;. Indeed, w > 0 on D, so,
there exists p > 0 such that w > u in ;. Moreover, from (3.4) we deduce that

go(x,t) < efa(zfxo+£)2+a(t7t0)
so that ¢(x,t) <1 and € p(x,t) < e. Therefore, if

€<

)

VIS

we have

w = p > ep(a,t)
which implies that z > 0 on 7;. Using the fact that 9(D(d2)) = v Uy and z > 0 on 9(D(d2)),
we deduce from the weak maximum principle together with (3.7) that z > 0 in D(d2) and hence
w(z, tg) = ep(x,to) for zg — 02 < = < xp. Thus,

z(x,to) = 0 for all x € [zg — d2, z¢]. (3.8)
Moreover, since (xg,tg) both belongs to s1 and sg, it follows that
z(xo, to) = w(zo, to) = ua(wo,to) — u1(zo,to) = 0. (3.9)
We deduce from (3.8) and (3.9) that z,(zo,t9) < 0, or else,
wg (20, to) < epg(xo,to) = —266_15_1 <0,

and hence u1,(zg,t0) > u2z(xo,to). Because of (3.1), we see that s} (tg) < sh(tp). This contradicts
(3.3). Since we have obtained a contradiction, (3.2) cannot occur. We see that s1(t) < s2(t) for all
t > 0. By the weak maximum principle we see that u;(x,t) < ua(z,t) for z > 0 and ¢ > 0. It follows
from the strong maximum principle that uq(z,t) < ug(x,t) for 0 < x < s1(t) and ¢t > 0. O

Next we present an extension of Theorem 3.2 for the case that b; < bs.
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Corollary 3.4 (Extension of the comparison principle). Let (ui(z,t),s1(t)) and (ua(x,t), sa(t)) be
respectively lower and upper solutions of (2.1) corresponding respectively to the data (hi,uo1,b1)
and (hz,up2, ba) such that ug; or uge is a nonincreasing function.

If by < ba, by < ho and wp; < upz, then s1(t) < so(t) for ¢ > 0 and uy(z,t) < ug(x,t) for z > 0
and ¢t > 0.

Proof. The case where b1 < by has already been studied. It only remains to study the case “by = by”.
We start to suppose that ug; is nonincreasing. The case where ug is nonincreasing will be considered
after.

We will construct a lower solution (ue, s:), 0 < e < 1, of Problem (2.1) corresponding to the data
(h1, boe, uge) such that (boe, ug:) satisfies

bo: < b d bpe = b1 =0 — 1,
{ O 2 an 0Oe 1 2 as & (3.10)
Upe S 02,
and
Ss(t) — Sl(t)a t > 07
el (3.11)
ue(x,t) — ug(x,t), =0,t>0
Then, it follows from (3.10) and Theorem 3.2 that
t) < so(t t>0,
85( ) 82( )7 (312)
ue(x,t) <wug(x,t), ©=0,t>0
Letting € — 1, we obtain
Sl(t) § Sg(t), t Z 0, (3 13)
ui(z,t) <wug(z,t), >=>0,t=0 .

Next, we complete the proof by the construction of a lower solution (u.,s.) which satisfies (3.11)
with data (hi,uoe, boe) such that (uge, bo:) satisfies (3.10).

Construction of the lower solution (ue, s:). We choose

sg(t):»s.sl( ), t>0,
t

762

(3.14)

u5($at) = U1

mw‘ o+

), z>0,t>0.

We first check that (u., sc) corresponding to the data (hy, uge, boe) is a lower solution of (2.1). Indeed,
since u; is a lower solution of (2.1), it follows that

1 r t T
ﬁ(uE) = ? <u1,t <€7 62> — Ul,zx <€7 62>> < 07 (315)

t
ue(0,t) = u1(0, =) = hy < h, (3.16)

) =0, (3.17)

> = _Ua,x(sa(t)vt)' (318)
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Next, we choose data (hq, uge, boe) such that (uge, boe) satisfies (3.10). We set
boe = eby. (3.19)
Then, it follows from (3.19) and 0 < & < 1 that
3¢(0) = e51(0) = &by =: by < by. (3.20)

Finally, we should check that u.(x,0) := wug. satisfies the second condition of (3.10). Indeed, we
have

ue(z,0) = ul(g, 0) = u01(§). (3.21)
Since ug1 is a nonincreasing function and 0 < ¢ < 1, it follows that
u01(§) < uoi(x) forz > 0. (3.22)
We deduce from (3.22) that
Ue(z,0) = upe(x) = um(g) < uo1(x) < upz(x) forx > 0. (3.23)

Therefore, (u., s.) satisfies (3.15)-(3.18) and corresponds to data (hi1,uoe,boe) such that (uoe, boc)
satisfies (3.10). Thus, it is a lower solution of (2.1).

Now, we consider the case where the function wugo is nonincreasing. We can proceed exactly as
before by considering the upper solution (ue, s¢) of Problem (2.1) with € > 1, given by

t
Sg(t):5.52(7), t>0,
r t (3:24)
ue(x,t) = ug ,2> , ©>=0,t>0.
e
The corresponding initial datum bg. = s.(0) and ug. = u.(x,0) verify
by <bpe and by — by =b; as ¢ — 1, (3.25)
Upl S Uoes .
and
Se(t) — sa(t), t>0,
e (3.26)
ue(x,t) — ug(x,t), = =0,t>0.
e—1
Then, the result follows from the use of Theorem 3.2 with (3.25) and letting ¢ — 1. O
4 Self-similar solution
We now look for a self-similar solution of the problem
Up = Ugy, t>0, 0<uz<s(t),
u(0,t) = h, t>0,
_ (4.1)
u(s(t),t) =0, t>0,
ds(t)

e —ug(s(t),t), t>0,
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in the form

x
u(x,t) =U ,
(1) <\/t 1) (4.2)
s(t) = avt + 1,
for some positive constant a still to be determined. We set
x
= . 4.3
LAV (43)
and deduce that 0
U, -U,=0 0<n<
m + o n ; n<a (4.4)
U(0) = h, U(a) =0.
The unique solution of (4.4) is given by
n f%d
Un) = h [1 - ferS] for all 5 € (0, a). (4.5)
foa e +ds
It remains to determine the constant a. We write that
t
a Un < fﬁ(—: 1>
"(t) = =— t),t) = ————--, 4.6
(1) = 5oy = —sls().) = (16)
which implies that
a
5= —Uy(a), (4.7)
so that a is characterized as the unique solution of the equation
a o2 a 2
h = 64/ e 1ds. (4.8)
2 0

We remark that the function a = a(h) is strictly increasing, which in turn implies that the functional
h — U is strictly increasing.

We conclude that the self-similar solution of Problem (4.1) coincides with the unique solution (U, a)
of Problem (1.12).

5 New coordinates, upper and lower solutions

We set
Vi(n,t) = wu(z,t),
alt) = s(t) (5.1)
i+ T

and obtain the problem
(t+1)V, = Vi + gvn
V(0,t) =h, V(a(t),t) =0, t>0, (5.2)
t
+ ) = —Vy(a(t),t), t>0.

t>0, 0<n<alt),




Convergence to a self similar solution of a one-dimensional one-phase Stefan Problem 13

Finally we set

T=In(t+1).
The equations in the system (5.2) read as
WT:WnnJran, >0, 0<n<br),
wW(0,7)=h, W(b(r),7)=0, 7>0, (5.3)
db(t)  b(7) B
= + 5 = Wy (b(1),7), T>0,

where we have set
V(n,t) =W(n,7), a(t) = b(r).

Next, we write the full time evolution problem corresponding to the system (5.3). It is given by

WT:Wnn—l—an, T>0, 0<n<b(r),

wW(0,7)=nh T >0,

Igggb()ﬂ,?( :) 0, T >0, (5.4)
D B = W), ), >0,

b(0) = bo,

W(n,0) = uo(n), 0 < n < bo.

Finally, we note that the stationary solution of Problem (5.4) coincides with the unique solution of
Problem (1.12), or in other words, the self-similar solution of Problem (1.1).

Definition 5.1. We define the linear operator L(W) := W, — W, — an.
(W, b) is a lower solution of Problem (5.4) if it satisfies:

L(W):WT—Wnn—ango, 7>0, 0<n<blr),
W(0,7) <h, W((r).7)=0, 7>0,
(

O 2D ). >0 (55
b(0) < bo,
W(n,0) < uo(n), 0 < n<b(0).

(W, b) is an upper solution of the Problem (5.4) if it satisfies Problem (5.5) with all < replaced with
=.

Finally, we deduce from Corollary 3.4 that the following comparison principle holds.

Theorem 5.2. Let (Wy(n,7),b1(7)) and (Wa(n, 7),ba(7)) be respectively lower and upper solutions
of (5.4) corresponding respectively to the data (hy,uo1,bo1) and (hg, ug2, bp2) such that ugy or ugy is
a nonincreasing function.

If bg1 < bo2, h1 < he and ugy < wge, then by(7) < by(7) for 7 > 0 and Wi(n,7) < Wa(n, ) for
n=>=0and 7> 0.

Throughout this paper, we will also make use of the explicit notation W(n,T, (uo,bo)) and
b(T, (up, bg)) for the solution pair associated with the initial data (ug, bp).
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5.1 Construction of upper and lower solutions

In this section, we construct ordered upper and lower solutions for Problem (5.4). For A > 0, we
consider (W), b)) the unique solution of the problem

A
Won + S Wy =0, 0<n<b
W) =k, W(E) =0 (5.6)
5 = _Wn(b)7
which is given by
S2
fo e~ ds
g € 4 ds
and by is the unique solution of the equation
by A2 [0 2
h=2e7 [ et ds. (5.8)
2 0

We can easily show the following properties for (W, by).

Lemma 5.3. We have that

0<Wi(n) <h forall A>0 and 0<n < by, (5.9)
Win(n) <0 forall A>0 and 0<7n < by (5.10)

and
Wim(n) =20 forall A>0 and 0 <n < by. (5.11)

In particular,

. a linear function if A =0,
W) is . (5.12)
a convex function if A >0,
and
V2h if A=0
=1 | o (5.13)
satisfies the equation (5.8) if A > 0.
Lower solution. We suppose that
A>1, (5.14)

then (W), b,) is a lower solution for Problem (5.4). Indeed, we easily check that W) satisfies the
following property

W — gWM <0 ifandonlyif A1, (5.15)
We define (W,,by) by

Wa(n) i 0<n<by,

. (5.16)
0 1f’l7 > b)\.

by =0y and W,(n):= {

The pair (W), b)) is a lower solution for Problem (5.4).
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We assume the following condition on the initial data (ug, bp):
Wi(n) < uo(n) forall 0 <n<bo, by < bo. (5.17)

According to (5.10), W, is a nonincreasing function and then, in view of the comparison principle
Theorem 5.2, it follows that

by < b(T, (uo,bo)) and Wh(n) < W(?],T, (uo,bo)) for all 7 > 0,7 > 0. (5.18)

Upper solution. Now, we suppose that

0< A< L (5.19)
We define (W, by) by

Wi(n) if0<n<by,
0 ifn > B)\.

b)\ = b)\ and V\_/)\(T]) = { (520)

In view of (5.15), the pair (W), by) is an upper solution for Problem (5.4). We now suppose that
A = 0 and define the corresponding upper solution by (W, b)

_ _ if 0 <n < b,
b= V3 and Wiy = { Volm) HOsn<h (5.21)
0 ifn > b,

where Wy(n) = h(1 — L) for all 0 < 1 < b.

V2h

We assume the following condition on the initial data (ug, bp):
ug(n) < W(n) forall0 <n<b, by <b. (5.22)

According to (5.10), W is a nonincreasing function and then, in view of the comparison principle
Theorem 5.2, it follows that

b(T, (uo,bo)) < b and W(n,T, (ug,bo)) < W(n) for all 7 > 0,1 > 0. (5.23)
Next, we prove the monotonicity in time of the solution pair (W, b) of the time evolution Problem
(5.4) with the two initial conditions (W, b) and (Wi, by ).

Lemma 5.4. Suppose that the initial data (uo,bo) satisfies (5.17) and (5.22). Let (Wy,by) and
(W, b) be defined by (5.16) and (5.21).

(i) The functions W (n, T, (V\f, b)) and b(r, W,b)) are nonincreasing in time. Furthermore, there
exist a positive constant b, and a function ¢ € L*(0, by ) such that

Jim W (n,7,(W,b)) = ¢(n) for all n € (0,bs), (5.24)
Tli)r_ir_loob(T, (W, b)) = bo. (5.25)

(ii) The function W (n,7,(Wx,b\)) and b(7, (W, by)) are nondeacreasing in time. Furthermore,
there exist a positive constant by, and a function ¢ € L*(0, by) such that

lim W(n,7,(Wa,by) = 0(n) for all 7€ (0,bec), (5.26)

T—+00

lim b(7, Wh, ba)) = beo. (5.27)

T—+00
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Proof. Applying repeatedly Theorem 5.2, one can show that W(n,T, (VV,E)) and b(T, (W, 5)) are
nonincreasing in time and that W(T],T, (W,\,L)A)) and b(T, (W)\,b)\)) are nondeacreasing in time.
Indeed, from (5.23) we have that

b(7, (uo,bo)) < b and W (n, 7, (ug, by)) < W(n) for all 7 > 0 and n > 0.
In particular, with ug = W and by = b , we get
b(r,(W,b)) < band W (n,7,(W,b)) < W(n) forallT >0andn > 0. (5.28)

From (5.9), we have that
0<W(n) < h.

Then, it follows from Proposition 2.3 that
0< W(n,7,(W,b)) <h forall7T>0andn >0. (5.29)

Let o > 0 be fixed. Due to (5.10), W is a nonincreasing function, then we apply Theorem 5.2 for
(5.28) to obtain

b(T + o, (V_V,l_))) < b(a, (W, Z_))) and W(n,T + o, (V_V,l_))) < W(n,a, (V_V,l_))) for all 7> 0andn > 0.

Thus for each n, W (n, 7, (W, b)) is nonincreasing in 7 and from (5.29), it is bounded from below by
zero. Therefore it has a limit ¢ as 7 — oo.

Also b(t, W, b)) is nonincreasing in 7 and from (5.18) we deduce that it is bounded from below
by by . Therefore it has a limit by, as 7 — oo.

The same reasoning can be applied to prove that W(?],T, Wy, b,\)) and b(T, (Wi, bA)) are nonde-
creasing in time. Thus for each 7, W(T],T, Wy, b,\)) is nondecreasing in 7 and it is bounded from
above by the constant function h as follows from Proposition 2.3. Therefore it has a limit 1 as
T — 00. Also, b(T, (W)\,b,\)) is nondecreasing in 7 and bounded from above by b thanks to (5.23).
Therefore it has a limit b, as 7 — oo. OJ

Later we will show that ¢ and 1 coincide with the unique solution of Problem (1.12). To that
purpose, we will derive in the Section 6 estimates for the free boundary Problem (5.4) in both moving
and fixed domains.

5.2 Properties of a family of upper and lower solutions

In this subsection, we establish some further properties of upper and lower solutions through suc-
cessive lemmas.

Lemma 5.5. The following properties hold for by satisfying (5.8).
(i) by is a decreasing function of .
(ii) by — 0 as A — +o0.

Proof. We start to prove (i). We define F as the function given by

b by a@2- s2)
f@ng/e*4dﬁh (5.30)
0
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and consider the equation F (A, by) = 0. We compute the differential of F through partial derivatives

given by
OF oF

dF = —d\+ ——db 5.31
N ab (5:31)
From (5.30), it follows that
OF _ by [ (03 — %) 28—
— == - - for all .32
o 2/0 1 e ds > 0 for all by >0, (5.32)
and
0 1 [0 23— by by 9h A A2 - s2)
f:/ e T ds + = 1+/ AT ds ) >0 for all by > 0. (5.33)
31))\ 2 0 2 0 4

Since F(\, by) = 0, it follows from (5.31) that

OF (A, by) OF (A, by)
————d\+ ———==db) = 0. 34
N + by =20 (5.34)
. OF .
Thus, since ETN # 0, it follows from (5.32),(5.33) and (5.34) that
A
OF (A, by)

dby BN
= aEosy < (5.35)

0by

which completes the proof of (i).

Now, we turn to the proof of (ii). For A > 0, we have by > 0 and by is a decreasing function of
A. Hence, there exists a > 0 such that by — o as A — +o0o and by > « for all A > 0. We shall prove
that a = 0. This fact mainly relies on the following inequality which will be proved later on. Let
a > 0. For A > 0 large enough, the following inequality holds:

a2 A\ .2
/ e~ ds > a(l + Za2)e**T. (5.36)
0

Since by > « for all A > 0, we deduce from (5.8) that

(12 @ S2
h> %e% e T ds. (5.37)
0

For A large enough we infer from the estimate (5.36) that

o /\2
1
h > (+4

5 )- (5.38)

Letting A — +oo in (5.38), we see that we necessarily have o = 0. It remains to prove that the
inequality (5.36) holds for A large enough. We only have to consider the case where a > 0 since

Az2

(5.36) is trivially true for a = 0. Let us introduce f(z) = —2%° We have () = 5(32% —1)e 1.

We choose A > 0 large enough to have 0 < \/g < a and then f is convex in [\/g ,a]. Therefore, for

all z € [\/7, a] we have

f(z) = g(z) := f(a) + (z — a) f'(a) (5.39)
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that is

P A a2 2
e*AT > (1+ 2a(a—$)> e*AT, for all x € [\/:ﬂ]-

Next we prove that (5.39) also holds for = € [0, \/g] Indeed, we have
max_ g(z) = g(0) = (1 + Za?)e™
z€[0,/2]

and

in_ f(z)=f(1/5) =e2.
:CEI[EI\I}%] X )\ e

Since g(0) — 0 as A — +o00, we get, for A large enough

I

max g = g(O) < min f=e"
0.1/3) [0,1/2]
and then
g(x) < f(z), for all z € [0, \/z]
Combining (5.39) with (5.42) leads to f(x) > g(z) for all x € [0, a], that is

Az?

_A2? A _2a?
e 1 ><1+2a(a—x)>e i, for all z € [0, al.

Integrating (5.43) over [0, a] leads to the desired inequality (5.36).
Next, we prove the following result.
Lemma 5.6. Let A1 and A2 be such that A1 < A9, then it follows that
bx, > by,

and
Wi, (n) = Wy, (n) for all 0 <n < by,.

Scheid

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

Proof. From Lemma 5.5, since A; < A2, it follows that by, > by,. Then, (5.44) holds. Next, we show

(5.45). To do so, let the pair (W), by, )ieq1,2) be the unique solution of the problem

Ai
Wim + TUWAN; =0, 0 <n < by,
W/\z‘ (O) = ha W)\i (b)\z> =0.

Then, we recall that for ¢ € {1,2} the solution pair (W), by,) is given by

2

ol e s

Wi, (n) ) Ve for all 0 <n < by,
fo Mo ds
with also
Ain2
—he "1
W, m(n) = — for all 0 <n < by,.

(5.46)

(5.47)

(5.48)
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Next, we define the linear operator L(W) := W, + %Wn forall 0 < n < by,. We compute
L(W)y, — W),) to obtain

A A
LWy, — Wa,) = Wagm + %’Wm — Wy — %”Wm for all 0 <7 < by, (5.49)
Then, from (5.46), we have that

A
Wgm(n) = —%UWMW for all 0 < n < by,. (5.50)

We substitute (5.50) in (5.49). Then, since (W), by, ) is a solution of problem (5.46), (5.49) becomes

A — A
LWy, — Wy,) = (122)77W,\2m. (5.51)

Since A\; < Az, by (5.48) and (5.51), we deduce that
LWy, —Wy,) >0 for all 0<n < by,. (5.52)

Then, from (5.46), since
(Wx, =Wy, )(0)=h—h=0

and
(W/\2 - W>\1)(b>\2> =0- W)q (bz\z) <0,

we deduce from the one-dimensional maximum principle (Theorem 1 of [PW, p.2]) that the function
Wy, — W), attains its maximum on the boundary. This implies that

W, (n) — Wy, (n) <0 for all 0<n < by,
which completes the proof of Lemma 5.6. =

The next result ensures that the assumption made in (5.17) on the initial datum is fulfilled for A
large enough.

Lemma 5.7. Let ug € X"(bg) N W>°(0,b9) and (W, by) defined by (5.16). There exists A > 1
large enough such that W, < ug in [0,b] and by < by.

Proof. According to (5.12), W) is a convex function. Thus, we have

h

Wi(n) < b—(b,\ —n) forall 0 < n < by. (5.53)
A
o T dug
From the identity ug(n) = h + d—(s)ds for 0 < n < by, we deduce that
0o an
ug(n) = h — Mn forall 0 < n < by (5.54)
d
where M = ||dl?70|| . From Lemma 5.5 (ii), by — 0 as A — +o00. Then we can choose A > 1
Loo(o,bo)
large enough so that
h
by < min(—, bp). (5.55)

M?
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Estimate (5.54) then becomes
h
uo(n) 2h—b—n for all 0 < n < by
A

and we deduce from (5.53) that
up(n) = Wi(n) for all 0 < n < by. (5.56)

Defining Wy = W), and by = by as in (5.16), we deduce that the pair (W,,b,) is a lower solution for
Problem (5.4). O

6 A priori estimates for the solution of Problem (5.4)

6.1 A priori estimates for the solution of Problem (5.4) on the moving domain
Definition 6.1. We define
b(7) :=b(r, (W, by)) and W (n,7) := W (n,7,(Wy,by)) for all 7 > 0,0 < n < b(7).
We start by showing successive lemmas for the function pair (W, b).
Lemma 6.2. We have the following uniform bounds in time

by < b(7) := b(T, (WA,L)A)) <be <b forall 72>0. (6.1)

and
WV (n,7):=W(n,7,(Wy,bx)) <hforallr>0,0<n<b. (6.2)

Proof. Tt follows from ( 5.18) and (5.23) that
bx < b(7, (ug,bp)) < bfor all 7 > 0.
In particular, for (ug,by) = (Wy, b)), we obtain
by < b(7) :=b(r,(W,,b\)) <bforall 7 > 0.

We conclude from (5.27) that
b

N

b(T) < boo < Ba
then (6.1) holds.

Now we prove (6.2). Indeed, we know from (5.9) and (5.16) that 0 < W, (n) < h for all € (0,b),
which by Proposition 2.3 implies that

0<W(n,7):= W(n,T, (W/\,b,\)) <h forallT>0,0<n<b,
so that (6.2) holds. O

Next we prove the following result.

Lemma 6.3. Let ¢ > 0. For all 7 > 0, we have that
2
HWU(.j.-FT)HLQ(QM) < C(o), (6.3)
for some positive constant C (o) which does not depend on 7 and where

Qor i ={(n,9);0<n<b(S+7),5€(0,0)}. (6.4)
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Proof. We have

Wr(n,7) = Wyp(n,7) + sWy(n,7) for all 7 > 0 and 0 < n < b(71),

1\3\3

(W - h)T(W T) (W - h) (777 T) = Wnﬁ(nv 7—) (W - h) (77’ T) + an(% T) (W - h) (77’ T)' (65)
A direct computations yields

b(r) r 2 b(r)
d% o (W) - h)dn = dbd(T) <W(b(7),¢) - h) + 2/0 (W —h)_(n,7)(W = h)(n, 7)dn.

Since W(b(T),T) =0, we obtain

b(r) 1d [ 2, 1db(r) 5
/O (W —h)_(n,7)(W = h)(n,7)dn = 2d7/0 (W(n,7) =h) dn— 5——=h". (6.6)
Then, we deduce from (6.5) and (6.6) that
() b(7) )
/O W (1, 7) (W = h) (n, 7)dn + /0 o Wa(n, ) (W = ) (n, 7)dn = (6.7)

1d [0 1db(7)
el )2y - 2B 2,
2dr /g (W(U’T) ) i 2 dr

Next, we integrate by parts the first term on the left-hand-side of (6.7) and we use W (b(7),7) = 0
and W (0,7) = h to obtain

b(r b(r)
/0 W (n, ) (W = h) (n, 7)dn = =Wy (b(7),7)h — /0 Wy 2dn. (6.8)

Due to Lemma 6.2, we have ‘W(n, T) — h‘ <hand0<n < b. Tt follows that

br) 5 b
| Wi (v = myryin < g [ W an (6.9
Then, we deduce from (6.7), (6.8) and (6.9) that
Ld o 1db(r) o b(r) 5 b
S —h h? < —W, (b h— 2dn+ - h dn.
s | e - SR < cw e nn - [T WP g [ g
(6.10)
Moreover, it follows from Cauchy-Schwarz’s and Young’s inequalities that
b() o C I
[ wliian < o [ wiRdn 4 S [T (6.11)
0 € Jo 2 Jo
b
for all € > 0. Since —W,(b(7),7) = d( 7) _( b(r) and in view of (6.11), (6.10) becomes
T

1d [b7) o h¥db(r) [P db(t)  b(r) bh(1 (o
aar f, WM +/0 Wy < ar +2>h+4<s /0 [Wy[” dn +€b<ﬂ)
(6.12)
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Let o > 0; we integrate both sides of the inequality (6.12) on (7,7 + o) to obtain

T+o B2 [Tto db(S) T+ rb(s) 9
= <
/ s / )2 dnds — 3/ 75 ds ) /0 |W, |2 dnds <

e lds)  Ws)Y\, L BA [TTL O e g

Then, it follows that

% /0 e (V_V(n, T+o) - h)an - % /0 o <V_V(n, ) - h) an - h; (b(T +o) - b(n) +

(1_)/ /b(s W, |2 dnds < (b(T+a>—b(T))h+W/TT+Ub(s)ds.

For ¢ = %, we obtain
1 [Tto b(s)
) / /0 |‘1V77|2 dnds <

[ (winn—n) an (04 (s v - ) R T g

Since b() < b for all 7> 0 and |W(n,7) — h| < h, it follows that

T+o  rb(s) B B h2 _
W, |2 dnds < h?b+ ( 2h + h? b+Mob.
| n‘ Ui

T 0

4

We conclude that
b(s)
/ / W, |2 dnds < C(o) for some positive constant C(c). (6.13)
T 0
Next we perform the change of variable S = s — 7; then
b(S+T
/ / W, (n,S +7)|? dndS < C(o) for all 7 > 0,

which implies that

N

[Waler 47200,y < Cl0), (6.14)
()

for some positive constant C'(o) which does not depend on 7. This completes the proof of Lemma
6.3. O

Next we show the following result.

Lemma 6.4. Let 0 > 0. For all 7 > 0, we have that
2
HW”W(" -t T)HLQ(QO',T) < C(U)a (615)

for some positive constant C'(o) which does not depend on 7.

Before proving Lemma 6.4, we will recall the following result.
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Lemma 6.5 (The Uniform Gronwall Lemma (Lemma 1.1 of [T, p.89])). Let g and y be two positive
d
locally integrable functions on (0, +o00) such that W ois locally integrable on (0, 0c0), which satisfy

dt
the inequalities
d
d—i{ <gy forall t>0, (6.16)
t+r t+r
/ g(s)ds < ay, / y(s)ds < ag for all t >0, (6.17)
t t

where r, a1, as, are positive constants which do not depend in ¢. Then
y(t+r) < % exp(a1), forall ¢>0. (6.18)
Proof of Lemma 6.4. We define
Z(n, 1) :=Wy(n,7) for all 7 > 0and 0 < n < b(7), (6.19)

where W (n, 7) is defined in Definition 6.1. From Problem (5.4), we have

(Wy)r = (W), + 5 (W), + 50 7>0, 0<n<br),
so that
ZT:Z,,n+an+§, >0, 0<n<b(r). (6.20)
Next we show that Z, (O ) 0 and that Z, (b(7),7) = Z*(b(7), 7). Indeed, we have that (W (0,7)) =
(h) = 0 and (W(0,7)), = (W) (0,7) + gv_vn(o,T). Then
Z,(0,7) = 0. (6.21)
Moreover, we have
(W) = 27w, 00).7) + 7, (b)) = (622)
and )
W (b)) = (Wl (b)) + 2520, (b(r), 7). (6.23)
We substitute (6.23) in (6.22) to obtain
W)a6(r).7) + 22w, (5. 7) + 0w o). 7) =0,
so that ) b
2y (b(r).7) + 2D 2 (0().7) + LD 2 0r).7) = 01 (6.21)
Since d_l;(:) + b(27') = —W,(b(r),7) = —Z(b(r), 7) then (6.24) becomes

Zy(b(r),7) = Z*(b(7), 7). (6.25)
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Therefore, from (6.20), (6.21) and (6.25), the time evolution Problem (5.4) leads to

Z
ZT:Zm]ngZnJrf, >0, 0<n<b(r),
Zn(0,7) =0, >0,
Zp(b(1),7) = Z%(b(7),7), >0,
i (620
0 bir) _ _,
o + 5 (o(r),7), 7>0
b(0) = b,
Z(nvo): _)\,1’](77)7 Ogﬁgbm
L _an?
— 1
where W) ,(n) = beiw with XA > 1. We consider the function F' defined by
J e T ds
b(T)
F(r) = / Z2(n, ) dn. (6.27)
0
dF(r) db(r) , b(r)
Then, we compute = Z=(b(T), )+ 2 Z:(n,7)Z(n,T)dn, so that
dr dr 0
b(7) 1d [ 1 db(7)
Z, dn=-— z? dn — Z*(b 6.28
| zonzana -5 [ 2ana- 390 om0, 62)

We multiply (6.20) by Z and integrate in space between 0 en b(7) to obtain

b(r) b(r) o) 4 o) 22 7)
| zanzana= [ zumnzanas [ 3 zm 020w [T 20

0
(6.29)
We integrate by parts the first term on the right-hand-side of (6.29) and using Z,(0,7) = 0 and
Zyn(b(7),7) = Z*(b(7),T), we deduce that

b(r) H(r) )
/0 o 7) 20, 7) Ay = Z3(b(r), 7) — /0 12y, )| . (6.30)
Next, since 0 < 1 < b, it follows that
Hr) 5 b
[ tzmnzanan<g [ z,000]|20.7) an (6.31)

Using the Cauchy-Schwarz inequality with the Young inequality, we obtain that

o) G L. e [t ,
| §zmnz0m a0 < Zn P+ [ 120 nPl (632

S de
for all € > 0. Next, combining (6.28), (6.29), (6.30) and (6.32) we deduce that
1d b(7) 1db(r)
2dr g

b(T) b(7) b(r) Z2 ’
Zs(b(T)’T)_/O ‘ (n,7 ‘ dn—l—/ 77: 7)| d77+/ 7)| d77+/ (;7 7) dn.

Z*(b(r),7) < (6.33)




Convergence to a self similar solution of a one-dimensional one-phase Stefan Problem 25

Since di;f) + br) _ —Z(b(r), ), then

2
-1 1
D 220().7) = 2220, 7) + B 22006, 7)
2 dr
So, (6.33) becomes
L4 de— T [t
- 72 Z 2dn < 34
s | 2anan =2 [ z,000 (631
1 b(r be +2 (b
320007 - 22 20, m+ 52 [ 20,0
0
From (6.49) below, we have Z(b(t),7) = Wy (b(7),7) < 0; setting e = g then yields
1d [ 1 ) b2 44 [27)
5o | Zm.r)dn+ / |Zy(n, )| dn < / [z o) dn. (6.35)
2dr 2 0 8 0

It follows from (6.35), (6.13) and the uniform Gronwall Lemma 6.5 that there exists some positive
constant C'(o) which does not depend on 7 such that

b(t+o)
/ Z3(n, 7+ 0)dn < C(o) for all 7> 0. (6.36)
0

Next, we integrate both sides of the inequality (6.35) on (7,7 4+ o) to obtain

1 [7to (4 b(s) 1 [7to b(s) 244 [THO b(s)
/ / Z2(n, s) dnds+/ / |Zn(n,s)‘2dnds < i / / ‘Z(n, s)‘zdnds.
2 T ds 0 2 T 0 8 T 0

(6.37)
Then, in view of (6.36) and the fact that b is nondecreasing, (6.37) becomes
1 [b(r+o) 1 () b2+ 4 C
/ ZQ(U,TJrJ)dn—/ Z*(n,7)dn+ 5 / / y(n,5)|*dnds < UL (U),
2 Jo 2 Jo 8
(6.38)
so that also o b(s) -
TT0 0(S b 4 C
/ / |Zy(n,5)|* dnds < C(o) + (b"+ )4” (o), (6.39)
T 0
Next, we perform the change of variable S = s — 7, then
o rb(S+7) 244 C
/ / 1Z,(0,5 + o) dnds < (o) + & )4" (@) forall 7 > 0
0
which implies that B
2 (b=+4) o C(0)
1Zn (- + Dl 2qc,,) < Clo) + 1 (6.40)
This completes the proof of Lemma 6.4. 0
Next we deduce the following Corollary.
Corollary 6.6. Let ¢ > 0. For all 7 > 0, we have that
Wi (s +7)| < Clo), (6.41)

L2 (0,0’;0% (ﬁﬂ)
for some positive constant C' (o) which does not depend on 7 and where

Qr={n0<n<b(S+71),S€(0,0)}. (6.42)
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Proof. From Lemmas 6.3 and 6.4, we deduce that there exists some positive constant c (o) which
does not depend on 7 such that

W (

W+ 7)1 (ot () S C(o). (6.43)

Then, since H*(2,) C C%(QT), (6.41) follows from (6.43). O

Uniform estimate of W(.,.+ 7) in C%’i(ﬁoﬁ).

Lemma 6.7. There exists some positive constant C' which does not depend on 7 such that

W(,.+7) <C, (6.44)

ch i@,
where Q, - == {(7,5);0 <n < b(S+7),5 € (0,0)}.
Proof. There exists some positive constant C (o) which does not depend on 7 such that

W (s + Dl 2, ) < C1l0)- (6.45)
Indeed, we have that

Wr(n,7) = Wyp(n, 1) + an(n,T) forall 7 > 0and 0 < n < b(7),

and from Lemmas 6.3 and 6.4, we have that
HWn(., .+ T)HiQ(Q ) S Cy(0) for some positive constant Cy(0),

and
HWm,(., .+ T)“iQ(QM) < Cs(0) for some positive constant Cs(o).

Since 1 < b, it follows that
n
5[/] n(. +7) € L* Q7).

Finally, we conclude from the partial differential equation for W that the estimate (6.45) holds, so
that W(.,.+ 1) € Wg’l(ﬂmf). From (Lemma 3.5 of [BHC, p.207]), we have that

Wi(Q,,) C 023 (Q,,), (6.46)
so that (6.44) holds. ]

Next we show the following result.
Lemma 6.8. The function W, is such that W,(n,7) <0 for all 7 > 0 and 0 < n < b(7).

Proof. We recall that Z(n, 1) := Wy(n,7) for all 7 > 0 and 0 < n < b(7) as defined in (6.19). From
(6.26), Z satisfies the partial differential equation

A
ZT:Z,eranJr? >0, 0<n<b(r).
We also have that

Z(0,7) <0 for all 7> 0. (6.47)
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Indeed, since 0 < W(n,7) < h and W(0,7) = h, it follows that

W, (0,7) <0 for all 7 > 0. (6.48)
Next, we prove that
Z(b(r),7) < 0. (6.49)
db b
Indeed, from Problem (5.4) and Lemma 5.4, we deduce that _d(T) + % = —W,(b(r),7) and
T
db
_d(T) > 0 for all 7 > 0; it follows that W, (b(7),7) < 0 for all 7 > 0. Next from (6.26), we have
.
that
—h e_Aéli2
Z(n,0) = Wxn(n) = —— 2 S0 for 0 <n<by with A > 1. (6.50)
J e T ds
Let T > 0, we define
Qr :={(n,7),7€(0,T),0 <n <b(r)}- (6.51)

- 1 -
Next, we perform the change of function Z(n,7) = Z(n, 7)e*” where a > 3 The function Z satisfies

the equality

1 ~ 1
—a)Z € in Qrp, for all a > 3

so that

Z, — (Znn + an + (% — a)Z) =0 in Qr, for all « > %

Now, we prove that Z<0in "Q. Indeed, it follows from the weak maximum principle (Lemma, 1
of [F3, p.34]) that Z cannot have a positive maximum in Q7. Then, Z attains its maximum on the
boundary T" := {(0,7),0 <7 <T}U{(n,0),0 <n <b0)}U{(b(7),7),0 <7< T}

Then, it follows from (6.47), (6.49) and (6.50) that Z < 0 on I, so that Z < 0in Qp which implies
that Z < 0in Q. Thus, we deduce that

Wy(n,7) <0, forallT >0, 0<n<b(r). (6.52)
which completes the proof of Lemma 6.8. O
Lemma 6.9. Let 7 > 0 be arbitrary. The function n — W, (n, 7) is nondecreasing.

Proof. To prove Lemma 6.9, we need to show that W,,(n,7) > 0 for each 7 > 0. Indeed, we define
G(n,7) = Zy(n, ) for all 7 > 0 and 0 < n < b(7).

We recall that Z(n, ) := W,(n,7) for all 7 > 0 and 0 < n < b(7) as defined in (6.19).

Now we derive the time evolution problem satisfied by G from the time evolution Problem (6.26)
satisfied by Z. First, G satisfied the following boundary conditions

G(0,7) =0, G(b(r),7)=Z*(b(r),7) for all 7> 0. (6.53)

From Lemma (6.8), we have that Z(b(r),7) = W, (b(7),7) < 0 for all 7 > 0. It follows that

Z(b(r),7) = —=/G(b(7),T) for all 7> 0. (6.54)
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Straightforward computations give

'GT:Gnn+an+G, r>0, 0<n<blr),
G(0,7) =0, >0,
G(b(r),7) = Z*(b(7),7), T >0,
db(r) | b(r) _ GO, 750 (6.55)
dr 2 A ’
b(0) = b,
G(%O) =7 /\,nn(n)a 0<n<by
2
Anh et

where G(1,0) = Wy n(n) = >0 with A >1

e
2 fg* e~ ds
Finally, we use similar arguments as in the proof of Lemma 6.8 to deduce that

Wip(n,7) =0 for all 7 >0, 0.< 7 < b(). (6.56)
This completes the proof of Lemma 6.9. O

Lemma 6.10. Let o > 0. For all 7 > 0, we have that

Hdb(dj” < C(o), (6.57)

L2(0,0)

for some positive constant C'(o) which does not depend on 7, so that
186+l ot (10, < €@ (6.58)

for some positive constant C (o) which does not depend on 7.
Proof. We only have to show (6.57). We recall that b(. 4+ 7) satisfies the ODE

db(~dj ) I b(. ;’ 7) =W, (b( +7),.+ 7') for all 7 > 0.

We have that

7 2 2
/ [Wa(b(s +7), s+ 7)[ds < /0 ognigﬁw}w"(n’sﬁ)} ds = |[Wales- + 7|2 0,00 000470
(6.59)

From (6.59) and Corollary 6.6, we deduce that there exists some positive constant C'(o) which does
not depend on 7 such that

/ |W, (b(s + 1) S—I—T)‘ds C(o),
which together with Lemma 6.2 implies that (6.57) holds. O

In the following subsection, we derive estimates for the free boundary Problem (5.4) in a fixed
domain.



Convergence to a self similar solution of a one-dimensional one-phase Stefan Problem 29

6.2 A Priori Estimates for the solution of Problem (5.4) on the fixed domain.
It will be necessary in the sequel to reason on a fixed domain. To do so, we start by giving the

transformation to the fixed domain €2 := {(y,7) € (0,1) x (0,00) }. We set

y=—1 W(y,r)=W(nr) forall 73> 0,0<n<br). (6.60)

Using this change of variable in the estimates obtained in Lemmas 6.3 and 6.4, with the bounds on
b in Lemma 6.2, we readily get the following uniform estimates for the function W.

Lemma 6.11. Let o > 0. For all 7 > 0, we have that

W, (- +7)] < C(o), (6.61)

£2((0,1)x(0,0))

W,y (- + 7] < C(o), (6.62)

£2((0,1)%(0,0))
for some positive constant C'(o) which does not depend on 7.
Next, we show the following result.

Lemma 6.12. We have that

A~

W, (y,7) >0 forall 7>0,0<y <1, (6.63)

and the function y — IZVy(y,T) is nondecreasing for all 7 > 0. Moreover, there exists a positive
constant C' which does not depend on 7 such that

Wy (Pl (01) < C for all 70, (6.64)

Proof. From (6.56), we have that W,,(n,7) > 0, forall 7 >0, 0 < n < b(7). Since Wy, (n,7) =

— W (y,7), we deduce that (6.63) holds. Next, we prove that
b2(r) v

W,,(n,7) is uniformly bounded on L' ([0,5(7)]) for all 7> 0. (6.65)

From Lemma (6.8), we have that Z(b(7),7) = Wy (b(7),7) < 0 for all 7 > 0. Thus, we have

0< /0 S W, 8)ds = Wi (b(r),7) — Wi(0,7) < —TWy (0, 7). (6.66)

We shall prove that W,(0,7) is bounded below for 7 > 0. Indeed, from Lemma 5.4, we know that
W is nondecreasing in time and since W (0,7) = h for all 7 > 0, it follows that

W, (0,0) < Wy, (0,7) for all 7 > 0. (6.67)
—h
We have that 1,(0,0) = W) ,(0) = ﬁ with A > 1, which implies together with (6.67)
" 0
that —W,(0,7) < ————=—, which in turn implies that

by A8
fo e 4 ds

h

A

—_— (6.68)
f6 e 1 ds

b(7)
/ Wnn(% s)ds <
0
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1 .

Since Wy, (n, s) = bQ(T)Wyy(y, s) and b(7) < b, we deduce that
L . bh
Wyy(y7 S) dy - HWyy('7S)HL1(O,1) < Toby _as2 (669)
0 Joe s
This complete the proof of (6.64). O

Now, we prove the following result.

Lemma 6.13. There exists a positive constant C' which does not depend on 7 such that

W, ()i < C forall 7 > (6.70)

Proof. From Lemma 6.12, we have that the function y — Wy(y,T) is nondecreasing for all 7 > 0.
Then, it follows that

W, ()l o) = /Lvy, CW(0,7) — W, 1) =h forall 73 0. (6.71)

Indeed, from Problem (5.4), we have that W(0,7) = h and W(b(7),7) = 0 which implies that
W(0,7) =h and W(1,7) =0 for all 7 > 0. This complete the proof of Lemma 6.13. O

7 Limit Problem as 7 — oo.

Theorem 7.1. Let (¢, boo) be defined in Lemma 5.4. Then (w, boo) is the unique stationary solution
of Problem (1.12).

Before proving this theorem, we need to show some preliminary results. Let W be defined as in
(6.60). We also define

bly) = o), y=;- €[0,1] for 0<n< b (7.1)

We will derive estimates for 1& We start by showing the following result.
Lemma 7.2. We have 1,1, € H'(0,1) C COz ([0, 1]).
Proof. Since 0 < W(n,7) < h for all 7 > 0 and n € [0,b(7)], we have that
0< W(y,7)<h forallT >0, yel0,1]. (7.2)
We deduce from (6.61) and (6.62) in Lemma 6.11 that there exists a constant C'(o) > 0 such that
W, + 7l 20,0820y < C(0) (7.3)

for all 7 > 0. Thus, there exists v € L? (O,cr; H?(0, 1)) such that

W(, +7)—v weakly in L? (0,03 H?(0, 1)) as T — +oo. (7.4)
We shall prove that v = ¢. First, since hgl W(n,7) = (n) for all n € RT, it follows from (6.60)
T—+00
and (7.1) that X
lim W(y,7)=1(y) forallyel0,1], (7.5)

T—+00
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and since 0 < W < h, we deduce from Lebesgue Dominated Convergence Theorem that
W(,-+7) =4 in L' ((0,1) x (0,0)) as 7 — +o0. (7.6)

Using again the uniform boundedness of W and @&, we conclude that this convergence also holds in
Lp(((), 1) x (0, 0)) for all p € [1,00). Hence, v = 1) € H?(0,1). This completes the proof of Lemma
7.2. O

Proposition 7.3. The sequence

{Wy(-,T)} converges to ¢, in L?(0,1) as 7 — +00. (7.7)

Proof. From the Lemmas 6.12 and 6.13, we deduce that there exists a positive constant C' indepen-
dent of 7 such that

HIZVy(',T)le,l(OJ) < C forallT > 0. (7.8)

The space Wh1(0,1) is compactly embedded in L?(0,1) (see for instance the proof of Lemma 2.7
in [BGH, p.86]). Thus, it follows that there exist a subsequence {W, (-, 7,)}3=5° and a function
x € L?(0,1) such that

~

W, (-, 7a) — x strongly in L%*(0,1) as 7 — oo. (7.9)

Now, we prove that y = @Z;y. From (7.9), it follows that

1 1
/0 W, (y, T)p(y) dy —>/0 X(y)e(y)dy as T — oo for all ¢ € Hy(0,1). (7.10)

We also have that for all ¢ € H}(0,1)

1 1
/ W (5. 7) oly) dy = — / Wy, 7) oy (y) dy. (7.11)
0 0

We then deduce from (7.6) that

1 . 1 R 1 R
- / W (5, 7)oy () dy — — / D(y) 0y () dy = / Do) dy asT 00 (7.12)
0 0 0

for all ¢ € H}(0,1). We finally deduce from (7.10), (7.11) and (7.12) that x = 1[@ and then (7.9)

becomes
Wy(~,7'n) — 1[)31 strongly in L%(0,1) as 7 — oo, (7.13)

which completes the proof of Proposition 7.3. O
Next we show the following result.
Proposition 7.4 (Application of Second Dini’s Theorem). We have that

A~ ~

W, (-,7) converges uniformly to ¢, as T — ocon [0,1]. (7.14)
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Proof. From Lemma 6.12, we have that the function y — Wy(y, 7) is nondecreasing for all 7 > 0. In
view of Lemma 6.7, we recall that IZVy(-, 7) is a continuous function for all 7 > 0. From Proposition
7.3, we have that Wy(.,T) converges to ﬁy, as T — +oo,a.e. in (0,1) and from Lemma 7.2, we

have that 1/A1y € C’O’%([O7 1]). It follows from applying the second Dini’s Theorem (Theorem 10.32
of [WMT, p. 454]) which states that “if a sequence of monotone continuous functions converges
pointwise on (0, 1) and if the limit function is continuous in [0, 1], then the convergence is uniform”,
which completes the proof of Proposition 7.4. O

Corollary 7.5. TEI-lI—lOO W (., 7) = ¥llero,) = 0

Proof. Tt remains to show that W(, T) converges uniformly to ¥ as T — oo. We have that

W (., 7) = ¥llcogor)) = sup
yE[Ol]

/Oy W, (s, 7)ds — /Oy by (s)ds

Next, we prove Theorem 7.1.

/W (s,7)ds+ h — /wy )ds — h ‘ (7.15)

= sup < HWy(.,T) — ﬁyHLl(OJ) — 0 as T — 0.

y€[0,1]

Proof of Theorem 7.1. The proof will be done through successive Lemmas. The first step of the proof
consists in showing the following result.

Lemma 7.6. We have ¢(0) = h and ¢ (bs) = 0.

Proof. We start by showing that 1(0) = h. Indeed, we have that (recall that W is nondecreasing in
time)
Wi(n) =W(n,0) < W(n,7) < h (7.16)

Letting 7 tend to +o00, we deduce that
Wi(n) < () <h  forall g € [0, bo].
Then, for n = 0, we obtain W, (0) = h < ¥(0) < h, that is ¢(0) =

Next, we prove that 1(bs) = 0. We deduce from Corollary 7.5 that

W(1,7) = ¢(1) as 7 — oo, (7.17)

which is equivalent to
W(b(1),7) = ¥(bss) as T — . (7.18)

Since,

W (b(r),7) =0 for all 7> 0, (7.19)
we deduce that indeed ¢(bs) = 0. O

The following result holds.

Lemma 7.7. We have .

= —p(boo)- (7.20)

g
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Proof. First, we prove the corresponding relation for zﬂy(l) and then we will conclude the result for
1y, We recall that
db b
‘d(T) + ‘(27) = —W,(b(r),7) for all 7 > 0. (7.21)
-

In view of the change of variables (6.60) for W, the equation (7.21) becomes

1db? b? A
2d7('7-) + g) =-W,(1,7), forall 7>0. (7.22)
Integrating (7.22) in time between 7 and 7 + o and performing the change of variable S = s — 7, we

obtain ) L o Y
§(b2(7+0)fb2(7')) +2/0 b2(s+f)dsz/0 W, (1,5 +7)dS. (7.23)

Then, we deduce from Proposition 7.4 that TZVy(l, S + 7) converges to ﬁy(l) as 7 — -+oo and recall
that b(7) — beo as T — +o00. Passing to the limit as 7 — 400 in (7.23), we conclude that

b? -
oo ). (7.24)
1 -
Now, since ¥, (n) = b—¢y(y), Yy = bi for all 0 < 7 < boo (see (7.1)), the relation (7.24) becomes
boo
B ). (7.25)
which completes the proof of Lemma 7.7. 0

The last step of the proof of Theorem 7.1 consists in the following result.

Proposition 7.8. The function 1) € C*°([0, b)) and satisfies the equation
no
Yy + 51% =0 in (0,bs0).

We will prove Proposition 7.8 by means of several lemmas.

Lemma 7.9. Let ¢ € D(0,b) be arbitrary. Then there exists a class of functions ¢ satisfying the
following properties

(i) ¢ € C*([0,boo] x RT),
(i) ¢(0,7) =0, ¢(b(1),7) =0 and ¢,(0,7) =0 for all T > 0,

(iii) TEI:II}OO er(n,7) =0 for all n € [0,bs),

(iv) lim ¢(n,7) = @(n) for alln € [0, bso)-

T—+00

Proof. Let ¢ € D(0,bs) be given. We define the function ¢ € C°°([0,bso] x RT) such that

(0, 7) = Flboo y), ¥ = % for all 7 > 0,0 < 5 < b(7), (7.26)

and ¢(n,7) = 0 for all 7 > 0 and b(7) < n < beo. Next, we show that ¢ satisfies the properties
(7)-(7v).The function ¢ obviously satisfies (7). Property (ii) readily holds because we have ¢(0,7) =
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boo -

2 (bos) = 0 and ¢y (0,7) = b(r) ©y(0) = 0. Now, we turn to (iii). We have

¢(0) = 0, (b(7),7) = ¢
that b
—n boo_d(’r)
: L o~
Jim or(n,7) = lim 720 Py(boo y)- (7.27)
db b 1
Since b(r) + b(r) =— W, (1,7) for all 7 > 0, we obtain
dr 2 b(r)
b db(T) Vo
. T Feo dr ~ . nboo leOOWy 1aT ~
1 ——— 0y (bo y) = 1 beo y) for all 0 <n<b(r).
A e Pulbey) =l <2b(7-) MTEy Pylboo y) for all 0.<m < b(7)
. . —b?
From Proposition 7.4 and (7.24), we deduce that Er}rl W, (1,7) = ¢, (1) = —>, which implies
that A
. Nbeo  NbW,(1,7)\ _ noon\ ~
1 )= (20 L y) = 0.
Tﬁlinoo <2b(7’) * b3(7—) @y(b y) 9 9 y(b y)
Thus, we obtain
lim or(n,7) = 0.
Finally, we show that (iv) holds; indeed we have that
. o o(mbo\ <
Jim o(n,7) = lim (b(f) > = ¢(n)-
This completes the proof of Lemma 7.9. O
Lemma 7.10. The function 1 satisfies
i f)(n) dn=20 (7.28)

boo
/0 '(b(n) (&7777 - 5@77 - 5

for all test functions ¢ € D(0, bso).
Proof. Let ¢ satisfying the properties (i) — (iv) of Lemma 7.9 and let o > 0 be fixed. Recall that
(W, b) satisfies Problem 5.4, in particular we have
n
We(n,7) = Wyy(n,7) + §W77(77a 7), 0<n<b(r), 7>0. (7.29)

By integrations by parts, we obtain
('0) (n,s)dnds. (7.30)

T+o rb(s) n
L () 20.9) ot 5) s
[ [ wosen -
= VAN, S)\ P — 5 ¥
i 0 nm 9 n )

Moreover, we have, on the one hand
o g o) b(r+0) b(r)
/ ds/o W(n, s)e(n, S)dndS—/O W(H,T+U)g0(n,7+a)d77—/0 W (n,7)p(n, 7)dn
(7.31)
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and on the other hand,

T

T+o b(s) +o b(s)
/T % ; W(n,s)p(n,s)dnds = / (/0 (Ws(n,s)e(n,s) + W(n,s)ps(n,s))dn
I 008),)plb(s).5) (9 ) s

/ / Yo(n,s) +W(n,s)ps(n,s))dnds. (7.32)

Combining (7.31) with (7.32) yields

T+o rb(s) T+o rb(s)
/ /O Wi, 8)p(n, s)dy = — / /O W (1, 8)ps(n, 8)dn
b(T)

b(T+0)
T /0 Wir+ ool +o)n— [ Wnr)em.r)an. (733)

We deduce from (7.29), (7.30) and (7.33) that

b(T+0) b(T) T+o rb(s)
/O W(n,7+ o), 7+ o)dn — /O W (n, 7)o, 7) di — / /0 W, 5)ps(1, 5) dy s

T+o rb(s)
= [ Wl jen— D onds. (730

Thus, since b(7) < by for all 7 > 0, we can write

boo boo
/ X[ObT+U)]W(U7T+U)¢(U,T+U)d?7 / x[o,,( W 7)o, 7

T+4+0o
©
/ / W(n,s)ps(n, s dndS—/ / W (n, s)(eny — *@ 5)(7778)0177018- (7.35)

Furthermore, according to Lemma 5.4, we recall that

lim W(n,7)=1(n) forall 0 < n < by and lim b(7) = beo

T—+00 T—+00

Then, since ¢ satisfies property (iv), it follows that

M X[ praey) W (17 + 0) (0.7 + ) = ¥(0)Z(0).

T—+00
Moreover, we have

< h el g

IX[OMHU)] W(n.m+0)e(n,+0)

According to Lebesgue’s Dominated Convergence Theorem,

boo

boo
/ X W(nr+o)enr+aydn— [ wm@mdn ast—oo.  (7.36)
0 [Oyb(T+J)] 0

Similarly, we also have that

boo

boo
/0 X[O,L)(T)]W(W’T)‘P("ﬂ')d77_> ; Y(n)p(n)dn  asT — oco. (7.37)
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Now, we turn to the right-hand-side of (7.35). With the change of variables S = s — 7, we obtain

boo
n ¥
/ / X[o.b(s+7) (”’S+T)(‘Pnn_§‘Pn—§)(7775+7)d77ds

— / / cpm] — g@n — %)(n) dndS as7t—oo. (7.38)
Then, since ¢ satisfies the property (iii), we conclude from (7.35)—(7.38) that
b ~
Oco _ . %)
/0 V() By = 580 — 5) (M) dn =0 (7.39)
for all test functions ¢ € D(0,bs) which yields the result of Lemma 7.10. O

Finally, we present the proof of Lemma 7.8.

Proof of Lemma 7.8. From Lemma 7.2, we have that ¢ € H?(0,bs). Then, by means of integration
by parts, we obtain

boo boo
/O V) En(n) dn = [ v ()3 (7.40)

and
boo

v Fatan = [ (0,00 5500 + 300050 ) an (r.41)
0 0
for all test function ¢ € D(0, b ). Hence, we deduce from (7.28) that

[ (o + Luat)) 2 ctn = (142

for all ¢ € D(0,bs). This finally implies that
1 € C%([0,boo]) and 1y, + g% =0 forall 0< 7 < beo. (7.43)
This completes the proof of Lemma 7.8. O

We conclude that the pair <W(77, 7) = W(n,7, Wi, br)),b(t) = b(r, (WA,bA))> converges to

(¥,bso) as 7 — 00. Thanks to Lemma 7.6, Lemma 7.7 and Lemma 7.8, (v, b~ ) satisfies Problem
(1.12) and thus (¢, bs) coincides with the unique stationary solution (U, a) of Problem (1.12). This
completes the proof of Theorem 7.1. O

Similarly, one can show that <W( n,T, (W,E)),b( (W, 5)) converges as 7 — 00 to (¢, bso)

which also coincides with the unique stationary solution (U, a) of Problem (1.12). Recalling Lemma
5.7, we obtain the following result.

Theorem 7.11. Let ug € X"(by) N W (0, bo) be such that 0 < ug < W in [0, bg] and by < b where

(W, b) is defined in (5.21). Let (W,b) = (W (-, -, (u0,b0)) , (-, (ug,bp))) be the solution of Problem
(5.4) with the initial data (ug, bg). Then

ET W(n,7)=U(n) forallne (0,a) (7.44)
and
TEIEOO b(T)=a (7.45)

where (U, a) is the unique solution of the stationary Problem (1.12).
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Proof. For all 7 > 0 and n > 0, we have that
W(T], T, (W)\, b)\)) < W(nv T, (uO; bo)) < W(nv T, (W’ 5)) (7'46)

and

A
=
=
o
S—

(7.47)

b(r, (Wi, br)) < b(7, (ug, b)) <b
According to Lemma 5.4 together with the fact that (¢, bs) = (¢, boo) = (U, a), we deduce that

Tll)l}_loo W(U? T, (W, b)) = Tll)r_i{loo W(n,7,(Wy,b\)) =U(n), (7.48)
i b(r, (O9,8) = lim_b(r, (W5, b)) = a. (7.49)
The result of Theorem 7.11 then follows from (7.46) and (7.47). O

This completes the proof of Theorem 1.1 in the introduction section.
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