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ABSTRACT. Bateman and Duquette have initiated the study of Salem elements in positive

characteristic. This work extends their results to 2-Salem elements whose minimal polyno-

mials are of the type Y” + A, _(Y" '+ ...+ LY + 4 € F,[X][Y] where n > 2,9 # 0 and

degl,—; < degh,_, = glaxz deg(A;). This work provides an analogue of their results for
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2-Salem elements whose minimal polynomials meet certain requirements.
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1. INTRODUCTION

A Salem number is a real algebraic integer 6 > 1 of even degree at least 4, having
0! as a conjugate over Q, having all its conjugates 6; excluding 6 and 6~', of modulus
exactly 1 [8]. The monic minimal polynomial, over QQ, A(z) of a Salem number 6 is
reciprocal: it satisfies the equation zdegA(Z)A(%) = A(z). To put is simply, this means that
its coefficients form a palindromic sequence: they read the same backwards as forwards.

Therefore 6 + 0~ ! is a real algebraic integer @ > 2 such that its conjugates # 6 + 0! lie
deg 6

in the real interval [—2,2]. The Mahler measure M(6) := [ ] max{1,|6;|} of 6 satisfies
i=1

M(0) = 0. A Salem number is the Mahler measure of itself.

The set of Salem numbers is traditionally denoted by 7" [2]. The smallest known element
of T is Lehmer’s number By = 1.1762... of degree 10 , as dominant root (“i.e. if B is
another root, then |B| < By”) of Lehmer’s polynomial:

(1.0.1) PX)=x"4x°—xT - x0 x5 x*- X3+ Xx+1.

The Surveys [8] [10] take stock of various problems on Salem numbers and more generally
Mahler measures in all their forms.

Kerada [5] defined and studied, as a generalization of a Salem number, j-Salems, j > 2
(also called j-Salem numbers in the literature, e.g. in [9]). In particular, a 2-Salem is a
pair (B1,B2) of conjugate algebraic integers of modulus > 1 whose remaining conjugates
have modulus at most 1, with at least one having modulus exactly 1. The set of 2-Salems
is denoted by 7. It is partitioned as 7> = T, UT," where T, is the set of 2-Salems with
Bi,B: € R and 7,/ the set of 2-Salems for which f8; and f3, are complex non-real (and so
complex conjugates of one another, B; = ).

In 1962 Bateman and Duquette [1] introduced and characterized the Salem and Pisot
(PV) elements in the field of Laurent series. We first start recalling their theorem prior to
stating an analogue theorem for 2-Salem elements, extending Kerada’s study.

Theorem 1.1 (Bateman - Duquette). An element @ in F,((X™')) is a Salem (resp. Pisot)
element if and only if its minimal polynomial can be written

AY) =Y+ AV 4+, L EF,X] fori=0,...,s—1,

with |As—1| = |®| > 1 and |As_1| = OSI?%X_ZM,-\ (resp. |As—1| > OSI?%X_ZM,-D.

In this work, instead of the classical setting of the real numbers, the analogues of Ker-
ada’s 2-Salems over the ring of formal Laurent series over finite fields are investigated. In
the context of the original study of Salem elements in positive characteristic by Bateman
and Duquette [1], 2-Salem elements in positive characteristic will also be called 2-Salem
series. The objectives of the present note consist in extending some of the results of Bate-
man and Duquette to 2-Salem series over F,[X], g # 2, and to study the analogues of the
above-mentioned properties of 2-Salem series. More precisely, let IF, denote the finite field
having q elements, g > 3, and let p be the characteristic of F; g is a power of p. Let X be
an indeterminate over I, and denote k := [F,(X). Let o be the unique place of k which is
a pole of X, and denote ke := Iﬁ‘q((%)) Let Cw be a completion of an algebraic closure of
ks. Then C. is algebraically closed and complete, and we denote by V.. the valuation on
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Co normalized by V..(X) = —1. We fix an embedding of an algebraic closure of k in Cw
so that all the finite extensions of k mentioned in this work will be contained in C.. An
explicit description of V. is done in section 2. For simplicity’s sake the algebraic closure
of k- will be often denoted by F,((X~1)).

2-Salem series over [F,[X] may belong to k., or to finite extensions of k... By analogy
with Kerada’s notations we denote by 7" the set of 2-Salem series. It can be partitioned as
T, = T;* UT,™* where T,* is by definition those 2-Salem series (@, ®,) over F,[X] which
(both) belong to F,((X!)), and 7;*, by definition, those 2-Salem series, notin F,((X 1)),
such that (o], ®}) € T,* for some integer n > 2.

Theorem 1.2. Suppose g # 2" for any integer r > 1, and n > 3. Let A be the polynomial
defined by

(1.0.2) AX) =YY"+ Ay Y 4 Dy oV "2 MY+ A € F XY,
assumed irreducible and such that Ay # 0. Let us assume

deg, | <degl, = _glaxzdeg(),,-).

Denote by @ and @y the dominant roots of A. Then
(i) for n > 4: if degA,_o > 2degA,_1, then (@1, ) € T,;* if and only if deg A,_» is
even, the dominant coefficient Oy of A,_» = Qp X 24 o is equal to —a? for
some a € F, and deg An—3 < degh, 2,
(ii) for n = 3: if degA; > 2deg Ay, then (1, ;) € Ty if and only if deg A, is even, the
dominant coefficient Oy of A = 06X 24 Fogis equal to —a? for some a € 7,
(iii) forn >3: ifdegA,_» < 2degA,_1, then (@), ) € T,*.

The paper is organized as follows. In section 2 the fields of formal power series and the
valuations used in this study are recalled. The main Theorem 1.1 of Bateman and Duquette,
characterizing Salem elements, is stated above with these notations. Section 3 is devoted

to the arithmetical and topological properties of 2-Salem series in F,((X~!)). In section 4
Weiss’s method of the upper Newton polygon is explicited to characterize 2-Salem series
in F,((X~1)). In section 5 attention is focused on those 2-Salem series which lie in the
field F,((X~1)), by establishing criteria discriminating whether they belong to F,((X 1))
orto F,((X—1))\F,((X~1)). The proof of Theorem 1.2 is given in section 6. In Theorem
1.2 the polynomial given by (1.0.2) is assumed irreducible. More generally, the question of
irreducibility of a polynomial A of the general form (1.0.2) is discussed in section 7 under
the hypothesis that A has no root in F,,.

2. SALEM SERIES IN F,((X 1))

For p a prime and ¢ a power of p, let F,((X 1)) be the set of Laurent series over F,
which is defined as follows

Fo(X M) ={o=Y oX":ng€Z and w; €F,}.
i>ng

We know that every algebraic element over IF,[X| can be written explicitly as a formal series
because F,[X] C F,((X~1)). However, as F,((X 1)) is not algebraically closed, such an
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element is not necessarily expressed as a power series. We refer to Kedlaya [4] for a full
characterization of the algebraic closure of F,[X]. We denote by F,((X~!)) an algebraic
closure of F,((X~1)). Indifferently we will speak of 2-Salem elements or 2-Salem series
in the present context.

Let @ be an element of F,((X~!)), its polynomial part is denoted by [®] € F,[X] and
{w} its fractional part. We can remark that @ = [w] + {w}. If @ # 0, then the polynomial
degree deg w of @ is y(w) = sup{—i: ; # 0}, the degree of the highest-degree nonzero
monomial in @, with the convention y(0) = —oo. The generic form of ®, with ny € Z and
w; € Fy, np = —y(w), is

0=y X =
i>ng
Note that if [@] # O then y(®) is the degree of the polynomial [®]. Thus, we define the
absolute value
o] = { q”(“’) for w # 0;
0 for w = 0.

Since |.| is not archimedean, |.| fulfills the strict triangle inequality

lo+v| < max (|o|,|v|]) and
lo+v] = max (Jo),|v]) if|o|#]|v].

Definition 2.1. A Salem element ® in F,((X 1)) is an algebraic integer over F,[X] such

that || > 1, whose remaining conjugates in F,((X~!)) have an absolute value no greater
than 1, and at least one has absolute value exactly 1. A Pisot element @ in F, (X)) is an

algebraic integer over F,[X] such that |@| > 1, whose remaining conjugates in F,((X 1))
have an absolute value strictly less than 1. The set of Salem elements, resp. Pisot elements,
is denoted T*, resp. S*.

In the following we will focus on 2-Salem series in k..: a 2-Salem element is a pair of
series (@1, @) in Fy((X™1)) x F,((X~!)), which has an absolute value greater than 1, in
the sense that it is such that @; is an algebraic integer over F,[X], with the property that
all of its conjugates @y, i # 1,2, lie on or within the unit circle, and at least one conjugate
lies on the unit circle. This implies that all 2-Salem elements are necessarily separable over
[F,(X). Note that the pair (o, @) is not ordered.

Let us remark that it is easy to construct a 2-Salem element over I, with ¢ = 2 and
then to show that 2-Salem elements do exist without the assumption g # 2", r > 1, taken in
Theorem 1.2. The exclusion case g # 2" of Theorem 1.2 will arise in a general setting from
Lemma 5.2 and its consequences.

3. MULTIPLICATIVE PROPERTIES OF 2-SALEM SERIES
Proposition 3.1. Let (w1, m,) € T,*, then (0, ®}) € T,*, foralln > 1.

Proof. Let M € F,[X][Y] the minimal polynomial of the algebraic integer @ = w; of degree
d and an, ..., ®, the conjugates of @. We consider that the conjugate @, of @ is the only
conjugate which lies outside the unit disk. Evidently, since ®; is an algebraic integer over
F,[X], of, for n > 1, is also an algebraic integer over F,[X].
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Letn > 1 and A € [F,[X][Y] be the minimal polynomial of w}. We consider the embed-
ding o; of F,(X)(w;) into Fy((X~1)), which fixes F,(X) and maps ®; to @;. Obviously,
fori=1,2,...,d, @/ is aroot of the equation A(Y) =0, and @], @5, ..., @/ are all the roots
of A, since

Ao}') = ((c,( 1))")) = Aloi(@r)) = gi(A(@r)) = 6;(0) = 0.

We deduce deg(A) < deg(M) since

[ g(X)(@f) : Fg(X)] < [Fq(X) (@) : Fo(X)].
If 3 <i<d, then |®"| = |w;|" <1 and there exists at least one j, 3 < j < n, such that
|| = |w;|" = 1. Therefore (0}, }) € T,", foralln > 1. O

Note that the converse is false in general. For instance, take ¢ = 3,d =4 and n = 2.
Then, the polynomial
Y4 —2x%y? +2x°
over I3 is irreducible and its two roots of absolute value > 1 defined by

(01,00) = (VEX — 5 +-),~(VAX — 55 +..)),

not lie in F3((X~!)). The other conjugates defined by
1 1
(@3,0) = (1= 57+, = (T 5 +.00))-
We can see that (07, ®37) lie in F3((X1)).
deg 6
For a 2-Salem series 6, let us define its trace by Tr(60) := Z 0;. The 2-Salem series
i=1
have the following basic property, as it can easily be seen by considering its trace. Recall
that in the real case the trace of a Salem number is an integer (€ Z) which is not bounded
and can take arbitrary negative values [6].

Proposition 3.2. Let (01, ,) € T,*, then the sequence ({ @] + @5 })n>1 is bounded.

Proof. Let (@, ®,) be a 2-Salem series and s, ..., @, the other conjugates of ®; and
. From Proposition 3.1, for all n > 1, @] and ®j are the roots of the same irreducible
polynomial, say A, in [F,[X], of degree d. We have

d
= szn € Fy[X]
i=1

Thus {Tr(A,)} = 0, which can be rewritten

0= {Tr(A Zw”} {a)1+a)2+Za)”}

But |@;] <1, for 3 <i<d, and there exists at least one j, 3 < j < n such that |a)7| =|w;|" =
1. Therefore, taking the absolute values, we deduce [{@] + @} }| = |[{0}} +{w}} + ...+
{w}}] and
d
lim ){Z o'}
i=3

n>—+o0

< max {}{a),”}\} <Ccl,
i=3,...d
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and then {®{ + @} } is bounded. O

Remark 3.3. If the 2-Salem series (@, ;) € T, of Proposition 3.2 admits only one root
@3 having absolute value equal to 1 and for which the other conjugates have an absolute
value strictly less than 1, then ngrrl {of +wy} =0.

n o)

Proof. 1t is a consequence of the definition of the upper Newton polygon of the polyno-
mial A,, recalled in Proposition 4.1 below. From Proposition 4.1 we can see that w3 €
F,((X~1)). Thus

(3.0.1) lim {o}} =0,
From the proof of Proposition 3.2, we have o] + @} = Tr(o}) -0} — @} —...— @}, n>1,

what implies

Hof + oy} = {3} +{wf}+.. +{wj}]
< Hoi}+af+...+ oy
< o3}, o}
< max {{of}.lof)
Since |@;| < 1 fori=4,...,d and by (3.0.1), the assertion of the Remark follows. O

Proposition 3.4. Let (w1, ) € T," be a 2-Salem series. Assume that A € F,[X][Y] is its
minimal polynomial, that the degree of A is equal to 4 and my, @, W3, W4 are its four roots,
the root s satisfying degws = 0. If A(0) € Fy, then 0y w; € T™.

Proof. Let (@1, ®) € T,* and
AY) =Y+ B + LY+ MY+, A €T,

the minimal polynomial of @; and @,. We have Ay = ®; @, @3 4. Consider the reciprocal
polynomial of A

1
oY) = Y4A(?)-
Clearly Q is an irreducible polynomial over IF,[X], and admits the four roots

1 1 1 1
o ) 0 D104 an s o 0100203
We have
Ill—lw o] =1 Ill—lw | >1
= |00 =1, a)4_ 1 W (03

1
and |5| < 1, for i = 1,2. Therefore w; w3 = % is a Salem series. O
i

4. A FIRST CHARACTERIZATION OF 2-SALEM SERIES

The theory of the Newton polygon of a bivariate polynomial is used in the present study.
The following Proposition of Weiss in [11] is the main tool for our purposes. Let us recall
it. Let

(4.0.1) AXY) =LY+ A Y L MY + A €T, X, Y] =T [X][Y]
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be a nonzero polynomial. To each monomial A;Y? # 0, we assign the point (i,deg(A;)) € Z>.
For 4; = 0, we ignore the corresponding point (i, —oo). If we consider the upper convex hull
of the set of points

{(0,deg(X)), .-, (n,deg(An))},

we obtain the upper Newton polygon of A(X,Y) with respect to Y. The polygon is a
sequence of line segments E, E», ... E;, with monotonous decreasing slopes.
The slope of a segment of the Newton polygon of A(X,Y) joins, for instance, the point
(r,deg(Ay)) to (r+s,deg(A,+y)) for some 0 < r < r+s < m. The corresponding slope is
_ deg(AH-s) — deg(Ar>

k .
s

Denote by K, the set of the slopes. For any slope k € K, denote by s the length of the facet
of slope k.

Proposition 4.1 (Weiss). Let
AXY)=Y"+ A V" MY + 2 €F X, Y]
and K the set of the slopes of its upper Newton polygon. Then, for every k € K,
i) A(X,Y), as a polynomial in Y, has s roots &, ..., 0 with the same degree —k and
| = ... = o] =q 7%,

ii) the polynomial

N

A(X,Y) = H(Y —a)  €F((XH)Y]

divides A(X,Y), with

AXY) =[] &X,Y).
keKp

Corollary 4.2 is an application of Proposition 4.1 obtained by Ben Nasr and Kthiri in [7]
in the context of 2-Pisot elements. In the case of 2-Salem elements, Proposition 4.1 has
several direct consequences: the following Corollary 4.3 and Theorem 4.4.

Corollary 4.2. Let
(4.0.2) AX,Y) =LY+ Ay Y L MY+ A € Fy[X][Y].

, then || < 1.

and @ a root of A. If |A,;| = max |A;
0<k<n

Corollary 4.3. Letn > 3. Let
(4.0.3) AX,Y) =YY"+ Ay V" Y + A €T [X][Y]
with Ay # 0. Let us assume

degl, | < Ogl}clélj_zdeglk =degl, , <2degh, ;.

Then, A has only two roots o1, € F, (X)) satisfying || > 1 and |@| > 1 and at
least one conjugate which lies on the unit circle.
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Proof. First let us notice that the stated condition implies that deg A, > 0. Moreover the
upper Newton polygon of A contains the line with a slope k; joining (n — 1,degA,,_;) and
(n,0), the line with a slope k; joining (n —2,degA,_») and (n — 1,degA,_;) and the line
with a slope k3 = 0 joining (n —2,degA,_») and (n— k,degA, _, = degA,_») for some
0 <k <n—2. We have: degA,_» —degA,_; < degA,_;. By Proposition 4.1 (i), A has
exactly two dominant roots ®;, @,

oy = gttt =g >,
|| = qdegln727degln71 — q*kz > 1.

There exists 0 < k < n— 2 such that deg A, = degA,,_»; hence A has one root, say w3, such

that
—degA,_op+degly

o3| =g 2k =g B =1
By Proposition 4.1 (ii), A admits the two factors Ay, (X,Y) = (Y — @) € F (X 1)[Y]
and Ay, (X,Y) = (Y — ) € F,((X~1))[Y]. Hence o and @, € F (X 1)). O

Theorem 4.4. Let A be the polynomial of degree n > 3 defined by
AY) =YY"+ Ay Y 4 A oY "2 L Y + A € Fy[X][Y]

with Ay # 0. Then, A has exactly 2 roots in F,((X 1)) which have an absolute value strictly

greater than 1 and the remaining roots in F,((X ")) which have an absolute value less or
equal to 1, with at least one conjugate lying on the unit circle, if and only if the following
conditions are satisfied: |Ay,—1| < |Ap—2| = (Jnax |Ail-

<i<n—

Proof. Let m;, @, ...,®, be the roots of A. The conditions are necessary. Suppose |®;| >
|| > 1> |w3| > ... > |w,| and that there exists at least one j, 3 < j <n, such that |@;| = 1.
We have |A,_2| > |A,—1|. Forke {1,...,n}, k#2,

|Api| = Y 00, ... 0| < |, ..o < o= |A2]
1<i|<ip<..<ix<n
and
] = ‘ Y 0,00 = |00 = |oy0] = |4, 2|
l§i1<i2<...<ij§n
Then
An—2| = max |A;].
‘ n 2| i;én—2| l|
The conditions are sufficient. The converse easily follows from Proposition 4.1. U
Example 4.5.
Let

AY) =Y+ X+ DY+ X+ XY + X+ X3+ X2+ X + 1 e R [X][Y].
By Theorem 4.4, A(Y) has two roots @; and @, having absolute value strictly greater than
1 and one root w3 which has an absolute value exactly equal to 1. Using the facts that
o [0+ +w]=X+1,
o (010 + 003+ o] = XX,
o [wmws] =X+ X34+ X2+ X +1,
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then @, @, and s are defined by:
1
0 = X2—|—1—|—Z— such that |Z;| > 1,
) = X2—|—X—|—Z— such that |Z,| > 1,
2

1

and o3 =1+ A such that |Z3| > 1. For j = 1, resp. j = 2, the fact that A(®;) = 0 implies
3

that Z;, resp. Zj, is a root of the polynomial Hy, resp. H,, defined by

(4.0.4) H=72+X>+1Z2+(X*+X)Z+1,
resp.
(4.0.5) Hy=X*+X+1)Z2+ (X} +X3)Z2+ (X>+ 1)Z+ 1.

Applying Proposition 4.1 to the equations (4.0.4) and (4.0.5), we obtain Z;,Z, € F, (X 1)).
Therefore @, @, € Fo((X~1)). Since A is monic and irreducible over F5[X], we deduce
that (@, @, ) is a 2-Salem series and A is the minimal polynomial of .

5. CRITERIA OF EXISTENCE OF ROOTS AND CONJUGATES IN F,((X~1))
Before giving the proof of our results, we establish some lemmas that will be needed.
Lemma 5.1. Let n > 3. Let A be defined by
AY) =YY"+ Ay g Y 4 Ay V"2 4 MY A € Fy[X][Y],
with Ay # 0. Suppose igffiz degA; =degh,_» >2degh,_;. If deg(A,_») is odd, then A has
no root in ¥, (X)) with absolute value > 1.

Proof. By Theorem 4.4, A has two roots ®; and @, such that |@;| > 1 and |@,| > 1. The
remaining roots @s, ..., ®, have an absolute value less or equal to 1 and at least one con-
jugate ®; lies on the unit circle for 3 < j <n. As degA,_» > 2degA,_1, then the upper
Newton polygon of A contains the line connecting the points (n —2,degA,_») and (n,0).
deg )'an
2
o; and @, having the absolute value g% > 1. Since they have the same absolute value g,
we would have

The slope of this line is k = — . By Proposition 4.1 (i), Ahas n— (n—2) = 2 roots

deg A,
(5.0.1) deg @ = deg @y — —k — % ¢ 7.

Therefore @y, @ ¢ F, (X ~1)). O
Lemma 5.2. Let g # 2" for any r > 1 and n > 3. Let A be the polynomial defined by

AY) =YY"+ A Y Ay V"2 MY + Ao €F,X][Y]
with Ay # 0. Suppose degA,,_» > .r;?axz deg(A;)) and degA, , >2degl, |.Let ® bea

+F=n—

root of A such that || > 1. If deg A3 = deg Ay—2, then @1 € F,((X1)) \F,((X~1)).
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Proof. By Theorem 4.4 the polynomial A has exactly two roots @;, @, such that |@;| >
1, || > 1, and at least one, @3, such that @3] = 1. According to Lemma 5.1, we conclude
that degA,,_» is even. Set degA,, » = 2s > 0, then deg®w; = degw, = 5. Let us assume
@ € Fy((X1)). Consider

s i 1 s . 1
5.0.2 o =) aX'+—, resp. =) bX'+—
( ) 1 l;) i Zl P w l;) i 22

such that a; # 0,bs # 0 and |Z| > 1,|Z,| > 1. Let A, =1,

m;
ki=0

with m; <2sfori=0,....n—4, m,_3 =2s, and
2s )
M= Y o)
j=0

such that oy,,_2) # 0. We now prove that necessarily |Z;| < 1, in contradiction with
|Zl| > 1.
Indeed, the identity A(w;) = 0 implies 0 =

(@1+5) + tur(lo+ )" +aua(l@]+ 7)ot 20 (l01) 4+ ) + 20,

Multiplying it by Z7, we obtain

zZ (gxk[wl]k) +z! <;§‘1 aaalon ) + 272 (3 S Do)

k=2

z”: k(k—1)...(k—j+1)
& j!
Whence Z; is the root of the polynomial H defined by

H(Z) =AZ"+A, 12"+ .. +1 €T, [X][Z]

+o+7( Mo ) + .1 =0,

where

(5.0.3) A= i <',l _k> Ao il %, 0<i<n.
imo \i—k

Moreover

(5.0.4) — A1 = O] + @] + [3]

and

(5.0.5) A =01+ 0 03+...+ 0, 10,

(5.0.6) = [on][an] + 0

with Q € F,[X] and deg Q < s — 1. Notice that degA,_» > 2degA,,_; implies
(5.0.7) degA,—1 = deg([o1] + [an]) < s.
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then ay + bs = 0. Hence [@;] — [@] = 2a,X* + (a;_1 —by_1)X* ' ...+ (ag — bg). Since
q # 2", for any r > 1, then deg([@;] — [@]) = s. 1t follows from (5.0.4) and (5.0.5) that,
for0<i<n, 0<k<i,

deg(A, ;[ %) =is  for k=0,2,

deg(A, i[on] %) <is  for k#0,2.
Then

degA; <is, 0<i<n.
In view of (5.0.3), (5.0.4) and (5.0.5), we can write
Ap = (01" + Anr [0+ Ao 2+ L+ Ao
= —[s][o]" " + (@] 2+ Az [on]" T+ 4 Ao
Thus
degA, = (n—1)s.

Again, by (5.0.3), it is easy to show

degA; < (n—1)s, for0<i<n-—1.

As aresult, by applying Corollary 4.2, we obtain |Z;| < 1, a contradiction. U

6. PROOF OF THEOREM 1.2

For establishing the proof of Theorem 1.2 the cases n = 3 and n > 4 are dissociated.
Proposition 6.1 and Theorem 6.2, interesting in their own rights, play an important role in
the characterization of the 2-Salem elements.

Proposition 6.1. Let A be the polynomial defined by

(6.0.1) AY) =Y+ L Y2+ MY + X € Fy[X][Y]

where 2deg Ay < degA; = deg Ag. Suppose q # 2" for any r > 1. Let @, be a root of A such
that |@;| > 1. Then @ € F, (X 1)) if and only if ()] € F,[X] and deg, is even (#0).

Proof. The condition is necessary. Indeed, from Theorem 4.4, the root @; belongs to
F,((X~1)). Imposing @, € F,((X~!)) implies [@] € F,[X], and, from Lemma 5.1, deg A,
is even. For sufficiency, we consider that the decomposition @, = [@] + 1/Z;, with |Z;| >
1, holds, and we keep the same notations for [®;] as in (5.0.2). Then the steps of the proof
are those of the proof of Lemma 5.2 until the equality (5.0.7).

In view of (5.0.3), with degA; = 2s > 0, we can write

Az = [(1)1]3 +ﬂ«2[w1]2 +)vl|:wl:| + Ao
=[]’ = ([o1] + [@2] + [@3]) [01]* + ([@1][@2] + [@1] [3] + [@2] [3] + Q) [1]
—[on][on][an] + Q'
— Q"

where degQ < s— 1, and Q' and Q” are two polynomials with degree less than or equal to
2s — 1. Thus

degAz <2s—1.
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Notice that degA; > 2degA, implies
(6.0.2) deghy = deg([my] + [an] + [@3]) <'s.
then a; + by = 0. Hence
(0] — [@2] = 2a,X° + (a5 —by_1)X* " 4.+ (ag—bo).
Since g # 2", then deg([@;] — [@,]) = s. Since

Ay =3[o]* + 24 o] + 4 = ([01] — [@2] + [@3]) [o1] + [02][@3] + O
we have
degAy = deg([w1] — [an]) + s =2s.
We have
degA;| =s.
Notice that A3 # 0; if not, by Corollary 4.2, we would have |Z;| < 1, a contradiction. We
conclude that
degA, > n;?zx degA;.

Finally, by Proposition 4.1, the only root of H with an absolute value > 1is Z; and H admits
1

the factor (Z—Z;) € F,((X1))[Z]. ThenZ; € F,((X 1)) and ; =[] + - € F,((x~1),
1

completing the proof. U

Theorem 6.2. Let n > 4 and suppose q # 2" for any r > 1. Let A be the polynomial
(6.0.3) AY) =YY" 4 X V" A, V"2 MY Ay €T X]]Y]
with Ay # 0. Suppose degh, o = 'rélaxzdeg(l,-) and degA, , > 2degA,_|. Let @ be a

root of A such that || > 1. Then oy € F,((X~1)) if and only if (0] € F4[X], deg A7 is
even (# 0) and degA,—3 < degA,_».

Proof. Let us show that the condition is necessary. From Theorem 4.4 the root ®; belongs
toF,((X~1)). Assuming @, € F,((X 1)) implies [@] € F,[X]; from Lemma 5.1, deg A,,»
is even, and, from Lemma 5.2, degA,,_3 < degA,,_».

For sufficiency, we consider that the root @; € F,((X~!)) can be decomposed as ®; =
(1] +1/Zy, with |Z1] > 1 and [w1] € Fy[X]. We keep the same notations for [@;] as in
(5.0.2). The steps of the proof are now those of the proof of Lemma 5.2 until the equality
(5.0.7). Denote 2s :=degA,_» > 0. We have degA,, 3 < 2s—1.

Since n > 4, the assumption degA,, _, = .glaxz deg(A;) means that the upper Newton poly-

1F=n—
gon of A has an horizontal facet of length > 2. Then there exists at least one root of A, say
@3, such that @3] = 1. Using the expressions of the symmetric functions A;s of the roots
), @, M3, ... as functions of [®], (@], [@3],..., as above, in (5.0.3), i.e. in
A= [0+ A [o]" ™ 4+ Apa[on] 2+ .+ Ao,

we deduce degA, < (n—1)s—1.
From the assumption 2s = degA,,_» > 2degA,_| we deduce

(6.0.4) deg 2, 1 = deg([or] + (o] + 03] + Y [@7]) < s
j=4
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Hence a;+bs; = 0. The condition g # 2", r > 1, implies a; # by and [@;] # [@]. Hence the
degree of

[(1)1] - [0)2] = 26ISXS + (Cls,1 - bs71>Xs_1 +...+ (Cl() — bo)

is exactly deg([m;] — [m]) = s.
Now the expressions of the coefficients A, and A,_, are respectively:

A1 = @] ([o] — [@2]) + (n—2)(Q[n]" > + Ay 3] ]" )
— A3 [(1)1]11_4 + (n — 4))“”,4[(1)1]"_5 +. A
and
Az = (n=1)[o]"([o] = [@]) +[o1]" ] +
R R e e R P Y
Therefore
degAn—1 = (n—2)s-+deg([o1] - [@2]) = (n—1)s

and

degA, » = (n—2)s.
We have: degA,, < degA,_1,degA,_» < degA,_; and it is easy to show

max degA; < degA,_1.
i#n—1

Now A, # 0; if not, by Corollary 4.2, we would have |Z;| < 1, a contradiction. Finally, by
Proposition 4.1, the only root of H which has an absolute value > 1 is Z; and H admits the

1
factor (Z—Z7;) € F,((X~1))[Z]. Then Z; € F, (X)) and @ = [o] + 7 € F,((x7 1),
1
completing the proof. 0
Remark 6.3.

(1) We mention that Theorem 6.2 is not always true in characteristic 3 in the case
degA, > =2degA, ;| (see Example 6.4).
(i1)) We note also that this theorem is not always true for any field of characteristic p =2

(see Example 4.5).
Example 6.4.
Let
(6.0.5) AY) =Y+ (X +1)Y? +X?Y —X* +2 € F5[X][7].

By Theorem 4.4, A(Y ) has two roots m; and @, having an absolute value strictly greater
1

than 1 and one root w3 having an absolute value equal to 1. Set w; = X + 7 eF3((x 1)
1

such that |Z;| > 1. Z; is the root of the polynomial defined by

(6.0.6) 273 4 2XZ* + (X +1)Z+1=0.



14 MABROUK BEN NASR, HASSEN KTHIRI, AND JEAN-LOUIS VERGER-GAUGRY

By Proposition 4.1, we deduce that Z; € F4((X~!)) and @; € F3((X")).

Now set m, =X + 1+ Ziz e F3((X~ ")) with |Z,| > 1. We obtain Z, as a root of the poly-
nomial defined by

(6.0.7) XX+ D)2+ (2X*+X+2)Z+1=0.

Again by Proposition 4.1, we deduce that Z, € F3((X~!)) and @, € F3((X~1)).
Since A is monic and irreducible over F3[X], it follows that (®;, ®;) is a 2-Salem series
and A is the minimal polynomial of @;.

Proof of Theorem 1.2. Let us prove the necessary condition for (i) and (ii). Assume that
@ € F,((X~1)) and n > 3. By Proposition 6.1 or Theorem 6.2, and the notations in their
respective proofs, we deduce that degA,,_» is even and # 0. Still with these notations, set

(6.0.8) Az = 00, X > + 0 X* 4+ =[] [an] + Q
(6.0.9) = (aX*+ag 1 X . 4ag)(bX b X . +b)+ 0.

From (6.0.2) or (6.0.4), we have degA,_; < s. Hence a;, = —bs € F,, what implies the
claim

—0Ohy = _asbs = a% 7A 0.
In addition, for n > 4, Theorem 6.2 implies that degA,,_3 < degA,,_, holds.

Let us prove the sufficient condition for (i). By Theorem 4.4 the polynomial A has two
roots @; and @, such that |@;| > 1, |@,| > 1, with at least one conjugate ®;, 3 < j <n, on
the unit circle. Let k denote the length of the horizontal facet of the upper Newton polygon.
Since degA,—3 < degA,_», we have k > 2. There are k conjugates ;, j =3,...,3+k—1,
on the unit circle, by Proposition 4.1. Let

oj=c +cUx T4 eF (X)),  j=3,...3+k—1.

34-k—1 34-k—1

From Proposition 4.1 (ii), we can see Z w; €F, (X)) and therefore Z c(()i) eF,.
j=3 =3
Now
o1 = B X5+ B X5+ B
3+k—1 "
= —(l@] +[m]+ Y <)
i=3
Thus
(6.0.10) —Bi =a;+b;, 1 <i<s.
and
34k—1 0
(6.0.11) —Bo=ao+bo+ Y, ¢’
i=3
Suppose o = —a* where s > 1 anda € IF, is nonzero. Let us put ag = a. Then by = —a

and fB; = 0. We deduce

Ops—1 = asbs_1 +as_1bs = a(bs_1 —as_1),
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then bs_1 —a,_1 € Fy. Since g # 2", for any r > 1, and that by_; +a,—1 = —f,—1 € Fy, we
have
as—1,bs—1 € IE‘q~
Let us show recursively that
asfhbsfiqu? i:2737"'75'
Let us assume that a;_j, by ; € F, holds for j =0,1,...,i— 1. From (6.0.9), we deduce
05— = asbs—i+as 1bs_jr1+...+as—ibs
= a(bs—i - as—i) +ds_;

where
dy_j:=as 1bs_iy1+...+bs1a5,_i11 €Fy, i=2,...,s.
Hence
(6.0.12) by_i—as—i=a (g ;—ds—;) €T,
Since by_; +as—; = —fs—; € F4, we have
as—j,bs_i €Fy.
Let us note d;_; = 0. Combining (6.0.10) (6.0.11) and (6.0.12), we obtain
(6.0.13) ai=-2""Bi+a agi—d)), 0<i<s—1.

Therefore, [@;] € F,[X] and from Theorem 6.2, we obtain @; € F,((X~!)). In the same
way, we can show that @, € F,((X~!)). As A is monic and irreducible over F,[X], then @,
is an algebraic integer. Therefore (o, @;) is a 2-Salem element in 7 *.

Let us give the proof of the sufficency condition for (ii), in the same way. By Theorem
4.4 the polynomial A has two roots @; and @, such that |@;| > 1,|wz| > 1, and the third one
@3 is on the unit circle. For n = 3, the assumptions deg A; = deg(Ay) and degA; > 2deg(4,)
hold. Then Proposition 6.1 can be applied to obtain the result. We have just to show that
(@] € Fy[X]. For proving [w;] € Fy[X] we proceed as above, from (6.0.8) to (6.0.13),
except that —f is now equal to ag + by + co with

(1)3:C()—|—01X71—|—... EFq((Xfl)).

(iii) This assertion follows immediately from Corollary 4.3.

Remark 6.5.

Note that Theorem 1.2 (i) is not always true in the case degA, , = 2degA,_;. To show
this, we construct two counter-examples.

Example 6.6.

Let A the polynomial over [F3[X| which is defined by (6.0.5). Then, in view of the above,
A satisfies the conditions degA,_» = 2degA,,_; and —1 is not a square in 3. In contrast,
A has two dominant roots @, @, € F3((X~1)).

Example 6.7.
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The polynomial
Ao =Y* XV +X?Y? + XY +X? +1 € F5[X][Y]

satisfies the conditions degA,, , =2degA, | and —1 is a square in F5. By Proposition 4.1
(i), Ay has exactly two dominant roots @; and @, with

degw; =degw, = 1.
The other conjugated roots @3 and @4 have the same degree equal to 0. Suppose [@;] €
[F5[X], using the fact that

[@1] + [@n] + @3] + [04] = X,
this yields that [w;] € Fs5[X]. Let
o] =a1X+ag , [n] =biX+by
and
(3] =co ,  [m]=do

where ay, by, co and dy are four integers in F5\{0}. It follows that

ar+by=ab=1.

These equations have no solutions in Fs.

7. A CRITERIUM OF IRREDUCIBILITY

In the following the assumption “Ag # 0” is replaced by the stronger hypothesis “A has
no root in IF,” in order to reach the property of being irreducible.

Lemma 7.1. Let n > 3. Let A be defined by
AX)=Y"4+ A V' 4 AoV 2+ MY + A0 € F[X][Y].

Suppose that A has no root in F, and max degA; < degA,_ 3 =degA, o >2degh, 1. If
<n—

deg(A,—2) is odd, then A is irreducible over F [ X|.

Proof. By considering the upper Newton polygon of A, the polynomial A has exactly two
roots @; and @, such that |@;| > 1 and |@,| > 1, one root @; such that |@s;| = 1 and the
remaining roots @y, ..., ®, have an absolute value strictly less than 1. Suppose that A(Y)
admits the decomposition

AY) = Ai(Y).Ax(Y)

(7.0.1) = (Y HA_ Y A Y +A)(Y"+ By Y" ' ... +BY +By)

with A1, Ay € Fy[X][Y] and s > 0, m > 0.

There are several cases to show the contradiction. If we had A;(®;) =0 fori=1,2,3,
all the roots of A would have an absolute value strictly less 1, which is a contradiction,
because |Bg| > 1. If we had Aj(@;) =0 fori = 1,2, and Az (@3) =0, with m = deg A, > 1,
then one of the roots of A, would have an absolute value equal to 1 and the other roots of
A have an absolute value strictly less 1, which is a contradiction, since |By| > 1. Now, if
Ar(o1) = Ar(an) =0, and Ay (w3) = 0 with deg A, = 1, all the other conjugates of @, are
roots of Aj, then, from (7.0.1),

(7.0.2) AY)= (V""" A, Y24 FAY +A0)(Y +By) €T [X][Y]
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with deg By = deg(m3) = 0, and then By = by € F,\{0}. This is in contradiction with the
assumption.

Then we can conclude that A (@;) = 0 and Ay (@;) = 0. The remaining roots of A; and
A3 have an absolute value < 1. (s % %)

Let us continue the generic case, assuming Aj (@) = Aj(@3) =0and Az (@,) = 0. Since
—As_1 (resp. —B,,—1) is the sum of the roots of A; (resp. A) and by the symmetric
functions of the roots, it follows that

degA;_| =degw; = max degA; and degB,,_1 =degw, > .maxl degB;.

i7#s—1 Jj#Fm—
In particular we have: |A; »| < || and |B,,_2| < |@z|. Then
degA, > =deg(A;_2+As_1Byu—1+Byu_2) =degAs_1 +degB,,_1.
But the assumption degA,, , > 2deg A, means that
degAs_1 +degB,,—1 > 2max{degA,_1,degB,_},
from which we deduce
degA;_| =degB,,—1,
and then degA,_» = 2degA;_;. By Lemma 5.1, A would have no root in F,((X 1)) with
absolute value > 1, a contradiction. We deduce the irreducibility of A over F,[X]. U
Theorem 7.2. Let n > 4 and suppose q # 2" for any r > 1. Let A be the polynomial
(7.0.3) AX) =Y 4 Ay V" - A oV 2 MY Ay € F XY

Suppose that A has no root in ¥, and assume that the coefficients A; satisfy

] degA; < degl,_3 =degA,_» < 2degh,_1,
(i) ie{1727...17}11514)f}u{n—1} CgA; €gAn—-3 g An—2 €gAn—1
(ii) degAiry +deghi-, < degl; for 1 <i<n-—4,

(iii) degA,_» —degh, | < degh, 4 < degh, ;.

Then (@, ) is a 2-Salem element and A is its minimal polynomial.

Proof. By Corollary 4.3, A(Y) has two roots @; and @, in F,((X 1)), such that |e;| > 1
and |@,| > 1, and there is exactly one conjugate @3 which lies on the unit circle. Denote
s :=deg(m,) and m := deg(m, ) respectively. They satisfy

qdegln—Z - degln—l deg An—l —

1 <|m;|= =q"<|w|=¢q q.

The other conjugates @y, ..., ®, € F,((X~1)) have an absolute value strictly less than 1.
deg); degA;_

cgtipi Tdegtioy < degh, for 1 <i<n-—4, then degA; .| —degA; < degl; —
degA;_1; all the facets of the upper Newton polygon of A are of length 1. We have

Since

o)l =g % <1, 4<j<n,
with
(7.0.4) —kj =degw; =degA,_; —degA,_ji1.
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We now assume that A is reducible and show the contradiction. With the same notations
as in the proof of Lemma 7.1, let us suppose that A(Y) admits the decomposition
AY) = A(Y).Ax(Y)

(7.0.5) = (Y HA_ Y A Y +A)(Y"+ By Y" '+ ... +BY +By)

as in (7.0.1). Then we discard the impossible cases as in the proof of Lemma 7.1, i.e. from
(7.0.1) until (* * x) in the same steps. We conclude that Aj(@;) = 0 and Ay (@,) = 0.

Now suppose that Ay(@s3) = 0, without loss of generality; so we obtain @; € S* and
w, € T*. Applying Theorem 1.1, we get

(7.0.6) s =degA;_| =degw; > _12:1)(2 degA;

and

(7.0.7) m=degB,,—1 =degB,,_, =degw, > .r<nax3 degB;.
j<m—

The contradiction will come from the coefficient A,_4. From (7.0.5),
(708) )vn—4 =Ay 4 +As3Bu-1+As2Bn—2+As—1Bn-—3+Bpn—4.

Let us examine the degrees of the terms of the sum. First we can see that Aj(@y) = 0.
Indeed, if we assume A (@y) # 0, by the symmetric functions of the roots of A, we would
obtain, using (i) and (7.0.4),

degB,—3 = deg( @3 4) = deg A, 4 —degd, <0,

a contradiction. In the list { @y, @, @3, @4, ..., ®,} the roots w; and @y are roots of Ay, the
roots ap and ws are roots of Ay, and the other roots are distributed as roots of Ay or A,.
Then degB,,—3 > 1. From (7.0.6) we deduce
(7.0.9)

max{degA;_3,degAs_ 4} < s=degA,_| < degAs_| +degB;,—3 = deg(As_1Bn—3).

On the other hand, degA;_» > 0. From (7.0.7) we deduce
max{degB,,—3,degB;,—4} < degB,,—» =m =degB,_ < degA,;_»+degB,_».

Let us show that deg(A;_2B,,—2) <'s.
Indeed, from (iii), A,,_4 < degA,_| =s; then

deg,_4 = deg(wmw3m4) = deg(@;) +deg(w,) +deg(ws) = s +m+deg(wy) < s.
Thus
deg(my) < —deg(mp) = —m,
what means
deg(As—2By—2) = deg(@;) +deg(@y) +degBy—1 <s—m+m=s.
In the same way, using (ii),
deg(As_ 3By 1) =deg(®;) +deg(wy) +deg(ws) +degB,, 1 <s—m— (m+1)+m <s.

We deduce
deg<ln74) = deg(Aslem73)-
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But, from (7.0.9), we have
deg(A,—4) = deg(As_1By—3) > s.

The contradiction comes from (iii) since deg(A,,—4) should be < s = degA,,_.
Therefore A(Y) is irreducible over IF,[X]. Finally, since A(Y) is monic, then (@;, ) is
a 2-Salem element and A is its minimal polynomial. U

Example 7.3. 2-Salem series of degree 5 in F3((X~1)).

Let
AY) =Y+ X7+ X7+ X7+ XY +1 € F3[X][Y].
We deduce from Theorem 7.2 that A is irreducible over F3[X] and has 5 roots defined by

( 1 1
) = XS+2X+F ...:X5+2X+Z— such that |Z;| > 1
1
1
W = X+1+Z— such that |Z| > 1
2
1
0 = 2+Z— such that |Z3| > 1
3
!
NS
| YT x5

These roots correspond to the facets of the upper Newton polygon associated with the 2-
Salem minimal polynomial A. Since A is monic then wy is an algebraic integer. Therefore
(o1, @) is a 2-Salem element.
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