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Abstract

Let ¢ = p" be the power of a prime p and (f1,...,08r) be an ordered
basis of Fy over F,. For

£=> x;B; €F, with digits z; € F,,
j=1

we define the Rudin-Shapiro function R on Fy by

r—1

R(&) => mwit1, E€TF,

i=1

For a non-constant polynomial f(X) € Fy[X] and ¢ € F, we study the
number of solutions § € Fy of R(f(§)) = c. If the degree d of f(X) is
fixed, r > 6 and p — oo, the number of solutions is asymptotically p"~*
for any c. The proof is based on the Hooley-Katz Theorem.

MSC 2020. 11A63,11T23, 11T30
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1 Introduction

In recent years, many spectacular results have been obtained on important prob-
lems combining some arithmetic properties of the integers and some conditions
on their digits in a given basis, see for example [TL2IBT3HISII7TI23]. In partic-
ular, Drmota, Mauduit and Rivat [8] and Miillner [I7] showed that Thue-Morse
sequence and Rudin-Shapiro sequence along squares are both normal, that is,
each binary pattern of the same length appears asymptotically with the same
frequency.

A natural question is to study analog problems in finite fields, see for example
[4,[51[7 9112, [18,20H22]. Many of these problems can be solved for finite fields
although their analogs for integers are actually out of reach.

In particular, it is conjectured but not proved yet that the subsequences of
the Thue-Morse sequence and Rudin-Shapiro sequence along any polynomial of
degree d > 3 are normal, see [8, Conjecture 1]. Even the weaker problem of
determining the frequency of 0 and 1 in the subsequence of the Thue-Morse
sequence and Rudin-Shapiro sequence along any polynomial of degree d > 3
seems to be out of reach, see [8, above Conjecture 1]. However, the analog of
the latter weaker problem for the Thue-Morse sequence in the finite field setting
was settled by the first author and Sarkozy [5].

This paper deals with the following analog of the frequency problem for the
Rudin-Shapiro sequence along polynomials.

Let ¢ = p" be the power of a prime p and B = (f31,..., ) be an ordered
basis of the finite field F;, over F),. Then any £ € F, has a unique representation

§=ijﬁj Withl'jEFp, j=1,...,nr
=1

The coefficients z1, ..., z, are called the digits with respect to the basis B.

In order to consider the finite field analogue of the Rudin-Shapiro sequence
along polynomial values, we define the Rudin-Shapiro function R(&) for the finite
field IF;, with respect to the basis B by

r—1
R(§) = Z$i$i+17 E=x181+ +2.8,€Fy, r>2
i=1

For f(X) € Fy[X] and ¢ € F,, we put

Rlc, f) ={§ € Fq : R(f(£)) = ¢}

Our goal is to prove that the size of R(c, f) is asymptotically the same for all c.
Our main result is the following theorem.

Theorem 1. Let f(X) € Fy[X] be of degree d > 1. For c € F), we have

[[R(c, f)] = p" | < Cgp®rtt)/atine,



where h, . is defined by

3/4, r even and ¢ # 0,
1/2, r odd and ¢ # 0,
1/4, r even and ¢ =0,
0, r odd and ¢ =0,

hr,c =

and Cq,, is a constant depending only on d and r.

In particular, we have for fixed d,

i IR 1)

— =1 forc£A0and r>4or c=0 and r > 6.
p—r00 pr_

For d = 1, or more generally, for any permutation polynomial f(X) of Fg, it
is easy to see that

=1 _ plr-1)/2)
_ [ -p : ¢#0,
R(c, )| = { gl pletn/2l _ple-n2) oo TZ2

For the convenience of the reader we will provide a very short proof in Section 2
Hence, it remains to prove Theorem [l for d > 2.

A commonly used idea, for example in [4], to estimate the number of solu-
tions of certain equations over finite fields is to apply the Weil bound. In some
special situations the Deligne bound [6, Théoréme 8.4] provides stronger results.
The Weil bound has the only condition d > 1 but is too weak for our purpose.
The Deligne bound needs some more intricate technical conditions which are
not satisfied in our situation, see Section Our main tool is a generalization
of Deligne’s Theorem for projective surfaces [6], the Hooley-Katz Theorem [10],
see Lemma [I] in Section [ below. The crucial steps in the proof are:

1. Identify R(f(X)) with a multivariate polynomial of the form

r—1

QYo Y1) = > agrfi(V5) fu(Ya),

4, k=0

which is done in Section @ Note that this polynomial has coefficients
in F,.

2. Estimate the dimensions of the singular loci, defined in Section Bl below,
of @ — c and its homogeneous part of largest degree, see Lemma [2] below.

3. We complete the proof in Section 4l After a linear variable substitution,
Q@ is transformed to a polynomial F' of the same degree as @ but with
coefficients in F,. In particular, the dimensions of the singular loci are
invariant under this linear transformation. Then we apply the Hooley-
Katz Theorem to F' — c.



2 The case of permutation polynomials

For a permutation polynomial f(X) of Fy, |R(c, f)| is the number N,(c) of
solutions (x1,...,z,) € F}, of the equation

122 + ...+ Tp_12, = C.

‘We have

r—1 _ o [(r—1)/2]
P P ) 70,
Ni(c) = { Pt ple DRl LoDl ez T =

which can be easily verified using the recursion
Ni(e) =pNy—2(c) + (p — l)pr—27 r >4

This recursion is obtained by distinguishing the cases x,_1 = 0 and z,_1 # 0.

3 The Hooley-Katz Theorem

We denote by F, the algebraic closure of F,.
The (affine) singular locus L(F) of a polynomial F over F, in r variables is
the set of common zeros in F_pr of the polynomials

oF oF
T0X, T 0X,

Our main tool is the following result, see [16], Theorem 7.1.14], which is the
affine version of the Hooley-Katz Theorem [10].

Lemma 1 (Hooley-Katz). Let F' be a polynomial over Fy, in r variables of
degree D > 1 such that the dimensions of the singular loci of F' and its homo-
geneous part Fp of degree D satisfy

max{dim(L(F)),dim(L(Fp)) — 1} < s.
Then the number N of zeros of F' in F} satisfies
|N _pr71| < C(j:)ﬂ)(rJrs)/Q7
where Cp » is a constant depending only on D and r.

We remark, that in the statement dim(L(Fp)) denotes the dimension of the
affine singular locus of the homogeneous polynomial Fp while in [I6], Theo-
rem 7.1.14] the dimension of the projective singular locus is considered. The
difference of these dimensions is 1.



4 Proof of Theorem [

First, we express the Rudin-Shapiro function R(§) of I, in terms of the trace
and the dual basis.
Let ¢ be the Frobenius automorphism defined by

p(§) =& for { € Fy.
We extend ¢ to the polynomial ring F,[X7, ..., X,] by
(p(Xl):X“ izl,...,T.

Let

Te() =€+ () +- -+ () €T,
denote the (absolute) trace of £ € Fy. Let (01,...,0,) denote the (existent and
unique) dual basis of the basis B = (81,..., 8;) of Fy, see for example [11], that
is,

1 ifi=j
Tr(6;5;) = 1<, j<r 1
(9:5;) {0 ifitg, o d=T (1)

Then we have

Tr(6;6) = x; forany &= ijﬂj €F, with z; € F,.

j=1
For f(X) € Fy[X] we obtain that
r—1
R(f(§) = > Tr(d: f(€)Tr(div1£(£))
:":11 r—1 ) )
=30 D 6)* (Gi41)¢? (F€)e" (F(£))
i=1 j,k=0
Write
F(Xy,...,X,)
r—1 ) ] . .
= ikl (B X+ + B X fu(BY Xa 4+ B2 Xy, (2)
4,k=0
where .
aj;kzzgoj(éi)gok(éi-‘rl)? j,kZO,...,T—l, (3)
i=1

and f; = @7 (f) € F4[X]. Verify p(F) = F, that is, F € F,[X1,..., X,] and

R(f(&)) = F(z1,...,2,) for &= inﬁi, x; € F.
i=1



Theorem [ follows from Lemma [I and the following lemma which we prove
in the next section.

Lemma 2. Let f(X) € Fy[X] be of degree d with 2 < d < p and F €
Fp[X1,...,X,] be defined by @). Then F has degree 2d. Moreover, for any ¢ €
F, we have

r/2—1, r even and ¢ # 0,
(r—1)/2, r odd and c# 0,
/2, r even and ¢ = 0,

(r+1)/2, r odd and c=0.

dim(L(F —¢)) <

Furthermore, if Foq € Fp[Xa, ..., X,] is the homogeneous part of F of degree 2d,

then
. /2, T even,
dim(L(Frq)) < { (7{_|_ 1)/2, r odd.

5 Proof of Lemma

Consider the linear transformation on IF_,,T
T .
yi:ZBfI:vj, i=0,...,7—1.
j=1

It is invertible with inverse

r—1

xk:Z&Zlyi, k=1,...,r (4)
i=0

by ().
Then we denote by @ the polynomial obtained from F, defined by (2], with
the corresponding variable transformation,

r—1
F(X1,. X0) = Y anfi(V) (Vi) = Q(Y0, -, Yora),
4,k=0
where T
Yi=Y AUX;, i=0,...r—L (5)
j=1

As the degree and the dimension, see [3, Corollary 9.5.3], of singular loci are
invariant under the regular transformation (&), it is enough to show the results
for the polynomial Q.

We may assume that f(X) is monic since otherwise we multiply the basis B
element-wise with the leading coefficient of f(X). The degree 2d homogeneous
part of @ is

r—1
Q24(Yo, ..., Y1) = Z a; YV
J,k=0



By the definition (B) of a; i we have

r—1 r—1
j
> aj0B7 = i1 Tr(B16;) = d2 # 0.
§=0 i=1
Hence, ajo # 0 for some j. Since deka, 0 < j,k < r, are linearly independent
over IFy, we get that QQ24 is not the zero polynomial. In particular we have

deg(F) = deg(Q) = deg(Q2q) = 2d.

We estimate the dimension of the singular locus £(Q — ¢). The bound for
the dimension of £(Q24) corresponds to the special case f(X) = X? and ¢ = 0,
that is, @ = Q24 in this case.

To estimate dim(L£(Q — ¢)), consider the partial derivatives

29 9 y,....x, wﬁmwii +aei) fi(Yi), £=0,...,r—1
oY, 05y Lr—1) = Jp(Le k:Oak,z ap k) e\ Yk ), =0U,...,T .

The condition 2 < d < p implies that f/(X) = fi(X) is not constant and
so fy(X) is not constant for £ =0,...,r — 1.
Note that

LQ-o= |J ncw,

LC{0,...,r—1}
where V7, is the (affine) variety in F_pT of solutions of the system of equations
Q(}/O7 cee 7}/;‘—1) =,
r—1 B (6)
Z(ak,l +apk)fe(Ye) =0, (€L,
k=0
and Cp, the variety of solutions of

Q(S/Ow"ay;‘—l)zcu
A =0, ¢€{0,1,...,r—1}\ L.

Hence,
dim(£(Q — ¢)) < max{min{dim(Vy),dim(Cr)}: L C {0,...,r = 1}}, (7)

since

dim(U U V) = max{dim(U), dim(V")}

and
dim(U NV) < min{dim(U), dim(V)},

see for example [3, Propositions 9.4.8 and 9.4.1].
It remains to estimate the dimensions of V;, and C7,.



Lemma 3. For L C {0,1,...,r — 1} the (affine) variety Vi, is of dimension at
most

r—|L|—1, r even and c#0,

r—|L]|, r even and c =0 or r odd and c # 0,

r—|L|+1, r odd and c=0.

Proof. For any L C {0,...,r — 1} we consider the variety W}, obtained by
replacing Z; = f(Y;) for j = 0,...,r — 1 in the defining equations (@) of V7.
The variety Wy, is the set of solutions ((g,...,(r—1) € F_pr of the system

r—1
Z (IjJCZjZ]C =C (8)
7,k=0
r—1
Z(ak’l + al,k)Zk =0, (€L
k=0
First we show

Put s = dim(Wy). Since otherwise (@) is trivial we may assume s < r. By [3]
Corollary 9.5.4] for all {iy,...,is41} € {0,...,r — 1}, there exists a nonzero
polynomial P in s + 1 variables with coefficients in IF,, such that

P(Cil?"'7c’is+1):0 for all (Co,...,crfl)EWL

and thus

P(fil(ni1)7 . '7fis+1(nis+l)) =0 for all (7707 cee 777T—1) € VL.

Since the polynomial F(Y;,,...,Y; .,) = P(fi,(Ys,),--., fi.,.(Yi,,,)) is obvi-
ously not the zero polynomial we deduce dim(Vy) < s by [3, Corollary 9.5.4].
It remains to show

r—|L|—1, revenandc#0,
dim(Wg) < < r—|L|, r even and ¢ = 0 or r odd and ¢ # 0,
r—|L|+1, roddandc=0.

Let WL be the F_p—linear space of solutions of the system of linear equations

r—1
> (ary+aek)Zi =0, (€L
k=0
First we compute dim(w{()’l ,,,,, r—1}), that is, we determine ((o,...,(r—1) €
F_pr satisfying

r—1

Z(ag)k—i-ak)g)ck:(), £=0,....,r—1,

k=0



and thus

r—1r—1
Zzﬁfi(af,k'i_ak,f)Ck:Ov m=1,...,r.
k=0 ¢=0
Since
r—1 , r—1 . .
Zﬁﬁl (agr + arye) = Z (5f+1Tr(ﬁm5i) + 07 Tf(ﬁm5i+1))
£=0 i=1
k
6y, m=1,
k k
= 5&,1—t5fn+1, m=2,...,r—1,
o, m=r,

for k=0,...,r—1, we get
r—1 B
> oG =0,
k=0

(5fffl+5f,f+1)<k=0, m=2,.. . r—1, (10)
0

I
-

T

E
Il

r—1 .
> 6P ¢ =0.
k=0

For even r this implies

r—1
257’:@:0, m=1,...,r,
k=0

and since the transformation (@) is regular we get ¢, = 0 for all k£ and thus

.....

For odd r, (I0) implies
= 0 m even
§ P — ’ ’ _
k_o(ska - { (_1)(m71)/2)\, modd, m = 17"'7T7

.....

is increased by at most r — |L|. The vector space Wy, is of dimension ¢ with
t <r —|L| for even r and ¢t < min{r,r — |L| + 1} for odd r.

Let (u1,...,u:) be basis of WL so that each z = ({p,...,(r—1) € WL is of the
form z = 25:1 i with A1, ..., Ay € F,. If we write each u; = (po,iy - - - s flr—1.4)
for i =1,...,t, then the coordinates of z satisfy

Ce=Mpeg+ -+ ppy for0<k<r-—1



After the linear variable substitution

t
Zy = Z tri L
=1

the first equation of (&) becomes

r—1 ¢ t
Z a5,k (Z ”J}iLi> (Z ,LLk,iLi> =c.
4.k=0 i=1 =1

The left hand side is a quadratic form in Ly, ..., Ly. If this form is identically
zero, then Wy = 0 if ¢ # 0 and Wy, = Wy if ¢ = 0. If the form is not
identically zero, then the variables Li,..., L; are algebraically dependent and
we get dim(Wp) < dim(Wg) — 1 by [3, Corollary 9.5.4]. O

It is easy to see that
dim(Cr) < [L] (11)

by removing the equation Q(Yo, ..., Y,—1) = 0 and having the same argument as
in the proof of Lemma[3] this time substituting Z; = f}(Y;) for j =0,...,r =1
and applying [3] Corollary 9.5.4].

Combining (@), Lemma [ and (Tl we get

r/2—1, r even and ¢ # 0,

) B (r—1)/2, 7 odd and ¢ # 0,
dim(L£(Q —¢)) < r/2, r even and ¢ = 0,
(r+1)/2, roddandc=0.

6 Final remarks

Some cases with singular locus £(Q2,) of positive dimension

Unfortunately, we cannot apply the Deligne bound to obtain a better result if
the singular locus £(Q24) has positive dimension.

It is clear from the proof of Lemma[3 that for odd r the singular locus of Qg
is of dimension at least 1. For some special choices of the dual basis, £(Q24)
has also positive dimension for any r > 4.

Namely, if

r—1
> 601 =0, (12)
=1

the coefficients a; j, 7 = 0,...,r—1, defined by (3) vanish. Then each (1o, ..., 7—1) €
F_pr with only one non-zero coordinate is a singular point of Q4.

Now we construct such a dual basis. Let o be a defining element of I,
over Fp, that is, F; = Fp(a). Then, for sufficiently large p with respect to r,

10



(01,...,0,) defined by
Soip1 =" 10 i=0,1,...,|r/2] -1,
Soivo =o', i=0,1,...,[(r—1)/2] =1,

B (r/2 — 1) (/> +a"/?72), 1 even,
0p = — { r1q(r /2 4 r=80(=1)/2 1 odd, r >4,

is a basis of Fy over F), since al=1/2] appears only in 6, satisfying ([I2).

The Thue-Morse function of F, for monomials

The Thue-Morse function T for F, with respect to the basis B is
TE) =Yz, E=mpi+...+z,.p €F,,
i=1

where z1,...,2, € F,. For f(X) € Fy[X] of degree d > 1 and ¢ € F,, we put
T(e,f) ={§ €Fy: T(f(§)) = c}-
The first author and Sarkézy [5, Theorem 1.2] proved
IT(e, )l =9 | < (d=1)p"2, ged(d,p) = 1.

For monomials f(X) = X%, ¢ # 0, fixed d > 2 and fixed 7, the Hooley-Katz
Theorem provides the improvement

[T (e, X —p 7t < Capp™ /2, c#0.
In particular, we get

d
fim XN )

p—00 prfl

also for r = 2.
The crucial step is to show that the singular locus of

r—1
Yo, . Yei) =S 6PV — ¢
Q 0, s Lr—1 YA
(=0

is of dimension —1, where we used the same notation as before and

T
§=> 6 #0,
i=1
since 41, ..., 0, are linearly independent. Now the partial derivatives are

929 _ Ayt r=o,...

Y
aY, "

)

11



We may assume d < p. Then the only common zero of all partial derivatives
is (0,...,0). However, (0,...,0) is not a zero of Q for ¢ # 0.

The Hooley-Katz Theorem can also be applied for general f(X) € F,[X]
of degree d > 2 but would give an improvement of [5 Theorem 1.2] only for
¢ € F, \ C where C is a subset of F), with at most (d — 1)" elements, where d
and 7 are fixed and p is sufficiently large. The polynomial @) for a general f
becomes

r—1
Q(Yo,.... Y1) = Y 0" fol¥y) —c.
=0

with f = ¢(f) as in Section @ o
A singular point (ng,...,7—1) € IF,,T satisfies

filne)=0 forl=0,...,r—1. (13)

This singular point has to be also a zero of @, that is,

r—1
c= Z 6pefg(’l7@).
=0

For all other ¢ € F), there are no singular points. Since (I3)) has at most (d—1)"
solutions in F,  we have |C| < (d —1)".
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