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Abstract: As well-known, De Rham’s Theorem is a classical way to characterize vector fields
as the gradient of the scalar fields, it is a tool of great importance in the theory of fluids mechanic.
The first aim of this paper is to provide a useful rotational version of this theorem to establish
several results on boundary value problems in the field of electromagnetism. Gurtin presented
the completeness of Beltrami’s representation in smooth domains for smooth symmetric matrix.
The extension of Beltrami’s completeness was obtained by Geymonat and Krasucki when the
domain € is only Lipschitz and for symmetric matrix in L.2(€2). Our second aim is to present new
extensions of Beltrami’s completeness results on Lipschitz domains, firstly in the case where the
data are in Dg(2) and secondly when the data are in W5""(2). The third objective is to extend

Saint-Venant’s Theorem to the case of distributions.

Keywords: De Rham’s Theorem, symmetric matrix fields, Beltrami’s representation, Bel-

trami’s completeness, Saint Venant’s Theorem, Poincaré’s Lemma.

1 Introduction

First, all notations and definitions not given in this introduction are mentioned in Section 2.

Let © be a bounded and connected open set of R? with a Lipschitz-continuous boundary. The
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surjectivity of the operator div : D(Q2) — Dy(2), where Dy(£2) denotes the subspace of functions
in D(Q2) with zero average, is an important tool in the analysis of Stokes equations. This result
has been shown by many authors through different techniques (see [17], [20], [32]) and it provides
us with a simple proof for the following usual version of De Rham’s Theorem: let f € D'(Q)
satisfying

forallp € V(), proy(f,P)pie) =0,

where V() denotes the subspace of vector fields in D() with divergence free, then there exists
a scalar field p € D'(Q) such that

f=Vp in Q.

The first aim of this work is to present a new extension of the above theorem that we will call
the rotational version of De Rham’s Theorem. In the case where the open set () is star-shaped
with respect to an open ball, Costabel et al in [17] and Mitrea in [32] have used the properties of

pseudodifferential operators to show that the operator
curl : D(Q2) — V(Q), (1)

is onto. In Section 3, we will give a new proof of this result by using the theory of singular
integrals. Furthermore, we will generalize it in the case where € is Lipschitz but not necessarily

star-shaped with respect to an open ball. More precisely, we will show that if

feV(Q) satisfies / f-eoder=0, Ve Krp(Q), (2)
Q

where

K7(Q) ={ve L*Q), curlv =0, divv = 0in Q, v-n = 0 on 9N} (3)

(see Section 2), then there exists ¢ € D() satisfying curlep = f in Q. Next, we deduce a

rotational version of De Rham’s Theorem, and here we state our first main result:

Theorem A. (Vector Potentials in D({2)) i) Let r be a real number such that 1 < r < oo
and m a nonnegative integer. Then, for any f € V() satisfying (2), there exists ¥ € D(£2) such
that

curlyp = f in Q,

and there exists a constant C(r, m, ) such that

H’lIJHWerLT(Q) < C(Tv m, Q)HfHWm’T(Q)
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ii) Let g € D'(Q) and satisfies

forall ¢ € G(Q), ({9, ¥)DE) =0,
where G(Q) = {p € D(Q), curlyp = 0in Q}. Then, there exists ¥ € D'(Q) such that
curly) =g in €.

Borchers and Sohr in [11] have shown that if the open set (2 is of class C™1,
where m is a nonnegative integer, then the operator curl : Wy"" () — U™ () is onto. In
Section 4, we will generalize this result in the case when the open set (2 is only Lipschitz

deduce a weak rotational version of De Rham’s Theorem. Our second main result is

given in the following theorem:

Theorem B. (Rotational Version of De Rham’s Theorem) Let 7 be a real number such
that 1 < r < oo and m a nonnegative integer. Then, there exists a constant C,,,(2) such that

for any f € U™" (), there exists ¢ € W' (Q), that satisfies
curlyp = f in Q,

and

1llwm+ir @) < Crm(@)NF lwmr ().
i)
VCP S gm’T(Q>7 W—m,r'(Q) <97 LP)WgL’T(Q) =0.
Then there exists ¥ € W~™+1""(Q) such that
curl# =g in Q.

The vector potential @ obtained by Borchers and Sohr satisfies the additional property:
A™Hdiv 4 = 0 in Q, which needs the regularity C™! of the domain €.

In the absence of body forces the stress equations of equilibrium take the form
divS=0 in Q, S=¢87, (4)

the second order symmetric tensor field being the stress in the reference configuration €2 of an
elastic body. The first stress function solution of the equilibrium equation (4) was presented by

Airy in [2] for the two dimensional case. The generalizations for the three dimensional case were
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obtained by Maxwell in [28], Morera in [31] and Beltrami in [9]. The solutions of Morera and

Maxwell are special cases of the Beltrami’s solution defined as follows :
S = curlcurl A for all smooth symmetric second order tensor fields A in €2. (5)

Gurtin [26] gave an example of a stress field S satisfying (4) but which is not given by (5). So
that this representation is incomplete. However the Beltrami solution is complete in the class of
smooth stress fields S which are self-equilibrated, i.e. for each closed regular surface C contained in

Q, the resultant force and the moment vanish. In other words, S satisfies the following condition:
/S.nda:/Pi X (S-n)do =0, forall 1<i<3,
C C

such that P! = —5ijk:z:kej. For more details see [19)].

An extension of this result can be found in [22] and in [23] as follows: let {2 be a bounded and
connected open set of R? with Lipschitz-continuous boundary and S be a symmetric matrix field
in L2(Q) and satisfying the following conditions:

divS=0in Q and (S.n)-eidaz/ (S-m) -Pdr=01<i<3,1<k<K.
T T

Then, there exists a symmetric matrix field A € H2() such that curlcurlA = S in Q.

Moreover, P. G Ciarlet et al in [16] observed that if the above symmetric matrix field S satisfies

the following conditions:

S-n=00n0Qand (S-n,e')y, =(S-n, Py, =0, forall 1<i<3,1<5<,

i

where (-, -)x:; denotes the duality pairing between H_%(Ej)’ and H%(Zj), then A € Hj ().
Our third aim in this paper is to show a new extension of the Beltrami’s completeness, in

the case where the components of the symmetric matrix S are in D(2) and to prove the above

observation of P.G. Ciarlet et al in a general case, when the components of S are in W7™" (€2),

with m a nonnegative integer.

Theorem C. (Completeness of the Beltrami Solution) i) Let r be a real number such that

1 < r < 0o, m a nonnegative integer and S in V() satisfies

J

Then, there exists A € D4(£2) such that

(S.n).eida:/ (S-m)-Pldo=0, forall 1<i<3,1<j<.J.

J 2

curlcurlA=§ in €,
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and there exists a constant C' such that

HA||Wm+2vT(Q) < CHSHW”W(Q)

ii) Let S € U™"(Q), then there exists A € WB”H’T(Q) such that curl curlA = S.
iii) Let S € D/ () and satisfies

for all E € Gs(92), p()(S,E)pi) =0,
then, there exists A € D/(Q) such that
curlcurlA=S in Q.

Let v be a smooth vector field defined on 2 and E = Vv the corresponding strain field.

It satisfies the following compatibility equations:
curlcurlE=0 in Q. (6)

In 1864, A. J. C. B. de Saint-Venant announced that conversely, if €2 is a simply-connected
open set of R3, then for any symmetric matrix in E = (E;;) with E;; € C?(Q2) which satisfies the

above compatibility equations, there exists v € C3(Q) such that
Vaw=E in Q. (7)

In fact, the first rigorous proof of sufficiency was given by Beltrami in 1886. More recently, if in
addition € is Lipschitz, Ciarlet and Ciarlet Jr proved that if E € IL?(Q2) satisfies the compatibility
equations (6), then there exists v € H' () such that (7) holds. A similar result, with E € H~(Q)
and then v € L?(€), was also obtained by Amrouche et al [5].

In 1890, Donati proved that, if Q is an open subset of R? and E € C%(Q) is such that

/ E:M=0 forall M e Dy(Q2) suchthatdiv M =0in, (8)
Q

then E satisfies the compatibility equations (6).

A first extension of Donati’s Theorem was given by Ting [38] for symmetric matrix field
E € L%(Q) when the domain € is bounded and Lipschitz-continuous (not necessarily simply-
connected): if E € L2(Q) satisfies (8), then there exists v in H'(Q) such that E = Vv in
Q.

Another extension of Donati’s Theorem was given by Moreau [30] in the case of distributions:
if E € D(Q) satisfies (8), then there exists v in D'(Q) such that E = Vv in Q. Here, Q is an

arbitrary open subset of R3.
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More recently, using different proofs, some variants of Donati’s Theorem have been indepen-
dently obtained by Geymonat and Krasucki [21] for E € W;1P(Q) and for E € LP(Q) and by
Amrouche et al [5] for E € L(Q).

Our fourth main result is to give a general extension of Saint-Venant’s Theorem when E €

Theorem D. (Saint-Venant’s Theorem) Let ) be a bounded and simply-connected open set

of R? with a Lipschitz-continuous boundary and E € D () satisfies
curlcurlE=0 in Q.
Then, there exists v € D’(Q2) such that

Vsv=E in Q.

2 Notations and preliminaries

First, we recall some geometry notations. We denote by |- | the euclidean norm in RY. For z €
and d > 0, we define the ball centred at x with radius d by B(x,d) = {y € RV, |z —y| < d}.
The open set Q) is starlike with respect to an open ball B(z,d), if the convex hull of the set
{y}UB(z,d) is contained in  for each y € Q. This means that it is starlike with respect to each
point of this ball: for each z € Q and y € B(xz, d) the segment [zy] is contained in Q. Now, we can
show that a bounded, starlike open set with respect to an open ball is Lipschitz. Conversely, any
bounded and connected open set with Lipschitz-continuous boundary is finite union of bounded
and connected open sets, each being starlike with respect to an open ball. We refer here, this
property is stated in [6], [17] and proved in [29]. Also, let Q contained in R3 be a bounded and
connected open set, we recall that 2 is pseudo-Lipschitz if for any point x on the boundary 0f2
there exist an integer r(z) equal to 1 or 2 and a strictly positive real number py such that for all
real numbers p with 0 < p < pg , the intersection of Q with the ball with center  and radius p,
has r(x) connected components, each one being Lipschitz.

Second, we take the following hypothesis. We do not assume that the boundary of 2 is
connected. We denote by I'y the connected components of the boundary 92, 1 < k < K. There
exist J connected open surfaces ¥;, 1 < j < J, called ‘cuts’, contained in €, such that (i) each
surface XJ; is an open part of a smooth manifold M,

(ii) the boundary of ¥ is contained in 92 for 1 < j < J,
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(iii) the intersection X; N'Y; is empty for i # j,
(iv) the open set
is pseudo-Lipschitz and simply-connected.

Finally, we recall some functional spaces and differential operators:

Let Ae L(E,F), A" € L(F', E') the dual operator of A is defined by:
g{A'u,v)p = p(u, Av)p, foranyv € E,ue F'.

Here D’(Q) is the space of distributions on  i.e., the topological dual space of D(Q2). For any

1 <r < oo, r'is its conjugate i.e., %—F % = 1 and for m € N, W7 () is the usual Sobolev space.

The subspace Wj"" () denotes the closure of D(Q) in W™ () and W~ (Q) its topological
dual.

In the following, the vectors, the vector functions (or distributions) and the spaces of vector-
valued functions are represented by bold symbols. For example: D(Q) := (D(Q))Y, L"(Q) :=
L"(Q)N. Moreover, we define the kernel space K7(Q) (or space of harmonic knots) by

K7(Q) = {v e L*Q), curlv =0, dive =0in Q, v -n = 0 on 90}, (9)

which is of finite dimension and its dimension depends on the geometric of 2. Cantarella et al
in [14] have shown that this space is isomorphic to the homology group H;(Q2,R) and also to the
relative homology group Ho(2,I',R). Its dimension is equal to the second Betti number J, which
corresponds to the total genus of the boundary I' (see also Amrouche et al in [3]). We define the
space V™" () which represents the closure of V() in W™" (), by

V() = {ve Wy (Q), dive =0 in Q},
for m > 1 and by
VO(Q)={ve L"(Q),divv =0in Q,v-n=0 on 00N},
for m = 0. We set for m € N
Uum™(Q)={vevm™(Q) /Q v-pdr=0 forall p € K1()}.
Observe the following equivalence, for any function v € V™" (Q):

VL,OEKT(Q),/v-cpdx:0<:><v-n,1>gj:0f0rany1§j§J.
Q
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Matrix fields and spaces of matrix fields are represented by special Roman capitals. Moreover,
spaces of symmetric matrix fields are indexed by the Latin letter s. For example, Ds(2) =

D(Q; MY ). We define V¢(Q) by

sym
Vs(Q) ={S € Ds(Q), divS =0 in Q},
and the kernel space K7 (2) by
K7(Q) = {S € L), curlcurlS = 0, divS =0in Q, S- n = 0 on 99},

which is of finite dimension and its dimension is dependent on the geometrical properties of 2.
Ciarlet et al in [16] and Geymonat et al in [23] have shown that the dimension of K7(€2) is equal

to 6J. As recalled above, we define the space Us"" (2), for m > 1 by
U () ={S e Wi (), divS =0, (S-n,e')y, =(S-n, Py, =0, 1<i<3, 1<j< J},

(10)

J

and for m = 0 by
U9"(Q) ={S € L}(Q), divS=0, S-n=0on 0Q, (S-n, ey, =(S-n, Py, =0}. (11)
We also introduce the following space
Gs(2) ={A € Ds(?), curlcurlA=0 in Q}.
The orientation tensor (e;;;) is defined by

+1 if{i,j, k} is an even permutation of {1, 2,3},
€k =4 —1 if{i,j,k} is an odd permutation of {1,2,3},
0 if at least two indices are equal.

We use the following differential operators throughout the article: the divergence operator

div : D'(Q2) — D'(Q) is defined by
divv = 9jv; forany v = (v;) € D'(Q).
The vector rotational operator curl : D'(2) — D’(Q) is defined by
(curlw); = €, Ojup  for any v = (v;) € D'(Q).
The matrix symmetrized gradient operator Vs : D'(Q2) — D.(Q) is defined by
(Vsv)ij = %(aivj + 0jv;) forany v = (v;) € D'(Q).
The matrix rotational operator curl : D/'(Q2) — D/(Q) is defined by

(curl S)zy = €ilk 8@Sjk for any S = (Szg) S ]D/(Q).
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3 The Rotational extension of De Rham’s Theorem

Mitrea [32], Costabel and Macintosch [17] have shown that if  is bounded and starlike with
respect to an open ball, then the operator (1) is onto. In this section, we apply the singular
integrals theory to give a detailed proof for this result. Then we generalize it for the case where
) is a bounded and connected open set of R? with a Lipschitz-continuous boundary i.e., we prove
that the operator

curl: D(Q) — V(Q) L K7 () (12)

is onto. Here V(2) L K7(Q) denotes the space of functions v € V(2) such that [ v -pdr =
0 forall ¢ € K7 (). This last result is the main key to prove a rotational extension of De Rham’s

Theorem.

Lemma 3.1. Let Q be a bounded and connected open set of R3 with a Lipschitz-continuous

boundary and 6 be a function of D(R3) such that

suppf C Q0 and / O(y)dy = 1.
R3

Then, for any f € V(2), the vector field T f defined by

req Tfw) = [ 1) x ((az ) [ = e+ it - y))dt) ay, (13)

satisfies

curl Tf = f, Tf eC®(Q) (14)

and there exists a constant C.(Q2) depending only on r and ), such that

ITfllwrr @) < G FllLr@- (15)

In particular, if Q is starlike with respect to an open ball B and supp6 C B, then

Tf e D(Q). (16)

Proof. Note that T is a Poincaré type operator (see [17]). Let f € V(Q), we denote by f its
extension by 0 outside of 2.
Step 1. We start by establishing the two properties of (14).

We write T f in the form

reQ Tf(z) = /Q Fy) x K(z,y) dy,
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where .
K(w.y) =0 =9) [ (=100 +tz =yt
We observe that
Tf(x) = lim . Fy) x K(z,y) dy,

then

curl (Tf)(z) =V, x Tf(z) = lim V. x (}(y) X K(a:,y)) dy

e—0 lz—y|>e

+ lim 7(36 ) X
e—0 |x—y|=¢ |$ - y|

(Fw) % K(.p)) do,
lim (A. + B.).
e—0

According to the formula:

curl( Ax B) =V x (AxB)=(V-B)A— (V-A)B+(B-V)A—(A-V)B,

we deduce that

A = [(VI K (z,9) f(y) — (f(y) - Vo) K(2,y) | dy := Ai(e) — Az(e).

lz—y|=e
Using now the following formula:
ax(bxe)=bla-c)—c(a-b),

we have

o= [ (5 Kew) i - (50 F0) K| doy = Biie) - Bate).

Thus, we can write

curl(Tf)(z) = lim [Ai(e) — Az(e) + Bi(e) — Ba(e)].-
i) Study of A;(¢). We have
A = [ (Ve Ka) + (Ve Kl F)dy a7)
T—y|>e

where

Ky (z.y) = (z — ) / 200y + 1z — y)de
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and
Ky(z,y) = —(z — ) /1 HO(y + t(x — y))dt. (18)

We remark that K (-,-) is the kernel of the Bogovskii’s operator (see [10]), then

Vo - Ki(z,y) = —0(x). (19)
It is straightforward to see that
o0 3 [e.e]
Vi Ka(z,y) = —3/ tO(y +t(x —y))dt =y (i — yz-)/ £20:0(y + t(x —y)) dt
1 =1 1

oo 00 2
= = [Testgr - pyae- [T HED s e - pyar

= O(z)— /100 t0(y +t(z —y))dt. (20)
Then, from (17), (19) and (20), we obtain
tim Aie) = = [ f) [ 00+t ) drdy (21)

ii) Study of Bj(e). It is easy to prove that

- @Y o) Frdo. — fa
| x_yl_€< K ,y>)f<y>dy f(@).

e—>0 |z — y|

In (18), we use the change of variable s = t|x — y| to get

Kao) =220 [ so (e s 220)

-y

z—y| lz -y
Then
/I ‘ ii:z‘) - Ks(x,y)f(y) doy
T—y|=€
3
= ~ o= Yivg [ (x —y)
= — ;/lx_ye f(y)( ’.T _ y’) /|;;_y 59(3/ + s ‘.’B _ y‘ )deO'y.

—y _
and s’ = s — &, we obtain

Using now the change of variables z = a

: (z —y) :
lim - Ko(x,y)f(y)do
50 |g:—y\:5 |I’ . y| ( ) ( ) Yy

3 oo
= — lim Zs flz— az)zf/ (s +¢)0(z + s'z)ds'do,
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lim Bi(e) = f(x). (22)

e—0

iii) Study of As(e) + Ba(e). According to the Stokes formula, we obtain

lim
e—0

|z —y

e—0

(Ax(e) + Bo(e) = Jim [ [ Gwvakens [ (20 Fw) K(x,w]

= lim [(f(y) Vo) K (2,y) + K (z,y) div f(y)

0 |z—y|>e

+ (fy)- V) K(@.y)| dy

~ lim (FW) - Vo) K (@,y) + (Fy) - V) K(.y)| dy.

€0 |z—y|>e

For any 1 <4,7, < 3, we have

Then

88[56(: (,y) = _%I;j (,9) + (2 — ;) /100@ — 1)t 8i0(y + Lz —y))dt.

(As(e); + Ba(e);) = lim () Ly v)| dy. (23)

lim
e—0 e—0 lz—y|>e

where the i'" component of L; is given by

(B = (a5 - ) [ St 1)t 900y + t(a — y)) dr.

iv) Verification of curlTf = f. From (21)-(23), we conclude that for all 1 < j <3

(curl Tf);(z) = fi(z) - /Q F(v) - L)) dy — /Q £(v) / T8y + t(ax— y)) didy

with

= f)+ /Q F(y) - Hj(z,y)] dy,

Hy(o9) = ~Ly(og) —e; [ 00y -+ ta = y)ds

and where e; is the 4t vector of the canonical basis of R3. It is easy to verify that

where

Vx € R3, Hj(z, ) = grad x;(z, ),

Xi (@, y) = (25 — y5) /IOO t0(y + t(x — y))dt.
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Since f € V(Q), we deduce

@mWﬁNOZ.M@—A%J@Mww@

v) Verification of T'f € C*(Q2). In (13), we use the changes of variables z = z — y and

s = (t —1)|z — yl|, so we obtain

= [ g2 s
z€eQ, Tf(x) = » f(a:—z)xz/o (!z\?’—i_\zp) 0(z + s—)dsdz. (24)

Then, for any o € N3, we have

82 S

0T f(x) = R38af(x—z)xz/0 (,Z’g+z‘2>9(:c+$’ ‘)dsdz

~ s s
+ flz—=z xz/ ( +>80‘0x+s dsdz.
o T AR ) T

Since 0“f and 9“0 are continuous in 2, then 9T f is continuous and T f € C*°(Q2).
Step 2. Now, we establish the estimate (15).
Let f € V() and 1 <14,j < 3, we have

Ty = 1m /| a(f(y)><K(ﬂf,y))der/l | (f(y) x K(z,9) 2= do
z—y

Oz 0 | Jjp—y|>e Oz; — |z =y

= lim /p: . (_f(y) X %Iail (x,y)) dy + /|:Ey:e (fly) x K1(z,9)) Lj—Yj da'

e—0

im - 0K x T L —Y; U-
£ t&y%@@ 8%(w0@+ﬁﬂqﬁwaﬂwa io].

e—0

Since we have shown

lim (F(y) x Ka(z,y)) 2"V 45 =,

€0 J|z—y|=c | _y|

then
oTf

5, @ = L(ﬂwxgiww)@+4<ﬂwxﬁ§@m>@

+ (f(x)X/Q(x—y) <H(y)T;:zj>dy)

= Jif(z) + o f(x) + Jsf(x).
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Also

(J1f)ij(z)

/ (eimnfmy)a;(;]?(m,y)) ay

()i = [ (smnfm@)aaijn(x,y)) dy

(Jsf)is(@) = comnfmla / £, () =y

There exists a constant C'(Q2) (see page 166 of [20]) such that

8K1n
Ve € D@, | [ o) 522 o) il < COleloy
Then, there exists a constant C(2) such that

[J1fllr @) < CLDfllLr@)-

Besides, we have

Ko, 1

Ve e D), [ )G 2wy =5 [ ow)Gute )y

Thus, there exists a constant Ca(§2) such that (see page 165 of [20])

[ T2f ) < Co(D FllLr -

For the last estimate, since for each x € Q)

3
|(J3f)i( Z

k=1
we deduce that

[ T3 fllzr ) < C3(D| FllLr(@)-

Finally, from (25)-(27), there exists a constant C,(£2) such that

1T fllwrr ) < CrNFllLr @)

(27)

Step 3. Now, we suppose that () is starlike with respect to an open ball B and that

supp § C B. We will prove the property (16).

Indeed, in what follows we take

A={2€Qz=Xz1+(1 = N)2g, z1 € supp f, 22 € B, A € [0,1]}.

Since 2 is starlike with respect to an open ball B, the compact set A is included in 2. Fixing

any x € Q\ A, for any y € supp f and t > 1 we have y + t(z — y) ¢ B. According to (13), we

deduce that T'f(x) = 0 and suppTf C A C Q. Consequently T'f € D(Q).

O]
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The following corollary generalizes the estimate (15) in the case where we replace the Lebesgue

space L"(§2) by the Sobolev space W (Q), for any positive integer m.

Corollary 3.2. Let Q be a bounded and connected open set of R® with a Lipschitz-continuous
boundary, f € V() and T the operator defined in (13). Then, for any real number 1 < r < oo

and for any integer m > 1, there exists a constant C' depending only on v, m and Q such that

|Tf lwm+1r ) < ClFllwmr @) (28)

Proof. All the constants which appear in the inequalities below are noted by a generic letter C.
We consider the case m = 1 and we write the operator T as in (24). So for any j =1,--- , N, we

have

= o [ g2 s
0;Tf(x) = /Ris(?jf(:c—z)xz/o <2‘3+|Z|2>6’(x+3‘ |)dsdz

~ s s
+ flx—=z ></ <—|— )89$+5 dsdz
w T B Y ) A0 o)

= hi(x) + ha(x).
Estimate of ||0yhi||1r(q). We observe that hy = 0;T f, then Lemma 3.1 implies

[Okha |l < CllO; fllLr ) < Cllfllwrr ) (29)

Estimate of ||0rhz[1rq). We remark that the function h has the same form as the function T'f
with 0 replaced by 0;0. Note that, we find the estimate of the point without using the property
/ f(x)dx = 1. This means that by the same method, we obtain

Q

10kh2llr ) < Cllfllzr @ (30)

From (29) and (30), we deduce the existence of a constant C' depending only on r and € such
that (28) holds. For m > 1, we proceed by induction and so we apply the same approach as for

the case m = 1. O

We have shown that if €2 is a starlike open set with respect to an open ball, then the rotational
operator is onto from D(2) into V(2). This result can be extended to a bounded and connected

open set of R? with a Lipschitz-continuous boundary. For that we need the following lemma (see

[5])-

Lemma 3.3. Let Q be a bounded and connected open set of RV with a Lipschitz-continuous
boundary. Then, there exist connected open sets €1 of RN, j > 1, with the following properties:
i) 082 is of classe C*°.

i) Qj C Qi1 CQ for each j > 1, and Q = U2, Q;.
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Theorem 3.4. Let Q be a bounded and connected open set of R® with a Lipschitz-continuous

boundary. Then, for any f € V() satisfying the condition (2), there exists i € D(Q) such that
curlyp =f in Q.

Moreover, for any 1 < r < oo and for any nonnegative integer m, there exists a constant
C(r,m,Q) such that
¥l wm+ir gy < Clrym, Q| fllwmr @) (31)

Proof. Let f € V(Q) satisfying the condition (2). Lemma 3.1 and Corollary 3.2 imply that T'f €

C*(Q), curl (T f) = f in Q with the estimate (31). Thanks to Lemma 3.3 there exists an open

set €2, which is connected and of class C*°, such that suppf C Qijo C Q. Define the open set ' =

Q\ ?, which is bounded and connected open set of R? with a Lipschitz-continuous boundary.

Setting now @’ = T'f|q, it follows from Lemma 3.1 that curl?’ = 0 in ' and by Corollary

3.2 that ¢’ € ﬂ W™"(Q). The compatibility condition /Qf ~pdr =0 for all p € K7(Q)
1<r<oo,

meN

implies that for any curves 'y;f inside " and surrounding X;, we have Pt = / f-n=0.
v; X
Hence v’ has no circulations in €. Then, there exists p’ satisfying p’ € ﬂ W™T(Q), such

1<r<oo,
meN

that grad p’ = 4’ in ' (see Corollary 1 page 199 in [36]) and with the estimate
19 [wmt2r @y < CllY [lyyrmrr oy -
Theorem 1.4.3.1 of [25] implies that there exists p € C*°(R?3) such that plo = p’ and
1Bllwm+2r@sy < Cllp[lwmrzrry < Ol lymirr o)

Setting now p = p|g and ¢ = T'f — grad p, we have ¥|o = 0 and then ¥ € D(Q2). Furthermore,
it is clear that curly = f in  and for any 1 < r < co and m € N the estimate (31) holds. [

Now, we use the surjectivity of the rotational operator to show a rotational extension of De

Rham’s Theorem.

Theorem 3.5. Let Q be a bounded and connected open set of R® with a Lipschitz-continuous

boundary, and f € D'(Q) satisfying the following condition:
Ve € G(Q), po)if.e)pe) =0. (32)
Then, there exists 1 € D' () such that

curlyy = f in Q.
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Remark 3.1. The converse is obvious, because for any ¥ € D’(Q) and any ¢ € G(Q2), we have
oo curly, p)p) = pro) (¥, curl p)p) = 0.

Proof. Acccording to Theorem 3.4,
curl : D(2)/G(Q) — V(Q) L Kp(Q)
is one to one and onto. Then, its adjoint
curl : (V(Q) L Kr(Q)) — D'(Q) L G(Q) (33)

is also one to one and onto.

Let L € (V(Q) L Kp(Q)). As V(Q) L Kp(Q) is closed in D(Q2), we can extend L by
L € D'(). Two expressions g € D'(R2) and h € D'(Q) of L coincide on V(Q) L K7(1) if and
only if

Ve e V(Q) L Kr(Q), plg—h e)pa =0.

Using again Theorem 3.4, we have

Ve e V(Q) L Kr(Q), prayg —h. )b = p(a)lg—hcurly)pq)
= polcurl(g —h),¥)p@)
= 0.

Which means that
g —h e Kercurl, where curl: D'(Q2) — D'(Q),

and consequently

(V(Q) L K1(Q)) =D'(2)/Ker curl. (34)

Let f € D/(Q) satisfies (32). In other words, this means that f € D'(Q2) L G(2). From (33) and
the characterization (34), there exists 1» € D’'(f2), such that

curlyy =f in Q.
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4 A weak rotational extension of De Rham’s Theorem

In this section, we will use Theorem 3.4 to show another surjectivity result of the curl operator.
Then, we will use this result to prove a weak rotational extension of De Rham’s Theorem. First,

we need the following lemma:

Lemma 4.1. Let Q be a bounded and connected open set of R? with a Lipschitz-continuous

boundary and m a nonnegative integer. Then, the space V() L K1 () is dense in U™" ().
Proof. Step 1: we show that the linear mapping R : V(2) — R’ defined by

(’R(v))j:/ v-ndo, 1<j<J,
Zj

is onto, where J is the dimension of K7 (Q2). For that purpose, we proceed by contradiction. We
suppose that R is not onto, which implies that there exists jp such that 1 < jo < J and a family
of numbers {\;}1<;<s, such that for any v € V(Q), we have

J#3o
/L

Using the Green’s formula of Lemma 3.10 of [3], then

J

where the vector fields grad qu are the elements of the basis of K7(Q) (see [3]). Then, the usual

J
v-ndo = Z)\j/ v-ndo.
=1 X

J#3o

Jo

J J
v-ndo — Z/\j/Z v-ndU:/Q'u- gradquO—Z/\jgradqu dx =0,
Jj=1 3 j=1

Jjo =
J#30 J#30

De Rham’s Theorem (see [0]) implies that there exists p € H*(Q2), unique up to an additive

constant, such that

J
grad q}; — Z Ajgrad q]T = grad p.
T
. : Op . ) )
Consequently, p is harmonic and I 0 on 0f). So, p is a constant and then the dimension of
n

K1 (Q) is less then J, which is a contradiction. We have proved that for any 1 < j < J there
exists ¢; € V() such that

for a111</~€<J,/ P, -ndo = ;. (35)
Xk
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Step 2: we show that V() L K7(Q) is dense in U™"(Q2) (where U™"(Q) is defined in Section
2). Let v € U™"(Q) , then there exists a sequence (vy) € V() that converges to v in W™ (Q).
For any 1 < j < J, let ¢, be the function in V(£2) which satisfies (35). Now, setting
J
Uy = vj — Z(/ v - ndo) @,
j=1 7%
the function uy belongs to V(2) L K7(€2). Also the sequence (uy) converges to v in W™ (Q),
which is the required result. O

Theorem 4.2. Let Q be a bounded and connected open set of R® with a Lipschitz-continuous
boundary and m a nonnegative integer. For any f € U™" (), there exists 1 € WB”H’T(Q) that
satisfies

curly = f in Q,
and there exists a constant Cy ., (€2) such that
[ llwm+1r @) < Crm ()| flwmor@)- (36)
Proof. Let f e U™"(Q) and (f,,) a sequence in V() L Kr(Q), such that
f—— f in WmT(Q).
Theorem 3.4 shows that for any n € N, there exists a vector field 1,, € D(2) such that

Y, € D(Q), curly, = f,, and [P, |[wmerrq) < Clr,m, Q| f,llwmr o).
Clearly (v,,) is a Cauchy sequence. Then, there exists an element ¥ € WS"H’T(Q) such that
Y, — ¢ i WH(Q),
with 1 satisfies (36). O

Remark 4.1.

i) Theorem 4.2 was proved for 2 bounded and simply-connected open set of R? with Lipschitz-
continuous boundary, m = 1 and r = 2 by Ciarlet and Ciarlet, Jr (see the proof of Theorem 3.1
in [15]) and for m a nonnegative integer and r = 2 by Amrouche, Ciarlet and Ciarlet, Jr (see [1]).
ii) For m nonnegative integer and 7 = 2, as in [1], we can define a vector field 1o € H{"™(Q)
such that curleyg = f in Q and divA™ g = 0 in Q. For that, it is sufficient to choose
g = 1 — grad p, where p is the unique solution in H8’+2(Q) of A™*2p = divA™ ) and 9 is
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given by Theorem 4.2.
iii) For 2 bounded and connected open set of R? with boundary of class C"™"2, Borchers and
Sohr in [11] established the same result that Theorem 4.2 with div A™*14 = 0. Moreover, for
m = 1 and € of class C''', Amrouche, Bernardi, Dauge and Girault in [3] gave another proof
of the result established by Borchers and Sohr. Furthermore, they proved that the vector field
W € H}(Q) is unique, provided that

(Ou(divap), e, =0, 1< i< 1.

where T'; are the different connected components of 9f.

The following weak rotational extension of De Rham’s Theorem is a direct consequence of

Theorem 4.2. We define the space G""(2) by
gmr(Q) ={p e Wy (Q), curlp =0 in Q}.

Theorem 4.3. Let Q be a bounded and connected open set of R® with a Lipschitz-continuous

boundary and m an integer such that m > 1, f € me”",(Q) and satisfies
VP € GT(), 1yt (s Py = 0. (37)
Then, there exists ¥ € W17 (Q), such that
curl = f in Q.
Proof. According to Theorem 4.2, the operator
curl : W (Q)/G™"(Q) — U™ 17 (Q),

is one to one and onto. Then, its adjoint

curl : (U™ 7(Q)) — W (Q) L g™ (Q), (38)

is also one to one and onto. Proceeding as in the proof of Theorem 3.5 and using Theorem 4.2,
it is easy to prove that
U1 (Q)) = WL (Q) /Ker curl, (39)
where
curl : WL (Q) — W (Q).

Let f € W*m”/(ﬂ) satisfying (37). In other words, f € W*m”"/(Q) 1 g™"(Q). Since the oper-
ator (38) is an isomorphism, the characterization (39) implies that there exists & € W~"+17'(Q)
such that curl ¥ = f in (. d
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5 A new proof of the general extension of Poincaré’s Lemma

The classical Poincaré’s Lemma asserts that if €2 is a simply-connected open set, then for any
h € C1(Q) which satisfies curlh = 0 in Q, there exists p € C*(Q) such that h = grad p. This
lemma is also true in the general case where h € L?(Q2) and Q is a bounded and simply-connected
open set with a Lipschitz-continuous boundary (see Theorem 2.9 chapter 1 in [21]). A general
extension when h € H~!(Q) was proved by Ciarlet and Ciarlet, Jr (see [15]).

In this section, we study the case where h is a distribution. The first proof of this extension,
based on differential geometry tools, was given by S. Mardare [27] in 2008 in the case where  is
a simply-connected open (Schwartz also proved this extension for = R3, see Section 3 of [37]).
Here, we give a simpler proof, using the characterization of the dual space V() given in the

proof of Theorem 3.5.

Lemma 5.1. Let Q be a bounded and simply-connected open set of R? with a Lipschitz-continuous
boundary and h € D' (Q). If
curlh=0 in 9,

then there exists p € D'(Q) such that
h=gradp in .

Proof. Let L € V(Q). Since V() is closed in D(2), we can extend L by L € D'(€). Two
expressions g € D'(Q) and h € D'(Q) of L coincide on V() if and only if

Ve € V(Q), paig—h.¢)pe) =0.

According to the usual De Rham’s Theorem, there exists p € D'(Q) such that g — h = grad p.

This means that we can define V() as follows:
V(Q) =D'(Q)/Im (grad) where grad:D'(Q) — D'(Q). (40)
It has already been shown that
V(Q) = D'(Q)/ker curl where curl: D'(Q) — D'(Q). (41)
According to (40) and (41), we conclude that
Ker (curl) = Im (grad), (42)

hence the required result. ]
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6 Beltrami representation

In Section 3, we have shown that the operator (12) is onto. Then, we have used this surjectivity
result to prove a rotational extension of De Rham’s Theorem. In this section, we use the same
argument to prove an extension of the Beltrami representation. First, we show a completeness of

the Beltrami’s representation for data in D4(€2).

Theorem 6.1. Let Q be a bounded and connected open set of R? with a Lipschitz-continuous

boundary, r a real number such that 1 < r < co and m a nonnegative integer. For any matric

S € V4(Q) satisfies /QS :Mdx =0 for all M € Kp(Q2), there exists A € Dg(Q2) such that
curlcurlA=S in Q.
Moreover, there exists a constant C' depending only on r, m and ) such that
[Allywm+2.r ) < ClIS|lwm.r(0)- (43)

Proof. The proof follows the lines of the proof of Theorem 2.2 in [22]. Let S € V4(2) L Kp(Q)

ie, S € V4(Q) and satisfying / S : Mdz = 0 for all M € Kp(€2). That means that for any
Q

1<i<3andany1l<j<.J (see [L0])

divS =0 in Q, (44)
/ (S m)-eldo =0, (45)
>

J

/E(S.n)-Pido—zo. (46)

j
Observe that conditions (44), (45) are equivalent to: for each 1 < i < 3, §* € V(Q) L K1 (Q)

where 8% is the i-th line of matrix S. Then, Theorem 3.4 implies that there exists some vector

field W in D(Q) such that curl W' = S, and satisfying the estimate
||Wi||Wm+1”"(Q) < C”SiHWm*T(Q)-

We define W the matrix field whose lines are the vectors W, So W satisfies curl W = S in Q
and

[Wlggm+1.r @) < ClS|lwm.r(0)-

Now setting B = W? — tr(W)IL. The symmetry of S implies that

divB=0 in Q. (47)
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Indeed, for i = 1 for example, we have

divB! = OoWo1 — 01 Wag + 03W31 — 01 Wsg
= 0.

Moreover,

/,

((cuer)T-n)-PidJ:/ ((curl(PW))T-n)-eida—i—/ (WT-n)-eidJ—/ (tr(W)I-n)-€' do.

i X Zj Zj
(48)
Because PW € D(Q2), we get
/ (curl(PW))" . n) - e'do = 0. (49)
Z;

Hence (46), (48) and (49) imply that

/ (B-n)-e'do=0. (50)
b

i
By using (47), (50) and applying again Theorem 3.4, there exists a matrix field D in D(€2) such
that

curl D = BT = W — tr(W)I, (51)
with
[Dllwymt2.r ) < ClIB[lywm+1.r@ < C[S|lwm.rq)-
Therefore
curlcurl D = ST — curl(tr(W)I). (52)
We also have
curlcurlD” = (curlcurl D)
= S+ curl(tr(W)I). (53)
Define A = D DT, then (52) and (53) imply
curl curl A = S ZST =S8,
which is the required result. O

P.G. Ciarlet et al in [10] stated the range of the operator curlcurl : H%}S(Q) — L2(Q) is
the space US’Q(Q). In the following, using the Beltrami’s completeness given in Theorem 6.1, we
generalize this result by showing that the operator curl curl : ng:lp () — UF"P(Q) is onto,
for any 1 < r < oo and any nonnegative integer m.

Using the same argument of the proof of Lemma 4.1, the following result holds:
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Lemma 6.2. Let Q be a bounded and connected open set of R® with a Lipschitz-continuous

boundary and m a nonnegative integer. Then the space V4(2) L Kr(Q) is dense in Us"" (Q).

Theorem 6.3. Let Q be a bounded and connected open set of R® with a Lipschitz-continuous
boundary, r a real number such that 1 < r < oo and m a nonnegative integer. For any matric S

in Us""(Q), there exists A € ng:m(ﬁ) such that
curlcurlA=S in Q and HAHWmH,T(Q) < ClIS|lwrr (-

Proof. Let A € Ug"" (). Since V4(Q2) L Ky () is dense in Ug""(£2), there exists a sequence (Si)
of V4(Q) L Kp(£2) such that

Sp —S in W () when k— oo.
From Lemma 6.1, for any k € N, there exists Ay € Ds(£2) such that
curlcurl Ay, =S  with HAkHW;nJrz,T(Q) < OISkllwmr (-
Clearly (Ag) is a Cauchy sequence and there exists A € W$:2’T(Q) such that
Ap — A in WT2T(Q).

with
curlcurlA=§S in Q and ||A‘|Wm+2,r(g)SCHSHW?’%”‘(Q).

O
Now, we will use Lemma 6.1 to show the following extension of the Beltrami’s completeness.

Theorem 6.4. Let Q be a bounded and connected open set of R® with a Lipschitz-continuous

boundary and E € D () satisfies
(@) (S, E)piy =0 forall E € Gs(9). (54)
Then there exists A € D () such that
curlcurlA=S in Q.
Remark 6.1. The converse is obvious, because for any S € D(Q) and any E € G4(Q2), we have

D/(Q) <curl curl S, E>]D)(Q) = D'(Q) <S, curl curl E>ID)(Q) =0.
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Proof. According to Theorem 6.1,
curlcurl : Ds(Q)/Gs(2) — V4(Q) L Kp(£2) (55)
is one to one and onto. Then its adjoint
curlcurl : (V4(Q) L Kp(Q)) — DL(Q) L G4(Q2)

is one to one and onto.
Let L € (V4(€) L Kp(Q)) and L any extension of L in I,(€2). Two expressions S and A of
L coincide on V() L K(€) if and only if,

VE € V() L Kr(Q), pr)(S — A, E)p) = 0.
Using again Lemma 6.1, we get
VB € Ds(2), pr()(S — A, curleurl B)pg) = pr(q)(curlcurl (S —A),B)pq) =0,
which means that S — A € Ker curl curl, where
curlcurl : D(Q) — D.(Q).
Consequently,

(V4() L Kp(Q)) = D.(Q)/Ker curl curl. (56)

Let S € D(Q) satisfies (54). In other words, that means that S € D(Q2) L G4(£2). Since the
operator (55) is an isomorphism, the characterization (56) implies that there exists A € D/(Q)

such that curlcurlA=S in €. O

7 The general extension of Saint-Venant’s Theorem

Podio-Guidugli in [35] have used a Beltrami’s completeness to show the equivalence between the
sufficient conditions of Donati’s and Saint-Venant’s Theorems: Let €2 be a smooth bounded and
simply-connected open set of R?, then any symmetric matrix field E = (E;;) with E;; € CN(Q)
(N > 2) satisfies

curlcurlE=0 in €,

if and only if
/ E:Mdzr=0 for any M € V4(Q).
Q
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Later, Geymonat and Krasucki in [21] have proved the above equivalence when E € L2(Q) and
they have used it together with Ting’s Theorem to conclude an extension of Saint-Venant’s
Theorem in L2(€2). In the following, we will use the same idea to present an extension of Saint-

Venant’s Theorem in D,(Q2).

Theorem 7.1. Let Q be a bounded and simply-connected open set of R3 with a Lipschitz-
continuous boundary and E € D (Q) satisfies

curlcurlE=0 in Q. (57)
Then there exists v € D'(Q) such that
Vsv=E in Q.

Proof. Let E be a symmetric matrix field in D/(€2) such that curlcurlE = 0 in 2. We have
already shown that for any symmetric matrix field A in V¢(2), there exists B € D4(€2) such that

curl curlB = A. Then, we have
D’ () <]E, A>]D)(Q) = D’ (£2) <E, curl curlB}D(Q) = D’ (£2) <CUI'1 CUI'IE, B>]D)(Q) =0.

Thus, Moreau’s Theorem implies that there exists v € D/(Q2) such that Vsv = E in €, which is
the required result. O

References

[1] R.A. Adams: Sobolev Spaces, Academic Press, New York, (1975).

[2] B. Airy, IV: On the strains in the interior of beams. Phil. Trans. Royal. Soc. Lond. 153, 49-79,
(1863).

[3] C. Amrouche, C. Bernardi, M. Dauge, V. Girault: Vector potentials in three-dimensional
non-smooth domains. Math. Meth. Appl. Sci. 21, 823-864, (1998).

[4] C. Amrouche, P.G. Ciarlet, P. Ciarlet, Jr: Weak vector and scalar potentials: applications
to Poincaré’s theorem and Korn’s inequality in Sobolev spaces with negative exponents. Anal

and Appl. 8, 1-17, (2010).

[5] C. Amrouche, P.G. Ciarlet, L. Gratie, S. Kesavan: On the characterizations of matrix fields
as linearized strain tensor fields. J. Math. Pures Appl. 86, 116-132, (2006).



C. Amrouche, B. Bahouli and El. Ouazar 27

[6] C. Amrouche, P.G. Ciarlet, C. Mardare: On a lemma of Jacques-Louis Lions and its relations

to other fundamental results. J. Math. Pures Appl. 104, 207-226, (2015).

[7] C. Amrouche, V. Girault: Decomposition of vector spaces and application to the Stokes

problem in arbitrary dimension. Czeckoslov. Math. J. 44, 109-140, (1994).

[8] J.M. Ball, A. Zarnescu: Partial regularity and smooth topology-preserving approximations of
rough domains. Preprint Oxford Center for Nonlinear PDE, Mathematical Institute, University

of Oxford. December 16, 2013; also arXiv:1312.5156.
[9] E. Beltrami: Osservazioni sulla nota precedente. Atti. Accad. Lincei. Rend. 1, 141-142, (1892).

[10] M.E. Bogovskii: Solution of the first boundary value problem for the equation of continuity
of an incompressible medium. Sov. Math. Dokl. 20, 1094-1098, (1979).

[11] W. Borchers, H. Sohr: On the equation rotv = g and dive = f with zero boundary
conditions. Hokkaido Math. J. 19, 67-87, (1990).

[12] H. Brézis: Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer,
New York, (2011).

[13] A.P. Calderon, A. Zygmund: On singular integrals. Amer. J. Math. 78, 289-309, (1956).

[14] J. Cantarella, D. De Turck, H. Gluck: Vector calculus and topology of domains in 3-space.
Amer. Math. Monthly. 109, 409-442, (2002).

[15] P.G. Ciarlet, P. Ciarlet, Jr: Another approach to linearized elasticity and a new proof of
Korn’s inequality, Math. Mod. Meth. Appl. Sci. 15 — 2, 259-271, (2005).

[16] P.G. Ciarlet, P. Ciarlet Jr, G. Geymonant, F. Krasucki: Characterization of the kernel of
the operator CURL CURL, C. R. Acad. Sci. Paris, Ser. 1 344, 305-308, (2007).

[17] M. Costabel, A. McIntosh: On Bogovskii and regularized Poincaré integral operators for de
Rham complexes on Lipschitz domains. Math. Z. 265, 297-320, (2010).

[18] G. Duvaut, J.L. Lions: Les Inéquations en Mécanique et en Physique, Dunod, Paris, (1972).

[19] R. Fosdick, G. Royer-Carfagni: A Stokes theorem for second-order tensor fields and its

implications in continuum mechanics. Internat. J. Non-Linear Mech, 40, 381-386, (2005).

[20] G.P. Galdi: An Introduction to the Mathematical Theory of the Navier-Stokes Equations,
Steady-State Problems, Second Edition, Springer, (2011).



28 On the curl operator and some characterizations of matrix fields in Lipschitz domains

[21] G. Geymonat, F. Krasucki: Some remarks on the compatibility conditions in elasticity.

Accad. Naz. Sci. XL, Mem. Mat.Appl, X XIX, 175-182, (2005).

[22] G. Geymonat, F. Krasucki: Beltrami’s solutions of general equilibrium equations in contin-

uum mechanics. C. R. Acad. Sci. Paris, 342, 359-363, (2006).

[23] G. Geymonat, F. Krasucki: Hodge decomposition for symmetric matrix fields and the elas-

ticity complex in Lipschitz domains. Commun. Pure. Appl. Anal, 8, 295-309, (2009).

[24] V. Girault, P.A. Raviart: Finite Element Methods for Navier-Stokes Equations, Springer,
Berlin, (1986).

[25] P. Grisvard: Elliptic Boundary Value Problems in Nonsmooth Domains, Pitman, London,
(1985).

[26] M. Gurtin: The linear Theory of Elasticity, C. Truesdell (Ed.), Handbuch der Physik, vol.
2, Springer, Berlin, (1972).

[27] S. Mardare: On Poincaré and De Rham’s theorem. Rev. Roum. Math. Pures Appl. 53, 523-
541, (2008).

[28] J. C. Maxwell: On reciprocal figures, frames, and diagrams of forces. Farth. Envi. Sci. Trans.

Roya. Soci. Edin. 26, 1-40, (1870).
[29] V. Maz’ja: Sobolev Spaces, Springer Berlin, Heidelberg, (1985).

[30] J.J. Moreau: Duality characterization of strain tensor distributions in arbitrary open set. J.

Math. Anal. Appl. 72, 760-770, (1979).

[31] G. Morera: Soluzione generale delle equazioni indefinite dell’equilibrio di un corpo continuo.

Atti Accad. Naz. Lincei. Rend. Cl. Fis. Mat. Natur. 1, 137-141, (1892).

[32] M. Mitrea: Shap Hodge decompositions, Maxwell’s equations, and vector Poisson prob-
lems on nonsmooth three-dimensional Riemaniann manifolds. Duke Math. J. 125 (3), 467-547,
(2004).

[33] D. Mitrea, M. Mitrea, S. Monniaux: The Poisson problem for the exterior derivative operator
with Dirichlet boundary condition on nonsmooth domains. Comm. Pure Appl. Anal. 7(6),

1295-1333, (2008).



C. Amrouche, B. Bahouli and El. Ouazar 29

[34] J. Necas: Direct Methods in the Theory of Elliptic Equations, Springer Monographs in
Mathematics, Springer, Berlin, (2012). Translated from the 1967 French original by G. Tronel
and A. Kufner. Editorial coordination and preface by S. Necasova and a contribution by Ch.

G. Simader.

[35] P.P. Podio-Guidugli: The compatibility constraint in linear elasticity. J. Elasticity. 59, 393-
398, (2000).

[36] L. Schwartz: Cours d’Analyse, Deuxieme Partie, Ecole Polytechnique, (1959).
[37] L. Schwartz: Théorie des Distributions, Herman, Paris, (1966).

[38] T.W. Ting: St. Venant’s compatibility conditions. Rock. Moun. Math. Cons. 28, 5-12, (1974).



	Introduction
	Notations and preliminaries
	The Rotational extension of De Rham's Theorem
	A weak rotational extension of De Rham's Theorem
	A new proof of the general extension of Poincaré's Lemma
	Beltrami representation
	The general extension of Saint-Venant's Theorem

