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3-dimensional particulate flow modelling using a
viscous penalty combined with a stable
projection scheme

L. Batteux, J. Laminie, J.C. Latché and P. Poullet

Abstract We introduce a strategy for the simulation a particulate flow in a 3—
dimensional domain. The particles are assumed to be rigid, and the homogeneous
fluid flow to be governed by the incompressible Navier—Stokes equations. The sys-
tem is solved using a predictor-corrector scheme for the Navier—Stokes equations
with variable density. The latter scheme is adapted to take into account the solid
domain by adopting a volume penalization method. In order to advect efficiently the
particles, the approximation of the mass balance equation is carried out by an anti-
dissipative scheme similar to the Ultra-Bee scheme. We conclude with numerical
tests in the context of particulate flows.

Key words: 65M08, 76D05, 76T20

1 Introduction

This work is focused on the modelling of fluid—solid systems in a 3-dimensional
domain. To reproduce faithfully the fluid—solid interactions is a problem of large in-
terest due to numerous processes in industrial applications. There are several meth-
ods to attempt to model such a problem, but in this study, one considers rigid solid
inclusions in an incompressible viscous fluid flow and one enforces a strong cou-
pling between both phases. The motion of the solid domain may then be described
using Newton laws for rigid bodies. As we are concerned with the efficiency and
computational costs, we resort to an Eulerian formulation for the fluid flow and ex-
tend the fluid problem inside the solid domain in the manner of fictitious domain
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2 L. Batteux et al.

methods [1, 11, 3]. In our case we enforce some kind of Brinkmann law inside the
solid domain by adopting the H1-penalty method [1, 11]. In practice, it will come
down to penalizing the tensor of deformation term where the particles are in the non-
homogeneous Navier-Stokes equations. Let us denote by 2 the domain containing
the particulate flow. The continuous problem is given by:

%+V~(pv):0 in R x Q
@+V-(pv®v)—2V-(/J,(p)D(v))—i-Vp:f in Rt x Q M
V.v=0 in R x Q

with the unknowns being the density p, velocity v and pressure p. The source term
is denoted by f and contains the forces applied to the particles among other exte-
rior forces. The advection of the rigid particles is carried out by the mass balance
equation rather than Newton laws. The viscosity u is continuously dependent on p,
and taking [ — oo inside the solid domain allows for the penalization of the ten-
sor of deformation rate D(v). We aim to tend towards [|D(v)||12(q, () = 0 which is
equivalent to a rigid motion velocity field inside the particles (). The system of
equations (1) is complemented with initial conditions for (p,v).

The flow being incompressible, one often resorts to a projection scheme [8, 5] to
solve problem (1). Many variants can be found in the litterature especially when
considering multiphase flows. However a lot of problems remain open regarding the
stability or convergence of those schemes. Again, for efficiency reasons we will rely
on the scheme introduced in [9]. In this article, the authors circumvent the relatively
expensive computational cost of the elliptic pressure problem of standard projection
problem for incompressible variable density flows, by switching to an approximate
and more efficient formulation of the latter. In this paper, we adapt the scheme pre-
sented in [9] for finite elements to the MAC discretization, while keeping the same
stability properties. Additionally, the discontinuity and the jumps of viscosity along
the fluid/solid interface require an accurate tracking of the surface of the particles.
To this end, we replace the discrete mass balance equation with an anti-diffusive
advection scheme introduced in [4] that is similar to the Ultra-Bee method. The
scheme is adapted to the dimension d = 3 by considering an alternate direction vari-
ant.

In the following section we introduce the notations, meshes as well as the full dis-
crete scheme. In a final section we carry out and comment on the simulation of the
fall of a rigid sphere.
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3D particulate flow modelling by a penalized pressure—correction scheme 3

2 Numerical Method

Let 0 =1ty <t <--- <ty =T be a uniform partition of the time interval [0, T].
We note 6t = T /N the time step so that #, = ndt, for n € [0,N]. The incremental
projection scheme from [9] reads,

pn+1 _ pn

L (Antlgny :
5 +V.(p"¥") =0 inQ (2a)

n+lgnt+l _ qngn
pv pv JrV.(pn+lvn-~-l®vn) 7V~(([Jn+1D(V"+1)))

ot
+V(Ep"—p") = lin Q
vt = 0on 0Q
(2b)
A= v g @
gl gkl %V(pnﬂ —p") inQ 2d)

given for any time increment 7!, We denote f( ') = "*! and we take y = minyc g po.

We aim to compute the sequence of discrete solution (v**! ¥'+! pr+l pntl) for
n > 0. For each time step, we obtain a tentative velocity v**'! by solving equation
(2b). Using the Helmholtz decomposition of L2(.Q), the substep (2c) acts as the
projection of v"*! on H={v € L*(Q), V-v=0, v- n,, = 0} to get a corrected
divergence—free velocity v**! in (2d). The advection of the density is carried out
by (2a). The specificity (and interest) of the present scheme is to replace the actual
density by the constant coefficient ¥ ; indeed, a direct adaptation of the classic incre-
mental projection scheme [8] to nonhomogeneous fluids would result in a variable
Poisson problem of the form V- ((p"*!)~1V@"+1) = 0 with Neumann boundary
conditions. For discontinuous densities with a high pyq¢/Pmin ratio, this problem
can be expensive to solve due to its ill-conditioned status.

2.1 Notations, mesh and discrete projection scheme

The domain € is discretized according to a staggered MAC mesh 9 = (.#,&) so
the scheme (2) can benefit from the infsup stability property. Let the primal grid .#
consists in a conforming structured partition of €2 using rectangular parallelepipeds
elements. The parallelepipeds will be defined as primal cells and noted K. Therefore
we have Ugc_,K = Q. We may assume that the faces of the primal cells are normal
to one vector of the standard basis of R?, denoted by (ej,...,e;). A face of the
primal cell K € .# will be noted ¢ € &(K), &(K) referring to the set of all faces of
K.
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The staggered grid is completed by defining the dual grid & as the set of all edges
of # :{ce€&K)K e A} We note & = & U Sex, Where Eip (resp. Sext) are
the edges of & that lie in the interior (resp. on the boundary) of the domain. The set
of faces that are orthogonal to the i/ unit vector e; of the canonical basis of R? is

denoted by &), for i = 1,...,d. Correspondingly we introduce éjr(]? = EunNED,
&) = €W so £ = £yl

ext — i ext-

For 0 € &y, we note ¢ = Il(n|tL for (K,L) € .#? such that K NJL = ¢ and we
associate the dual cell Dy with Dk ¢ U Dy 5, where Dk 5 (resp. Dy o) is the half-
part of K (resp. L) adjacent to 0. If 6 € &, is adjacent to the cell K, then Ds =
Dk . We can define Q from the dual mesh: Q = UgeeDg,i=1,...,d. A dual
face separating two duals cells Dy and D is denoted by € = ¢|o’. In agreement
with the staggered MAC scheme, we will define the unknowns (p, p) on the primal
grid and the i — th component of the velocity on &) in such a way that we deal
with quantities (px, px)ke.» and (Ug)geg. The grids and notations for d = 2 are
illustrated in Fig. 1.

o’ U - €2

K G,
Ds
o =K|L e=olo’
>
Pk PK
DK,G

L o =K|L

Ug - €

Fig. 1 2-dimensional representation of (.#,&)

The discretization of problem (2) begins with the discrete approximation of the
mass balance equation (2a). For K € .#, we resort in the classic way to the diver-
gence formula for the computation of (2a) integrated over the primal cell K. This
yields:

1 n
P —pp 1 n+1
Pk Pk Fpil=o,
ot K] GE§<K> foo 3)
oe@ﬁ(")

int
where F 1! refers to the mass flux across the primal face ¢ outward K. In section

2.2, we introduce the two techniques we adopt to compute FK"LI; namely the classic
upwind scheme and an antidiffusive scheme inspired by [4].
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Let us focus on the discretization of the prediction step. For 6 = K|L € éaigt), the
approximation of (2b) is obtained by integrating the i — th prediction equation over
the associated dual cell Dg. In order for the scheme to be stable and provide the
desired estimates for the unknowns, we must pay a particular attention to the dis-

cretization of the convective term in (2b):
1
|D o | Dqs

so that the discretization of the prediction step is compatible with the the discrete
mass balance. This yields an approximation of the form:

n+1, n+l1
Z Fcr?s Ug i
e€é(Dg)

((pn+lun+l _p”u")/5t+V~(p"+1un+l ®ﬁ”)) -e; dx

(pps gt — ph,us) /8t +
Do

where the values for the density on D, denoted pp, (resp. the fluxes on the dual
faces o, noted as F' ;1) are given as functions of the density on the primal cells K, L
(resp. the fluxes on the primal faces). This is achieved by averaging the discrete mass
balance over K and L to obtain a consistent mass balance equation on Ds. Therefore
we define |Dg|p}s_ = |Dk.6|p} + |Dr.c|p}- The dual fluxes Fj ;' are defined as the
average of the fluxes on matching primal faces — the primal faces with coinciding
outward normals [10, 6]. The approximation ugf' of the i — th component of the
velocity valued on the dual face € is obtained by the upwind scheme. Finally the

discrete i — th prediction step is given by

(Phg 5™ —Pouis)/Bi+ 5}, Fogup]!
Ol ect(Dg)

—(V- (D )))p, +(V2p" =" ))pe = fo+!

with |Dg |2 = |, Do f""!dx. The remaining terms are discretized in a straightfor-
ward way, with (V(2p" — p"~1))p_ approximated by (|6|/|Ds|) (@} — @& )nk o - €;,
if we note ¢" = 2p" — p"~! and define ng o as the normal to the face ¢ outward K.
For the viscous term, precautions must be taken given the discontinuous nature of
the viscosity. It comes down to the discretization of the following term:

Jap PIDW) ¢ (ne o @ €)dx

Therefore involving the value of U, the viscosity valued on the faces of Ds. We
refer to [7] for the complete approximation of the viscous term.
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2.2 Antidiffusive transport scheme for the particles

For the advection of the density we resort on one hand to the classic upwind scheme,
and on the other hand to an antidiffusive transport technique we introduce below. As
stated in the previous section, the difference in those methods primarily involves the
computation of FI?;1 in (3).

For the upwind scheme the latter is defined as FI?}',I = |olpat Vi 5 with Vg ; =

VeNg o € wheno € & (). The updated density at the face ¢ = K|L, denoted pitl

is given by:

Ps = .
pytt. otherwise

n+l _ {plyy_l’ Vll(.,o =0

However in the context of the non-homogeneous Navier—Stokes equations penalized
by the H1—penalty method, this approximation of the mass balance generates a large
numerical diffusion around the solid phase (as observed in Section 3). We replace
the diffusive upwind technique for the transport of the density with an antidiffusive
scheme (AD-scheme) based on [2, 4] and adapted to the dimension d = 3 of the
problem by considering an alternate directions variant.

Let us focus on the transport of the density by the AD—scheme in the direction
e; . For K € ./ we note py the updated value of the density on K computed from its
previous value pg. Let (K~,K*) € .#? so that the primal cells K~,K,K™ are con-
secutive and such that 6~ = K~ |K and 6+ = K|K ™ are in &), We reorder the cells
by imposing ng -+ -€; > 0 and ng ;- -€; < 0. For the time being, Let us assume that
the velocities are positive. The transport of the density in i — th direction is carried
out by:
t
e S

where ug+ (resp. us-) is the value of the i —th component of the velocity on ¢
( resp. 07). The density on the faces 6™ and 6, noted ps+ and p,-, are to be
determined. An equivalent formulation yields:

Pk = Pk + Vo (Pk = Po+) + Vo (Po— — Pk)

by defining vs+ = 8¢|0|ug+/|K| and vs- = 8t|0|us-/|K| as local Courant num-
bers. We compute the value ps+ in such a way that pg is a convex combina-
tion of pg-,pk,px+. Let us note [a,b] = [min(a,b), max(a,b)]. It then comes
down to the projection of the downwind value on 6% (pg+ in this case) on
lpk,px+1 N [Pk, Pk + (1 — Vs-)/Vs+ (Px — Px-)] using the classic minmod for-
mula. We carry out a similar process for any values of u on faces 6,0 [2]. We
extend the advection to other directions to obtain the alternate direction variant of
the AD—scheme:
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*% * 2 2 * *
pi = pi—vE (P — s @) v (s @~ pf)
)okk *% 3 *% )% 3 *k *k

pit = =Vl i —p B v (p5 ¥ — pi)

3 Numerical Test — Dropping a ball in a viscous fluid

We drop a rigid heavy sphere in a viscous fluid and observe it reach its terminal
velocity according to the principle that the drag force exerted on the particle by the
fluid as well as buoyancy balances the gravity applied to the sphere. We define the
fluid using the density and viscosity py = tir = 1. The sphere with radius r = 0.08
and density p; = 100 is falling in the rectangular domain [0, 1] x [0,1] x [0,3] to
which we applied channel-flow boundary conditions. The gravity constant applied
to the ball is g = 9.81. We take for the penalty viscosity t; = 10*. For the time step
we will be using 6 = 0.001. The spatial step & is such that & = max,— - h; = 1/50.
The initial position for the ball is (0.5,0.5, 1). In this particular test we resort to the
upwind scheme for the approximation of fluxes on the primal faces. However this
technique produced a large diffusion of the discontinuous quantities and a deforma-
bility of the particle (that is ensured by a well-advected viscosity), thus resulting in
an incorrect terminal velocity. The advection of the solid phase requires an antidif-
fusive scheme as introduced in Section 2.2, and complementing numerical tests are
on the way.

Fig. 2 State of the Velocity component in the Z-direction at times t = 0.01, = 0.02, r = 0.05,
t =0.07.

1.7e+01

ZAVeloclty component

71.26+00
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