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Convergence, error analysis and longtime behavior of the Scalar
Auxiliary Variable method for the nonlinear Schrodinger equation

Alexandre Poulain *f Katharina Schratz 8

July 6, 2021

Abstract

We carry out the convergence analysis of the Scalar Auxiliary Variable (SAV) method applied
to the nonlinear Schrodinger equation which preserves a modified Hamiltonian on the discrete
level. We derive a weak and strong convergence result, establish second-order global error bounds
and present long time error estimates on the modified Hamiltonian. In addition, we illustrate the
favorable energy conservation of the SAV method compared to classical splitting schemes in certain
applications.
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1 Introduction

We consider the Gross-Pitaevskii [25] equation (NLS) set on the d-dimensional torus
Q=T¢ = (R/27Z)? (where d < 3)

idu(t, ) = —Au(t,z) + V()u(t,z) + f (\u(t,x)|2> u(t,z), te(0,T] (1.1)

with initial conditions (0, z) = u®(z), a real-valued interaction potential V (2) and nonlinearity f(|u|*).
The Hamiltonian energy associated to equation (1.1) takes the form

H(u,7) = ;/Q (1Vul* + Vi) uf + F (juf) ) d.
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where F (|u\2) is defined by F” (|u\2) =f (\u|2> Note that the Hamiltonian H (u(t),u(t)) as well as

the probability density [Ju(t, -)||%2(Q) is preserved by the system (1.1).
In the following we will denote by &; the sum of the nonlinear and potential part of the Hamiltonian

1 2 2
& = 2/9V(at)\u| +F<|u! )dl’.

Using the decomposition u(t,x) = p(t,x) + iq(t, x), equation (1.1) can be furthermore rewritten as
the Hamiltonian system

op =—Ag+ 5
_ 5E1[t] (1.2)
g = Ap— =7,

with the associated Hamiltonian
1
Hm@=24tmﬁumﬁ+wmQW+mﬂ+FoﬁAwym (13)

In this notation, & takes the form

&= [ V@ (7 + o) + F (il la?) d.

Due to their importance in numerous applications, reaching from Bose-Einstein condensation over
nonlinear optics up to plasma physics, nonlinear Schrodinger equations are nowadays very well studied
numerically. In the last decades a large variety of different numerical schemes has been proposed |3, 2,

, 22, 23]. Thanks to their simplicity and accuracy, a popular choice thereby lies in so-called splitting
methods, where the right hand side of (1.1) is split into the linear and nonlinear part, respectively,
see, e.g., [11, 13, 7] and the references therein. The popularity of splitting methods also stems from
their structure preservation. They conserve exactly the L? norm of the solution and allow for near
energy conservation over long times, see, e.g., [17]. However, in [27] the authors show that in certain
applications splitting methods suffer from severe order reduction such as in case of non-linearities
with non-integer exponents. The latter arises for instance in context of optical dark and power law
solitons with surface plasmonic interactions [16]. As a solution to that issue, the authors proposed
in [27] a new class of low regularity exponential-type integrators for NLS. In this article we use a
different approach based on the so-called Scalar Auxiliary Variable (SAV) method which was originally
proposed to design structure-preserving numerical schemes for gradient flows [30, 31]. Very recently
it also became popular in context of Hamiltonian systems |5, 20, 14, 18]. The main advantage of the
SAV method lies in the fact that it preserves a modified Hamiltonian on the discrete level. Due to
its generality, it can be applied to a large class of equations involving any kind of nonlinearity. The
resulting numerical schemes are linearly implicit and allow for efficient calculations.

The main idea behind the SAV method is to introduce a scalar variable r(t) = /& + &, that will
become an unknown at the discrete level and where the arbitrary constant £ > 0 is used to obtain
&1+ & > 0. We must stress that one as to be very careful with the choice of the constant £.. Indeed,
it is well known that even for the cubic non-linearity, i.e. f(\p]2 , ]q[Q) =4 ‘pz + q2‘2 with 8 < 0
(focussing NLSE), the hamiltonian energy (1.3) is not bounded from below a priori. In the following



analysis, we implicit assume that it exists a constant £, such that & +&. > 0, which is often the case in
the study of Bose-Einstein condensate as pointed out by Antoine et al. [5]. In practice, we compute the
term & explicitly and therefore one can adapt the constant £, during the simulation. The system is
supplemented by an equation describing the time evolution of r(¢). In case of the nonlinear Schrédinger
equation (1.1) the continuous SAV model takes the form

dp  =-Ag+rt)a(p q),
oq = Ap—r(t)g2(p q), (1.4)
Or(t) =3 1(91(p,q). 0q) + (92(p, q), Oup)] ,

where (-, -) denotes the standard L? scalar product and

L el oL dal
GIE A St]+& dp

9(p,q) =
Associated to this SAV model we find the Hamiltonian
flp.0) = 5 [ Vo + [Vl do-+1rf?
which is conserved by the SAV model (1.4). In the following, we assume that for i = 1,2

g ) < ((pl+ 1)’ +1) . o0 <€ (ol +1a)* +1), (1.5)
for some 3,3 > 0.

Remark 1.1 In this paper, we focus on the Gross-pitaevskii equation under the form (1.1). FEven
though the choice of the nonlinearity and, therefore, the precise form of £1, depends on the structure of
the considered Schrodinger equation, we highlight that the SAV scheme is, in its design, general enough
to work for a large number of applications. Indeed, as long as there exists a constant &. such that
for all times t > 0 it holds that & + &, > 0 we can apply the SAV method. Therefore, modifications
such as the effect of dipole-dipole interactions, rotating GPE (see Antoine et al. [5]), or even time
dependent potentials V.=V (t,z) can be taken into account. For an extensive overview on applications
and generalisations of the nonlinear Schridinger equation, we refer the interested reader to the review
article of Bao and Cai [S] and the references therein.

Following the works of Antoine et al. [5] and Fu et al. [20], we analyze a fully discrete SAV scheme
for the nonlinear Schrédinger equation (1.1) based on a Crank-Nicholson time discretization of the NLS
SAV model (1.4) coupled with a pseudo-spectral discretization for the spatial discretization. Energy
conservation properties of the SAV method for nonlinear Schréodinger equations were recently derived
in [5, 20] and their convergence was extensively tested numerically. ~ Very recently, Feng et al. [15]
use the SAV method to design arbitrary high order space-time finite element scheme for the nonlinear
Schrédinger equation. While their method uses a finite element discretization in space, we propose
in this work to use a Fourier pseudospectral discretization. The main contribution of this article
lies in establishing global error estimates on the fully discrete Fourier-PseudoSpectral Crank-Nicholson
NLS SAV scheme (CN-SAV-SP in short). More precisely, we derive weak and strong convergence



and prove second order error estimates for the fully discrete scheme. Our theoretical convergence
analysis is inspired by the analysis of the SAV method in the context of gradient flows [29]. We
underline our convergence results with numerical experiments and compare the SAV scheme with
classical splitting methods. Our numerical findings suggest that in certain cases, such as in case of
non-linearities involving a non-integer exponent, the SAV scheme preserves its second order energy
conservation property while classical splitting methods suffer from sever order reduction. We also
conduct numerical experiments showing that the SAV scheme is able to compute correctly ground
states of Bose-Einstein condensates.

Outline of the paper. In the first part of the paper, we carry out a fully discrete error analysis of
the SAV scheme and establish second order convergence estimates, see Theorem 5.4. Our theoretical
convergence results are then numerically underlined in the second part of the paper, see Section 6.

Notations. Let LP(Q), W™P(Q) with H™(2) = W™2(Q), where 1 < p < +0o and m € N, denote
the standard Lebesgue and Sobolev spaces equipped with the corresponding norms || - || p, || - ||m and
semi-norms | - [;,p, | - [m. We also denote by H)*(Q2) the subset of H™ () that consists of 2m-periodic
functions that are in H™(€2). We denote by L” (0,7; V') the Bochner spaces i.e. the spaces with values

in Sobolev spaces [1|. The norm in these spaces is defined for all Bochner measurable functions n by
T 1/p
171l o o,7v) = (/ 1y, dt> s Ml = ess sup nfly -
0 te(0,T)

The standard L? inner product is denoted by (-, -)q and the duality pairing between (H! (Q))/ = H Q)
and H(Q) by < -,- >q. The dual space H~1(Q) is endowed with the norm

Il -1y = sup {<d,n>a, [nllf <1}
neH(Q)

Remark 1.2 FEven though our model problem (1.1) is equipped with periodic boundary conditions, our
analysis holds for homogeneous Dirichlet or Neumann boundary conditions.

2 Numerical scheme

2.1 Time and space discretisation of the SAV model

We use a standard Fourier pseudospectral method |15, 19, 2] for the spatial discretization of the SAV
model (1.4). We refer the reader to the book of Trefethen [32] for details of the implementation of such
scheme in MATLAB. We emphasize that our paper presents numerical simulation in dimension d = 1.
However, the method can be adapted to higher dimensions. Our convergence and error analysis holds
in dimensions 1 < d < 3.

Thereby, for the sake of clarity, we here give the details of the space discretization for d = 1. We
denote by Xy the space spanned by the trigonometric functions up to degree N/2

Xy :=span{e*/L: —N/2 <k < N/2-1}.

For the time discretisation of the SAV system (1.4) we apply a Crank-Nicholson discretisation with
time step 7 such that t* = k7 for k € N. At each grid point we thereby approximate the time derivative



w(thF 1l z) — u(th, )

T

dpu(ti x) ~

Let us give the details of the approximation in dimension d = 1, where the domain is defined by
Q = [—, 7] with a mesh size h. In this case the collocation points are z, = 2t% where a € B with

B {-=P,...,P—1} if N =2P iseven,
" {=P,...,P} if N=2P+1 isodd.

We denote by U¥(x,) the approximation of u(t*,z,). The Fourier pseudo-spectral discretization is
given by

Uk (xq) = Z QI; exp (2irap/N)
peB

with the Fourier coefficients defined by

N 1 .
u]; =N Z U* () exp (—2imbp/N) .
beB

We approximate the Laplacian by the Fourier differentiation matrix D®@ which for 73,0=0,...,N—1

takes the form
1 . (_1)j+l+1 . .
(D<2>> B z(—l)J“NJFW? if j#I
i (-2
12

, otherwise.

However, to avoid the need to use the symmetric matrix D®) in the previous form and gain in
computational time, it can be preferable to use the method proposed in [5] that uses the fact that the
previous differentiation matrix is diagonal in Fourier space. Therefore, inverting this matrix has a very
low cost. In our work, since we use the Hamiltonian system (1.2) to analyze the properties of the SAV
scheme we will use the previously defined differentiation matrix D®).

For the IV collocation points x,, we define the interpolation operation Iy by

(Ivu)(z) =Y e ™IV,

pEB

We have the following interpolation error (see Section 5.8.1 in [15]):

Lemma 2.1 (Interpolation error) For any u € C(0,T; H)'(Q2) with d < 3, we have

Iy —ull g )y < CNT™ Jul, . 0<T<m,
|l InOu — atUHH;(Q)) < ON"=™10wl, , 0<I<m.

5



2.2 The fully discrete SAV scheme

Applying the time discretization described in the previous section, for k = 0 — Np, the semi-discrete
model of (1.4) reads

P —p” — _Aqk+1/2 + Tk+1/2§’f+1/2,
—q — Apk+1/2 _ rk+1/2g§+1/27 (2.1)

—
~k+1/2 k+1/2
phtl gk =1 [(gl / g 7qk> 4 (92 / phH 7pk>] ,

where ¢Ft1/2 = (qﬁk*l + ¢k) /2 and ng/Q is a second order extrapolation of ¢; at time ¢t = ¢tFT1/2,

Denoting by capital letters the vectors of unknowns P*, QF that are approximations at each collo-
cation nodes of the continuous (in space) unknowns p¥, ¢*, the fully discrete space-time scheme then
takes the form

Pk+1;Pk — _D@Qk+1/2 Rk+1/2é’1€+1/27

Q’““T—Q’c — D@ pk+1/2 _ Rk+1/2é§+1/2’ (2.2)
~k+1/2 ~k+1/2

S I % [(G1 / QR Qk) + (G2 / | PkH1 _ Pk)] :

where él, CNJQ are the vectors associated to the functions g; and gs.

Let us now present two algorithms for the efficient solution of the fully discrete SAV system (2.2).
The two methods are equivalent and reduce the problem to the solving of two linear systems that
involves only real variables.

Algorithm 1

The algorithm below was originally proposed for solving the fully discrete SAV system arising in
gradient flows [30].

Let us give the procedure on how to solve the system (2.2). First, we need to replace r*+1 in the
first two equations using the third equation. This yields that

(PF+1— pF) = _7D® (Qk+12+Qk) g (,,,k +1 |:(GJ;+1/2’Q]§+1 _ Qk) n <é§+l/2,Pk+1 _ Pk)]) Ghre,
(Q¥1 - Q¥) =D (Pk+12_pk) . (rk 41 [(élfﬂﬂanH B Qk) n (él§+1/2’Pk+1 B Pk)D é’;’“/Q,

k Ak+1/2 ~k+1/2
gk _ (Pk> GhH2 CS% o | BEY2 = —31 o |
Q Grtt/ Ghtl/

This allows us to rewrite the system into a matrix form

Next we set

AZFL 4 % <ék+1/2’ Zk:-i—l) B2 — ok, (2.3)
where
A [ I ;D(ﬂ nd O — < I —;D(2)> Zk _ ek phe1/2 T <Gk+1/2 Zk) BE+1/2
—%D@) I ’ %D(2) T 4 ) )



with I the identity matrix. Multiplying (2.3) by A~ and taking the discrete inner product with
GF+1/2 we finally obtain

<ék+1/27Aflck>

145 (GRey/2, am1pie2)

(ék+1/2’ Zk+1> _ (2.4)

Then, knowing (ékH/Q, ZkH), ZM 1 is computed using (2.3) and r**1 is calculated from the third

equation of (2.2). Therefore, solving the fully discrete SAV model (2.2) reduces to solving the linear
system constituted by the equations (2.4) and (2.3).
Algorithm 2

Below we describe a second algorithm recently proposed in [5] for the numerical solution of the fully
discrete NLS SAV scheme (2.2). Rewriting the scheme in its matrix form we have

Zk+1_zk — _Jzk+t1/2 _ L k+1/2 Bk+1/2
7 R e 2.5
{Tk+1 k= % [(Gllﬁ‘l/z’QkJrl _ Qk) T (G§+1/27Pk+1 _ Pk)] 7 (2.5)
where @)
0 D
Using the decomposition
ZEH2 = ghHU/2 4 kb2 gkt )2 (2.6)
and adding %Z ¥ on both sides of the first equation of (2.5), we furthermore obtain that
2 2 ~
= [Zk+1/2 + Tk+1/2Z§+1/2} _ ;Zk _J [Zf+1/2 n Tk+1/2Z§+1/2] _ k12 gR41/2. (2.7)

Applying the same decomposition to the second equation of (2.5) and adding 2r* on both sides, we

get
2rh /2 = oph o (G2 2P k2 2| k) (28)

Hence, denoting by I the identity matrix, we first solve the equation (2.7) using the system

{ (21 +J] 2P = 27k

Then we compute r#t1/2 by solving equation (2.8) which yields that
2k 4 (G412, 2172 )

PAHL/2
9 _ (ék+1/27 Z;'""l/?)

From the decomposition (2.6) we get Z*¥+1/2 from which we compute Z¥*1 and r#+1,



Remark 2.2 Since in practice the computation and storage of the invert of a non-diagonal matriz has
to be avoided, Algorithm 2 is a preferable choice. Indeed, the main step in Algorithm 2 lies in solving
two decoupled linear equations (2.9). To do so, standard tools of linear systems can be applied such as
matriz-free preconditioned Krylov solvers. We refer to Appendixz C in [25] for a description of iterative
solvers of linear system and preconditioning.

Even though the previous remark already highlights the main advantage of Algorithm 2, we emphasize
that the inversion of the main matrix in Algorithm 1 can be carried out efficiently.

Remark 2.3 Referring to [70], we remark that the inversion of the matriz A in the first algorithm and
the matrix [% + J] in the second Algorithm can be carried out efficiently using the Sherman-Morrison-
Woodbury formula [21]

(A 4 UvT)—l — A—l o A—lU(I + VTA_lU)_lvTA_l,
where A is an xn and U,V are n x k matrices, and I is the k x k identity matriz.

Remark 2.4 Referring to [20], a fast solver for solving the linear system (2.3) (in Algorithm 1)
and (2.9) (in Algorithm 2) exists. It uses the fact that the differentiation matriz D® can be decom-
posed into D = F~IAF where F and F~' are the corresponding matrices for the discrete Fourier
transformation and A is a diagonal matriz with eigenvalues of D) as its entries. Therefore, the matriz
A from Equation (2.3) admits the decomposition

A=F'MF, with M= [ I 2A} .

—IA T

We note that a similar decomposition exists for the matrix [%I + J] in equation (2.9). Thanks to the
above decomposition, the inverse of the matrix A can be computed explicitly in an efficient manner
since

(I + A2 0

AY=F'M'F, and M'=MT >
0 I+ A%

)

where (I + %AQ) is a diagonal matriz, such that its inverse is fast to compute.

3 Conservation properties and inequalities

In this section we outline the conserved quantities of the SAV method. It is well known that due to
its design the SAV scheme preserves a modified version of the underlying Hamiltonian. In addition,
to the conservation of energy, there is a wide variety of properties in the continuous equation which
is feasible to preserve also on the numerical (discrete) level, we refer to Bao and Cai [3] as well as
Antoine et al. |2]: i) time-reversibility or symmetry, i.e. the system is unchanged when 7 — —7, i)
gauge-invariance, i.e. if the potential V' is changed such that V' — V 4+ a with « a real constant then
the density |u|? remains unchanged, 4ii) conservation of mass, i.e. [u(@)l 12) = [[w(0)]| 12(q). and the
Hamiltonian energy, i.e. H(t) = H(0), iv) preservation of the dispersion relation
2
wk) = "4 5P,



for the plane wave solutions u(t, z) = Aek*=wt,

Proving analytically that the SAV scheme for the NLS equation meets the points i) and iv) (over long
time scales) is up to our knowledge not possible with current techniques. However, the other points can
be verified for a large number of nonlinearities. Here, we briefly recall the proofs of the conservation
properties and refer to [20, 5|, where they have been first set in context of nonlinear Schrodinger
equations and our Theorems 3.1 and 3.2 are found by a combination of the results from [20] and [5].

Theorem 3.1 (Conservation of the modified discrete energy) The scheme (2.1) is associated
to the discrete modified Hamiltonian

it = ([ o) e (31)
and conserves the modified Hamiltonian energy through time i.e.
HM = [, (3.2)

Proof. Taking the inner product with Q*+! — QF for the first equation of (2.2) and for the second
with — (PkJrl — Pk), then summing the results we get

<‘Qk+1‘ ‘Qk‘ )sz—&-l’ ‘Pk‘> 2 (G2 QR QF) 4 (G572, PRt - )]

where |-|; = ||V-||, is the H'—seminorm. Then, multiplying the third equation of (2.2) by 2RF+1/2
and using the result in the previous equation, we obtain

(’Qk+1’ ’Qk‘ +’Pk+1’ ‘Pk‘> <‘rk+1’2_‘rk‘2>7

from which we can conclude both (3.1) and (3.2). O
The SAV scheme also preserves the mass up to an error of order O(73), where the latter error is
introduced by the second-order extrapolation.

Theorem 3.2 (Conservation of the L? norm) The scheme (1.4) conserves the L?> norm of the
solution up to an order O(73) i.e.

o], = o + o, 33

with U* = P* +iQF.

Proof. Taking the inner product of first equation of (2.2) with 2P%+1/2  the second equation with
2Q%+1/2 and summing the two we get

i(HPmlH HP’“H + HQk+1H HQkH > —2rk+1/z( <G§+1/2’Qk+1/2) n (éllf+1/2’Pk+1/2)>'

k+1/2

k+1 .
Since G /2 is a second-order approximation of G, , We can write

(o) - ) s () s



Then, we find that

Gk+1/2 _ 1 &, (Pk+1/2, Qk+1/2)
! \/51 (PEHL/2, Qk+1/2) 4 &, oQk+1/2

7 ’Qk+1/2‘2> Qk+1/2,

_ V($)Qk+1/2 ¥ f <’Pk+1/2’2

and

Gk+1/2 _ 1 O, (Pk+1/27 Qk+1/2)
2 \/51 (PkH/Q?QkH/Q) Y e HPk+1/2

’Qk+1/2’2> pht1/2

— V($)Pk+1/2 _|_ f (’Pk+1/2‘2

from which we easily obtain

_ (G§+1/2,Qk+1/2) 4 (G§+1/27Pk+1/2) —0.

Consequently, we obtain (3.3). 0O
To derive H?-bound for the solution of the SAV scheme, we use the following proposition. The proof
of this technical result can be found in Lemma 2.3 in [29].

Proposition 3.3 (Bound for

VG?H/ZHO) Assume that the functions g; (i=1,2) satisfy (1.5) and
let |Ully £ M for some constant M > 0. Then there exists 0 < o < 1 such that

za> . (3.4)

|vei|| < con <1 + | vars] 4 [vagHy:

We have the following result on the H2-norm of P¥t1/2 and QF+1/2,

Proposition 3.4 (H?-bound on the numerical solution) The solution {P**1 Q*+1} of (2.1) sat-
isfies

s AP ag | <o AP + ael;. 5)

Proof. First, we multiply the first equation of (2.1) by A%(Q*+1/2), the second equation by
AZ(P’““/ 2) and integrate over Q. Then, by summing the two, we obtain, after integration by parts,
that

HVAQHMHZ n HVAPHWHE _ <rk+1/2VC~},f+;,VAQk+1/2)> n (Tk+1/2vé§+§7vAPk+1/2) '

From the conservation of the modified Hamiltonian (3.1)—(3.2) and assuming a finite initial Hamilto-
nian, we have

<rk+1/2véf+§7 VAQk+1/2> n (Tk+1/2vé’2€+§ 7 vAPkJrl/Z)

S (Jret [+ e« o
0 0

2 2
n HVAP’““/QH .
0 0

10



Then, from the result of Proposition 3.3, for any ¢ > 0, we have

e 1]l? gl
Hve’f+2 +HVG’§+2

< HVAQ’““/?HZ +e HVAP’““/QHQ +C(e).
0 0 0 0

Therefore, combining the two previous inequalities, we obtain
k+1/2]| k+1/2]?
HVAQ Y Ho * HVAP Y Ho =G (36)

Secondly, by multiplying the first equation of (2.1) with A2(P*+1/2) the second equation with A2(QF+1/2),
integrating over (2, and summing the two, we obtain after integration by parts that

2 2 2 2
arst] = flapt], + aet], - laet|
0 0 0 0
_ opktd <vélle+§7vAQk+1/2> _ okt <vé§+é,VAPk“/2> '
Then, combining the result of Proposition 3.3 and the inequality (3.6), we have
k+1 2 k 2 k+1 2 k 2
arst] = flart],+ a2, - laet] < 7.
0 0 0 0
and summing from k£ = 0 — Np, we obtain (3.5). 0

Remark 3.5 From the fact that H*(Q) C L>®(Q) for d < 3, we can conclude from the previous
proposition that fork=1,... Np — 1,

Pk+1H H k+1H <C. 37
H L°°+ Q Lo ( )

Next, we present the stability inequality that will be useful in the convergence analysis.
Proposition 3.6 (Stability inequality) The solution of (2.1) satisfies the stability inequality

Np—1 2

2 2
Pk+1H H k+1H 2
max [H . + [|@ . + 7 kzo

Pk-l—l _ Pk
k=0,....Np—1 H < C(r,H, Np).
=Yy NT —

T

2
N Qk-i—l _ Qk
0 T

0
(3.8)

Proof. Multiplying the first equation with 27P*+1 integrating over Q and using 2(a — b)a =
a? — b% + (a — b)?, we obtain

2

Pk:+1 _ Pk 2 - ht1/2
—.- HPkHo — 27 (vcz’“*l/z,vp’f“) T (G1 / ,Pk“) .

Hpk+1H2 42
0 T

Using the Cauchy-Schwartz inequality and (3.1)—(3.2), we obtain

~2r (V@12 VP < o7 V|| P < drmt.

11



Then, from the conservation of the Hamiltonian (3.1)-(3.2), and the conservation of the L?-norm of
the solution (3.3), we obtain using the Cauchy-Schwartz inequality

(@) ze (6 ) el o

Since from Proposition 3.4 and (3.7), we have that HG?H/QHO < C with i = 1,2, for a large number of

nonlinearities. Therefore, combining the previous inequalities for the right-hand side of (3), we obtain

pk+l _ pk 2

e
0 T

2
< Ct+ HP’“H )
0

0

The same can be found for the second equation by repeating the same calculations. Summing for
k=0— Nr—1, we find (3.8). O

4 Convergence analysis

4.1 Notations

To study the convergence of the scheme, we introduce the following notation: For k =0,..., Np — 1

we set
t—t*
Ut,x) = ——U""" 4+

T T

e k k1
—U", te(t,t ],

and
oU Uk-i—l o Uk vk
= te (tF T
ot T €t )
We also define
Ut .=uktt, U .=U*
and
ou ou
ot’ ot

In addition, we take analogous definitions for P and @: For £ =0,..., K7 — 1 we set

U—UT = (t —tht1) U-—U =(t—1th te (tF "], k>o.

=t e T =t k k41
P(t,z):= ——P""" + ———P%  te (t"t"],
T T
oP Pk+1 _Pk
— = te (th ),
ot T

pt .= pktl p=.= pk

and
oP

—— te (et k>o.
8t ( b ]7 -

P
P— Pt = (t—tkﬂ)aat, and P— P~ =(t—t"

12



4.2 Convergence theorem

Now we are in the position to establish time convergence for the semi discrete SAV scheme (2.1).

Theorem 4.1 (Convergence) Let {p,q} be a pair of functions such that

p(t,x) € L2 ([0, T); HY()) N H' ([0, T); (H'(2))’
q(t,x) € L2 ([0, T}; HY(Q)) NV H' ([0, T]; (H'())’

Then for T — 0 we can extract a subsequence of solutions of (2.1), such that

P,P* —p strongly in L? ([0, T7; LQ(Q)) , (4.1)
Q,Q* — ¢ strongly in L? ([0, T); L*(2)) , (4.2)
P,P* —~p weakly in L*([0,T]; H'()), (4.3)
Q,QF — ¢ weakly in L* ([0, T7; HI(Q)) , (4.4)
oP 0 /
B 8—]; weakly in  L* ([O,T]; (HI(Q)) ) , (4.5)
d 0 /
8—? — a—z weakly in  L* ([O,T]; (HI(Q)) ) , (4.6)
PR () = VE] + & weak-star in L (0,T). (4.7)

The limit {p, q} satisfies the nonlinear Schrodinger model (1.2) in the following weak sense

fOT<at’77>dt —fo fQVqVU+(V( )q-l-M)ndxdt

fo < t’77> dt —fo fQ —VpVn — (V( )p+ M)T}d$dt, (4.8)

for allm € L* ([0, T]; H*()).

Proof.

Step 1: Weak and strong convergences.  First, the weak convergences (4.3), (4.4), (4.5) and (4.6)
follow from the assumption that the initial Hamiltonian energy is bounded and the stability inequal-
ity (3.8).

Then, the weak-star convergence (4.7) also holds true by the conservation of the modified Hamiltonian
and the boundedness of the initial state.

From the compact embedding H'(Q) C L*(Q) = (L? (Q))/, we can apply the Lions-Aubin Lemma [20]
to find both convergences (4.1) and (4.2).

Step 2: Limit system. Let us work on the first equation of the discrete system. We use a test
function n € L? ([O,T I, H 1(Q)) and analyze the convergence of the terms separately. First, from the
weak convergence (4.4), we have

/ / (Q++Q >V77dxdt—>/0T/QVandmdt.
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Secondly, from the fact that C;”f“/ 2 is a second-order approximation of Glfﬂ/ 2, we have

T T T
[ [roeastyaa= [ [ marait i [ ] Frowdra
0 Q 0 Q 0 Q

From the inequality
2

}gl(Uk+l/2) _ 81(“)’ <C HUk+1/2‘

Ly(Q)’
and the fact that
PT.QF —~p,q weak-star in L™ (O,T; Hl(Q)) ,

which follows from the conservation of both the Hamiltonian energy and the L? norm, we have
E(UF2Y ~ g(u) weak-star in L™ (0,T).

sert1/2 seb/z o .
The same holds true for —; and —; using similar arguments. Then, using also the strong

convergences (4.1) and (4.2), together with the weak-star convergence (4.7), we obtain

T T T
/ /rk+1/2Glf+l/2nd$dt+/ /rk+1/20(72)ndxdt—>/ /r(t)gl(t)ndl‘dt-
0 Q 0 9 0 Q

Finally, for any n € H*([0,T]); H'(2)), by integration by parts we have

[ (2 a)a= [ (P2 aes p@.nm) - po)n0).

Hence, from the regularity of n and the convergence (4.1) , we obtain

T 877 T 877 1 )
P, — ) dt— p,— | dt as 7—0 and Vne H ([0,7];H (Q)).
0 ot 0 ot

Gathering the previous convergences, we have
)0®) = 0O.n) ~ [ (n57) ae= [ [ Gavn+ (vio+ FED ) i
0 ot 0o Jo dq

Since Vg + (V(:c)q + %{?Iqﬁ)) € L?(2) which follow from the conservation of the Hamiltonian en-

ergy, we know that p € H* ([0, 7]; H(Q2)). Finally, we find the first equation of the limit system (4.8)
and the same arguments can be applied to the second equation. This yields the result.

O

5 Error analysis

In this section we analyse the difference between the exact and modified Hamiltonian, and establish a
bound on

H[p(t"),q(t")] - H[P*,Q"]|.
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In addition we prove second-order convergence of the fully discrete SAV scheme (2.2) approximating
the solution of the nonlinear Schrédinger equation (1.1). We introduce the following notation to study
the error
ey = by + o, (5.1)
where
05 =Uk— (INu)(tk,$), pq’j = (INU)(tk,x) — u(tk,:p).

For our convergence result we assume that the solution u of (1.1) is sufficiently smooth satisfying

10seeuul| oo (0,111 () + 1ll oo 0,712 (02)) < C- (5.2)

We define the different truncation errors by

k1 k
k41 u —Uu 1

L% = =gy — (™),

il k1, k

THEE bt (i) = % (i),

We commence with two important lemma that will be useful in the global error analysis.

Lemma 5.1 (Boundedness of nonlinear functions) If (p,q) is a solution of (1.4) satisfying (5.2),
we have fori=1,2

9y
op

0gi

<C.
7aq C

g
" | Opdq

32%
9y 8p2

82%
9 8q2

Proof.  This result is found by a combination of the fact that u € L>(0,T; H%(Q)), Remark 3.7,
and assumption (1.5).

Remark 5.2 From Lemma 5.1, and the hypothesis (5.2), we know that

Ouer] < C (10wepl2 + 103
We have the following Lemma on the norm of the truncation errors (see Lemma 4.7 in [33] for example).

Lemma 5.3 (Truncation errors) For a = —1,0,1,2, we have

krd]]? v 2
[ e [ ol s
He () tk

—— o 2
Hmﬁ <7 [ 106 o 1
He(Q) th

Theorem 5.4 (Error analysis) Assume that the solution of (1.2) satisfies (5.2) with initial con-
dition u® € H?(Q). Then the discrete solution { P Q1Y of the fully discrete SAV scheme (2.2)
satisfies the error estimate

1 w1])? | 1 k1?2 |k
iHVeq H0+5Hvep Ho+ ©r

where the constant C depends on the smoothness of the solution (5.2).

‘ 2

< Cexp ([1 —Cr)! tkH) (t*+ N7,
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Proof.
Step 1: Error equations. We begin by evaluating the model (1.4) at time t5+1/2
Op(EH12) = —Aq(t+1/2) 4+ r(tH1/2)g, (¢41/2),
Duqt+112) = Ap(tFH1/2) — p(tFH1/2)gy(#H41/2),
GE2) = (g (), () + (gt 2), 0p( )]

Subtracting the above equations from (2.2) yields

F+1_ gk _ .
DTyt A (TR 4 RERGET —r2), (112,
i e _ (™2 4 T 1) = RGN g (@i,
e’ﬁ“—el? k4+1/2 k+1/2 Qk+1_Qk ~k+1/2 pk+l_pk .
SRR N _%[(G / M)Jr(% /2, BEH_p
(91 tk+1/2 a q(tk+1/2)) (QQ(tk+1/2),8tp(tk+1/2)) ] .
We introduce the error il kel
g:’l_ /2 _ =Gt +1/ —q (tk+1/2).
The rightmost terms of the two first equations of (5.3) can be replaced by
Rk+1/2éll€+1/2 B r(tkH/Q)gl (tk+1/2) _ éllc+1/2 (6§+1/2 +Tf+1/2) + r(tk+1/2)€’;’+11/2, (5.4)
and
Rk+1/zél2c+1/2 B T(tk+1/2)92(tk+1/2) _ él2c+1/2 (6$+1/2 +T’:H/2) + T(tkﬂ/z)@l;;m' (5.5)
Similarly, we have
1 Qk+1 Qk
5 KG’”I/Q, - ) — (gl(tk“”),atq(tk“/Q))]
5.6)
1 3 bl _ ok (
= (G’fH/Q, a7 - 14 ThH/2 ) 4 (esjm,&q(tk“/z)) ,
nd 1[( ~jt1j2 PP —P* kt1/2 k+1/2
3 Gy ,— | — (92(75 ), Osp(t )>
i (5.7)

k+1 k
~ki1/2 € —e
<G2+/’p P

T

+T§+1/2> X (6551/278tp(tk+1/2))] .
), and (5.7) into (5.3), we thus obtain
_A (elgﬂ/z +TI;+1/2) 4 G11c+1/2 (€§+1/2 +Tk+1/2) n r(tk+1/2)e§jl/2,
k+1 _ ~
~Cq T,fﬂ/Q — A <6k+1/2 i Tk+1/2> _ Gk+1/2 <e7lf+1/2 n Tlc+1/2> _ r(tk+1/2)elg€74gl/2

k ekl _ek k k
[(G +1/27 a _ €q —€q + T, +1/2> i ( gtl/Q atq(tkH/Q))

Plugging (5.4), (5.5),(5.

k+1_ ek

€p P _|_ Tk+1/2

2

)
k+l_ek k+1/2
er 6T+Tr+/

T

k+1_ k

1
2
N (élg 12 < o JrTk+1/2> N ( k+1/2 ap(tkﬂ/z))]
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Using the decomposition of the error (5.1), we furthermore obtain

9k+179k 0k+1 Qk k+1_ K —k ~ —k+1/2

bl % 4 A <+> _ u _A (pl;+1/2 +Tq+1/2) +G11€+1/2 (6113+1/2 +TT+ / )
. (tkH/Q) k+1/2 _ Tzic+1/2

k+1_ gk k+1_ gk _ — ~ —

/YN <9p 2+9p> _ et +A( k+1/2 +T1;+1/2) _ gk (€§+1/2 —|—Tf+1/2)

_T.(tk+1/2) l;+1/2 Tk+1/2 (5.8)

[(G’“*”Q, a’oe +Tk+1/2> + ( ’““/2,6,:(1(#““/2))

k+1
>

kol

—e

n TfH/Q

g 1
k+1_ k

1
2
N <Gk+l/2, 5 =c +Tk+l/2> N ( k+1/2 8p(tk+1/2)>]

Step 2. Error estimate formula. We use the following notations to make the results more compact

9k+1 _ Gk
1pk+1 _ 7P p 1pk+1 _ pk+1 _ pk
Dl =P, Dlegtt=ept 6.

Taking the inner product of the first equation of the system (5.8) with —D19’q“+1 and the second with
Dlﬁgﬂ, and summing the results, we also have,

D1 Hv9k+1H 4 Dl Hv9k+1H ( $p1;+17 10k+1) _ (Diplg-i-l’ 191;+1>
(V k+1/2 g 9k+1> B (vpk+1/2 VDlel;H)
(v Th/2 VD19§+1) (VTK+1/2 VD19§+1)
( llf+1/2 ( k+1/2 +T7]f+1/2) ,Dlelqu) (5.9)
( l; 1/2 (ek+1/2 +T’:+1/2> ,DIG’;“)
(r tk+1/2 kjl/2 _ T§+1/27D19§+1)
- (n

Pt T, Dok

k+1/2

Multiplying the third equation of (5.8) by 27e, , we have

2 ~
Dl 61:+1) TRk t1/2 Tel;:+1/2[ (Glf+1/27 Diplg—f—l 4 Tf“/z)

4 (él2€+1/27Diplg+l +T§+1/2> 1 (el;jl/Z’atq(thrlﬂ)) 4 ( 5;1/2’8tp(tk+1/2))] (5.10)

= h+l/2 [(éllc+1/2’D19§+1> + <@§+1/2,D19£+1)} '
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Using (5.10) in (5.9), we have
2 [ver], g oo+ 2t e
— (Dol DY) — (Dhok ™, DY)
B (V <pk+1/2 +T’;+1/2) ,VD19§+1) B (V (pl;+1/2 +T’;+l/2> ,VDW;;H)
Tk+1/2 [<éif+1/2’D19;;+1> n (é§+1/2,Dlelg+1)]
_ 27Tf“/26,’f“/2 4 7_67If+1/2[ (ék+1/2, D1p1;+1 i qu+1/2>
i <C~}§H/2,Dip];+l +T§+1/2> i ( lgftl/2vatq(tk+1/2)) 4 < §§1/2,6tp(tk+1/2))}
_ (r(tk+1/2)€l;jl/2 _ T]f“/Q,DlG’;“)
- (T(tk+1/2)6§21/2 + T§+1/2’D19£+1) '

Step 3. Inequalities for the terms on the right-hand side of (5.11).
Now, we bound the right-hand side of (5.11). Using Lemma 2.1, Lemma 5.3 and Young’s inequality
we have

(5.11)

1 2 1 2
(Dho Do) < a D |+ 5 Pk < v g oo

1 2 1 2
_D k-‘rl D gk-i-l) <4 HDI k—l—lH - HDlek-i-lH < CN_6 - HDlek—‘rIH )
- i et PR N P MET R
Then, from Theorem (3.1), we have

_ <Vpk+1/27VD10k+1> _ (vpk+1/27VD1915+1)
< (v [woras |+ oot [opra )

<CN™*,

and

k+1/2 K+1/2

(VT VDlek“) (VT VDle’f“)
2
< (omsn [ ontop |+ fomc e [opras )

SC’T,

For the rest of the terms on the right-hand side of (5.11), we use Lemma 5.3, and Proposition 3.6
together with Lemma 5.1, and Remark 5.2, to obtain

Tk+1/2 [(ékﬂ/z’DméﬁH) n (él§+1/2’D191;+1)}
L (e + e ) + 56 (P oo+ e,
<4|T; ‘ (HGl e ) g e et (5.12)

1 2 2
e H 1 k+1H H 1 k+1H
CT+16(D9q e ).
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2

)

k

Cr

_QTTT’f'i‘l/Zef‘H/Q <Cr (HTZH-IMHE 4

2
e,’f“’ +‘e1’f‘ ) <Cr° 47

k+1‘ g

T€7If+1/2 (élfﬂﬂaDiP’qu 4 T§+1/2)

- 2 2 2 2
< Tl (oot |l oo e+ )
)
T k+1/2 1 k+1 k+1/2 2
<7)es HOPMPH+H% 2L+

<or(ne ot

k

€r

2
<CTt <N_6+T4+ ‘ef"’l‘ +

Tel;—l-l/z (Gk+1/2’ Dql_pk—i-l i T;—&—I/Z)

k

r

2
k+1
e

2)
k
r

k+1’ i

e

7_61;;+1/2 ( Igc+1/2 tk+1/2)) i ( lgf—gl/Q’atp(tk—f—l/Q))]
S (G e
;Hap (th+1/2) H <H k+1/2H k+1‘ ek 2>
<o (e e e+ ).

and
( / / - 1k) / 5 D Hk ) - ( ( / )67,2 / + pk / ) D epk )

<dlr t’“““\ (s s e )

(o oo ) o

<o (el [ o) + 5 (oo o+ loar )

Step 4. Estimating the terms in the inequalities (5.12)—(5.13). First, we aim to emiminate the terms
| Do+ ||(2) and || D'+ Hi in the above inequalities. Taking the inner product of the first equation of
(5.8) with 2765+!, we obtain

(Dioptt 2rg5t 1) = 27 (VORHY2, WostY) — 2r (DL 0541 ) 42 (V (o2 + T, waptt)
e (ef+1/2 n Tl:+1/2) (élfH/Qa 0§+1> 4 or (T(tk+1/2)654{1/2 k2, 915+1> .

Knowing that

2
1gk+1 k+1 19k+1
(o) [
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we have

2Py
+ 27 (ef+1/2 + Terl/Z) (élfH/Q, 0§+1) + 27 (7“(tl{“‘H/Q)e];jl/2 — T§+1/2, 95“) )

HDle’;HHz < 2r (Vo512 V05tt) < o7 DLkt o) 2 (V (b2 4 T, ) ekt

(5.14)
Let us bound the terms on the right-hand side of (5.14). Using Lemma 2.1 we find that

2 2
2r (VORHY2, vkt ) < 7 (Hvef;“H + |[ver| + | vert
0 0

H

2r (V (b2 4 T, %) ot ) < 7 <0N—4 + o7t 4 || vekt

2 2 2
27 (DLt 05t < 7 (HD%“H ot Hve’;“HO) <r (N—6+ Vol ) ,

2
k+1/2 k+1/2
27 (r(tk“ﬂ)eg’l /2 T;““/?,e,’;“) <7 (C Hng / HO +rt+C|vept!

where we have used the Poincaré inequality to obtain the last inequality. Plugging the previous
inequalities into (5.14), we obtain

2 2 2 2 2
Dok " < - ([Iwort|” + |wer || + on— + crt + o||F2|] + o ||[weor+t ) . (5.15)
? o a | g 9t o P lo

Similarly, taking the inner product of the second equation of (5.8) with 27.91(;+1 and repeating the
same steps as before, we obtain

2 2 2 2 2
DU < 7 ([ Wor| + | Vor||  + oNTt 1 ot 4 o || + o[ veEt| ) (5.16)
q 0 p 0 Pl 9,2 0 q 0

2 2
Step 5. Estimating Hel;jl/QHo and “65;1/2“0, Using the notations

S(p7Q) =V gl(pa(J) +Cv

and

P B
Ni(p,q) = (Tq&(p, q), Na(p,q) = %51(1), q)
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we have that

615-11-1/2 Gl(Pk+1/2, Qk—l—l/?) g1 (p(tk+1/2) (tk+1/2))
Ni(PEFL2 QMFY2)  Nu(p(tFH1/2), q(#571/2))

S(Pk+1/2 Qk+1/2) S(p(th+1/2), q(tk+1/2))

Nl(Pk+1/2,Qk+l/2) Nl(Pk+1/2,Qk+1/2) Nl(Pk+1/2,Qk+l/2)
(pk+1/2 Qk+1/2) S(p(tk+1/2), q(tk+1/2)) S(p(t’fﬂ/?),q(t’f“/?))
1( (tk+1/2) (tk+1/2))

( (tk+1/2)’ (tk+l/2))

B ]\fl(karl/Q7 Qk+1/2) [51 (p(tk+1/2), q(tk+1/2)) _ gl(karl/Z’ Qk+1/2)]
S(Pk+1/27 Qk+1/2)5(p(tk+1/2)7 q(tk+1/2)) [S(Pk"'l/Z, Qk+1/2) 4 S(p(tk+1/2), q(tk+1/2))]
Nl(Pk+1/2, Qk+1/2) _ Nl(p(tk+1/2), q(tk+l/2))

S(p(EF172) q(+517) |

From the smoothness assumption (5.2), Lemma 5.1, and Remark 3.5, we have
% 2 2
sl o]

Then, using the notation (5.1) and Lemma 5.3, we obtain

Jesi 1y < ok le ol fose o+ el + 4.7

k 1 k|| k1|2 k|, 3 4
C“w + ) +HV9pH +Hveq+ H +HV9qH +7 + N~ ]
0 0 0

Similarly, we have

Jess 1y < (Iwos,+ fwoill + oo g+ ol o).
Step 6. Discrete Gronwall Lemma. The above two estimates together with (5.15) and (5.16) imply

1 4 w12 L 1o 1|2 1] k+1]?
ROV + 5ot v+ ot e

k2

€r

2 2 2 2 2
sfc[Hvej’;“H +Hve{;H +Hv9i;+1H +Hve§‘ e’:“\ +
0 0 0 0

|+C [+ N1,
Therefore, by the use of Gronwall’s Lemma, we can conclude that

% HV&{;HHE + % HW]’;“HE + ‘e’,f“‘Q < Cexp <[1 —cr)! tk“) (F"+ N7
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6 Numerical experiments

In this section we numerically confirm our theoretical convergence result given in Theorem 5.4 and
illustrate the long time energy conservation of the SAV method. In the following, the numerical results
have been obtained from Algorithm 2. However, we want to emphasize that Algorithm 1 leads to the
same results and has a comparable computational cost for d = 1.

Our numerical findings suggest the favorable energy preservation of the SAV method compared to
classical splitting methods in certain applications such as for non-linearities with non-integer exponents
which arise for instance in context of optical dark and power law solitons with surface plasmonic
interactions [16]. For the comparison we use the classical first order Lie and second order Strang
splitting which are known for their near energy preservation over long times, see, e.g., [17].

In the numerical examples we plot the deviation of the exact Hamiltonian and the modified Hamil-

tonian H, i.e., e = ‘H(tk) - I:Ik‘, the error between the exact Hamiltonian and the discrete non-
modified Hamiltonian ey = |H (u(t*)) — H(U*)
We choose the potential V' = 0 in the Schrédinger equation (1.1).

, as well as the L? error e, = |||U*| - ‘u(tk)H}LQ(Q).

6.1 First test case: cubic nonlinearity

In a first example we consider the nonlinear Schrodinger equation (1.1) with a cubic nonlinearity i.e.

F(lul?) = B luf

on the spatial domain Q = [-32,32]. In Figure 1 we choose a mesh size h = 1/32 and approximate
the soliton solution |12, 5]

a
u(z,t) = ——sech (a(z — vt)) exp (ivz — 0.5(v? — a?)t),
V=5 ( )
with the parametersa =1, 8 = —1 and v = 1 up to T' = 10. Figure 1 numerically confirms the second-
order convergence of the SAV method. The numerical findings also suggest that the error constant of
the Strang splitting method is slightly better than the one of the SAV method in this example. In
Figure 2 we simulate the solitary wave

B \/56”

u(t, ) = cosh(x)

on the domain [—g77, gig] With IV = 256 collocation points and time step size 7 = 0.01. We illustrate
the evolution of the errors ey, e, and e over long times, i.e., up to 7" = 1000. Our numerical findings
confirm the conservation of the modified Hamiltonian by the SAV method, see Figure 2. We also
observe that the SAV method preserves well the exact energy and L? norm over long times. Even
though, the error ey of the Strang splitting seems favorable in this example, we have to stress that
the modified Hamiltonian is closer to the value of the real Hamiltonian (see error e; on Figure 2).

6.2 Second test case: cubic nonlinearity with non-smooth initial condition

In this example we analyse the error behaviour of the SAV scheme in case of non-smooth initial
data. For this purpose we solve the NLS equation with cubic nonlinearity with initial data of various
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Figure 1: Error e, (left) and ey (right) versus step size 7 at time 7" = 10.
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Figure 2: Left Figure: error e, (left) through time. Right Figure: ep (blue, red, yellow) and e
(purple) through time.

regularity. More precisely, we choose f(|u|?) = S|u* with 3 = 1 and consider u® € H® with a =
3/2,2,3,5 on the spatial domain = [—m, 7] with N = 1024 gridpoints. The discrete initial data of
various regularity is generated as proposed in |27].

Figure 3 shows the convergence behaviour of the SAV scheme, and the two splitting methods for
the initial data of different regularity. We find that if o < 3, the SAV method does not maintain its
second order convergence rate and for o = 2, the SAV scheme reduces to first order. Decreasing the
regularity of the initial condition even more, the convergence worsens and becomes less than order 1.
A similar order reduction is observed for the splitting schemes, however, for the latter the error starts
to oscillate for o < 3. Again, the error ey is favorable for the Strang splitting for all . However, the
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modified Hamiltonian is closer to the real Hamiltonian (see Figure 4 for o = %)

1020 L . L 1010
10° - E - 10

1010 : ‘ : 1012

Figure 3: Error ey versus step size 7 for the nonlinear Schrédinger equation starting from different

initial conditions in H* (o = % top-left, & = 2 top-right, & = 3 bottom left and o = 5 bottom-right).

The dotted lines represent order 7 (green) and 72 (purple), respectively.

6.3 Third test case: non-integer exponent

In this example we consider the periodic nonlinear Schrédinger equation (1.1) with nonlinearities with
non-integer exponents (|16])

F(ul?) = Blu*, v >0
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Figure 4: Error ey (blue, red, yellow) through time and ey (purple) through time for initial condition
2
in H3.

where the Hamiltonian takes the form

1 2 Y EE)
Huz/Vu%—uv dx.
) = [ 51Vu + B
We carry out simulations for various exponents v = 2,8/3,4,8 up to time 7" = 10 with smooth initial

value
u(0,z) = sin(z) € C°([—m, 7]).

The error ey for different exponents ~y is plotted in Figure 5. Our numerical findings suggest that as
increases the splitting methods suffer from sever order reduction. This loss of convergence of splitting
methods was also observed in [27]. The SAV method, on the other hand, retains its second order
energy convergence for non-integer exponents.

6.4 Computing ground states

We use the SAV scheme to simulate ground states of Bose-Einstein condensates, however, unlike the
work of Antoine et al. |5], we propose here to use a different strategy. Indeed, in [5], the authors use
the SAV scheme presented in Section 2 and observe the capacity of the scheme to preserve the initial
mass and Hamiltonian for various strengths of the nonlinearity. In the present work, we propose to
use a different method and compare the numerical results with reference methods that are designed to
simulate the stationary states of the NLS equation for large nonlinearities.

To do so, we reformulate the problem into the solving of a gradient flow equation to compute these
stationary states: this method is known has the gradient flow with discrete normalization method |6, 9].

The SAV scheme is well adapted to this formulation since its original purpose was the simulation of
the gradient flow equations. Details of the reformulation and the adaptation of the SAV scheme to the
case can be found in Appendix A.
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Figure 5: Error epr versus step size 7 for the nonlinear Schrodinger equation with different non-integer

exponents (y = 2 top-left, v = % top-right, v = 4 bottom left and v = 8 bottom-right). The dotted

lines represent order 7 (green) and 72 (purple), respectively.

We here present numerical results obtained choosing d = 1, V(z) = 22/2, 3 = 400, and
2
ul(x) = %/4/2) / HUOHO. We validate our results with the Backward Euler PseudoSpectral (BEPS in

short) scherme implemented in the GPELab code [3, 1].

We denote by £(u) the energy associated to the renormalized system and £(u) its modified SAV
energy (see Appendix A for details).

Figure 6 (left) compares the stationary states obtained with the two schemes for h = 1/8 in space.
We clearly see that they both reach the same steady state. Figure 6 (right) depicts the evolution of

the energy during the simulation. We observe that the SAV scheme preserves the monotonic decay
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of the energy. The steady state reached at the end of the simulation has an energy I3 (¢) =~ 22.90.
However, using the solution ¢4 obtained for the SAV scheme and computing the "real" energy, we
obtain £(¢) &~ 21.36 which is the value obtained with the BEPS scheme.

—SAV

025
0.2
2 015

0.1r

L I I L L I L
-20 -15 -10 -5 0 5 10 15
-

Figure 6: (Left) Comparison of stationary solutions of the NLS equation with a large cubic nonlinearity
obtained with the SAV scheme (blue) and the BEPS scheme from GPELab (red). (Right) Evolution
of the energy &£(u) for the SAV scheme during the simulation.

We numerically evaluate the order of convergence in space of the SAV scheme for the simulation of
ground states. We choose our reference solution to be the result of a simulation with h = 1/32. Then,
we vary h from 1/2 to 1/16. Figure 7 shows that the scheme remains second order convergent in space
as predicted by our error analysis.

A Gradient flow with discrete normalization for computing ground
state

A common method to compute stationary states of the NLS equation (1.1) with a cubic nonlinearity
is to write

u(t, z) = d() exp(—ipt),

where p is defined as the chemical potential of the condensate

o) = [ (519014 8lol* + Vi) ol ) d.

Therefore, using the previous reformulation in Equation (1.1), we obtain
1
no(x) = =5 A6(@) + 8 |6(2)|* ¢(x) + V(2)¢(x).
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Figure 7: Error e, versus grid size h for the simulation of ground states with a large cubic nonlinearity.

Denoting by S = {¢|[|¢[l;2(q) = 1} the unit sphere, the ground state ¢, € S of the Bose-Einstein
condensate is then defined by the solution minimizing the energy functional

E(p) = /Q (; Vol + %5 lo|* + V() y¢|2> dz < 4.

For the proof of the existence of such state and other mathematical properties we refer the reader to

[5].

In the following, we adapt the Scalar Auxiliary Variable method to compute the stationary solutions
of Equation (1.1). Therefore, endowing the equation with the normalization constraint, and using the
projected gradient method [6], the complete system reads

{atqs = 1A¢ — V(z)u— Blul* ult,z),
161172() = 1.

Our SAV scheme can be easily adapted to this case, leading to the discrete system
+__ Ak ~
¢ T¢> — %D(2)¢k+1/2 _ Tk+1/2Gk+l/27

phtl _pk = 1 (ék+1/2’¢+ _ d)k)
P! = ot
le+IZ ()

f 551 [tk+1/2]

. tagk X L
with ¢Ft1/2 = %, GF+1/2 g second order approximation o ST

ated modified SAV energy is

. We precise that the associ-

E(p) = /Q % V| dz + 7(t)? < +oo.
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Both Algorithm 1 and Algorithm 2 from Section 2 can be applied to compute the solution of the
SAV system. Furthermore, using the same calculation as in Section 3, we can easily prove that the
scheme dissipates the energy and preserves the normalization constraint.
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