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Abstract

In this paper, we provide an explicit homogeneous feedback control with the requirement that a control Lyapunov function
exists for an affine control system and satisfies an homogeneous condition. We use a modified version of the Sontag formula to
achieve our main goal. Moreover, we prove that the existence of an homogeneous control Lyapunov function for an homogeneous
affine system leads to an homogeneous closed-loop system by using the previous feedback control.
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1 Introduction

The weighted homogeneity, which has been introduced
by Rothschild and Stein in [10], plays an important role
in nonlinear control theory. This notion was extensively
used:

(1) for the construction of a nilpotent approximating
system which is small time local controllable and
homogeneous (see [4]),

(2) for homogeneous feedback stabilization in [5,6]
when searching an homogeneous closed-loop sys-
tem,

(3) for finite time stabilization (see [1]).

The stabilization of control systems by homogeneous
feedback control has also been developed in [2] by using
backstepping technics and in [3] by using homogeneous
control Lyapunov function for controllable systems.

The paper deals with finding homogeneous continuous
feedback laws by using control Lyapunov functions. We
develop a modified version of the Sontag formula in or-
der to obtain an explicit homogeneous feedback control.
In a first way, it is interesting to find an homogeneous
feedback control even if homogeneous feedback stabi-
lization is not possible. Indeed, homogeneous functions
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possess very interesting properties which allow to re-
strict their study to compact manifolds (see [8, Lemma
1]). In a second way, finding an homogeneous feedback
control is often the first step when dealing with the re-
search of an homogeneous closed-loop system.
We can also mention that certain homogeneous systems
cannot be stabilized by homogeneous feedback laws.
This has been first pointed out in [9] and in [11] for
affine systems.

The organization of this paper is as follow. Section 2 pro-
vides some usefull notations and definitions. In section
3 we develop our main result based on a modified ver-
sion of the Sontag formula. We give an explicit homoge-
neous feedback control for affine systems which possess
a control Lyapunov function satisfying an homogeneous
condition. The closed-loop system is not homogeneous
in general. In section 4, we give an explicit homogeneous
feedback control for homogeneous affine systems which
possess an homogeneous control Lyapunov function. In
this case, the closed-loop system is homogeneous.

2 Notations and definitions

Throughout this paper, V will be a non empty neighbor-
hood of the origin in Rn. Let us consider the system

ẋ = f (x) , x ∈ Rn (1)

where f : Rn → Rn is a continuous function. If V :
V → Rn is a continuously differentiable function, the
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derivative of V along the solutions of the system (1) is
defined by

V̇ (x) = 〈∇V (x), f(x)〉 .
As it is customary in control theory, a Lyapunov func-
tion V : V → Rn for the system (1) is a continuously dif-
ferentiable positive definite function such that V̇ is neg-
ative definite. The Lie derivative of V : Rn → R along
f : Rn → Rn is defined by:

LfV : Rn → R
x 7→ 〈∇V (x), f(x)〉

A function V : Rn → R is homogeneous of degree d with
respect to the weights (r1, . . . , rn) ∈ Rn

>0 if

V (∆λ (x)) = λdV (x1, . . . , xn)

for all λ > 0 where ∆λ (x) = (λr1x1, . . . , λ
rnxn). A vec-

tor field f is homogeneous of degree d with respect to
the weights (r1, . . . , rn) ∈ Rn

>0 if for all 1 ≤ i ≤ n, the
i−th component fi is a homogeneous function of degree
ri + d, that is

fi (∆λ (x)) = λri+dfi (x1, . . . , xn)

for all λ > 0. The system (1) is said homogeneous of
degree d with respect to the weights (r1, . . . , rn) ∈ Rn

>0 if
f is homogeneous of degree d with respect to the weights
(r1, . . . , rn) ∈ Rn

>0.

3 Stabilization by homogeneous feedback con-
trols

Let m ∈ N∗, and consider the following affine system

ẋ = f0(x) +
m∑

i=1

fi(x)ui, x ∈ Rn, u ∈ Rm (2)

where fi ∈ C (Rn) for all 0 ≤ i ≤ m and f0(0) = 0 and
the closed-loop system

ẋ = f0(x) +
m∑

i=1

fi(x)ui(x), x ∈ Rn. (3)

Let us recall the definition of stabilization. The con-
trol system (2) is stabilizable (respectively continuously
stabilizable) if there exists a non empty neighborhood
of the origin V in Rn and a feedback control law u ∈
C0 (V \ {0} ,Rm) (respectively u ∈ C0 (V,Rm)) such
that:

(1) u (0) = 0,
(2) the origin of the system (3) is asymptotically stable.

We now recall some usual definitions. A continuously
differentiable positive definite function V : V → R≥0 is
acontrol Lyapunov function for the system (2) if for all
x ∈ V \ {0},

inf
u∈Rm

(a (x) + 〈B (x) , u〉) < 0.

where

a (x) = Lf0V (x),
bi(x) = Lfi

V (x), 1 ≤ i ≤ m

B (x) = (b1(x), . . . , bm(x)) .

As usual, such a control Lyapunov function satisfies the
small control property if for each ε > 0, there exists δ > 0
such that, if x ∈ δBn, then there exists some u ∈ εBm

such that
a (x) + 〈B (x) , u〉 < 0.

Remark 1 If m = 1, the small control property is equiv-
alent to

lim sup
‖x‖n→0

a(x)
|B (x)| ≤ 0.

The limit may very well be −∞.

We set b (x) = ‖B (x)‖2.

If we want to use a control Lyapunov function to obtain
an homogeneous feedback control, we can use the follow-
ing modified version of the Sontag feedback control.

Lemma 2 If there exists a continuously differentiable
control Lyapunov function V : V → R≥0 for the control
system (2), then it is stabilizable under the feedback con-
trol u (x) = (u1 (x) , . . . , um (x)) defined by

ui (x) =




−bi (x) a(x)+(|a(x)|p+b(x)q)

1
p

b(x) if x ∈ V\ {0}
0 if x = 0

(4)
where p > 1, q > 1 are positive real numbers. If fur-
thermore V satisfies the small control property, then the
feedback control (4) is also continuous at the origin.

Proof. Suppose there exists a continuously differen-
tiable control Lyapunov function V : V → R≥0. Let

E =
{
(x, y) ∈ R2 : x < 0 or y > 0

}

and ϕ a function defined on E by

ϕ (x, y) =





x + (|x|p + |y|q) 1
p

y
if y 6= 0

0 if y = 0
.
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As ϕ is defined on E, we have to prove that

lim
y→0,x<0

x + (|x|p + |y|q) 1
p

y
= 0.

lim
y→0,x<0

x + (|x|p + |y|q) 1
p

y
= lim

y→0,x<0

x + |x|
(
1 + |y|q

|x|p
) 1

p

y

= lim
y→0,x<0

−x |y|q
py |x|p

= lim
y→0,x<0

|y|q−1
sgn (y)

p |x|p−1 = 0.

ϕ is continuous on E. The fact that V is a control Lya-
punov function implies that (a(x), b (x)) ∈ E for all
x ∈ V\ {0}. Thus

u (x) = (u1 (x) , . . . , um (x))

defined by

ui (x) = −bi (x)ϕ (a(x), b (x))

is continuous on V\ {0} and we obtain for all x ∈ V\ {0},

〈∇V (x) , f0 (x) +
m∑

i=1

fi(x)ui(x)〉 = − (|a(x)|p + b (x)q)
1
p

< 0.

V is a Lyapunov function for the closed-loop system (3)-
(4), and by using the Lyapunov theorem we know that
the origin of the closed loop system (3)-(4) is asymptot-
ically stable.

The proof concerning the stabilization under the small
control property is similar to the one given in [12, The-
orem 1].

A less general version of this lemma was proved in [7,
Lemma 19]. The Sontag control corresponds to the case
(p, q) = (2, 2) (see [12]).

We now give a result concerning single input systems.

Theorem 3 Consider the single input system (2) with
m = 1. If there exists:

(1) a continuously differentiable control Lyapunov func-
tion V : V → R≥0 for the control system (2) such
that a (x) is homogeneous of degree d0 and B (x) is
homogeneous of degree d1 with respect to the weights
(r1, . . . , rn) ∈ Rn

>0,

(2) p > 1, q > 1 positive reals such that p =
2qd1

d0
,

then the feedback control

u (x) =




−a(x)+(|a(x)|p+b(x)q)

1
p

B(x) if x ∈ V\ {0}
0 if x = 0

(5)

stabilizes the system (2) and is homogeneous of degree
d0−d1 with respect to the weights (r1, . . . , rn). If further-
more V satisfies the small control property, then the feed-
back control (5) continuously stabilizes the system (2).

Proof. The fact that u (x) stabilizes the system (2) is
given by Lemma 2.

As a (x) is homogeneous of degree d0 and B (x) is ho-
mogeneous of degree d1 with respect to the weights
(r1, . . . , rn) ∈ Rn

>0, we have:

u (∆λ (x)) = −λd0a(x)+(λpd0 |a(x)|p+λ2d1qb(x)q)
1
p

λd1B(x)

= −λd0a(x)+(λpd0 (|a(x)|p+b(x)q))
1
p

λd1B(x)

= −
λd0

(
a(x)+(|a(x)|p+b(x)q)

1
p

)

λd1B(x)

= λd0−d1u (x) .

Let us give an example

Example 4 Consider the system

{
ẋ1 = −x3

1 + x2

ẋ2 = −x1 + u

and the control Lyapunov function

V (x) =
x2

1 + x2
2

2
.

a (x) = −x4
1 is homogeneous of degree 4 and B (x) = x2

is homogeneous of degree 1 with respect to the weights
(1, 1). As

a (x)
|B (x)| =

−x4
1

|x2| ≤ 0

we deduce from Remark 1 that V satisfies the small con-
trol property. Theorem (3) with 4p = 2q, for instance
(p, q) =

(
3
2 , 3

)
, implies that the system is continuously

stabilizable by the feedback control

u (x) = −−x4
1+(x6

1+x6
2)

2
3

x2

which is homogeneous of degree 3.
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We now address a result for multi-input systems whose
proof can be easily deduced from the previous one.

Theorem 5 Consider the system (2). If there exists:

(1) a continuously differentiable control Lyapunov func-
tion V : V → R≥0 for the control system (2) such
that a (x) is homogeneous of degree d0 and bi (x) are
homogeneous of degree d1 with respect to the weights
(r1, . . . , rn) ∈ Rn

>0 for all 1 ≤ i ≤ m,

(2) p > 1, q > 1 positive reals such that p =
2qd1

d0
,

then the feedback control (4) stabilizes the system (2) and
its components ui(x) are homogeneous of degree d0 − d1

with respect to the weights (r1, . . . , rn) for all 1 ≤ i ≤ m.
If furthermore V satisfies the small control property, then
the feedback control (4) continuously stabilizes the system
(2).

4 Homogeneous feedback stabilization

By homogeneous stabilization, we mean that there ex-
ists an explicit feedback control such that the closed-
loop system is homogeneous. This is the purpose of this
section. The following lemma can be found in [8].

Lemma 6 If V is homogeneous of degree d1 with respect
to the weights (r1, . . . , rn) ∈ Rn

>0 and if f is homogeneous
of degree d2 with respect to the weights (r1, . . . , rn) ∈
Rn

>0, then LfV is homogeneous of degree d1 + d2 with
respect to the weights (r1, . . . , rn) ∈ Rn

>0.

We can now give a theorem for homogeneous feedback
stabilization using an homogeneous control Lyapunov
function. Nevertheless, it is more restrictive than Theo-
rem 3.

Theorem 7 Consider the single input system (2) with
m = 1 where f0 (x) is homogeneous of degree d0 and
f1 (x) homogeneous of degree d1 with respect to the
weights (r1, . . . , rn) ∈ Rn

>0. If there exists a continuously
differentiable control Lyapunov function V : V → R≥0

for the control system (2) homogeneous of degree d
with respect to the weights (r1, . . . , rn) ∈ Rn

>0, then the
feedback control (5) where

p =
2q (d + d1)

d + d0
, p > 1, q > 1,

is homogeneous of degree d0−d1 and the closed-loop sys-
tem (3)-(5) is homogeneous of degree d0 with respect to
the weights (r1, . . . , rn). If furthermore V satisfies the
small control property, then the feedback control (5) con-
tinuously stabilizes the system (2).

Proof. As V (x) is homogeneous of degree d, f0 (x) is
homogeneous of degree d0 and f1 (x) is homogeneous of

degree d1 with respect to the weights (r1, . . . , rn) ∈ Rn
>0,

Lemma 6 implies that a (x) is homogeneous of degree d+
d0 and B (x) is homogeneous of degree d + d1. Theorem
3 implies that the feedback control (5) is homogeneous
of degree d0 − d1.
The closed loop system satisfies

(f0 + f1u) (∆λ (x)) = λd0f0 (x) + λd1f1 (x) λd0−d1u (x)

= λd0 (f0 + f1u) (x) .

Example 8 Consider the system

{
ẋ1 = x1 − x2

ẋ2 = x1 + x2u

and the control Lyapunov function

V (x) =
x2

1 + x2
2

2

homogeneous of degree 2 with respect to the weights (1, 1).

f0 (x) =

(
x1 − x2

x1

)
and f1 (x) =

(
0

x2

)
are homoge-

neous of degree 0 with respect to the weights (1, 1). Theo-
rem (7) with p = 2q, for instance (p, q) = (4, 2), implies
that the system is stabilizable by the feedback control

u (x) = −x2
1+(x8

1+x8
2)

1
4

x2
2

which is homogeneous of degree 0 with respect to the
weights (1, 1). Moreover, the closed-loop system is then
homogeneous of degree 0 with respect to the weights (1, 1).

As Theorem 5 generalized Theorem 3 to multi-input sys-
tems, it is also possible to generalize Theorem 7 to multi-
input systems.

5 Concluding remarks

The paper deals with the design of an homogeneous feed-
back control based on control Lyapunov functions sat-
isfying an homogeneous condition. The control law is
derived from the well known Sontag control. When the
affine control system and the control Lyapunov functions
are homogeneous, the closed-loop system is also homo-
geneous.
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