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PARALINEARIZATION OF THE MUSKAT EQUATION AND
APPLICATION TO THE CAUCHY PROBLEM

THOMAS ALAZARD AND OMAR LAZAR

ABSTRACT. We paralinearize the Muskat equation to extract an explicit parabolic
evolution equation having a compact form. This result is applied to give a simple
proof of the local well-posedness of the Cauchy problem for rough initial data,
in homogeneous Sobolev spaces H'(R) N H*(R) with s > 3/2. This paper is
essentially self-contained and does not rely on general results from paradifferential
calculus.

1. INTRODUCTION

The Muskat equation is a fundamental equation for incompressible fluids in porous
media. It describes the evolution of a time-dependent free surface (t) separating
two fluid domains Q4 (¢) and Q9(t). A common assumption in this theory is that the
motion is in two dimensions so that the interface is a curve. In this introduction,
for the sake of simplicity, we assume that the interface is a graph (the analysis is
done later on for a general interface). On the supposition that the fluids extend
indefinitely in horizontal directions, it results that

Qu(t) = {(,y) € R x Ri y > h(t,2)},
Q(t) ={(z,y) e RxR; y <h(t,z)},
Y(t) = 00 (t) = 0Q0(t) = {y = h(t,z)}.
Introduce the density p;, the velocity v; and the pressure F; in the domain £2;

(1 = 1,2). One assumes that the velocities v; and v2 obey Darcy’s law. Then, the
equations by which the motion is to be determined are

v; = V(P + pigy) in €},

divy; =0 in €,
P1:P2 on Z,
V1 N =1vy-N on X,

where ¢ is the gravity and n is the outward unit normal to Q5 on X3,

1 (—axh>
n= ——— .
VI+@0:0)2\ 1
The first two equations express the classical Darcy’s law and the last two equations

impose the continuity of the pressure and the normal velocities at the interface. This
system is supplemented with an equation for the evolution of the free surface:

Oth = /14 (0zh)?ve - n.

The previous system has been introduced by Muskat in [41] whose main application

was in petroleum engineering (see [42, 43] for many historical comments).
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In [21], Cérdoba and Gancedo discovered a formulation of the previous system
based on contour integral, which applies whether the interface is a graph or not. The
latter work opened the door to the solution of many important problems concerning
the Cauchy problem or blow-up solutions (see [19, 9, 10, 11], more references are
given below as well as in the survey papers [30, 31]). This formulation is a compact
equation where the unknown is the parametrization of the free surface, namely a
function f = f(t,z) depending on time ¢t € Ry and x € R, satisfying

of = Q/;Gw/arctan (Anf) dey, (1.1)

where p = po — p; is the difference of the densities, the integral is understood in the
principal value sense and A, f is the slope, namely
flx,t) — f(x —a,t
Ao f(t,z) = (,8) = J{ ).

«

The beauty of equation (1.1) lies in its apparent simplicity, which should be com-
pared with the complexity of the equations written in Eulerian formulation. This
might suggest that (1.1) is the simplest version of the Muskat equation one may
hope for. However, since the equation is highly nonlocal (this means that the non-
linearity enters in the nonlocal terms), even with this formulation the study of the
Cauchy problem for (1.1) is a very delicate problem. We refer the reader to the
above mentioned papers for the description of the main difficulties one has to cope
with.

Our goal in this paper is to continue this line of research. We want to simplify
further the study of the Muskat problem by transforming the equation (1.1) into the
simplest possible form. We shall prove that one can derive from the formulation (1.1)
an explicit parabolic evolution. In particular, we shall see that one can decouple the
nonlinear and nonlocal aspects. There are many possible applications that one could
work out of this explicit parabolic formulation. Here we shall study the Cauchy
problem in homogeneous Sobolev spaces.

The well-posedness of the Cauchy problem was first proved in [21] by Cérdoba and
Gancedo for initial data in H3(R) in the stable regime ps > p1 (they also proved that
the problem is ill-posed in Sobolev spaces when ps < p1). Several extensions of their
results have been obtained by different proofs. In [14], Cheng, Granero-Belinchén,
Shkoller proved the well-posedness of the Cauchy problem in H?(R) (introducing
a Lagrangian point of view which can be used in a broad setting, see [34]) and
Constantin, Gancedo, Shvydkoy and Vicol ([18]) considered rough initial data which
are in W2P(R) for some p > 1, as well they obtained a regularity criteria for the
Muskat problem. We refer also to the recent work [31] where a regularity criteria
is obtained in terms of a control of some critical quantities. Many recent results
are motivated by the fact that, loosely speaking, the Muskat equation has to do
with the slope more than with the curvature of the fluid interface. Indeed, one
scale invariant norm is the Lipschitz norm sup,cp [0, f(t,2)|. We refer the reader
to the work [17] of Constantin, Cérdoba, Gancedo, Rodriguez-Piazza and Strain for
global well-posedness results assuming that the Lipschitz semi-norm is smaller than
1 (see also [15] where time decay of those solutions is proved). In [26], Deng, Lei
and Lin proved the existence of global in time solutions with large slopes, assuming
some monotonicity assumption on the data. In [8], Cameron was able to prove a
global existence result assuming that some critical quantity, namely the product of

the maximal and minimal slopes, is smaller than 1. His result allows to consider
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arbitrary large slopes. By using a new formulation of the Muskat equation involving
oscillatory integrals, Cérdoba and the second author in [20] proved that the Muskat
equation is globally well-posed for sufficiently smooth data provided the critical
Sobolev norm H %(R) is small enough. The latter is a global existence result of a
unique strong solution having arbitrarily large slopes.

These observations suggest to study the local in time well-posedness of the Cauchy
problem without assuming that any LP-norm of the curvature is finite. The well-
posedness of the Cauchy problem in this case was obtained by Matioc [37, 38]. Using
tools from functional analysis, Matioc proved that the Cauchy problem is locally in
time well-posed for initial data in Sobolev spaces H*(R) with s > 3/2, without
smallness assumption. We shall give a simpler proof which generalizes the latter
result to homogeneous Sobolev spaces H *(R). Eventually, let us mention that many
recent results focus on different rough solutions, which are important for instance
in the unstable regime p; > pa (see e.g. the existence mixing zones in [12, 13, 44]
or the dynamic between the two different regimes [23, 24]). We refer also to [22, 47]
where uniqueness issues have been studied using the convex integration scheme.

In this paper we assume that the difference between the densities in the two fluids
satisfies p > 0, so, by rescaling in time, we can assume without loss of generality
that p = 2.

A fundamental difference with the above mentioned results is that we shall deter-
mine the full structure of the nonlinearity instead of performing energy estimates.
To explain this, we begin by identifying the nonlinear terms. Since p = 2, one can
rewrite equation (1.1) as

1 0 Aa f

8tf:— 2dOé
™

1+ (Aaf)
(in this introduction some computations are formal, but we shall rigorously justify
them later). Consequently, the linearized Muskat equation reads
1
Ou = —pv | OAruda. (1.2)
T
Consider the singular integral operators

Hu = —1pV/Aauda and A =H0,. (1.3)
T

Then H is the Hilbert transform (the Fourier multiplier with symbol —isgn(¢))
and A is the square root of —0,,. With the latter notation, the linearized Muskat
equation (1.2) reads

8tU+AU =0.

With this notation, the Muskat equation (1.1) can be written under the form

Wf+Af=T(f)f, (1.4)
where T (f) is the operator defined by

2
T(Ng =1 [ O0cag) 5 5 de

Our first main result will provide a thorough study of this nonlinear operator. Before

going any further, let us fix some notations.
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Definition 1.1. i) Given a real number o, we denote by A? the Fourier multi-
plier with symbol |£|” and by H?(R) the homogeneous Sobolev space of tempered
distributions whose Fourier transform @ belongs to L}, (R) and satisfies

% = A% = = / €2 [a(6) 2 dé < +oo.

i1) We denote by H?(R) the nonhomogeneous Sobolev space L(R) N H? (R). We
set H®(R) := Ny>oH?(R) and introduce X := Ny>1H’(R), the set of tempered
distributions whose Fourier transform @ belongs to L}, (R) and whose derivative
belongs to H*(R).

i7i) Given 0 < s < 1, the homogeneous Besov space le(R) consists of those
tempered distributions f whose Fourier transform is integrable near the origin and
such that

1

V2 7
||f|rB§,1=/</ IAe) = Ao - ) d:c) o <00,

iv) We use the notation ||-|| prp = HHE + Il -

Theorem 1.2. i) (Low frequency estzmate) There exists a constant C' such that,
for all f in H'(R) and all g in H2 (R), T(f)g belongs to L*(R) and

IT(Fglipz < ClUFllg llgll s -

Moreover, f — T (f)f is locally Lipschitz from H'(R) N H%(R) to L*(R).
i1) (High frequency estimate) For all 0 < v < € < 1/2, there exists a positive
constant C' > 0 such that, for all functions f,g in X = Ny>1H(R),

T(f)g =~(f)Ag+V(f)0zg + R(f,9) (1.5)
where £
v(f) =1 jf
and R(f,g) and V(f) satisfy
IBCf 9z < Ol ge N9l prse (1.6)
and
,_ V() +y) - V(f)=)
Vo = IVl +sup 2, ) < U i
(1.7)

iti) Let 0 < € < 1/2. There exists a non-decreasing function F: Ry — Ry such
that, for all functions f,g in X,

[ATT(f)g = T(HATg]| . < F

— (||f”HlmH%+e) ||f||HlnH%+e |’g”H%+€ﬁH2 : (]‘8)

The proof of the first statement follows directly from the definition of fractional
Sobolev spaces in terms of finite differences, see Section 2. The proof of the second
statement is the most delicate part of the proof, which requires to uncover some
symmetries in the nonlinearity, see Section 4. The last statement is proved in Sec-
tion 3 by using sharp variants of the usual nonlinear estimates in Sobolev spaces.
Namely we used for the later proof a version of the classical Kato-Ponce estimate
proved recently by Li and also a refinement of the composition rule in Sobolev spaces
proved in Section 2.

We deduce from the previous result a paralinearization formula for the nonlinear-

ity. We do not consider paradifferential operators as introduced by Bony ([6, 39]).
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Instead, following Shnirelman [46], we consider a simpler version of these operators
which is convenient for the analysis of the Muskat equation for rough solutions.

Corollary 1.3. Consider 0 < € < 1/2 and, given a bounded function a = a(z),
denote by Ty: H'7¢(R) — L?(R) N H'*(R) the paraproduct operator defined by
Tog = (I + A7) (aA ).
Then, there exists a function F: R — R such that, for all f € X,
Tf)f =Ty pAf + Ty p)0af + Re(f), (1.9)

where
IR gee < FOL o oge I e W lprggers - (110)
Proof. Writing
T =T+ AF)ITHATS + (T + AF) AT T S,
and using the formula (1.5) we find that (1.9) holds with
Re(f) = (T +AF)TIR(FAYTS) + (T + AT THAT T S
Then, it follows from (1.6) and (1.8) that

HR€(f)HH1+€ < ]:( ”fHHlmH%J“) ”f|’H1|’7H%+E (HfHH%“ﬂH? + HAlJrefHB;*le )

So (1.10) follows from Hlf%(R) NH'"2(R) — B%T(R) (see Lemma 2.2). O

We now consider the Cauchy problem for the Muskat equation. Substituting the
above identity for 7(f) in the equation (1.4) and simplifying, we find
1
(0= V(5o + 5 s
Now, the key point is that the estimates (1.6) and (1.10) mean that the remainder
term R.(f) and the operator V0, contribute as operators of order stricly less than 1
(namely 1—¢€/2 and 1—v) to an energy estimate, and so they are sub-principal terms
for the analysis of the Cauchy problem. We also observe that the Muskat equation
is parabolic as long as one controls the L°°-norm of f, only. This observation is
related to our second goal, which is to solve the Cauchy problem in homogeneous
Sobolev spaces instead of nonhomogeneous spaces. This is a natural result since the
Muskat equation is invariant by the transformation f +— f + C. This allows us to
make an assumption only on the L®-norm of the slope of the initial data, allowing
initial data which are not bounded or not square integrable.

Theorem 1.4. Consider s € (3/2,2) and an initial data fo in H*(R)NH*(R). Then,
there exists a positive time T such that the Cauchy problem for (1.1) with initial data
fo has a unique solution f satisfying f(t,x) = fo(x) + u(t,z) with u(0,z) =0 and

u e CO([0,T); H*(R)) n C* ([0, T); H*"'(R)) N L*(0, T; H*+3 (R)),
where H?(R) denotes the nonhomogeneous Sobolev space L*(R) N HY (R).

The latter result is proved in the last section. We conclude this introduction by
fixing some notations.

Notation 1.5. i) We denote by f, the spatial derivative of f .
ii) A < B means that there is C' > 0, depending only on fixed quantities, such that
A< CB.
iii) Given g = g(a, x) and Y a space of functions depending only on x, the notation

llglly is a compact notation for o — [|g(cv, -)||y
5
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2. PRELIMINARIES

In this section, we recall or prove various results about Besov spaces which we will
need throughout the article. We use the definition of these spaces originally given
by Besov in [5], using integrability properties of finite differences.

Given a real number «, the finite difference operators d, and s, are defined by:

daf(x) = f(z) = f(z — ),
saf(2) = 2f(x) = f(x —a) = f(z + ).

Definition 2.1. Consider three real numbers (p, ¢, s) in [1,00]? x (0,2). The ho-
mogeneous Besov space B;,q(R) consists of those tempered distributions f whose
Fourier transform is integrable near the origin and such that the following quantity
HfHB;q is finite:

||5af||L R,dz
s, = [ recen B
|af L9(R,|a|~! da)
||3af”L R;dz
wmsﬁzZ) orec L) >
P.q |l Li(R,|a|~! da)

We refer the reader to the book of Peetre [45, chapter 8] for the equivalence
between these definitions and the one in terms of Littlewood-Paley decomposition
(see also [7, Prop. 9] or [4, Theorems 2.36, 2.37| for the case s € (0, 1]).

In this paper, we use only Besov spaces of the form

B55(R), B2(R), B3;(R).

00,2
We will make extensive use of the fact that |[|-|| ;. and ||| By, are equivalent for
s € (0,2). Moreover, for s € (0,1), ’

1 ) 1 — cos(t)
2 2 _
e = oy Iy, with o) = /R e (2.3)
We will also make extensive use of the fact that, for all s in (0, 2),
H**3(R) < B3 5(R). (2.4)

We will also use the following
Lemma 2.2. For any s € (0,1) and any § > 0 such that [s — d,s + ] C (0,1),
H*°(R) N H*"(R) — B3 (R).
Proof. We have
/ 10 f Il 2 (Ride) dev / af? 106 f Il 2 (Rsde) dev
la|<1 lof<1

lal* ol st ol

1 9 1
< / |a|25d£ 2 /MLQ(RM@ )
= al<1 ’a‘ R ‘a‘2(5+6) ‘a‘
< CO) 55, = CG.9) 1 goss

and similarly

16af L2 (R;de) dx
/M<)30@WM@M

s e

which gives the result. O



As an example of properties which are very simple to prove using the definition
of Besov semi-norms in terms of finite differences, let us prove the first point in
Theorem 1.2. Recall that, by notation,

Ao f)?
T(f)g = _1/Aag$ 1(—{—(Afa)f)2da’

where g, := 0:9.
Proposition 2.3. i) For all f in H'(R) and all g in H%(R), the function

(Aaf)?
1+ (Aaf)?

belongs to LL(R;L2(R)). Consequently, T(f)g belongs to L?*(R). Moreover,
there is a constant C' such that

IT(Pgllzz < ClA g llgll ;5 - (2.5)

it) For all § € [0,1/2), there exists a constant C > 0 such that, for all functions
fi. f2 in H'Z(R) N H2 P (R),

(T () =T () fallpe < Ol = fall s 1 fall 345 -
ii) The map f — T(f)f is locally Lipschitz from H'(R) N H%(R) to L*(R).

Proof. 1) Since
(A f)?

AO& X
‘ B (AP,

by using the Cauchy-Schwarz inequality and the definition (2.1) of the Besov semi-
norms one finds that

5o<gx daf |l poo
1Tl < / ogelie [0aTo= o
1 H(sochHL? H(safHLoo dﬁ
m) o' \a|”2 o

H(Sag:JcHL? da H(SafHLOO dﬁ
(/5 ) (e

“llgall g 151

2
BQZ

a— Angs

100zl 2 [[0af Il oo

o |

| S Aagellz |Aaf e =

)

| /\

| /\

| /\

72

Recalling that ||- || and ||||H 4 are equivalent semi-norms, and using the Sobolev
2 2

embedding (2.4), we have

lozll .3 S llgllg s ANs S M N
2 00,2

and hence we obtain the wanted inequality (2.5).
i1) Write that

(TR = TGN == [ Bafaealfi ~ f2)M(a2)da
where
_ (Aafl) + Aozf2
M(@2) = T a0+ (Bafa))
7




Since |M (o, x)| < 1, by repeating similar arguments to those used in the first part
(balancing the powers of « in a different way), we get

< 1/ 190 fox | g2 100 (f1 = F2)llpee 4

(T (f1) = T(f2)) fall 2 <

|af |af
1 [ Baduollge [8alfi — £l da
- ‘Oé|1/2+5 |O[|1/275 |OZ|

IN

2 Wl I = Rl
which implies

1T (1) = TD fellze < C Nl = Fallgres 120l 54 -

iii) Consider fi and fy in H'(R) N H?2(R). Then
T =Tf2)fe =T = f2) + (T () = T(f2) fo
Then (2.5) implies that the L?2norm of the first term is bounded by
Cllfill g lfr — f2||Hg .

We estimate the second term by using i7) applied with § = 0. It follows that

IT(f1)fr = T(f2) foll 2 S (ILAA + | fo 1f1 — fall
which completes the proof. ]

. .3 . -3 . -3
HNnH?2 HnH?2 ) HInH?2’

We gather in the following proposition the nonlinear estimates which will be
needed.

Proposition 2.4. i) Let s € (0,1), then L(R)NH*(R) is an algebra. Moreover,
for all w,v in L>*(R) N H*(R),

[wvll e < 2|ull oo 0] s + 2 [0l oo [0l g7 - (2.6)
it) Consider a C* function F: R — R satisfying

Then, for all s € (0,1) and all w € H*(R), one has F(u) € H*(R) together with
the estimate
IE ()| s < K Jlull gs - (2.7)
i11) Consider a C* function F: R — R and a real number o in (1,2). Then, there
exrists a non-decreasing function F: R — R such that, for all u € H"_I(R) N
H?(R) one has F(u) € H?(R) together with the estimate

1Pl o < Fhull o) (Bl s + el ). (28)

Remark 2.5. i) The inequality (2.6) is the classical Kato—Ponce estimate ([29]).
We will use it only when 0 < s < 1, for which one has a straightforward proof (see
below).

i1) Statement i7) is also elementary and classical (see [7]). Notice that (2.8) is a
sub-linear estimate, which means that the constant K depends only on F' and not
on u (which is false in general for s > 1).

i7i) The usual estimate for composition implies that

IE ()l e < Fllull poo) llull porgro -
8



The bound (2.8) improves the latter estimate in that one requires less control of the
low frequency component. This will play a role in the proof of Lemmas 3.2 and 3.3.

Proof. i) Since 04 (uv) = udqv + (74v)dqu where Tov(x) = v(z — a), we have

10 (wv) || 2 < [lull oo 1900l 2 + 0]l oo 0atllz2 -
Directly from the definition (2.1), we deduce that

luollsg, < 2l g ol 5, + 2 ol Nl
This implies (2.6) by virtue of the identity (2.3) on the equivalence of |-|| ;. and
Il

i1) Similarly, the inequality (2.7) follows directly from the fact that
100 F ()]l 2 < K [[dau| g2 -

ii1) We adapt the classical proof of the composition rule in nonhomogeneous
Sobolev spaces, which is based on the Littlewood-Paley decomposition. Namely,
choose a function ® € C3°({;|¢| < 1}) which is equal to 1 when || < 1/2 and
set ¢(§) = P(£/2) — (&) which is supported in the annulus {£;1/2 < |£] < 2}.
Then, for all {& € R, one has ®(£) + >,y $(277¢) = 1, which one can use to
decompose tempered distribution. For u € S'(R), we set A_ju = F~1(®(£)u) and
Aju = FHp(277€)u) for j € N. We also use the notation Sju = > —1<p<j1 Dpu
for j > 0 (so that Sou = A_ju = ®(D,)u).

The classical proof (see [3, 4, 35]) of the composition rule consists in splitting
F(u) as

F(u) = F(S()u) —i—F(Slu) — F(S(]u) + - —i—F(SjHu) — F(S]u) + -

1
= F(Sou) + ijAju with m; = / F'(Sju+ yAju) dy
jEN 0
= F(Sou) + Y m;A;jii  with @ =u— ®(2D,)u,
JEN
where we used Aj o ®(2D,) = 0 for j > 0. Then, the Meyer’s multiplier lemma
(see [40, Theorem 2] or [3, Lemma 2.2]) implies that

| > miasa < Fllullpw) e
Jj=0
where, to clarify notations, we insist on the fact that above H? is the nonhomo-
geneous Sobolev space. Since |||y < ||ull 0, we see that the contribution of

> m;A;u is bounded by the right-hand side of (2.8). This shows that the only
difficulty is to estimate the low frequency component F'(Spu). We claim that

HE(Sow) | o < F(llull poo) [l o - (2.9)
To see this, we start with
1F(Sou)|l 7o = ||0x (F(Sow)) || gro—1 = || F' (Sow) D Soue|| o1
and then use the product rule (2.6) with s =0 —1 € (0,1),
| " (Sou) 0z Sou| gor < 2 ||F'(Sow)|| ;oo 102Sou]| gro—s
+ 2| F'(Sow) || jro—1 102:Soul| oo -
Since |£P(&)| < 1 one has the obvious inequality

10zSoull gro—1 < [lull gro—1 -
9



On the other hand, since the support of the Fourier transform of Syu is included in
the ball of center 0 and radius 1, it follows from the Bernstein’s inequality that

[Soull oo < Crllullpee s 102S0ull g < Collull poo -

The first estimate above also implies that
| F'(Sow)]| oo < FrllSoull o) < Follull o)

where F1(r) = supyei_,, |[F'(y)| and Fo(r) = F1(Cir). It thus remains only to
estimate || F'(Sou)| zo—1. Notice that we may apply the composition rule given in
statement 7i) since the index o — 1 belongs to (0,1) and since F’ is Lipschitz on an
open set containing Spu(R). The composition rule (2.7) implies that

| (Sou < K [|Soull gro—1 < K [Jull o

M 701
with

K = sup |F"| < Fa(llull o).
[=2/1Soul oo 21lSoull o]

This proves that the H%-norm of F(Spu) satisfies (2.9) and hence it is bounded by
the right-hand side of (2.8), which completes the proof of statement ii). O

For later purposes, we prove the following commutator estimate with the Hilbert
transform.

Lemma 2.6. Let 0 < 6 < v < 1. There exists a constant K such that for all
f € C™%(R), and all u in the nonhomogeneous space H%(R),

[H(fu) = fHull 2 < K[ fllgow llullg-o- (2.10)

Proof. We establish this estimate by using the para-differential calculus of Bony [6].
We use the Littlewood-Paley decomposition (see the proof of Proposition 2.4) and
denote by Ty the operator of para-multiplication by f, so that

Tfu = Z ijl(f)Aju.
j21

Denote by f” the multiplication operator u — fu and introduce H, the Fourier
multiplier with symbol —i(1 — ®(£))&/ |£] where ® € C§°(R) is such that ®(£) = 1
on a neighborhood of the origin. With these notations, one can rewrite the commu-

tator [H,fb] as
M| = LT+ (P = T) = (= T A

= [Ho, Ty] + (H — Ho)Ty — Ty(H — Ho) + H(f* — Ty) — (f* — Tp)H.
(2.11)

Notice that H — Hp is a smoothing operator (that is an operator bounded from H?
to HoT! for any real numbers o,t € R). We then use two classical estimates for
paradifferential operators (see [6, 39]). Firstly,

Vo € R, ”Tf”HO'_>HO' S C(O') HfHLOO )
SO
11 = Ho) T\l oy p2 < IH = Holl g-op2 1Tl -0y -0 S 1f Il oo -

1T (H = Ho)ll g0 p2 < Nl ooy 2 1 = Holl -0 p2 S 1 fll oo -
10



Secondly, since Hg is a Fourier multiplier whose symbol is a smooth function of
order 0 (which means that its kth derivative is bounded by Cy(1 4+ [£])~F), one has

Vo e R, |[Ho, Tilll groy go+v < (v, 0) [ fll o -

In particular,
1Mo, Telll vy 2 S 1 fllow -

It remains only to estimate the last two terms in the right-hand side of (2.11). We
claim that

1M =Tl oo + 1 = THH o2 S Ifllcow -
Since H is bounded from H? to itself for any o € R, it is enough to prove that
Hfb - TfHH_9—>L2 5 ||f||CO’V .
To do so, observe that
fo-Trg= > (0HDpe) = D (8iN)(Dpg) = D (Sj429)A;f.
Jpz—1 —1<j<p-2 j>—1

Then, using the Bernstein’s inequality and the characterization of Holder spaces in
terms of Littlewood-Paley decomposition, it follows from the assumption 8 < v that
the series 3 27/(°=") converges, so

1fg = Trgll 2 < > 18429012 185 f 1l oo

o »
S22 g0 277 1 fllcor S gllz-o I fllgon -

By combining the previous estimates, we have ||[, fb] HH_GHLQ S || fllco.v s which

gives the result. 0

3. COMMUTATOR ESTIMATE

In this section we prove statement iii) in Theorem 1.2. Namely, we prove the
following proposition.

Proposition 3.1. Let 0 < € < 1/2. There is a non-decreasing function F: Ry —
Ry such that, for all functions f,g in Ny>1H(R),

[AT(f)g = T(HAT ] < F(IIF
Proof. Recall that

HlﬂH%+€) ”fH[_'pmH%Jre ”gHH%+EﬂH2 . (3.1)

2
Tum:—lj‘(“ﬁ>Awﬂm.

m ) 14 (Asf)?
Since
AH—EAagaz — Aa (Al—i-egx)’
we have
AT (f)g = T(f)N g + Ri(f)g + Ra(f)g,
where (@ f)2
= _l l+e[ _\ZaJ)
Ri(f)g =~ / (Aagz) A <1 - (Aaf)2> da, (3.2)
and
RQ(f)g = _% / (A1+e (Uava) - UaA1+EUa — UQA1+EUQ) da with
_ _ (Aaf)?
Ua = Ao, Va = m

11



We shall estimate these two terms separately. Classical results from paradifferen-
tial calculus (see [6, 16, 39]) would allow us to estimate them provided that we work
in nonhomogeneous Sobolev spaces. In the homogeneous spaces we are considering,
we shall see that one can derive similar results by using only elementary nonlinear
estimates.

We begin with the study of Ri(f)g.

Lemma 3.2. There exists a non-decreasing function F: Ry — Ry such that
IRL(f)gll2 < F(IS] 1f1]

Proof. By definition

2
Ri(f)g = —% / (Aagx)AlJrE(l—(i—A((Xfo?jf)?) do,

A3+ ) e 19l ggee e -

(Aaf)?
L+ (Aaf)?

The Sobolev embedding L?(R) N H§+€(R) — L*°(R) implies that, for all a in R,

da. (3.3)
H1+5

IR (gl < / 1 Aagollz=

sup [ 8o f ()] < sup [ Fo@)| S Wl o oo = 1 ygees (30
zeR z€eR
so that the composition rule (2.8) implies that
(Aaf)? _ .
Pt PR CAULPP IR (I PRR VPR BCE)
We claim that we have the two following inequalities
/HAangL‘X’ [Aafllgre d S gl gae 11l s (3.6)
[ 180g2li= 180 line- da S gl 1510 (3.7)

Let us prove (3.6). Directly from the definition of A,, we have
0a9z||Loo |00 A
[Vl el o,

/ 1Aagelle |Aafl g da

|l
:/||5a9z”L°° 100 A fll 2 dex
o /= |al

So, using the Cauchy-Schwarz inequality,

||5a9xHLoo da /||5 AEf”L2 da
) < —
/ 1Bagelli [ Aaflze do (/ a2 ol [a21=9 " [a]

and hence, using the definition of Besov semi-norms (see (2.1)),

/ 18agelpoe |8 f || e do S llgall e, 1A F Il 15

By using (2.3) and (2.4), we obtain that

/IIAagxIILoo [Aafll e der S Mgl g v 1F g
12



which is the first claim (3.6). To prove the second claim (3.7), we repeat the same
arguments except that we balance the powers of « in a different way:

H(Sozg:r:”lz"o ||6 AH_ef” 2 da
[ 1ol 180l = [ Pt :

10\1/2 Ja|
</ 1009z l170 da> </ [6ax AHEfHL da>
lal o o
< ngH (el .
002 B3,

< lallge 1715

which proves the claim (3.7). Now, by combining the two claims (3.6), (3.7) with
(3.3) and (3.5), we obtain that

1R (Dallze < FO o ge ) I v ol e

which is the desired result. g
We now move to the second remainder term Ra(f)g.
Lemma 3.3. There exists a non-decreasing function F: Ry — Ry such that
1Rs(F)allie < FUA g ygae) I e 1903 e
Proof. We use the classical Kenig—Ponce—Vega commutator estimate
|A°(uv) — ul®v — oA u||pr < C A% |1, [[A20]] 10y (3.8)

where s = s1+s9 and 1/r = 1/p1+1/pa. Kenig, Ponce and Vega considered the case
s < 1. Since, for our purpose we need s > 1, we will use the recent improvement by
Li [36] (see also D’Ancona [25]) showing that (3.8) holds under the assumptions

I 1 1

-=—+—, 2<pj<oo.

r

s=s1+s2€(0,2), s;€(0,1),
it e 0.2, e, =t

Withpr =4, po=4,r=2,s=1+4¢, 51 = %, sy = 1 — §, this implies that

1_, ( ch)
IRl S [ NS Bagell |85 55 | o
We now use the Sobolev inequality
1
lulle < [[Avul 2,
to obtain
1,50 s_e (Aaf)?
P A N [ v T

By combining the composition rule (2.8) (applied with o = g —5€(1,2)) and (3.4),
we obtain that

1Ro(Dgllze S FO) [457% Bagal o (415807 o + AT 80 ] 1) da

where M = || fHH Lpe We now proceed as in the previous proof. More precisely,

we balance the powers of «, use the Cauchy-Schwarz inequality, the definition of the
13



Besov semi-norms (2.1) and the Sobolev embedding to obtain that
13 1_¢
JIAEE o] 2158062 do

:/ |A3+ dagalla [|817200f]] 2

do
o o]

/ 1A% Gl [AF 200 f] o da

1/4 €/2 | |3/4+€/2 ‘a’
3e
< 4+7 5
= HA 9z Bégg/z A B4+e/2

S ||9HH%+‘ ||f||H1 .

One estimates the second term in a similar way. We begin by writing that

S8 Ao o] AF 58]

1, 3e 5_ ¢
[l W

| |

A3 dago]l o AT 260l 12 dar
3/4—3¢/2 |a|1/4+3e/2 laf’

|

Since € belongs to (0,1/2) we have 3/4 — 3¢/2 > 0 and 1/4 + 3¢/2 < 1. Therefore
one can use the definition (2.1) of the Besov semi-norms to deduce that

SIS e < Ay AT
2,2

SNl 1515 -

By combining the above inequalities, we have proved that

1R2(H)gll > < F (IS
which concludes the proof. O

HlmH%+€) HfHHmH%*E ||9HH%+EOH2 )

This completes the proof of the proposition. O

4. HIGH FREQUENCY ESTIMATE

We now prove the second point of Theorem 1.2 whose statement is recalled in the
next proposition.

Proposition 4.1. For all 0 < v < € < 1/2, there exists a positive constant C > 0
such that, for all functions f,g in Ny>1H(R),

_fz
T(f)g = 1+f2Ag+V(f)8xg+R(f,g)
where
IBCf DIz < ClA g gee 9l prse V(o < CIIfIIHlmHﬁe-

We shall prove this proposition in this section by using a symmetrization argument
which consists in replacing the finite differences d,f(z) = f(x) — f(z — «) by the
symmetric finite differences 2f(x)— f(z—a)— f(z+«a). To do so, it will be convenient

to introduce a few notations.
14



Notation 4.2. Given a function f = f(z) and a real number «, we define the
functions 0o f, Aaf, saf, Saf and Dy f by:

daf(z) = f(z) = flz +a),

saf(2) = 0af(2) + 0af(z) = 2f(2) = f(z — ) = f(a + @),
and

Aoy L) = It )

(07

Saf(x) = Aaf(z) + Aaf(z) = saf(@) _ 2f(x) — flz+a) - fz - a),

« o
Daf(x) = Baf(x) - Bofa) = TEFO @20
Lemma 4.3. One has
Df—2f—1/asfd (4.1)
al =&z O 0 nJz A7}, :
where sy fr(x) = 2fo(x) — folx + 1) — fo(x —n). Furthermore,
Oa(Daf) = —Safs + 632/0 Snfz dn, (4.2)
and g
0u(Saf) = Bafe ~ Aafe — 2oL (4.3

Proof. The formula (4.1) can be verified by two direct calculations: one is

1 o
— 2f:(x)dn = 2f.(x),
> [ 2n@an=2n@)
and the other is

1 «
/O(fx(w—n)Jrfz(ern /8 (x+mn) = flz—mn))dy

(f(z+a) = flz —a)).

Now, the value for 0, (D, f) in (4.2) follows by differentiating (4.1).
The formula for 0, (S, f) follows from the definition of S, f and the chain rule. O

Recall that

Anf)?
TNa =1 [ 1 Beada.

The idea is to decompose the factor

(Aaf)?
1+ (Aaf)?
into its even and odd components with respect to the variable a. We define
1 (Aaf)? 1 (Aaf)?
)= - = 4.4
S = o a2 2T (Bl 4
2 A )2
Oy L Beh? 1 (Baf) s

21+ (8af)? 21+ (Baf)?
where the dots in the notations £(«, -) and O(a, -) are placeholders for the variable x
(notice that (Anf)? = (A_of)? and Anf = —A of). Then,

:_/Aagx a_/Aagx o, «,



and hence, since a — &(q, -) is even, this yields T(f)g = Te(f)g + To(f)g with

ﬁ(f)g = _i (Aag:c - Aozga:) E( 7') da,

= - /Aag:v

The following result is the key point of the proof where we identify the main contri-
bution of the nonlinearity.

Proposition 4.4. There exists a constant C such that

f2
\W) Tt <O gl "
176(£)g = Vougll 2 < ClIfIl g lall e
where -
V= -1 [ 00y, -
Vs R «

Proof. i) The main difficulty is to extract the elliptic component from T.(f)g. To
uncover it, we shall perform an integration by parts in «. The first key point is that
ga (- + @) — ga(- — @)

«@
Oa (9(- + @) + g(- —a) — 29(-))

(07

Aag:v - Aagx =

_9alsa9)

«

Consequently, directly from the definition of T¢(f)g, by integrating by parts in «,
we obtain that

T =5 [ M&a ) da

2? @ (4.8)
Sagg o / Saga 5
T or
We now have to estimate the coefficients &(«, ) and 0,€(a, -).
Lemma 4.5. i) We have
fal@)?
Ela,x + Q(a,x 4.9
(@a) = T2 + Q) (4.9)
for some function Q satisfying
Saf(x 1 [
Q. s E DL . (4.10)
|al @ Jo

i1) Furthermore,

BuE(onn)| < C{|5afx(a:)\ L afa@)] | Jsaf (@)

|al |l o

o [ st dn‘} (411)

for some fized constant C.

Proof. i) We introduce the function




Then we have the identity (4.9) with

Q::*( ( af)+F( ocf)) (fx) (4'12)

Since F” is bounded, the Taylor formula implies that, for all (a,b) € R?,

@ ro) - r ()] < Il e

2

On the other hand, since F' is bounded, one has the obvious inequality
1 a+b
)| <201P e

3P+ Fo) - F
By combining these two inequalities, we find that

2

1 b

3F@+FO) - F (52 Sla-.
Since F' is even we have F'(b) = F(—b) and hence

1

2 2

uuw+F@»—F<a_b>;gm+m.

We now apply this inequality with a = A.f and b = A, f. Since, by definition,
Dof = Aof — Aof, Sof = Aof + Ay f, we conclude that

1
@)+ FBan) = F (30a1 )| £ 15011 (4.13)
We now use the fact that F' is Lipschitz to infer from (4.1) that
1 1 [«
‘F <Daf> —F(f2)| S ‘/ s dn‘- (4.14)
2 o Jo

In light of (4.12), by using the triangle inequality, it follows from (4.13) and (4.14)
that

1 [0
Q1 < 1Saf1+ ‘/ o fo
@ Jo

which gives the result (4.10).
i1) Since

1

8(a,~):2 ( af)+ F( af)

and since F” is bounded, the chain rule implies that
|0aE ()| < |0aAaf| + ‘8aﬁaf’ .
By combining this estimate with the identities
200f = Saf + Daf, 2D84f = Sof — Daf,

we deduce that |0, (a, )| S |0aSaf| + [0aDaf|- Then the second estimate (4.11)
follows from the values for 0,5, f and 9,D,f given by Lemma 4.3. O

It follows directly from (4.8) and (4.9) that

Sag
27T1+f2/ da
+1/M%mmtﬂﬂm0w.

2 « «

Te(f)g =

(4.15)

17



Observe that

a 1
/Sgda: —/sagﬁa <> da
o o

:/Oasag da:/gx(:v—a)—gx(wra) da

« «

=-2 / Ange da = 2mwAg,

where we used (1.3). So, the first term in the right-hand side of (4.15) is the wanted

elliptic component
2

X
Ag.
14727
To conclude the proof of the first statement in (4.6), it remains only to prove that
the second term in the right-hand side of (4.15) is a remainder term. Putting for

shortness
I= H/Sag <Q(O‘>') 3ag(a’.)> do
« o

TSl g N9l

)

L2

we will prove that
(4.16)

The L*-norm of % — 0a€(a, -) is controlled from (4.10) and (4.11). We have
ISh+Dh+I+1L
with i
Hsag”L2 ”(SameLoo do

[ = g
' =<l ol

1 [ lIsaglliz 180 full da
? o= Jaf¢ o]’
o [ Isagllzz llsa = da

’ lof=¢ " Ja[i*e Jaf’

[ lsagllee 1
‘a‘l—e ‘a‘l-i—e

(4.17)

« da
/0 s fall e | 32

o’

where, as above, we have distributed the powers of |a| in a balanced way. Using the
Cauchy-Schwarz inequality and the definition (2.1) of Besov semi-norms, it follows
that

L+ I <lgllg_ell fallge_-
and, similarly, it results from (2.2) that
Iy < gl gy Il prs-
Consequently, the Sobolev embeddings
Byt Biy',  H(R) < BLa(R),
imply that Iy + I> + I3 < [lgll gr-c I f1l ;3
To estimate Iy, the key point consists in using the Cauchy-Schwarz inequality to

1
“ > ||sufellFoo dp)?
sp [l Lo dn’ N (/ e
Jy et (B

18
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(notice that the variable n above could be negative, while p here is always positive).
It follows from (2.1) that

1
> Hsufo%oo dp?
MopJalipe BF ) © < S
([l < il S 1515

we obtain, using again (2.1) with (p,q,s) = (2,1,1 —¢),

[sagllr2 dov
Le S AN e Qﬁm S8+ ”9”3536 : (4.18)

This completes the proof of (4.16) and hence the proof of the desired result (4.6).
i1) It remains to study 7,(f)g. Recall that
1
To(f)g = T / (Aagx)(’)(a, ) da,
where O(a, -) is given by (4.5). By splitting the factor A,g, into two parts

(0 [0

)

we obtain at once that
To(f)g=Vog+ B
where V' is given by (4.7) and where the remainder B is given by
1 1
B(x) = /gx(x —a)O(a, x) da.
) «a

The analysis of B is based on the observation that

g;t(x - a) = aa(g(x) - g(x - a)) = 804(5ag)7
which allows to integrate by parts in «, to obtain
1 ag (1
B=- / %0y <O(a, ) = 0.0(a, .)> da.
T a \«

Consequently, by writing

HBH ) /H(SQQHLQ
L

o

da

( «, ) 80!0(a7 ) oo ’a’7

we are back to the situation already treated in the first step. The estimate for 9,0
is proved by repeating the arguments used to prove the estimate (4.11) for 9,€.
To bound a~'O(a, x), remembering the expression of O(a, ) given by (4.5), it is

sufficient to notice that

o | Ll B
« 2o [T+ (Aaf)? 1+ (Aaf)?
1 Aaf_Aaf _
=20l |0+ a1 + (Baf)? of +Aaf] (4.19)
< 1Safl,
~ e

This gives that |O(, z)| < |saf(2)| /|a|?. Therefore, we obtain that the L°°-norm
of % — 0,0(av, ) is estimated by the right-hand side of (4.11). Then we may
repeat the arguments used in the proof of the first step to estimate I. We call the
attention to the fact that, previously, in (4.17), the expressions involved the more
favorable symmetric differences s,g instead of d,g9. However, this is not important

for our purpose since, to estimate Iy, ..., I4, we used only the characterization of
19



Besov norms valid for 0 < s < 1, which involves only the finite differences d, f. This
proves that || B||;2 is controlled by the right-hand side of (4.16), which implies that
B~ 0. O

Lemma 4.6. Let 0 < v < € < 1/2. There exists a positive constant C > 0 such that

V(z+y) - V()
lyl”

IVllcow = V]l +sup< ) <clP
yeR

HinfEte

Proof. As already seen, we have
1
V(z) = —/ Ol 2) da,
™ JR o

where

Aoef - Aaf
(14 (Aaf)?) (1 + (Aaf)?

O(a,-) = Mo(f)Saf  with Ma(f):%

Since | Mo (f)| < [Aaf|+ |Aaf]|, we obtain that

do

Vil <2 [ (18afllee + [[Aaf|| oo ) 1Safll o T
[a]

P / 190l + [[9af |l lIsafll o do

1+e |Oé|

1—
o |

2
< Al Il S U e

where we used the Cauchy-Schwarz inequality, the definitions (2.1) and (2.2) of the
Besov semi-norms, and the Sobolev embedding.

We now have to estimate the Holder-modulus of continuity of V. Given y € R
and a function u = u(x), we introduce the function [u], defined by

u(z+y) —ulz)
(@) =

We want to estimate the L*-norm of [V], uniformly in y € R. Notice that

[O(e; )]y = Ma(f)Sa(lfly) + [Mal(f)ly7y(Saf)

where T,u(z) = u(x + y). The contribution of the first term is estimated as above:
by setting 6 = ¢ — v > 0, we have

_ da

1Ma(f)Sa(lflll e da < [ (1Aafl oo + [|Baf| o ) 1Salflyll e Tal

< / H(safHLoo + HgafHLoo ||Soz[f]y||[,oo da

|a|1—5 |a|1+5 ’Ck’

< W gis Tyl g

Now, using Plancherel theorem and the inequality ‘eiys — 1‘ < |y€|”, we have
Ul gss 0l yges S 170 gsn = 1715
since d + v = €. On the other hand, since

‘[Ma(f)]y‘ S ’Aa[f]y| + IAa[f]y
20
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by repeating the previous arguments, we get

160 [f]yll Lo + H5 yHLOO [sa.f]l oo dev
[ 1ol da < [ o™ o Tal
< WAooy 17 51y S NN 1A 0o
This concludes the proof of Lemma 4.6 O

This completes the proof of Theorem 1.2.

5. CAUCHY PROBLEM

In this section we prove Theorem 1.4 about the Cauchy problem.

We prove the uniqueness by estimating the difference of two solutions. With
regards to the existence, we construct solutions to the Muskat equation as limits of
solutions to a sequence of approximate nonlinear systems, following here [1, 2, 32, 33].
We split the analysis in three parts.

(1) Firstly, we prove that the Cauchy problem for these approximate systems
are well-posed locally in time by means of an ODE argument.

(2) Secondly, we use Theorem 1.2 and an elementary L?-estimate for the paralin-
earized equation to prove that the solutions of the later approximate systems
are bounded in C°([0, T]; H'(R) N H*(R)) on a uniform time interval.

(3) The third task consists in showing that these approximate solutions converge
to a limit which is a solution of the Muskat equation. To do this, one cannot
apply standard compactness results since the equation is non-local. Instead,
we prove that the solutions form a Cauchy sequence in an appropriate space,
by estimating the difference of two solutions.

5.1. Approximate systems. To define approximate systems, we use a version of
Galerkin’s method based on Friedrichs mollifiers. We find convenient to use smooth-
ing operators which are projections and consider, for n € N\ {0}, the operators J,
defined by

Jnu(§) = a(§) for [¢] < n,

Jou(€) =0 for|¢| > n.
Notice that .J, is a projection, J2? = .J,,. This will allow us to simplify some technical

arguments.
Now we consider the following approximate Cauchy problems:

Of +Af =T (T()F),
fli=o = Jnfo.
The following lemma states that this system has smooth local in time solutions.

Lemma 5.1. For all fo € HY(R), and anyn € N\{0}, the initial value problem (5.1)
has a unique maximal solution, for some time T,, > 0, of the form fn, = Jpfo + un

where u, € CY([0,T,[; H*(R)) is such that u,(0) = 0. Moreover, either
T, = 400 or lim sup ||up, ()| 2 = +o0. (5.2)
t

—Tn

(5.1)

Proof. We begin by studying an auxiliary system. Consider the following Cauchy
problem

{&tf + JnAf = Jn(T(Jnf)Jnf)a (5 3)

fli=o = Jn fo.
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Set u = f — Jy fo. Then the Cauchy problem (5.3) has the form
Ou = Fy(u), wuli=o =0, (5.4)

where
Fn(u) = _AJnU - AJnfO +Jn (T(Jn(fo + u))Jn(fO + ’LL))

(we have used J? = .J, to simplify the expression of ). The operator .J, is a
smoothing operator: it is bounded from H'(R) into H*(R) for any p > 1, and
from L?(R) into H*(R) for any u > 0. Consequently, if u belongs to L%(R), then
Jn(fo + u) belongs to H*(R) for any p > 1. Thus, it follows from statement i) in
Proposition 2.3 and the assumption fo € H'(R) that F;, maps L?(R) into itself. This
shows that (5.4) is in fact an ODE with values in a Banach space for any n € N\ {0}.
The key point is that statement ii7) in Proposition 2.3 implies that the function F, is
locally Lipschitz from L?(R) to itself. Consequently, the Cauchy-Lipschitz theorem
gives the existence of a unique maximal solution u,, in C1([0, T;,[; L?(R)). Then the
function f, = J,fo + u, is a solution to (5.3). Since J? = .J,, we check that the
function (I — J,) fy, solves

at(I - Jn)fn = Oa (I - Jn)fn|t:0 = 0.

This shows that (I — J,)fn, =0, so J,, fr, = fn. Consequently, the fact that f,, solves
(5.3) implies that f,, is also a solution to (5.1).

The alternative (5.2) is a consequence of the usual continuation principle for ordi-
nary differential equations. Eventually, integrating (5.4) in time and using the fact
that J,, is a smoothing operator, we obtain that u, belongs to C°([0, T, [; H*®(R)).
Using again (5.4), we conclude that dyu, belong to CO([0, T,,[; H*(R)). O

5.2. A priori estimate for the approximate systems. In this paragraph we
prove two a priori estimates which will play a key role to prove uniform estimates
for the solutions ( f,,) and also to estimate the differences between two such solutions.
We begin with the following estimate in L?(R) N H*(R).

Proposition 5.2. For all real number s € (3/2,2), there exists a positive constant
C > 0 and a non-decreasing function F: R — R such that, any n € N\ {0}, for any
T € (0,T,), the norm

My(T) = sup || fat) = foll72ns

te[0,7)

satisfies

C T
Mo(T) + | IO, a

1+K? (5.5)
< @+ D2 fol3inge + TF( sup 1l Znnmgs ),
t€[0,T]
where
K = sup |0z fn(t, )] - (5.6)
(t,z)€[0,T]xR

Proof. Set To(f) = Jn(T(f)f). We estimate the ||| 2-norm and ||| ;s-norm by
different methods.

First step : low-frequency estimate. Since

8tfn + Afn = JnT(fn)fm fn|t:0 = Jnan (57)
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we have

fn(t) = €xp (_tA> JnfO + /0 exp (_(t - t/)A) ﬁz(fn)(tl) dt/,

SO

fa(t) = Info = (exp (—tA) = I) Jnfo + /O exp (—(t = )A) Tu(fu)(t') d¥,

where I denotes the identity operator. Using the Fourier transform and Plancherel
identity, one obtains immediately that

[(exp (—=tA) = 1) Jn foll 2 < [[EATn foll 2 < T (| foll g -
On the other hand,
[exp (=(t = )A) Ta(f) ()| 2 < (| TalFa) @] 12 -

Consequently,

1fa(t) = Tnfollpz < T follgn +T sup || Ta(fo)(@)]] 2
t'€[0,T]

Now we want to replace the left hand side of the above inequality by || fn(t) — foll2-
To do so, notice that, since the spectrum of J, fo — fo is contained in {|¢| > 1}, we
have

I Jnfo — follpz < Ilfoll g -

By combining the above estimates, we deduce that

1fa(®) = follpz < A +T) | follzn +T sup || Ta(fa) ()] 2 -
t'€[0,T]

Now, we estimate the L2-norm of the nonlinearity 7,(f,) by means of the first
statement in Theorem 1.2. We conclude that, for T' < 1,

1fa(8) = follZ2 < 201+ T) 1 foll s + CT? sup || full 7 sup || £all’, 5
[0,7] [0,T]
This is in turn estimated by the right side of (5.5). This concludes the first step.

Second step : High frequency estimate. Denote by (-,-) the scalar product in L?(R).
To estimate the H*-norm of f,,, we make act A® on the equation, and then take its
scalar product with A®f,. We get

(OeA® fry A% f) + (AT o A% f) = (AT (fn) A fn).

Since the Muskat equation is parabolic of order one, we will be able to gain one
half-derivative. We exploit this parabolic regularity by writing that

(AS+1fn7Aan) = Hf?’LH2Hs+%7

and
(AT (fn) A fu) = (AT (T (fn) fn), A" F)
= (A (T (fa)fn), JnA®fn)
(AS(T(fn ) A? fn) since Jy, fn = fn,
= (A 2T (fo) fur A2 1),

Consequently, we find

2 d = (AT () fa, A2 1),
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We next use a variant of the paralinearization formula given by Corollary 1.3. Set
3
E=s— —.

2
We claim that, for any function g,

2
A (T(g)g) = V(g)duA g + —L2_AZreg 4 AVR (g)

1+ g2
where V(g) and R.(g) are two functions satisfying, for any fixed v < e,
IRl gse < Flglanszo) Il g (5.5)
IV (Dllcor < FUlglhgaps) 9l 4o - (5.9)

where F depends only on e (that is s) and v (which will be specified later). The
proof of this claim is similar to the one of (1.9).
With notations as above, set

2
Vn - V(fn)7 Rn — A1+€Re(fn)7 Yn = 1 _‘if_n;‘%x where f»,w; = axfn
Then,
L s = (A o A £
2dt ° st ) )

H ) 1 (5.10)
+ ((VnaxAS_Efn + Rn)7AS+§fn>'

Now the key point is that
(4°+24,)°
1+ fi

On the other hand, the Cauchy-Schwarz inequality and the estimate (5.8) imply
that

1 1
||fn”ils+% - ('7nA8+§fmAs+§fn) :/ dz.

[ (R A2 £)] < (Rl 2 A2 ]
< f(”anHlmHS) ||fTLHHs+%—§ anHHs-»—% .

It remains to estimate the contribution of V,, to the second term in the right-hand
side of (5.10). Here we use the commutator estimate given by Lemma 2.6. To do
so, one uses the identity HA = —9, where H is the Hilbert transform, to write

VnaacA37%fn = _VnASJr%,an-

Since H is skew-symmetric, we deduce that
1
(VadeA' ™2 s A¥3 1) = 5 ([ VR AT A5 ).
Now we exploit the regularity result for V, given by (5.9). Fix v = 2¢/3 and 0 = €/2.
By applying the commutator estimate in Lemma 2.6, we obtain

1 [H, Vi A2 fol 2 S Valloow [|A5F2

I s

< Vallgow Il vvy s
< F( fall gaoee) 1l iy -

So, by combining the above estimates,

1d At f,)°
§a\|fn”2’s + / (1+f,%$)dx < FUlfall grngs) anHHw%*% ||f”HHs+% ’
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The end of the proof will consist in exploiting the parabolic regularity and a variant
of Gronwall’s lemma to absorb the right-hand side. Set K(t) = sup,ep |0z fn(t, z)|.

Then
1 1

>
1+ f2, — 14+ K%

SO

C
20175||J“"n||2 iR 1Fall% ey < FFallzrmgre) Ml yocg—g Mall vy - (511)

Then we observe that

‘F(anHlew}IS) anHHs-o-%—g HfTLHHs+%
C 1+ K2
< stz Mt + o P Ul P 1l -

Since K < || full ginps by Sobolev embedding, up to modifying the value of the
function .7: by inserting the above inequality in (5.11), we get

C

2
531 + g s < Pl falys g (512)
To conclude, it will suffice to replace in the right side the norm || f"HHS 11 by
[FAIE 75+ To do this, we begin by using the interpolation inequality:
2-20
1fall% iy g < [F[2 1l vy - (5.13)
for some 6 € (0,1). Next, because of the Young’s inequality
1 1 1 1
vy < —2f + —yP  with —+ - =1, (5.14)
p p p D
applied with p = 2/(2 — 26), we infer that
2 C
thllfnll o) 1Fall% oy < FFall zigze) 1l (5.15)

where as above we modified the value of the function F. From this, it is now an
easy matter to obtain the conclusion of the proposition. Firstly, integration of the
above estimate gives

LI +C/tHf () ery
2" T4+ K2) Jo [0+

< SISO+ 5w F Ll o) [
t'e€[0,t]

Modifying F () and C, we deduce that

O+ -z [y 4 < 1O + 7 sup 1Ol )

te[0,T
for any ¢t € [0,T]. By taking the supremum over ¢ € [0, 7], we deduce an estimate for

SUDP¢[0,7] ||fn(t)H§IS Now, the desired estimate for sup;c(o 17 || fn(t) — fOH?i[S follows
from the triangle inequality and the fact that || f,(0)|| 75 < [|foll - O

We will also need another energy estimate to compare two different solutions f;
and f5. The main difficulty here will be to find the optimal space in which one can
perform an energy estimate. The most simpler way to do so would be to estimate
their difference fi — fo in the biggest possible space and to use an interpolation

inequality to control the latter in a space of smoother function. This suggests to
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estimate f; — fo in C°([0,T]; L?(R)). On the other hand, by thinking of the fluid
problem, we might think that it is compulsory to control the difference between the
two functions parametrizing the two free surfaces in a space of smooth functions.
We will see later that, somewhat unexpectedly, that it is enough to estimate f; — fo
in C°([0,T]; HY/2(R)). In this direction, we will use the following proposition.

Proposition 5.3. i) For all s in (3/2,2), there exists a non-decreasing function
F: Ry — Ry such that, for any n € N\ {0}, any T > 0, and any functions

f € (0. T]; H' (R) N H*(R)),
g€ CY[0,T]; Hz(R)) with Jog =g
F e 0°([0,T); L*(R)),

satisfying the equation

where V(f) is as above, we have the estimate

2 (A9)2
33l + [ 150 4 < F o) ol s Lol + (FAge. (617

where e = s —3/2 and C = F( ||f||L°°([O,T];HlﬂH5) ).

i1) Moreover, the same result is true when one replaces J, by the identity.

Proof. To prove (5.17) we take the L2-scalar product of the equation (5.16) with
Ag. Since

1 _ [ (Ag)?
sailoly = @oda). (9u(15ghe) Aa) = [ 130 de
(where we used J,g = g), we only have to estimate (Jn (V(f)@xg),Ag). As above,
writing 0, = —HA, where H is the Hilbert transform satisfying H* = —7#, we obtain
|(Jn(V(£)029), Ag) | = 5 |([H V(f)]Ag,Ag)]|.
Set e =5 —3/2, v =2¢/3 and 0 = 6/2 We use Lemma 2.6 to obtain
| (Ja (V(£)Dz9), Ag)| < H[”H V(£)]Ag]| 2 1Agll 2

< IIV( Ngow 1Ag]l o 1Al 2
< F(Iflgrrmzs) 1891 -5 [[Ag]l 22
< F(flgrrnzs) gl -5 gl g -

This completes the proof of 7) and the same arguments can be used to prove ii). [

5.3. End of the proof. In this paragraph we complete the analysis of the Cauchy
problem. We begin by proving the uniqueness part in Theorem 1.2.

Lemma 5.4. Assume that f and f' are two solutions of the Muskat equation with
the same initial data and satisfying the assumptions of Theorem 1.J. Then f = f’.

Proof. Set

g=f—Ff M=|fllgeqom.einis) + Hf/HLOO([O,T];HlﬂHs)'

We denote by C (M) various constants depending only on M.
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We want to prove that g = 0. To do so, we use the energy estimate in H'/2(R).
The key point is to write that g is a smooth function, in C*([0, T7; H> (R)), satisfying

g +Ag="T(flg+F with F=T(f)f =T(f)f"
This term is estimated by means of point i7) in Proposition 2.3 with § = € = s—3/2,

1F e = (T = TUENL | < CNF = Fll g

Pl gee = COM) llgll - -

(5.18)
Recall from (1.5) that
2
T(f)g = Ja sAg +V(f)0z9+ R(f,9)
1+ f2

where R(f,g) satisfies (setting e = s — 3/2),

IB(f: 22 < ClA yge N9l e = CM) gl e - (5.19)
Therefore, g satisfies

0yg — VOrg + Ag =

f2
where F' = F1 + R(f)g. In view of the estimates (5.18), (5.19) and the embedding
H'=3<2(R) N H=</2(R) < B;f (see Lemma 2.2), we have

((ESAg)] < 1Fll 2 gl g < COM) gl yag - pa-se 11915 -

Hence, it follows from Proposition 5.3 (see point ii)) that

s L [ (g |
531915+ [ 150 4o < COD gl o g s ol

Next, we use interpolation inequalities as in the proof of Proposition 5.2. More
precisely, by using arguments parallel to those used to deduce (5.15) from (5.13)-
(5.14), we get
1
A Tl

This obviously implies that

1d 2 2
M 1.
2dt”g” C( )||9|| 1

Since ¢g(0) = 0, the Gronwall’s inequality implies that || gH 3 = 080 g =0, which

ol g J@grar<conigl, .

2dt

completes the proof. O

Having proved the uniqueness of solutions, we now study their existence. The key
step will be here to apply the a priori estimates proved in Proposition 5.2. This will
give us uniform bounds for the solutions f,, defined in §5.1.

Lemma 5.5. There ezists Ty > 0 such that T,, > Ty for all n € N\ {0} and such
that (fn — fo)nen is bounded in CO([0,Ty); H*(R)).

Proof. We use the notations of §5.1 and Proposition 5.2. Given T' < T,,, we define

Mo(T) = sup |[fa(t) = fol Forgre s Na(T) = Ma(T) + || foll Frapgs -
t€(0,T)

Denote by F the function whose existence is the conclusion of Proposition 5.2 and

set

2
A =10 foll 717 -
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We next pick 0 < Ty < 1 small enough such that
3(1+T0)? | foll 3y e + T0F(A) < A,
We claim the uniform bound
Vn € N\ {0}, VT € I, := [0,min{Ty, T,,}), Nn(T) < A.

Let us prove this claim by contradiction. Assume that for some n there exists 7,, € I,
such that N, (7,) > A and consider the smallest of such times (then 7,, > 0 since
T +— N,(T) is continuous and N, (0) < A by construction). Then, by definition,
for all 0 < T" < 7y, one has Np(T') < A and Np(m) = A. Since [0z fn(t)|| o) S
| fn()|l g1nprs (see (3.4)), we have a uniform control of the L°-norm of 9 f,, on [0, 7]
in terms of A, hence we are in position to apply the a priori estimate (5.5). Now, if

we add HfOH%HmHs to both sides of (5.5) we deduce that

C Tn 9 ) )
MW’/O (I, g At < 3L+ 70)? Lfollfan e + T F (Na(7)).

We infer that

Np(m) +

A= No(1a) <31+ 7)1 foll Fmpge + TnF (Na(Ta)
< 3(1+T0) || foll % pye + TOF(A)
< A,

hence the contradiction. We thus have proved that, for all n € N and all T <
min{Tp, T}, }, we have
sup || fu(t) = foll72nps < A
te[0,7]
This obviously implies that
sup || fu(t) = foll 2 < VA,

te[0,T

Since
Un = fno, = Jnfo = fn— fo+ I = Jn)fo,
and since |[(I — Jn)foll2 < | follg1, the previous bound implies that the norm

lun(t)|| ;2 is bounded for all ¢ < min{7y,T,,}. The alternative (5.2) then implies
that the lifespan of f,, is bounded from below by Tj. And the previous inequality

shows that (f, — fo) is bounded in C°([0, Tp]; H*(R)). This completes the proof. [

At that point, we have defined a sequence (f,,) of solutions to well-chosen approx-
imate systems. The next task is to prove that this sequence converges. Here a word
of caution is in order: H*(R) is not a Banach space when s > 1/2. To overcome
this difficulty, we use the fact that u, = f, — fo is bounded in C°([0, Tp]; H*(R)),
where H*(R) is the nonhomogeneous space L?(R)N H*(R), which is a Banach space.
We claim that, in addition, (u,) is a Cauchy sequence in C°([0, Tp]; H* (R)) for any
s' < s. Let us assume this claim for the moment. This will imply that (u,) converges
in the latter to some limit u. Now, setting f = fo+ » and using the continuity result
for T(f)f given by iii) in Proposition 2.3, we verify immediately that f is a solution
to the Cauchy problem for the Muskat equation. It would remain to prove that wu is
continuous in time with values in H*(R) (instead of H* (R) for any s’ < s). For the
sake of shortness, this is the only point that we do not prove in details in this paper
(referring to [2] for the proof of a similar result in a case with similar difficulties).

To conclude the proof of Theorem 1.4, it remains only to establish the following
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Lemma 5.6. For any real number s’ in [0, s), the sequence (uy,) is a Cauchy sequence

in CO([0, Tp); H¥ (R)).

Proof. The proof is in two steps. We begin by proving that ( f,,) is a Cauchy sequence
in CO([0, Tp); H¥ (R)) for 1/2 < s’ < s. Then, we use this result and an elementary
L2-estimate to infer that (u,) is a Cauchy sequence in C°([0, Tp); L3(R)).

By using estimates parallel to those used to prove Lemma 5.4, one obtains that
(fn) is a Cauchy sequence in CO([O,TO];H%(]R)). Now consider 1/2 < ¢’ < s. By
interpolation, there exists « in (0, 1) such that

1—
lullgror S ull g llll™ -

Consequently, since (f,,) is bounded in C°([0, Tp]; H*(R)), we deduce that (f,) is a
Cauchy sequence in C°([0, Tp]; H*' (R)) for any s’ < s.

It remains only to prove that (u,) is a Cauchy sequence in C°([0, Ty]; L?(R)). To
do so, we proceed differently. Starting from (see (5.7)),

Ofn + Afn = InT (fn) fn:
we obtain that u, —u, = f, — fp — (Jn — Jp) fo satisfies
Or(un, — up) + Alup, — up) = Fop + Gpp (5.20)
where

Fop = Jn(T(fo)fn = T(fp)fp)s  Gup = (Jn — Jp)( — Afo+ T(fp)fp)-
We now use an elementary L2-estimate. We take the L?-scalar product of the
equation (5.20) with u, — u,, to obtain, since u,(0) — u,(0) = 0,

2 ) = @l < [ Fopls ooy + 1ol o -3,

So it remains only to prove that HanHLl([O’T];LQ) and ||an||LQ([0 by 2T arbi-

trarily small for n, p large enough. Here we use the result proved in the first part of
the proof. Namely, since (f,) is a Cauchy sequence in C°([0,T]; H'(R) N H%(R)),
we deduce from point 77i) in Proposition 2.3 that

T(fa)fn =T (fp)fp

is small in CY([0, T]; L?(R)) for n,p large enough. On the other hand, using the
estimate

1
In — Ip)u)| .1 < ————= |2,
10 = Tyl < s il
we verify that HanHL2 (11 is arbitrarily small for n,p large enough. This
completes the proof. o O
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