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Abstract

The wake produced by a model wind turbine is investigated using proper orthogonal

decomposition (POD) of numerical data obtained by large eddy simulations at a

diameter-based Reynolds number Re=6:3×105 . The blades are modeled employing

the actuator line method and an immersed boundary method is used to simulate

tower and nacelle. Two simulations are performed: one accounts only for the blades

effect; the other includes also tower and nacelle. The two simulations are analyzed

and compared in terms of mean flow fields and POD modes that mainly characterize

the wake dynamics. In the rotor-only case, the most energetic modes in the near

wake are composed of high-frequency tip and root vortices, whereas in the far wake,

low-frequency modes accounting for mutual inductance instability of tip vortices are

found. When tower and nacelle are included, low-frequency POD modes are present

already in the near wake, linked to the von Karman vortices shed by the tower. These

modes interact nonlinearly with the tip vortices in the far wake, generating new

low-frequency POD modes, some of them lying in the frequency range of wake

meandering. An analysis of the mean kinetic energy (MKE) entrainment of each POD

mode shows that tip vortices sustain the wake mean shear, whereas low-frequency

modes contribute to wake recovery. This explains why tower and nacelle induce a

faster wake recovery.
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1 | INTRODUCTION

In order to limit the negative impact of energy production by fossil fuels on the environment and climate equilibrium, in the upcoming years, a

larger fraction of energy demand must be satisfied by renewable sources. In 2018, 80% of the global energy consumption has been provided by

fossil fuels (coal, oil, and gas).1 The energy production from renewable sources increased by 4% in 2018,1 accounting for almost one quarter of

global energy demand growth. Onshore wind energy production is expected to expand by 12.5% between 2019 and 2024.2

Achieving such a target requires the design and installation of new large wind farms, constituted of up to hundreds of turbines, and the

upgrade of existing ones exploiting new technologies for improving efficiency and reliability. When clustered in large farms, a great part of the
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wind turbines operates in the wake of upwind turbines. The velocity deficit and the high turbulence level of the incoming flow induces power

losses and fatigue blade loading.3-5 For this reason, understanding the dynamics of wind turbine wakes is fundamental for the design and optimi-

zation of wind turbines and farms. However, this is a challenging task due to the multiscale nature of atmospheric turbulence spreading over a

wide range of spatial scales ranging from millimeters, corresponding to the Kolmogorov turbulence length scale, influencing the flow past the

blade airfoils, to thousands of kilometers, linked to the horizontal length scale of the vortices in the atmosphere, influencing the interaction

between the ABL and large wind farms.6 Notably, the entrainment of energy from the flow above the wind turbines appears to be dominated by

large-scale structures having at least the size of the rotor diameter.7

Wind turbine wakes, similarly to many other turbulent flows, are characterized by coherent motions with characteristic wavelengths and

lifetimes, presenting a strong correlation over both space and time, the so-called coherent structures.8,9

One of the most widely used methods for extracting coherent structures from flow data is the proper orthogonal decomposition (POD).10-12

POD allows one to find a finite set of deterministic modes whose linear combination optimally reconstructs the energy of a set of stochastic flow

data. Such a technique has been recently introduced in the study of the flow through wind turbines and wind farms. Andersen et al.13 simulated

the turbulence in the interior of a wind farm using large eddy simulation and the actuator line method. The flow was reconstructed by applying

the POD to the velocity field extracted in a plane perpendicular to the streamwise direction. VerHulst and Meneveau14 proposed one of the first

applications of the three-dimensional POD analysis to the study of a wind farm. They classified the resulting POD modes into four categories

according to their general structure and determined how many of these POD modes are needed to capture a large fraction of the turbulent kinetic

energy of the flow.

Sarmast et al.15 focused on the stability properties of the tip vortices and the mechanisms leading to vortex pairing by means of large eddy

simulation (LES), continuing the work previously performed by Ivanell et al.16 The flow was perturbed by using low-amplitude excitations near the

tip of the blades and the POD technique was employed to extract the unstable modes demonstrating a prominence of the mutual inductance

phenomenon.

Also, Bastine et al.17 applied the two-dimensional POD to the LES data of the wake of a wind turbine, considering a more realistic incoming

flow representing a turbulent atmospheric boundary layer (ABL) in the case of a neutrally stratified atmosphere. Hamilton et al.18,19 investigated

wake interaction and recovery dynamics in different wind turbine array configurations using the POD applied to velocity measurements. Resulting

modes were used for constructing low-dimensional models of turbulence statistics. Double POD applied on a similar dataset20 has indicated that

the structure of the wake can be described using a small subset of the original mode basis, providing a total reduction to 0.015% of the degrees of

freedom of the wind turbine wake. Very recently,21 POD analysis applied to LES data with actuator disk model has been used to construct a

reduced-order model of turbine wakes using polynomial reconstruction able to quantify the interaction and evolution of the POD modes. POD

has been also used to extract coherent structures of the thermally stratified wind turbine array boundary layer,22 showing that, in the unstable

and neutrally stratified regimes, the structures related to the ABL flow, which are beneficial for wake recovery, dominate over those introduced

by the presence of the turbines. The effect of the spacing between wind turbines on POD modes has been assessed by Ali et al.,23 showing that

modifying the streamwise and spanwise spacing leads to changes in the background structure of the turbulence as well as on power producted.

Numerous other works focused on the wake of a single wind turbine. Sørensen et al.24 applied the POD on the LES results for a single-turbine

wake analyzing the flow field in planes behind the rotor. The spatial development of the POD modes was employed to describe the breakdown

process in the transition region from the near wake to the far wake. Bastine et al.25 applied the POD technique to LES data, extracted in one plane

in the wake, to investigate a new stochastic modeling approach for the wake of a wind turbine. They showed that approximately six POD modes

are sufficient to capture the load dynamics on large temporal scales. Debnath et al.26 studied the dynamics of wind turbine wakes and instabilities

of helicoidal tip vortices using three-dimensional POD. Snapshots of the velocity field obtained from the LES of an isolated wind turbine were

considered as dataset. The dominant wake structures were selected for the formulation of a reduced-order model.

Despite providing a thorough analysis of the energy-containing coherent structures behind a rotor, most of these works neglect the contribu-

tion of tower and nacelle to the flow dynamics. However, their influence is fundamental for understanding the behavior of the wake and for cor-

rectly estimating its recovery and the main flow frequencies. The coherent motion in a wind turbine wake can be divided into two regions with

different dynamics, the near-wake region and the far-wake region, characterized by radically different coherent structures. In the near wake,

coherent helicoidal vortex structures are shed from the tip and the root of the rotor blades.13 In general, the coherent tip and root vortex systems

undergo instability mechanisms and break down forming small-scale turbulent structures. Mutual inductance between the spirals of the helicoidal

vortices is one of the main instability mechanisms, leading to vortex pairing in the rotor wake.16 At the center of the near wake, there is the

so-called hub vortex, a vortical structure elongated in the streamwise direction27,28 and characterized by a single-helix counter-winding periodic

instability, which may interact with the tip vortices triggering the breakdown of the vortex system.29,30 The central part of the near wake can be

also characterized by a vortex shedding mechanism typical of bluff bodies due to the presence of the nacelle.31 The far wake, in contrast, is less

dependent on the geometry of the turbine and is characterized by turbulent structures derived from the breakdown of coherent vortices and by

the entrainment of the outer flow leading to wake recovery.32,33

Although many studies have essentially focused on the vortical dynamics induced by the rotor, the tower and nacelle are now believed to

have a fundamental role in the breakdown of the vortices shed by the rotor and on the consequent wake recovery. The wake of the tower

2 DE CILLIS ET AL.



appears to promote the breakdown of the tip vortices, increasing the MKE flux into the wake.34 Similarly to background turbulence, tower–wake

interactions also induce an asymmetry of the wake deficit, leading to a decreased efficiency and increased blade stress levels for a turbine placed

downstream.35 Moreover, the role of the nacelle on the origin of wake meandering in the near field of a single turbine has been recently investi-

gated.30 The helical hub vortex that forms behind the turbine nacelle interacts with the tip vortices while expanding radially, leading to turbulent

coherent structures in the far wake that can be connected to the wake meandering phenomenon.36 For this reason, incorporating the presence of

the nacelle in wind farm simulations is crucial for accurately predicting the dynamics of wake meandering as well as the loads on downwind tur-

bines.37 Nevertheless, most of these studies including the effect of tower and nacelle focus on the features of the mean flow only, failing to cap-

ture unsteady phenomena due to the interaction of coherent structures with different frequencies and structures, which may have a strong

impact on wake entrainment and recovery. An analysis of the influence of both tower and nacelle on the main frequencies and spatial features of

the coherent structures developing in the turbine wake, which is at the moment still lacking, will be crucial to determine the impact of these com-

ponents of a wind turbine on the entrainment and recovery of its wake.

The present work attempts to fill this gap, aiming at assessing the effect of tower and nacelle on the dynamics of coherent structures in

the wake of wind turbines. To identify the most relevant coherent structures, the numerically simulated flow in the presence and absence of

tower and nacelle has been analyzed using the POD technique. This work provides one of the rare applications of the POD technique to a full

three-dimensional set of data for a wind turbine, comparing the wake generated by an isolated (ideal) turbine rotor with that generated by the

complete turbine including the tower and nacelle. In the authors' knowledge, a similar analysis has been previously carried out only by Debnath

et al.26 with main focus on the construction of a reduced-order model based on POD modes rather than on the analysis of the physical mean-

ing of the different modes. In this work, we are interested in a fine analysis of the coherent structures recovered by POD in the near and in the

far wake, aiming at unraveling the physical mechanisms enhancing or hindering wake recovery. The outcomes of the POD analysis in the two

different configurations (rotor-only and complete turbine) will be compared in order to understand the role of tower and nacelle in wake recov-

ery and meandering. At this purpose, we have employed an LES approach to solve the Navier–Stokes equations.38 The geometry of the tower

and the nacelle is modeled by an immersed boundary method,34,39 whereas the actuator line method40,41 is used for modeling the rotor blades.

For the present computations, a model turbine geometry has been considered, which has been tested in a wind tunnel and provides us a bench-

mark for our numerical results. The exact experimental conditions were reproduced with the same numerical code used here by Santoni

et al.,34 and the numerical results agreed well with measurements. In the present paper, we have slightly modified the geometrical setup to

decrease the blockage of the flow. We have also reduced the radius of the tower and the length of the nacelle in order to have conditions

closer to utility-scale turbines and increase the impact of our findings. The experiments were conducted at relatively low Reynolds number and

with a very weak level of inlet turbulence intensity, so that we have neglected the inlet turbulence in the computations. Inlet turbulence may

have an influence on the dynamics of the wake and also on the interaction of the tower and nacelle wakes with the tip and root vortex helices.

However, the coherent structures generated in the wake of the tower and the nacelle have given length scales and range of frequency which

are mainly dependent on the geometry of these two components and on the incoming flow velocity. Therefore, the present flow analysis pro-

vides an interesting insight in the mechanism of the diffusion of the wake, which is valid for low values of the inlet turbulence intensity and

Reynolds number.

The present paper is organized as follows. Section 2 provides an overview of the numerical methods used in this work. Section 3 presents the

numerical setup for the LESs. The computed mean flow is discussed in Section 4, whereas the POD analysis is presented in Section 5, at first in

the rotor-only case (Section 5.1) and then in the presence of tower and nacelle (Section 5.2). In Section 5.3, the POD modes recovered in these

two configurations are compared. An analysis of the contribution of each POD mode on the MKE entrainment is provided in Section 6. Finally,

relevant conclusions are drawn in Section 7.

2 | METHODOLOGY

In this work, we use LES to study the wake behind a wind turbine. This type of computational approach solves in a direct way the

large-scale turbulent structures, with shape and wavelength depending on the geometry of the problem, that contain a large part of the

energy of the flow, whereas smaller-scale turbulent fluctuations, which do not depend on the geometry of the considered problem, are

filtered out and their effect on the larger flow structures is modeled. Therefore, LES allows one to reduce the computational cost with

respect to direct numerical simulation (DNS), achieving at the same time a much higher accuracy with respect to the Reynolds-averaged

Navier–Stokes equations, especially for flows where large-scale motions are significant, such as flows over bluff bodies.42 LESs are carried

out by solving the governing equations for the filtered nondimensional velocity, u, and pressure, p, derived from the Navier–Stokes equations

for incompressible flows:

∂ui
∂t

+
∂uiuj
∂xj

= −
∂p
∂xi

+
1
Re

∂2ui
∂xj∂xj

−
∂τij
∂xj

+ Fi, ð1Þ
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∂ui
∂xi

=0, ð2Þ

where i, j2 1,2,3f g indicate the components in the Cartesian reference frame corresponding to the streamwise, x, wall-normal, y, and spanwise, z,

directions, respectively. The Reynolds number is defined as Re=U∞D=ν, where U∞ is the inlet velocity, D is the rotor diameter, and ν is the kine-

matic viscosity of the fluid, which have been used as reference variables (viz., x=X=D,y =Y=D,z=Z=D and ui =Ui=U∞ ). The subgrid-scale stress

tensor, τij , can be decomposed into an isotropic part and an anisotropic part, τrij . The isotropic part is included in the modified filtered pressure

p∗ = p+ 1
3τii , whereas the anisotropic part is modeled using the Smagorinsky model with constant Cs =0:09. The Smagorinsky model has been

widely used for similar test cases (see, for instance, the work of Martinez-Tossas et al.41). Ciri et al.43,44 performed LES of the “Blind test 1”45 and

the “Blind test 4”46 using the Smagorinsky model varying the value of CS, the Vreman, the WALE, and the σ models. They indicated a weak depen-

dence of the wake dynamics on the particular subgrid-scale model, similarly to the results of Sarlak et al.47 Therefore, in the present paper, we

employed the Smagorinsky model because it is already validated in these previous studies. The last term in Equation (1), Fi , represents the force

per unit volume given by the actuator line method, which models the aerodynamic forces exerted by the turbine blades on the fluid, as further

explained in Appendix A1. The tower and nacelle are described using the immersed boundary method (see Appendix A1 for details). The

governing equations are solved using a second-order-accurate centered finite difference scheme on a staggered Cartesian grid and an hybrid low-

storage third-order-accurate Runge–Kutta scheme for time integration.48

3 | SIMULATION LAYOUT

The simulation layout is based on the experiments performed by Krogstad and Eriksen45 using a turbine model with a three-bladed rotor of diam-

eter D=0:894m and hub height yh =0:817m . Detailed information about the blade design is given in Krogstad and Eriksen.49 The tower is

modeled as a cylinder with diameter equal to one-tenth of the rotor diameter, namely, dt =8:94cm . The nacelle is modeled as a capsule with the

same diameter of the tower having an axial length of 0:298m (0:3D). The computational domain (Figure 1) has dimensions 12:5D×5D×3D in the

streamwise (x), wall-normal (y) and spanwise (z) directions, respectively. The rotor is located at 4D from the inlet section and it is centered in the

F IGURE 1 Computational
domain [Colour figure can be
viewed at wileyonlinelibrary.com]
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spanwise direction. A uniform velocity profile aligned with the rotor axis with U∞ =10m=s is imposed at the inlet points, whereas a radiative

boundary condition is employed at the outlet points with uniform convection velocity C =9m=s.50 The no-slip condition is imposed at the bottom

wall, whereas free slip is prescribed at the top wall. The lateral boundaries are periodic. Since the working fluid is air at atmospheric pressure and

10�C, the Reynolds number is Re=6:3×105. The computational domain is discretized using 2048 × 512 × 512 grid points in x, y, and z directions,

respectively. The grid point distribution is uniform along the streamwise and spanwise directions, whereas it is stretched in the wall-normal direc-

tion, with finer (uniform) spacing in the rotor wake region. Following the experimental data,45 the tip speed ratio considered in this study is λ=3,

which implies a constant dimensionless angular frequency of the rotor:

Ω=
2λUref

U∞
=6, ð3Þ

since we have chosen the inlet velocity U∞ as reference velocity Uref . The corresponding Strouhal number is Str =Ω=2π =0:9549. It has to be

pointed out that the chosen flow configuration does not reproduce exactly that of the reference case.45 In particular, we have reduced the block-

age effect by removing lateral walls and extending the domain in the wall-normal direction up to five diameters, and we have decreased the

dimensions of tower and nacelle, in order to render the setup more similar to that of utility-scale wind turbines.

4 | MEAN FLOW FIELDS

4.1 | Time-averaged velocity fields

In the present section, the time-averaged flow fields computed for the two flow configurations, the first considering only the rotor and the second

taking into account tower and nacelle, are discussed and compared. In the remainder of the paper, we will refer to the rotor-only case and the

tower and nacelle flow configurations as the RO and theTN cases, respectively.

As shown in Figure 2, in the x=1 plane, for both configurations, the wake is asymmetric in the vertical ðy, zÞ plane, and the near-wake flow

rotates in the direction opposed to that of the rotor. When the nacelle is neglected, an unphysical jet develops at the center of the rotor, whose

strength increases with the tip speed ratio.34 The presence of the tower and nacelle increases the asymmetry of the flow due to the presence of

additional wakes behind the tower and at the center of the wake due to the nacelle. One can clearly observe in Figure 2B that the left part of the

near-wake flow has a lower velocity than the right one. This is due to the transport of low-momentum fluid from the wake of the tower, which is

lifted up in the near-wake region. Finally, two asymmetric counter-rotating vortical regions can be observed at the two sides of the wake of the

tower, which reveal the presence of a horseshoe vortex system, whose vorticity on the right (respectively, left) part of the domain is enhanced

(respectively, inhibited) by the wake rotation. Figure 3 provides the streamwise velocity contours in the ðx, yÞ and ðx, zÞ planes. In the RO case

(Figure 3A), the presence of the bottom wall induces a shift of the central high-velocity jet towards the upper part of the wake, as clearly shown

in the top left frame. Moreover, the jet persists for more than three diameters behind the rotor. Further downstream, the velocity gradient is

smoothed out by the viscosity and the breakdown of the root vortex. Figure 3B shows that, in the TN case, the velocity jet at the center of the

rotor is reduced in intensity and length, and both the asymmetry of the wake and the recovery of the wake, especially in its upper part, are

enhanced. The wake asymmetry in the horizontal ðx, zÞ planes (bottom frames), in the RO case is due to the wall blockage effect. In the TN case,

the low-momentum fluid is lifted up from the tower wake and captured by the rotor wake in the near-wake region; then, this velocity deficit is

transported downstream following the rotation of the flow around the axis of the turbine. Therefore, due to the rotation of the wake, the left part

F IGURE 2 Time-averaged streamwise
velocity contours at x=1 for the rotor-
only case (A) and the tower and nacelle
case (B) [Colour figure can be viewed at
wileyonlinelibrary.com]
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of the near wake in Figure 3B shows a lower streamwise velocity and the wake is inclined with respect to the axial direction. In the far-wake

region, the recovery of the wake appears enhanced with respect to the RO case.

A qualitative comparison with the experimental data of Krogstad and Eriksen45 is provided in Figure 4, which shows the mean axial velocity

and turbulent kinetic energy profiles along a line at x=3 and y =0 calculated by LES in the presence of tower and nacelle, compared with the

corresponding measured profiles. Numerical and experimental data are in reasonable agreement, considering that their layout geometry is not per-

fectly coincident. In fact, we recall that the exact experimental conditions were reproduced with the same numerical code used here by Santoni

et al.,34 and the numerical results agreed well with measurements. Whereas, in the present configuration, due to the differences between the

numerical and experimental setup (viz., the absence of lateral walls, the increased wall-normal domain, and the decreased dimensions of tower

and nacelle), the experimental velocity profile shows a lower deficit within the wake and a higher velocity outside it.

This depends mainly on the domain cross-sectional area: the blockage ratio of the experiment is quite high (13%), larger than that used in our

simulation (5%), and this induces a higher acceleration around the turbine. Instead, the computed turbulent kinetic energy profile is in close agree-

ment with the measured one. Finally, Figure 5 shows the averaged velocity distribution in the rotor swept area along the streamwise direction.

The averaged velocity drops across the rotor (X=D=0), due to the drag force of the turbine, and further downstream in the wake, the velocity

increases (wake recovery).

One can observe that the presence of the tower and nacelle (corresponding to the dashed line) on one hand increases the velocity deficit behind

the rotor, with respect to the RO case (solid line), and, on the other hand, accelerates the wake recovery by increasing the entrainment of the MKE.

4.2 | Phase-averaged velocity fields

Since the flow under investigation is mainly forced at the frequency corresponding to the rotational speed of the rotor, it is possible to apply a tri-

ple decomposition of the turbulent velocity field,51

F IGURE 3 Time-averaged streamwise velocity contours in the x−y plane (top frames) and in the x−z plane (bottom frames) passing through
the rotor axis for the rotor-only case (A) and the tower and nacelle case (B) [Colour figure can be viewed at wileyonlinelibrary.com]

F IGURE 4 Mean streamwise velocity profiles
(A) and turbulent kinetic energy profiles (B) at
X=D= 3 and Y=D=0: experimental results by

Krogstad and Eriksen45 ( ) and large eddy
simulation results ( )
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uðx,y,z,tÞ= �uðx,y,zÞ+ ~uðx,y,z,trÞ+ u0ðx,y,z,tÞ ð4Þ

where -u is the time-averaged velocity, ~u is the “coherent” fluctuation with period T dependent on the forcing, tr 2 ½0,TÞ, and u0 is the “random”

fluctuation. We define the coherent fluctuation as ~u= hui−�u, where uh i is the phase-averaged velocity at the Strouhal number of the rotor Str ,

huiðx,trÞ¼ 1
N

XN−1
n¼0

uðx,tr þnTÞ,

T¼ 1
Str

,

ð5Þ

all the remaining part of the perturbation with respect to the time-average flow being included in the random fluctuation u0 . In both RO and TN

cases, the phase-averaged flow fields provided in Figure 6 show quite intense coherent vortical structures shed by the turbine, corresponding to

tip and root vortices, as expected. For a three-bladed rotor, the vortical structures oscillate at a characteristic angular frequency, ωTV (where the

subscript TV stands for tip vortices), equal to three times the rotor angular frequency Ω. Inspecting closely the isosurfaces of the Q-criterion pro-

vided in Figure 6, one can see that, if tower and nacelle are not taken into account, helical tip vortices are advected downstream, almost

undisturbed, up to six diameters past the turbine. If, instead, tower and nacelle are included in the simulation, the tip vortices break down earlier,

F IGURE 6 Q-criterion isosurfaces (Q=5:1) of
the phase-averaged flow fields for the rotor-only
(A) and tower and nacelle (B) cases [Colour figure

can be viewed at wileyonlinelibrary.com]

F IGURE 5 Mean streamwise velocity averaged on a disk of radius
R=0:5, centered on the rotor axis. Solid line ( ) is relative to the
rotor-only case, whereas dashed line ( ) is relative to the case with
tower and nacelle
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mainly at the bottom and left side of the wake. This is due to the interaction with the vortical structures shed by tower and nacelle, which are

advected to the left side of the wake by the rotating flow induced by the blades,34 whereas the tip vortices in the top/right part of the wake are

only slightly affected by the presence of tower and nacelle, showing a behavior similar to the RO case. The analysis of the phase-locked fluctua-

tion ~u allows us to define a criterion for setting apart the near wake from the far wake, which will be used in the next section for the POD analysis.

Usually, the distinction between near and far wake is qualitative: the near wake is the region just behind the rotor where the dynamics of the flow

is determined by the geometry and working conditions of the rotor itself, namely, by the number of blades, blade aerodynamics, tip vortices, and

rotational speed. The far wake is the region beyond the near wake, where the structures linked to the blades' aerodynamics are no longer visible

and the flow is dominated by convection and turbulence diffusion.52

Several criteria have been employed for the discrimination between near and far wake, for example, the starting location of the wake break-

down53 or the location where a fully developed Gaussian velocity profile is attained.54 However, there is not a unified criterion for such a discrim-

ination. The criterion defined and employed in the present work is based on the time-averaged coherent kinetic energy computed as

�~k =
1
2
�~u2, ð6Þ

averaged on the y−z planes at each streamwise location. Figure 7 shows the streamwise variation of this quantity (normalized with respect to its

maximum value), which decreases in the streamwise direction as the energy passes from coherent to random fluctuations, going from the near to

the far wake. The streamwise location at which the value of the coherent averaged kinetic energy drops below 3% of its maximum will be taken

hereafter as the threshold between the near- and the far-wake region. Such a criterion, despite being arbitrary by the choice of a threshold value,

is closely related to the general definition of near wake, characterized by coherent structures generated by the rotor, in particular by the tip vortex

helices, and has proved to be suitable for separating the two flow regions characterized by a different dynamics.

5 | PROPER ORTHOGONAL DECOMPOSITION

The coherent structures developing in the wake of the considered wind turbine are analyzed using POD. This technique allows one to decompose

the unsteady flow field into a set of orthonormal functions ϕj , providing a complete basis for each realization of the stochastic process qðx,tÞ ,
which can be expanded as

qðx,tÞ=
X∞
j=1

ajðtÞϕjðxÞ, ð7Þ

with ajðtÞ= hqðx,tÞ,ϕjðxÞi being the time coefficients of the expansion. The spatial modes ϕðxÞ are chosen so as to maximize the quantity:

λ=
Ef hqðx,tÞ,ϕðxÞij j2g

hϕðxÞ,ϕðxÞi , ð8Þ

where �, �h i denotes the inner product and E �f g is the expectation operator. Further details on the POD method can be found in Appendix A2.

5.1 | RO case

POD of the flow field in the RO configuration has been carried out over a dataset made of M=2575 snapshots, after validation of the conver-

gence of the POD modes with respect to the number of snapshots. Since the Δt between the different snapshots allows for a 10� rotation of the

rotor, 36 snapshots correspond to a complete rotation of the rotor. Therefore, the dataset spans about 71 revolutions. The choice of the

F IGURE 7 Mean kinetic energy of the coherent fluctuation ~u
averaged in y – z planes for each x location, normalized by its maximum.
The solid line ( ) refers to the rotor-only case, whereas the
dashed line ( ) refers to the tower and nacelle case. The dotted
line ( ) at 0.03 is chosen as the threshold to discriminate near-
wake and far-wake regions
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snapshots' sampling frequency is justified in Appendix A2. Two different subdomains have been considered, namely, a near-wake (NW) domain

and a far-wake (FW) domain. According to the criterion established in the previous section for the near/far wake discrimination, the resulting sub-

domain extents are 04:5½ �× −0:80:9½ �× 0:32:7½ � for the near wake and 4:58:4½ �× −0:80:9½ �× 0:32:7½ � for the far wake, in x, y , and z directions,

respectively. The results of the analyses are nonetheless robust with respect to the choice of the threshold for determining the near- and far-wake

regions. In both regions, the velocities have been downsampled with a 1:5 ratio with respect to the computational grid. The POD method ranks

the eigenvectors with respect to their energy content, as shown in Figure 8. The top frames of this figure show the flow energy captured by each

of the main POD modes expressed as a percentage of the reconstructed total turbulent kinetic energy, computed as E =PM
i=1λk , in the near- (left)

and far-wake (right) region (the bottom frames showing the same quantities for theTN case). Although the snapshots' matrix is full rank, the POD

modes with k greater than those shown in the figure have a slowly decaying energy and an increasingly small-scale disorganized structure, being

therefore of little interest for the present study. In all cases, the 0th POD modes (see the left columns of Table 1) are omitted since they simply

provide the time average of the instantaneous flow fields.

F IGURE 8 Energy of the main proper
orthogonal decomposition modes,
expressed as a percentage of the total
turbulent kinetic energy E =PM

i=1λk , for
the rotor-only (top) and tower and nacelle
(bottom) configuration in the near wake
(left) and in the far wake (right)

TABLE 1 Mode number of the rotor-only (top) and tower and nacelle (bottom) cases, according to Figure 8 and leading Strouhal number Stl
of the most energetic POD pairs

Near-wake Far-wake

Pair POD modes Stl Pair POD modes Stl

RONW0 0 0 ROFW0 0 0

Rotor-only RONW1 1–2 2.865 ROFW1 1–2 2.865

case RONW2 3–4 5.73 ROFW2 3–4 1.277

RONW3 5–6 8.59 ROFW3 5–6 0.883

RONW4 7–8 11.46 ROFW4 7–8 0.78–1.41

TNNW0 0 0 TNFW0 0 0

Tower and nacelle TNNW1 1–2 2.865 TNFW1 1–2 0.883

case TNNW2 3–4 1.891 TNFW2 3–4 0.246

TNNW3 5–6 1.03 TNFW3 5–6 0.662

TNNW4 7–8 5.73 TNFW4 7–8 0.451

TNNW5 9–10 1.43–0.93 TNFW5 9–10 0.491

Abbreviation: POD, proper orthogonal decomposition.
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5.1.1 | Near wake

The most energetic POD modes from 1 to 12 are paired as described inTable 1, since their associated eigenvalues, λi, are very close to each other

and their time coefficients, aiðtÞ , have almost identical frequency spectra, as shown in Figure 9A. The first pair of modes, labeled RONW1 and

containing about 25% of the total energy, represents the root and tip vortices shed by the blades, as shown in Figure 10 by the combination of

the first three POD modes providing the coherent tip and root vortex system together with the central jet due to the absence of the nacelle. The

frequency spectra of the time coefficients a2−3ðtÞ related to these modes show, indeed, a single peak at StTV =ωTV=2π ≈ 2:865, which is three

times the Strouhal number correspondent to the rotor angular frequency Str . This particular value of the Strouhal number is related to the pitch λx

of the tip and root vortices by the convection velocity of the vortex system. By measuring the pitch λx leading to the streamwise wavenumbers

αtip =2π=λx ≈ 20:92 and αroot ≈ 20:36, the convection velocities of the tip and root vortices can be estimated as Ctip =2πStTV=αtip ≈ 0:861 and

Croot ≈ 0:88, where the slightly larger convection velocity estimated for the root vortices is probably due to the presence of a jet at the center of

the rotor. The successive mode pairs characterizing the near-wake region are simply harmonics of the first pair. Figure 9A provides the frequency

spectra of pairs RONW2/3/4, all of them showing a single peak at values of the Strouhal number multiple of StTV .

5.1.2 | Far wake

In the far-wake region, the first three POD modes are similar to the first three modes found in the near wake. Figure 11 provides the streamwise

velocity contours of the pair ROFW1 (where both modes, taken at t=0, have been summed up for the sake of visualization) in the x−y plane con-

taining the rotor axis, showing a clear set of tip vortices fading out towards the end of the domain. The successive pairs of modes instead capture

the convective instabilities developing in the far wake and have lower frequencies both in space and time, as shown by the spectra in Figure 9B.

F IGURE 9 Amplitude spectra
of time coefficients associated to
the first four proper orthogonal
decomposition pairs for the rotor-
only case in the near wake (A) and
in the far wake (B). Solid lines
( ) represent the first mode
of each pair, whereas dotted lines
( ) represent the
second mode

F IGURE 10 Q-criterion isosurface of the velocity field obtained by
summing the first three proper orthogonal decomposition modes
(RONW0 plus RONW1) multiplied by the corresponding time
coefficients at t=0 [Colour figure can be viewed at wileyonlinelibrary.
com]

F IGURE 11 Streamwise velocity contours of the ROFW1 pair at
t=0 in the x−y plane at z=1:5 [Colour figure can be viewed at
wileyonlinelibrary.com]
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Figure 12 provides the streamwise velocity contours of pairs ROFW2/3/4, showing that they are mostly located in the tip vortex region and, to a

lesser extent, in the core of the wake, where radial gradients due to the central jet are present. Looking at the flow field obtained by the combina-

tion of the first five POD modes, one can observe a vortex pairing mechanism (see Figure 13 at x>6), recalling the mutual inductance instability

phenomenon investigated extensively by Ivanell et al.16 These authors studied this phenomenon perturbing a steady (low-Re) wake of a wind tur-

bine using low-amplitude excitations located in the neighborhood of the blade tips. They found that the most amplified perturbations are those

inducing an out-of-phase displacement of two consecutive vortex spirals.

It has been also shown by Sarmast et al.15 that the streamwise frequency of the waves responsible for this instability is about half the tip vor-

tices' frequency. Here, the ROFW2 modes have a peak Strouhal number about equal to half the tip vortex one; assuming that these POD pairs

are characterized by the same phase velocity, the relation between temporal frequencies is valid also for the streamwise spatial frequencies.

Therefore, the ROFW2 pair produces an out-of-phase displacement of two consecutive tip vortices, leading to vortex pairing.

It will be shown in Section 6 that these modes provide an important contribution to the recovery of the wake through MKE entrainment,

even though they are about 10 times less energetic than tip vortices, as shown in Figure 8B.

5.2 | TN case

In this section, we discuss the POD results in the flow configuration including the tower and nacelle.

The total number of snapshots considered for the POD is M=2361, stored each 10� rotation for about 65 revolutions. Near- and far-wake

subdomains have been considered. According to the criterion described in Section 4.2, the near-wake domain extent is

03:5½ �× −0:8 0:9½ �× 0:3 2:7½ � and the far-wake domain extent is 3:5 8:4½ �× −0:8 0:9½ �× 0:3 2:7½ � in x, y, and z directions, respectively. Notice that

the near-wake region is shorter than in the RO case. The velocity components, as in the RO configuration, have been downsampled with a ratio

1:5 with respect to the computational grid.

The energy of the main POD modes obtained for theTN configuration in the near wake and in the far wake is provided in the bottom row of

Figure 8. The 0th mode is omitted being the time average of the flow, whereas the successive unsteady modes up to the 10th are combined in

pairs, according to Table 1. As in the RO case, mode pairing is revealed by the frequency analyses of the corresponding time coefficients, which

are provided in Figure 14.

5.2.1 | Near wake

The most energetic POD modes in the near wake for the configuration including tower and nacelle allow us to uncover several important features

of the flow. TheTNNW1 pair is related to tip and root vortices, as shown in Figure 15A and oscillates at the characteristic Strouhal number of the

F IGURE 12 Streamwise velocity isosurfaces of the ROFW2 (A), ROFW3 (B), and ROFW4 (C) pairs at t= 0 (red for positive, blue for negative
values) [Colour figure can be viewed at wileyonlinelibrary.com]

F IGURE 13 Spanwise vorticity contours in the xy plane at z =1:5
of the flow field obtained by combining the first five proper orthogonal
decomposition modes of the rotor-only case multiplied by the
corresponding time coefficients at t=0 [Colour figure can be viewed at
wileyonlinelibrary.com]
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tip vortices StTV , as in the RO case. However, in the present case, these coherent vortical structures are detected by POD mainly on one side of

the wake, corresponding to the region where the phase-averaged velocity gradient field discussed in Section 4.2 is stronger. Notice that in this

case, the presence of the nacelle induces a reduction of the convection velocity of the root vortices (Croot ≈ 0:67), which translates into a smaller

pitch of the root vortices.

F IGURE 14 Amplitude spectra of time coefficients associated to the first five proper orthogonal decomposition pairs for the tower and
nacelle case in the near wake (A) and in the far wake (B). Solid lines ( ) represent the first mode of each pair, whereas dotted lines ( )
represent the second mode

F IGURE 15 Streamwise velocity contours at t= 0 of theTNNW1 pair at y =0 (A), TNNW2 pair at y = −0:5 (B), TNNW3 pair at y = −0:3 (C),
TNNW4 pair at y =0 (D), and TNNW5 pair at y = −0:3 (E) [Colour figure can be viewed at wileyonlinelibrary.com]
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The TNNW2 pair provided in Figure 15B is related to the von Karman vortices shed by the tower. It is characterized by a Strouhal number

St≈ 1:891, which, once rescaled with respect to the tower diameter dt (St∗ = St dt=Dð Þ≈ 0:19), is in close agreement with the value expected for

vortices shed by a cylinder of diameter dt at Reynolds

number Ret =Re dt=Dð Þ=6:3 �104 . As shown by the 3D visualization in Figure 16A, these vortices are concentrated behind the lower part of

the tower, where the velocity hitting the tower is substantially undisturbed and aligned with the streamwise direction. As expected in the case of

the vortex shedding behind a cylinder, these vortices propagate downstream in the streamwise direction, but extending in the spanwise one,

although not in a homogeneous way due to the intrinsic asymmetry of the mean flow.

The TNNW3 pair provided in Figure 15C can be ascribed as well to the shedding of a von Karman-like vortex street behind the tower. As

shown in Figure 16B, this vortex street occupies also the upper part of the tower, where the velocity investing the tower is influenced by rotor

blades' passage. As already discussed in Section 4, the mean velocity behind the rotor has a lower magnitude than the undisturbed one and is

characterized by a swirling motion opposite to the rotor direction of rotation. This makes the TNNW3 pair oscillate at a lower Strouhal number

(St≈ 1:03) and propagate in a direction which is slightly inclined with respect to the axial direction towards the left side of the domain. Approxi-

mately one to two diameters behind the rotor, the vortex street reaches the edge of the wake and interacts with the tip vortices, causing the

breakdown of the spirals and producing a large-scale perturbation which can be observed in Figure 17, where the solid contours of the TNNW3

modes are superimposed on the shaded contours of theTNNW1 pair.

The TNNW4 pair is a harmonic of the first pair, as can be immediately deduced comparing Figures 15A and 15D. Frequency analysis of the

relative time coefficients highlights a single peak at St≈ 5:73, which is two times the Strouhal number of the tip vortices, StTV . The TNNW5 pair

appears less coherent with respect to the first four pairs and it is similar, both in shape and in spectral distribution, to theTNNW3 pair; therefore,

it can be related to the same physical mechanism. Despite having a lower energy with respect to preceding pairs, the TNNW5 pair contributes to

wake recovery as much as the modes characterized by higher energy, as it will be shown in Section 6.

F IGURE 16 Q-criterion isosurfaces obtained by summing modeTNNW0 to theTNNW2 (A) and theTNNW3 (B) proper orthogonal
decomposition pairs in the near-wake region [Colour figure can be viewed at wileyonlinelibrary.com]

F IGURE 17 Streamwise velocity contours at t= 0 for theTNNW3
pair (solid contours) superimposed to theTNNW1 pair at y = −0:3
(shaded ones) [Colour figure can be viewed at wileyonlinelibrary.com]
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5.2.2 | Far wake

In contrast to all other cases, POD analysis of the far-wake flow field in theTN configuration shows that the most energetic perturbations are not

associated with the tip and root vortices. The TNFW1 pair, provided in Figure 18A, is characterized by a structure similar to the TNNW3 pair in

the region farther from the turbine. Also, their Strouhal numbers are similar, although theTNNW3 one is slightly higher, probably due to the pres-

ence of higher frequency oscillations close to the turbine. This suggests that these two coherent structures detected in the near and far wake

may represent the same perturbation that originates just behind the rotor and reduces its frequency while propagating downstream and inter-

acting with tip vortex spirals. These highly energetic and dynamically relevant POD modes, together with the TNNW2/5 pairs, were totally

undetected in the RO configuration. This indicates the crucial role of the turbine's tower, which strongly influences the wake both in the near-

and in the far-wake region as it will be discussed in detail in Section 6.

The successive pair of modes, TNFW2, is characterized by spatial oscillation of larger wavelength, as shown in Figure 18B. Both modes of this

pair oscillate at an even lower frequency than the previous ones, having St≈0:246. This frequency lies within the frequency range typical of the

wake meandering.55-57 In this case, this low-frequency oscillation is clearly not induced by atmospheric eddies. Rather, in the present case,

nonlinear interactions between rotor and tower vortices play an important role in their generation. In fact, theTNFW2 pair is mostly concentrated

on the left side of the wake, where the vortices shed by the tower hit the tip vortices spirals leading to their breakdown.

The successive modes have a broader spectrum and a more disorganized spatial structure as can be observed from Figures 14B and 18C–E.

The TNFW4/5 pairs might be harmonics of TNFW2, since their peak Strouhal number is approximately two times that of the TNFW2 pair (see

Table 1). One can also notice that they are more concentrated on the left side of the wake. Instead, in the flow region where the tip vortices are

not broken (top/right side of the domain), the wake remains substantially straight, without strong oscillations. This confirms the crucial importance

of simulating the presence of tower and nacelle for accurately describing the wake dynamics and suggests that, in the present case, convective lin-

ear instabilities of tip vortices spirals, if present, are energetically less important than the oscillations produced by tower and nacelle.

5.3 | Comparison of the RO and TN cases

As a summary of the presented results, Figure 19 provides a bar plot of the Strouhal numbers of the main POD modes in the four considered

cases, RONW, ROFW, TNNW, and TNFW. One can notice that POD modes characterized by Strouhal number Stl≈2:865 and composed by tip

and root vortices (RONW1, ROFW1, and TNNW1) are found in all considered cases but theTNFW one. In fact, in the near wake, the tip and root

F IGURE 18 Streamwise velocity contours at y = −0:3 and t=0 of theTNFW1 pair (A), TNFW2 pair (B), TNFW3 pair (C), TNFW4 (D), and
TNFW5 (E) [Colour figure can be viewed at wileyonlinelibrary.com]
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vortex system appears to be only slightly affected by the presence of the tower and nacelle, whereas in the far wake, the presence of tower and

nacelle is found to promote the breakdown of the tip vortices, enhancing wake recovery (as it will be further discussed in Section 6), explaining

why the frequency typical of tip vortices is not found among the most energetic ones in the TNFW case. Similar conclusions can be drawn for all

the POD modes that are dynamically linked to the tip and root vortices, for instance, the RONW2 and TNNW4 modes which represent the first

harmonic of the tip vortices (St=5:73≈ 2×2:865).

The robustness of the modes linked to the tip vortices with regard to the presence or absence of tower and nacelle explains most of the con-

sistencies between frequencies in the different considered cases. The only exception are the ROFW3 and TNFW1 modes, which are associated

to very similar Strouhal number by mere coincidence, since these modes have a very different spatial support being connected to different physi-

cal mechanisms. In particular, the ROFW3 pair develops symmetrically throughout the azimuthal direction in the region of the tip vortices, being

connected to their convective instability, whereas the TNFW1 is mostly located in the bottom-left region of the wake, with a pronounced asym-

metry, being attributed to nonlinear interaction between the tip vortices and the wake of the tower. Figure 19 clearly shows that the energy is dif-

ferently distributed between the modes depending on the presence (or not) of tower and nacelle. For instance, in the TN case, the first harmonic

of the tip vortices (mode pair 4) has a lower energetic content with respect to other emerging modes. Moreover, new low-frequency POD modes

emerge that overtake in energy those connected with the tip vortices dynamics. These modes characterized by very low frequencies typical of

wake meandering (TNFW2) remained completely undetected by the POD analysis in the RO cases. In the next section, these modes will be shown

to have a positive impact on wake recovery. Thus, the direct comparison of the energy and frequency content of the coherent structures in the

RO and TN cases clearly indicates that despite a few similarities, several important differences can be detected in the POD modes recovered in

these two cases. These results point out that for accurately describing the flow dynamics, POD analysis of coherent structures should be made in

the presence of tower and nacelle, as well as on sufficiently long computational domains, in order to capture the low-frequency POD modes typi-

cal of the far wake.

6 | MKE ENTRAINMENT

It is well established that the larger the turbulence intensity of the flow approaching the turbine, the higher the wake recovery rate. In fact, the

transport of MKE within the wake is enhanced by the diffusion provided by the turbulent fluctuations. However, through quadrant analysis,

Lignarolo et al.58 showed that tip vortices do not provide any contributions to the overall turbulent mixing. Medici55 reported even a shielding

effect of the tip vortices, which prevent the near-wake shear layer to recover. To assess this hypothesis, we evaluate the contribution of each

POD mode to wake recovery using the following transport equation for the MKE:
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It is known that the turbulent MKE flux, highlighted in Equation (9), is the term that mostly contributes to wake recovery.14,34,59 Moreover, in

the wake region, the subgrid-scale stresses are negligible with respect to the Reynolds stress terms; therefore, in this analysis, their contribution

F IGURE 19 Leading Strouhal
numbers Stl of the most energetic
proper orthogonal decomposition
pairs of the rotor-only (left) and
tower and nacelle (right) cases
[Colour figure can be viewed at
wileyonlinelibrary.com]
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to the turbulent MKE flux is neglected. The total flux of MKE per unit area due to turbulent fluctuations through a generic closed surface can be

evaluated, using the Gauss theorem, by the following equation:

F T =
1
S

ð
V
−

∂

∂xj
ð�uiu0iu0jÞdV, ð10Þ

where V is the volume enclosed by the surface S. Note that, by the above definition, the energy flux entering the volume is positive. Given the

POD properties described in Section A2, the Reynolds stress tensor can be decomposed as
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Therefore, using this decomposition, we can compute the contribution of each POD mode to the turbulent MKE flux as
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The last equation can be rewritten as a surface integral:
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We consider a cylindrical domain of radius Rc and length Lc centered on the rotor axis and we focus on the turbulent MKE flux through its lat-

eral surface. Figure 20 shows the cylindrical domain of radius Rc =0:5 and length Lc equal to the size of the far-wake region. The streamwise

velocity isosurfaces of the ROFW3 pair are represented in red and blue, for reference. The vector representing the infinitesimal surface element

dS is normal to the streamwise direction; therefore, it can be expressed in Cartesian coordinates as

dS= 0,dc2,dc3ð Þdx, ð14Þ

where dc2 and dc3 are the components in the wall-normal and spanwise directions, respectively, of the vector dc normal to the infinitesimal arc of

the cylinder circumference C. The total flux per unit area of turbulent MKE for each POD mode over the lateral surface of the cylinder can be cal-

culated as

F k
T =

ð
Lc

fkTðxÞdx, ð15Þ

fkTðxÞ= −
1

2πRcLc

ð
C
�uiðxÞλkϕk

i ðxÞϕk
j ðxÞdcj: ð16Þ

F IGURE 20 Cylindrical domain used for mean kinetic energy flux
evaluation in the far-wake region. The red and blue isosurfaces
represent the streamwise velocity component of the ROFW3 pair
[Colour figure can be viewed at wileyonlinelibrary.com]
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The local fluxes fkTðxÞ are computed for a circumference of radius Rc =0:5, whereas the total fluxes F k
T through the entire surface are com-

puted for different radii in the range Rc 2 0:350:62½ �. For avoiding a direct computation of the integrals over these cylindrical surfaces, the surface

integrals of Equation (16) are transformed, using the divergence theorem, into volume integrals which are then numerically evaluated using the

midpoint rule on subintervals of length compatible with the grid size.

Figure 21A shows that all the most energetic POD pairs found in the near-wake region in the RO case, which are directly related to the tip

and root vortices, provide mostly negative MKE local flux at Rc =0:5, except for some isolated, small positive peak of the RONW1/2 pairs in the

vicinity of the turbine. As shown in Figure 21B, the total flux of all the considered modes is negative for all Rc ≤ 0:5. Increasing the cylinder radius

to Rc ≥0:5, the total flux changes sign and becomes positive at 0:5<Rc <0:55, finally decreasing towards zero for Rc >0:62. This indicates that

the tip vortices provide positive MKE flux to an annular region with 0:5<Rc <0:55 that contains the wake shear layer, as we can better observe

from Figure 22, showing both the total flux of modes RONW1 and the time-averaged streamwise velocity profile versus Rc . In particular, the

radius at which the MKE flux changes its sign corresponds to the region where the mean streamwise velocity radial profile presents an inflection

point, suggesting that the mean flow profile is strongly influenced by these modes, which extract energy from the region inside the wake, feeding

the mean flow shear layer. Thus, the tip vortices appear to strongly contribute to the sustainment of the wake, which remains almost unchanged

in the streamwise direction (see Figure 3A). Therefore, this analysis clearly indicates that the tip vortex system in the near-wake region of the RO

case does not contribute to the wake recovery, but rather it tends to sustain the velocity gradient, confirming the findings of Lignarolo et al.58

Although a direct quantitative comparison with the results of Lignarolo et al.58 is not possible since those experiments were performed at a lower

F IGURE 21 Mean kinetic energy entrainment for the rotor-only case: local (A–C) and total (B–D) fluxes, in the near wake (A, B) and in the far
wake (C, D) [Colour figure can be viewed at wileyonlinelibrary.com]
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F IGURE 22 Solid line: radial profile of the time-averaged
streamwise velocity �u along an horizontal line at x=6:25, namely, at the
center of the near-wake domain for the rotor-only case. Bar chart: total
mean kinetic energy flux for the RONW1 pair versus the radius Rc of
the cylindrical surface over which the flux is computed [Colour figure
can be viewed at wileyonlinelibrary.com]

F IGURE 23 Mean kinetic energy entrainment for the tower and nacelle case: local (A–C) and total (B–D) fluxes, in the near wake (A, B) and in
the far wake (C, D) [Colour figure can be viewed at wileyonlinelibrary.com]
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Reynolds number and a higher tip speed ratio, it appears that the overall scenario of the entrainment is qualitatively very similar. In fact, in the

near-wake region, they observe positive and negative contributions of similar magnitude to the energy flux into the wake due to the presence of

the tip vortex helix. Further downstream, after the the tip vortex breakdown, a positive flux, corresponding to a net entrainment of kinetic energy

into the wake, is observed. In our computations, we have decomposed the energy flux contributions among the POD modes. We have found that

the contribution to the energy flux into the wake of the modes associated with the tip vortices (pair 1 in Figure 21C) is always negative and it

reduces in modulus with the distance from the rotor. At about x=6:5, it is counterbalanced by the positive flux contribution of modes 2–4 which

give a positive entrainment, starting the recovery process of the wake. The abscissa at which the recovery process starts is strongly dependent on

the flow condition (Reynolds number and tip speed ratio) and on the interaction with the tower and nacelle wake; in the case studied by Lignarolo

et al.,58 the recovery process starts about at x=1:5−1:7, depending on the value of the tip speed ratio.

Concerning the far-wake region of the RO case, the first POD pair (ROFW1), being characterized by tip vortices, presents a negative local

MKE flux at Rc =0:5 similarly to the near-wake modes (cf. Figure 21A–C). Moreover, Figure 21D shows that the total MKE flux provided by this

mode is negative in the region 0:4<Rc ≤0:55, becoming positive for larger radii, as found for near-wake modes. The other POD pairs instead pro-

vide a positive local and total flux, the latter reaching its maximum for 0:5<Rc <0:55, but remaining positive for all considered radii. Therefore, in

contrast to the tip vortices, these modes appear beneficial to wake recovery, since they transport the MKE inside the wake.

The same analysis has been performed for the POD pairs found in the TN case. Figure 23A,B shows the MKE local and total fluxes for POD

pairs in the near-wake region. TheTNNW1 and TNNW4 pairs, which are characterized by tip vortices, behave similarly to the corresponding POD

pairs related to tip vortices found in the RO case. The successive modes, as in the far-wake region of the RO case, appear beneficial to wake

recovery, providing positive total MKE flux through the cylindrical surfaces for any Rc . In the far-wake region of theTN case, as already observed

in Section 5.2.2, tip vortices are not recovered among the most energetic POD modes. As a consequence, Figure 23C,D clearly shows that all of

the POD pairs provide positive flux at every radius, thus positively contributing to the mean flow diffusion and to the wake recovery. This analysis

suggests that the oscillations generated by the presence of tower and nacelle play a crucial role on wake recovery for three main reasons. The first

one is that high-energy modes generated by tower and nacelle are active in the MKE entrainment mechanism from the very near wake, whereas

the near wake of the RO case is characterized only by modes that do not contribute positively to the wake recovery. The second reason is that,

even in the far wake, the most energetic coherent fluctuations found in the presence of tower and nacelle have a stronger impact on wake recov-

ery with respect to those characterizing the RO case. Comparing Figures 21D and 23D, we can notice that the MKE fluxes measured in the TN

case are about three times those calculated for the RO case. The third reason is that the presence of tower and nacelle reduces the shielding

effect of tip vortices to wake recovery. Tip vortices break down beforehand due to interactions with coherent structures generated by tower and

nacelle, as discussed in detail in Section 5.2.1, leading to the generation of other low-frequency modes, some of those linked to the wake

meandering, which are instead beneficial to wake recovery.

7 | CONCLUSIONS

This work provides a detailed analysis of the wake produced by a three-bladed wind turbine and of the main embedded coherent structures,

which are identified by means of POD. The analysis is based on LESs of a model wind turbine with an incoming uniform velocity profile at a fixed

tip speed ratio λ=3. The turbine is simulated with and without tower and nacelle, for evaluating their effect on the wake dynamics. In both cases,

rotor blades are modeled using the actuator line method, whereas tower and nacelle are modeled using an immersed boundary method. Time-

and phase-averaged flow fields are computed and analyzed, highlighting and comparing the main flow features in the RO and TN cases. In the lat-

ter case, the far wake is characterized by a higher velocity on the left side of the turbine, related to a faster overall recovery. Analysis of the

phase-averaged RO case flow shows that tip vortices spirals are advected downstream almost undisturbed until the end of the computational

domain, whereas in the TN case, breakdown of the tip vortices occurs at the bottom and left side of the wake, suggesting a correlation between

the tip vortices breakdown and the increased wake recovery. Based on the evaluation of the kinetic energy of the phase-averaged flow field, we

propose a criterion to discriminate the near- from the far-wake region of the flow. The unsteady flow fields are studied separately in these two

subdomains (near and far wake) using POD for capturing the energy-containing structures embedded in the turbulent flow. In the RO case, the

most energetic POD modes are characterized by tip and root vortices. In the far wake, lower frequency POD modes are recovered, which appear

to be linked to a vortex pairing process. In the TN case, in addition to tip and root vortices, highly energetic POD modes connected with the

Kármán vortex street developing behind the tower are found as well. These vortical structures originate in the near wake just behind the rotor

and are advected towards the left side of the wake, until they interact with and break down the tip vortices on the bottom and left side of the

wake. This interaction between tip vortices and tower vortices leads to low-frequency oscillations also in the far wake. In the same region, POD

modes characterized by a very low Strouhal number (St=0:246) lying in the typical range of the wake meandering are recovered. These coherent

structures appear to be linked to nonlinear interactions of coherent structures generated in the near wake by the presence of the tower.

POD analysis has also been used to investigate in detail the wake recovery process, where turbulent fluctuations play a fundamental role.

The effect of each POD mode on wake recovery is evaluated computing its contribution to the MKE entrainment.14 The MKE flux provided by

DE CILLIS ET AL. 19



each POD mode through the surface of a cylinder of radius Rc , centered on the rotor axis, is computed. The flux provided by the tip vortices is

negative for small radii and then becomes positive for larger radii. Thus, tip vortices provide positive flux into an annular region containing the

wake shear layer, sustaining the mean velocity gradient and slowing down the wake recovery, whereas a positive flux is observed at each radius

for POD pairs related to the tower's wake, compensating the shielding effect of the tip vortices and finally enhancing the wake recovery process.

These findings indicate the crucial importance of considering tower and nacelle when simulating the flow behind a wind turbine.

Future works will aim at investigating the influence of inlet turbulence on the POD modes. Moreover, it might be also interesting to unravel

the mechanism leading to the generation of coherent structures characterized by a low frequency lying in the range of wake meandering.
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APPENDIX A

A.1 | Actuator line and immersed boundary methods

Rotor blades are simulated employing the actuator line method (ALM) similar to that proposed by Sørensen and Shen.60 The ALM models the

forces exerted by the blades on the fluid on the basis of the two-dimensional performance of blade's airfoils at each radius, given by the lift, CL ,

and drag, CD , coefficients. Rotor blades are treated as rotating rigid lines, which are divided into discrete segments. For each segment, the relative

inflow velocity, urel , and the angle of attack, α, are evaluated, as shown in Figure A1. Then, knowing the fluid density, ρ, the chord, c, and the twist

angle, ϕ, distributions along the blade radius, it is possible to estimate the lift and drag forces per unit length as follows:

FL =
1
2
ρu2relCLðαÞcf, ðA1Þ

FD =
1
2
ρu2relCDðαÞcf: ðA2Þ

The coefficient f is a modified Prandtl correction factor,34 which is meant to account for performance degradation due to tip and root vortices.

The calculated aerodynamic forces, FL and FD , are spread on areas perpendicular to each actuator line with the following Gaussian distribution

kernel:

η=
1
ϵ2π

exp −
rη
ϵ

� �2
� �

, ðA3Þ

where rη is the radial distance from the actuator line and ϵ is a parameter proportional to the standard deviation of the distribution, which controls

forces' spreading. Here, we have taken ϵ=0:025, which is larger than 2Δ , with Δ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δx2 +Δy2 +Δz2

p
, as prescribed by Martinez-Tossas et al.41

The ALM is an attractive way for simulating rotor blades, because it is computationally less expensive with respect to computing the detailed flow

past the blade by a body-fitted grid, especially when dealing with wind farms, where a large number of turbines have to be simulated. However, it

must be considered that the ALM presents some limitations; for example, it cannot reproduce some flow features such as the effect of the blade

boundary layer separation at high angle of attack. A particular care should be taken in the setting of the velocity sampling used to compute angles

and forces, since it can significantly affect the overall performance of the turbine,61 thus requiring a thorough validation.

The tower and nacelle are described using the immersed boundary method (IBM),39,62 which avoids the use of a body-fitted grid, reducing

the computational cost of the simulations. In particular, a discrete forcing approach, in which the forcing is introduced in the discretized equations,

similar to the approach proposed by Orlandi and Leonardi,62 has been used. This method has been already applied to a large number of flows, as

described in the review article by Iaccarino and Verzicco,63 and validated in the case of wind turbines by Santoni et al.34 A comment about the

particular choice of the IBM and the ALM for modeling the tower and the blade airfoils, respectively, is in order. The IBM, as implemented in the

present paper, is very effective in imposing the impermeability condition and in predicting a realistic value of the drag. However, computing accu-

rately the pressure distribution and the position of the separation point over the surface of streamlined bodies at relatively high Reynolds num-

bers, as in the present case, requires a high-resolution mesh with the size of the cell much smaller than the chord length. Since the tip of the blade

F IGURE A1 Blade cross section: θ and x indicate the tangential
and axial directions, respectively, and Ω× r,u,w represent the
projection in the blade-to-blade plane of the blade speed and of the
absolute and relative flow velocity, respectively
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has a chord length c≈0:03D, it is unfeasible to resolve in a three-dimensional computation the details of the flow using the IBM. Instead, using the

ALM, one describes the interaction between the airfoil and the fluid by assigning a lift force (viz., a circulation), which is obtained from lookup

tables constructed by accurate simulations of the 2D steady flow around the airfoil. Due to the high mesh resolution one can achieve at the blade

tip using a 2D airfoil model, the lift force employed in the ALM is more accurate than that obtained by an “underresolved” IBM. On the other

hand, the IBM is quite accurate when modeling the tower because its diameter is larger, dt=D=0:1, and it is possible to have a sufficient number

of points inside the body to enforce impermeability and to provide an accurate evaluation of the drag. In fact, the present IBM allows one to

impose null velocity at each point inside the body. Instead, using the ALM, a forcing term is added to the Navier–Stokes equations, which repre-

sents the time-averaged overall force experienced by the body. Such a forcing term is spread (with a Gaussian shape) on a cylindrical region of the

mesh which may not resemble the pressure distribution of the “real body.” As a consequence, at a generic point, the distributed force of the ALM

may not balance the momentum of the incoming flow and the impermeability condition at the body surface cannot be satisfied accurately, as

shown in Rocchio et al.64 Moreover, the ALM applied to the tower would provide a steady symmetric wake. Attempts have been made to impose

a force varying in time to provide an oscillation of the tower wake (see Sarlak et al.47). This approach would, however, require assuming a priori

the shedding frequency, which instead is not needed for the IBM. For these reasons, the approach used in the present paper combines the two

methods. When the dimensions of the solid body are sufficiently larger than the mesh size (6–8 times in each direction), we use the IBM because

it is more accurate than the ALM. Otherwise, when the dimensions of the body are too small to be treated with the IBM, the ALM is used to

impose the average overall effect of the body on the fluid.

A.2 | Proper orthogonal decomposition

Turbulent flows are often characterized by the presence of coherent spatiotemporal structures. The proper orthogonal decomposition (POD) is a

statistically based method for extracting these organized structures from time-dependent experimental or numerical (direct numerical simulation

[DNS] and large eddy simulation [LES]) data.

The method is based on finding a deterministic function ϕ zð Þ that is, on average, an optimal approximation of a stochastic variable q z,ξð Þ ,
where z is a set of independent variables and ξ is a point in the sample space.10

The space-only variant of the POD65 applied to fluid flows described by space–time fields q x,tð Þ considers the flow at each instant as a reali-

zation of a stochastic process. Therefore, the basic objective of the method is formalized by finding the spatial mode ϕ xð Þ that maximizes the

quantity:

λ=
Ef hqðx,tÞ,ϕðxÞij j2g

hϕðxÞ,ϕðxÞi , ðA4Þ

assuming that the stochastic process belongs to a Hilbert space,H, with inner product h� , �i and E �f g is the expectation operator. In the case of

space-only POD, the expectation operator corresponds to a time average and the inner product is defined as

hu,vi=
ð
Ω
v∗ðx,tÞWðxÞuðx,tÞdx, ðA5Þ

where u and v are two elements inH, Ω is the spatial flow domain,W xð Þ is a positive-definite Hermitian weight tensor, and the asterisk superscript

indicates the Hermitian transpose. The maximization problem in Equation (A4) can be reformulated, using a standard variational method, such as

the Fredholm eigenvalue problem:

ð
Ω
Cðx,x0ÞWðx0Þϕðx0Þdx0 = λϕðxÞ, ðA6Þ

where Cðx,x0Þ= Efqðx,tÞq∗ðx0 ,tÞg is the two-point spatial correlation tensor. The latter is a compact, self-adjoint, positive operator andÐ
ΩCðx,xÞdx<∞, and, as such, it carries some properties that characterize the eigenvalue problem (A6):

• Hilbert–Schmidt theory guarantees that there exists a countably infinite set of eigenpairs λj,ϕj


 �
.

• All the eigenvalues λj are real and nonnegative so that they can be ordered as λ1 ≥ λ2 ≥ � � �≥0:. The largest eigenvalue λ1 of Equation (A6) with

its associated eigenfunction ϕ1 xð Þ constitute the mode that maximizes Equation (A4).

• The eigenfunctions are orthonormal, hϕj,ϕki= δjk , providing a complete basis for each realization of the stochastic process q x,tð Þ.
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Consequently, as reported in Equation (7), the unsteady flow field can be expanded as a sum of these orthonormal eigenfunctions, appropri-

ately weighted by the time coefficients ajðtÞ which can be shown to be uncorrelated at zero time lag:

EfajðtÞakðtÞg= λjδjk: ðA7Þ

In most cases, when considering either experimental or numerical dataset, one deals with discretized flow fields, both in space and time. In order

to perform the space-only POD of these data, a sufficiently large number (M) of instantaneous snapshots of the flow field is required. Usually, the

three velocity components u1,u2,u3ð Þ are considered so that each snapshot can be stored as a N vector qi , where N=3× S and S is, in turn, the

number of grid points. One can build then a matrix Q2RN×M representing all dataset, in which each column is a single snapshot,

Q¼
j j j j
q1 q2 q3 … qM

j j j j

2
64

3
75: ðA8Þ

The two-point correlation tensor can be then approximated by the matrix C2RN×N according to the following equations:

C=
1
M
QQT , ðA9Þ

Cij =
1
M

XM
k =1

qki q
k
j ≈Efqiqjg: ðA10Þ

The Fredholm eigenvalue problem (A6) is therefore approximated by the following eigenvalue problem:

CWΦ=ΦΛ, ðA11Þ

ΦTWΦ= I, ðA12Þ

where the positive-definite symmetric (Hermitian) matrix W2RN×N accounts for both the weight W xð Þ and the numerical quadrature on a dis-

crete grid, the columns of Φ represent the eigenvectors, that is, the POD modes, whereas the diagonal entries of Λ are the eigenvalues λj.

There are two main alternatives to solve the discrete counterpart of the eigenvalue problem in Equation (A6): (i) computing the singular value

decomposition (SVD) of the snapshot matrix Q and (ii) using the so-called “snapshot POD”11, based on the solution of a smaller eigenvalue prob-

lem. In the present work, the first method is employed, and since the grid used for the discretization of the data is uniform, the weight matrix is

considered unitary. Therefore, the POD is performed by computing the SVD of the snapshot matrix Q, divided by the square root of the number

of snapshots M,

F IGURE A2 Amplitude spectrum of the streamwise velocity signal
UðtÞ from a probe located on the rotor axis at six diameters past the
wind turbine. The green and red line represent the sampling frequency
of the proper orthogonal decomposition snapshots and the related
Nyquist frequency, respectively [Colour figure can be viewed at
wileyonlinelibrary.com]
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Qffiffiffiffiffi
M

p =USVT , ðA13Þ

where the left singular vectors U correspond to the right eigenvectors of C, namely, to the POD modes, and S is the matrix of the singular values,

such that SST =Λ. The time coefficients of each POD mode, ak , are given by the rows of the matrix
ffiffiffiffiffi
M

p
SVT . The method has been implemented

using tools from the LAPACK libraries and convergence of the POD modes has been assessed considering several dataset made by an increasing

number of snapshots.

Moreover, we have opportunely chosen the frequency threshold for data sampling for it to be sufficiently higher than the frequency of the

coherent structures populating the flow. Figure A2 shows the Fourier amplitude spectrum of the streamwise velocity signal extracted from a

probe located on the rotor axis, at six diameters past the turbine. The green and the red lines represent the sampling frequency of the POD snap-

shots and the related Nyquist frequency, respectively. The Nyquist frequency, being equal to 17.19, is quite high with respect to the recovered

flow structures, since it corresponds to the frequency of the sixth harmonic of the tip vortices. Moreover, one can observe that the amplitude

decreases exponentially after the red line, meaning that energy-containing structures are those with lower frequencies. Therefore, we believe that

further increasing the sampling rate would not change the energy-containing coherent structures we presented in the results.

A.3 | Mesh convergence

The convergence of the numerical results with respect to the mesh has been assessed with respect to several time-averaged velocity profiles:

Figure A3 shows the streamwise velocity distributions along the y direction, at seven locations (x= f1,2,3,4,5,6,7g) along the midline of the com-

putational domain. Three different computational grids have been employed with 1000 × 250 × 250, 1600 × 400× 400, and 2048 × 512× 512

gridpoints in x, y, and z directions, respectively. The solutions obtained using the two finest grids, being very close to each other, indicate that grid

convergence is achieved.

According to the Kolmogorov's hypotheses, the Kolmogorov length scale η� ν3=ϵ
� 1=4

, for the present case, is equal to 4.64 � 10−5 (in rotor

diameter units), where the dissipation rate ϵ has been estimated as U3
∞=D. Therefore, the resulting size of the finest mesh, being approximately

equal to 0.006 in each direction, is approximately 130 times the Kolmogorov length scale and, according to existing literature on turbulent flows,

lies in the inertial subrange.42 Moreover, the fine mesh size is similar to that employed in previous computations and validations using the same

numerical approach for solving problems involving wind turbine flows.26,34

F IGURE A3 Time-averaged streamwise velocity profiles at 7 locations along the midline of the computational domain for three different
computational grids: the coarsest grid ( ) consists of 1000 × 250 × 250 gridpoints in x, y and z directions, respectively; the intermediate grid
( ) consists of 1600 × 400 × 400 gridpoints; the finest grid ( ) consists of 2048 × 512 × 512 gridpoints [Colour figure can be viewed at
wileyonlinelibrary.com]
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