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A model of mushy zone instability is developed for characterization and prediction of channel segregation in castings. The model highlights the connection of the mushy zone instability with the mush permeability. A new criterion for amplification of the mush instability is derived, which depends on the interdendritic velocity, the isotherm velocity, the temperature gradient, and explicitly on the mush permeability. The capability of the instability criterion in the characterization of channel segregates is illustrated by comparing the estimated possible channel locations with that of numerically simulated channel segregations in a benchmark test case of solidification of Sn-Pb alloy. An Opensource CFD software OpenFOAM is used to simulate the solidification of Sn-Pb alloy in a side-cooled rectangular cavity. The new instability criterion very well characterizes the channel segregates shown in the numerical simulations. The near-liquidus part of the mushy region is more prone to the initiation of instability, which can initiate the formation of channel segregates in castings. Permeability and its derivative with respect to the liquid fraction in the outer part of mushy zone (liquid fraction more than 0.9) plays a key role in the amplification of this instability that can be responsible for the development and the formation of channel segregates. The locations of channel segregates estimated by the new instability model are also compared with those with a remelting criterion, and it has been noticed that the remelting criterion severely under characterizes these defects (e.g., their number and length). We noticed that local remelting might not be necessary for the initiation of a channel; some destabilization of the mushy zone due to local instability could be sufficient.
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Introduction

Defects in casting processes depend critically on the permeability associated with the mushy zone that influences the interdendritic liquid flow [START_REF] Kumar | Study of the influence of mushy zone permeability laws on macro-and meso-segregations predictions[END_REF]. Fluid flow in the mushy zone causes macrosegregation in the castings by redistributing the segregated solute elements [START_REF] Prakash | On the numerical solution of continuum mixture equations describing binary solid-liquid phase change[END_REF][START_REF] Bennon | A continuum model for momentum, heat and species transport in binary solid-liquid phase change systems-I. Model formulation[END_REF][START_REF] Vannier | Numerical model for prediction of the final segregation pattern of bearing steel ingots[END_REF][START_REF] Hatić | Simulation of a macrosegregation benchmark in a cylindrical coordinate system with a meshless method[END_REF][START_REF] Cisternas Fernández | Thermosolutal convection and macrosegregation during directional solidification of TiAl alloys in centrifugal casting[END_REF][START_REF] Chakraborty | Three-dimensional double-diffusive convection and macrosegregation during non-equilibrium solidification of binary mixtures[END_REF][START_REF] Fredriksson | On the formation of macrosegregations in ingots[END_REF][START_REF] Boussaa | Macrosegregations in Sn-3 wt%Pb alloy solidification: Experimental and 3D numerical simulation investigations[END_REF][START_REF] Ahmad | Numerical simulation of macrosegregation : a comparison between finite volume method and finite element method predictions and a confrontation with experiments[END_REF] and in some cases, also forms channel segregates [START_REF] Fredriksson | On the formation of macrosegregations in ingots[END_REF][START_REF] Boussaa | Macrosegregations in Sn-3 wt%Pb alloy solidification: Experimental and 3D numerical simulation investigations[END_REF][START_REF] Ahmad | Numerical simulation of macrosegregation : a comparison between finite volume method and finite element method predictions and a confrontation with experiments[END_REF][START_REF] Combeau | Prediction of macrosegregation in steel ingots: Influence of the motion and the morphology of equiaxed grains[END_REF][START_REF] Založnik | Thermosolutal flow in steel ingots and the formation of mesosegregates[END_REF][START_REF] Jain | Numerical studies on channel formation and growth during solidification: Effect of process parameters[END_REF][START_REF] Li | Simulation of channel segregation using a two-phase columnar solidification model -Part I: Model description and verification[END_REF][START_REF] Li | Simulation of channel segregation using a two-phase columnar solidification model -Part II: Mechanism and parameter study[END_REF][START_REF] Plotkowski | On the numerical prediction of channel segregation[END_REF][START_REF] Cao | Formation mechanism of channel segregation in carbon steels by inclusion flotation: X-ray microtomography characterization and multi-phase flow modeling[END_REF][START_REF] Zheng | Use of a mixed columnar-equiaxed solidification model to analyse the formation of as-cast structure and macrosegregation in a Sn-10 wt% Pb benchmark experiment[END_REF][START_REF] Torabi Rad | A truncated-Scheil-type model for columnar solidification of binary alloys in the presence of melt convection[END_REF][START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF][START_REF] Kumar | A numerical simulation of columnar solidification: Influence of inertia on channel segregation[END_REF]. The mushy zone is represented as a saturated porous medium with varying permeability [START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF][START_REF] Kumar | A numerical simulation of columnar solidification: Influence of inertia on channel segregation[END_REF][START_REF] Poirier | Permeability for flow of interdendritic liquid in columnar-dendritic alloys[END_REF][START_REF] Singh | Role of appropriate permeability model on numerical prediction of macrosegregation[END_REF]. Permeability in the mushy zone, which for the simplest model is a function of the liquid fraction and the dendritic arm spacing (DAS), varies over a wide range of magnitude for liquid fraction varying from 1 to 0 [START_REF] Kumar | Study of the influence of mushy zone permeability laws on macro-and meso-segregations predictions[END_REF][START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF][START_REF] Kumar | A numerical simulation of columnar solidification: Influence of inertia on channel segregation[END_REF][START_REF] Poirier | Permeability for flow of interdendritic liquid in columnar-dendritic alloys[END_REF][START_REF] Singh | Role of appropriate permeability model on numerical prediction of macrosegregation[END_REF]. A small variation in the liquid fraction can result in a large variation of permeability, which can significantly influence the flow in the mushy region [START_REF] Kumar | Study of the influence of mushy zone permeability laws on macro-and meso-segregations predictions[END_REF][START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF][START_REF] Kumar | A numerical simulation of columnar solidification: Influence of inertia on channel segregation[END_REF][START_REF] Poirier | Permeability for flow of interdendritic liquid in columnar-dendritic alloys[END_REF][START_REF] Singh | Role of appropriate permeability model on numerical prediction of macrosegregation[END_REF]. Permeability is the principal parameter of the Darcy term, which is used to describe the hydrodynamic drag of the porous mush in the momentum conservation equation [START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF][START_REF] Kumar | A numerical simulation of columnar solidification: Influence of inertia on channel segregation[END_REF][START_REF] Poirier | Permeability for flow of interdendritic liquid in columnar-dendritic alloys[END_REF][START_REF] Singh | Role of appropriate permeability model on numerical prediction of macrosegregation[END_REF][START_REF] Schneider | A numerical study of the combined effects of microsegregation, mushy zone permeability and flow, caused by volume contraction and thermosolutal convection, on macrosegregation and eutectic formation in binary alloy solidification[END_REF]. Therefore, the mushy zone permeability becomes one of the parameters that have an essential effect on the nature and the extent of segregation as it determines the intensity of the interdendritic liquid flow [START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF][START_REF] Kumar | A numerical simulation of columnar solidification: Influence of inertia on channel segregation[END_REF][START_REF] Poirier | Permeability for flow of interdendritic liquid in columnar-dendritic alloys[END_REF][START_REF] Singh | Role of appropriate permeability model on numerical prediction of macrosegregation[END_REF][START_REF] Schneider | A numerical study of the combined effects of microsegregation, mushy zone permeability and flow, caused by volume contraction and thermosolutal convection, on macrosegregation and eutectic formation in binary alloy solidification[END_REF][START_REF] Chakraborty | Effects of dendritic arm coarsening on macroscopic modelling of solidification of binary alloys[END_REF][START_REF] Poirier | Permeabilities for flow of interdendritic liquid in equiaxial structures[END_REF][START_REF] Katz | Simulation of directional solidification, thermochemical convection, and chimney formation in a Hele-Shaw cell[END_REF][START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF][START_REF] Simpson | Influence of dendrite network defects on channel segregate growth[END_REF][START_REF] Krane | Experimental validation of continuum mixture model for binary alloy solidification[END_REF][START_REF] Nasser-Rafi | Flow of interdendritic liquid and permeability in pb-20 Wt Pct Sn alloys[END_REF].

Channel segregations in castings represent a severe form of the defect since the composition and crystalline structure of the solid within the channels differ significantly from those of the nearby regions [START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF][START_REF] Kumar | A numerical simulation of columnar solidification: Influence of inertia on channel segregation[END_REF]. Further, the scale of channel segregations influences the homogenization of the castings and its extent in the casting can severely affect their quality and mechanical properties [START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF][START_REF] Kumar | A numerical simulation of columnar solidification: Influence of inertia on channel segregation[END_REF]. In casting, they appear as long, narrow trails aligned in some preferred direction, with a solute concentration greater than that of the surrounding regions [START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF][START_REF] Kumar | A numerical simulation of columnar solidification: Influence of inertia on channel segregation[END_REF]. The channel segregates can form by an instability in the mushy zone, which is caused by the interdendritic fluid flow and in some cases, by the localized remelting in some portions of the mush/melt interface [8, 12-13, 20, 27-29]. The instability in the mushy zone leads to perturbations of the growing columnar structure, causing instability of the growth front. It in turn, leads to instability of the segregation profile leading to the formation of channel segregates [START_REF] Založnik | Thermosolutal flow in steel ingots and the formation of mesosegregates[END_REF][START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF][START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF][START_REF] Simpson | Influence of dendrite network defects on channel segregate growth[END_REF]. Conditions favorable for the growth of channel segregates in the presence of a small defect are derived in [START_REF] Simpson | Influence of dendrite network defects on channel segregate growth[END_REF], where it was suggested that the presence of the small defect forms channel segregates that grow much more readily than in a homogeneous dendritic medium. It is often stated that the mushy zone flow plays an essential role on the formation of channel segregations [START_REF] Jain | Numerical studies on channel formation and growth during solidification: Effect of process parameters[END_REF][START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF][START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF][START_REF] Simpson | Influence of dendrite network defects on channel segregate growth[END_REF]. However, a criterion for the amplification of the mushy zone instability explicitly based on the local mushy zone parameters (such as its permeability) is not adequately addressed in literature. Establishment of such a physics-based criterion for the amplification of the mushy zone instability is essential for understanding the parameters governing such instabilities, thereby leading to an accurate prediction of the channel segregates and possible control of their occurrence in castings.

In this study, a model for the amplification of perturbations in the mushy zone leading to mush instability is developed. The model depicts the dependence of instability on the interdendritic velocity, the isotherm velocity and the temperature gradient. An attempt is made to explicitly relate the criterion for amplification of the mushy zone instability to the characteristic of the mushy zone, i.e., the mush permeability. The conditions favorable for amplification of these instabilities are highlighted based on the criterion derived. To illustrate the capability of the instability criterion in the characterization of channel segregates in casting, the estimated possible channel locations from the developed criterion are compared with the channel segregations obtained from numerical simulation using a fully coupled model of heat, mass, solute and momentum transport during columnar solidification [START_REF] Bennon | A continuum model for momentum, heat and species transport in binary solid-liquid phase change systems-I. Model formulation[END_REF]. The model assumes a fixed solid phase and full equilibrium in the liquid at the microscopic scale.

Finally, it is shown that channel formation can be studied in a new manner thanks to the new mushy zone instability model. We demonstrate that a channel starts to develop due to the amplification of a small perturbation in liquid fraction if a local condition is satisfied. Further, the prediction of channel segregates using the new mushy zone instability model and the existing remelting based channel segregation criterion are compared and discussed.

Development of the mushy zone instability criterion

Fig. 1 shows schematically a liquid-solid mushy region in a rectangular cavity solidifying from the left wall. Liquid near the roots of the dendrites is highly segregated, i.e., enriched in solute, and this is shown by the darker shading (see Fig. 1a). In the dendritic columnar mushy zone, the average distance between the side branches, i.e., the secondary dendritic arm spacing (𝑑 2 ) is used as the characteristic length scale of the porous structure in the permeability model (Fig. 1b). As an example, a typical width of the mushy zone is of the order of 10 mm. Spacing of dendrite arms in such a mushy zone would be the order of ~ 0.01-0.1 mm, as shown in Fig. 1(b) [START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF]. The scale of the REV used for the description of such a mushy zone is of the order of few 𝑑 2 (see Fig. 1c). The channel segregates form due to the perturbation in the liquid fraction field (shown by isolines of the liquid fraction field in Fig 1d ) near the high-𝑔 𝑙 region of the mushy zone as the solidification progresses (see Fig. 1d). The length scale of the channel type segregation is approximately 1-10 mm. We can precise the length of a channel is 10 mm while the width is 1 mm. These dimensions are at least 10 times larger than the characteristic size of the porous structure, 𝑑 2 (0.1 mm). The channel width is of the same order of magnitude as the REV size. The analysis presented in this work is conducted at the scale of the REV whose size is in the order of few 𝑑 2 . It is important to notice that the only characteristic size given as an input to the averaged model is that used for the permeability, i.e., 𝑑 2 . What can be also said is that the channel width we obtained from the simulation results is of the same order of magnitude as the REV dimension.

The analysis conducted by Mehrabian et al. [START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF] was exactly at the same scale as in the present work. Assuming dendritic columnar solidification with rigid solid dendrites, constant physical properties of the mixture and Boussinesq approximation, the momentum conservation for the liquid phase using one-domain and volume averaging modeling approach is given as follows [START_REF] Ganesan | Conservation of mass and momentum for the flow of interdendritic liquid during solidification[END_REF]:

𝜌 𝜕(𝑔 𝑙 𝑣 ⃗ 𝑙 ) 𝜕𝑡 + 𝜌∇ • (𝑔 𝑙 𝑣 ⃗ 𝑙 𝑣 ⃗ 𝑙 ) = -𝑔 𝑙 ∇p + 𝑔 𝑙 𝜇∇ 2 𝑣 ⃗ 𝑙 -𝑔 𝑙 2 𝜇 𝐾 𝑣 ⃗ 𝑙 +𝜌 0 𝑔 𝑙 𝑔 ⃗ 𝑟 [𝛽 𝑇 (𝑇 -𝑇 0 ) + 𝛽 𝐶 (𝐶 𝑙 -𝐶 0 )] (1) 
The mushy zone is considered as a porous medium, of permeability 𝐾, saturated with liquid.

The third term on R.H.S of the Eq. ( 1) accounts for the drag force of the solid skeleton on the interdendritic liquid [2-4, 7, 10]. To assess the role of permeability on the instability in the mushy zone, we consider fluid flow in this region. In the mushy zone, the inertial and viscous terms of Eq. ( 1) can be neglected and it reduces to the Darcy equation [START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF]. 

𝜇

One can notice that a perturbation in liquid can occur for different reasons like instability in the fluid flow. The analysis that we present corresponds to a classical linear perturbation analysis in which the goal is to determine conditions corresponding to an amplification of the instability. If it is possible to get such conditions, this analysis will introduce a new way to understand phenomena like channel formation as we will illustrate later.

The perturbations in the liquid fraction and the velocity field can of course trigger further perturbations in pressure, temperature and concentration fields. In the following analysis, these perturbations are neglected. It is based on the following assumptions:

We assume that the temperature field in the mushy zone is mainly controlled by diffusive heat transfer. Therefore, the influence of a flow perturbation on the temperature field is negligible.

We further assume that the time scale of the evolution of perturbation is large with respect to the time scale of solute diffusion at the scale of the secondary dendrite arm spacing. Therefore, we can assume that the local liquid composition in the mushy zone is at thermodynamic equilibrium and closely follows the temperature field. Similarly, the perturbation of liquid concentration can thus be considered negligible.

The strongest assumption is that of negligible perturbation of the pressure field, its validity is shown in the results.

In Eq. (3), 𝐾(𝑔 𝑙 ) will become 𝐾(𝑔 𝑙 + 𝛿𝑔 𝑙 ) after the perturbation. On subtracting Eq. ( 2 

Since the perturbation 𝛿𝑔 𝑙 is small, the second and higher order terms of 𝛿𝑔 𝑙 𝑔 𝑙 will be very small and hence can be neglected while expanding Eq. (5b) as

𝑣 ⃗ 𝑙 + 𝛿𝑣 ⃗ 𝑙 = [𝐾(𝑔 𝑙 ) + 𝑑𝐾 𝑑𝑔 𝑙 𝛿𝑔 𝑙 ] 𝑔 𝑙 𝑣 ⃗ 𝑙 𝐾 [ 1 𝑔 𝑙 (1 - 𝛿𝑔 𝑙 𝑔 𝑙 )] (5c) 
Again, while expanding Eq. (5c) the terms containing the square of 𝛿𝑔 𝑙 (as they will be small) can be neglected, which give us

𝑣 ⃗ 𝑙 + 𝛿𝑣 ⃗ 𝑙 = 𝑣 ⃗ 𝑙 - 𝑣 ⃗ 𝑙 𝑔 𝑙 𝛿𝑔 𝑙 + 𝑣 ⃗ 𝑙 𝐾 𝑑𝐾 𝑑𝑔 𝑙 𝛿𝑔 𝑙 (6a) 𝛿𝑣 ⃗ 𝑙 = 𝑣 ⃗ 𝑙 [ 1 𝐾 𝑑𝐾 𝑑𝑔 𝑙 - 1 𝑔 𝑙 ] 𝛿𝑔 𝑙 (6b) 
Equation (6b) suggests that the perturbation in velocity 𝛿𝑣 ⃗ 𝑙 is proportional to the perturbation in liquid fraction 𝛿𝑔 𝑙 and the velocity 𝑣 ⃗ 𝑙 , which suggests that the higher the interdendritic velocity, the higher will be the extent of perturbation. It is also interesting to note that 𝛿𝑣 ⃗ 𝑙 depends on a bracketed term

[ 1 𝐾 𝑑𝐾 𝑑𝑔 𝑙 - 1 𝑔 𝑙
] which consists of permeability and its derivative with respect to 𝑔 𝑙 . To understand whether the perturbation in 𝑔 𝑙 (i.e., 𝛿𝑔 𝑙 ) will amplify or dampen with time, one needs to evaluate the sign of 𝜕(𝛿𝑔 𝑙 )

𝜕𝑡

. It needs consideration of the coupling of phase change with the transport of heat and solute.

We consider the averaged solute conservation equation for the solid and liquid phases and assume infinite diffusion in the liquid phase and zero diffusion in the solid phase (Scheil's assumption) at the scale of the secondary dendrite arms (microscopic scale) [START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF].

The averaged solute conservation equation can be expressed as [START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF] 𝜕

(𝑔 𝑙 𝐶 𝑙 ) 𝜕𝑡 + 𝐶 𝑠 * 𝜕𝑔 𝑠 𝜕𝑡 + 𝑔 𝑙 𝑣 ⃗ 𝑙 • ∇𝐶 𝑙 = 0 (7) 
In Eq. ( 7), 𝐶 𝑙 is the volume-averaged concentration in the liquid phase and 𝐶 𝑠 * is the concentration in the solid phase at the solid-liquid interface. The liquid phase is at the thermodynamic equilibrium composition due to infinite diffusion, thus we can express the temperature by 𝑇 = 𝑇 𝑚 + 𝑚𝐶 𝑙 , where 𝑇 𝑚 is the melting temperature of the pure solvent and 𝑚 is the liquidus slope. The solid-liquid interface is at thermodynamic equilibrium, and thus 𝐶 𝑠 * = 𝑘 𝑝 𝐶 𝑙 , where 𝑘 𝑝 is the binary partition coefficient. Eq. ( 7) transforms to

𝑔 𝑙 1 𝑚 𝜕𝑇 𝜕𝑡 + (1 -𝑘 𝑝 )𝐶 𝑙 𝜕𝑔 𝑙 𝜕𝑡 + 1 𝑚 𝑔 𝑙 𝑣 ⃗ 𝑙 • ∇𝑇 = 0 (8) 
Expressing 𝜕𝑇 𝜕𝑡 = -𝑣 ⃗ 𝑇 • ∇𝑇 (where 𝑣 ⃗ 𝑇 is the velocity of the isotherm), Eq. ( 8) becomes

(1 -𝑘 𝑝 )𝐶 𝑙 𝜕𝑔 𝑙 𝜕𝑡 + 1 𝑚 𝑔 𝑙 (𝑣 ⃗ 𝑙 -𝑣 ⃗ 𝑇 ) • ∇𝑇 = 0 (9) 
We again impose an infinitesimal perturbation 𝛿𝑔 𝑙 in 𝑔 𝑙 in Eq. ( 9) which causes an infinitesimal perturbation 𝛿𝑣 ⃗ 𝑙 in 𝑣 ⃗ 𝑙 . As considered earlier the influence of this perturbation on 𝑣 ⃗ 𝑇 , ∇𝑇 and 𝐶 𝑙 is assumed to be negligible. The perturbed form of Eq. ( 9) becomes

(𝑔 𝑙 + 𝛿𝑔 𝑙 ) 1 𝑚 [(𝑣 ⃗ 𝑙 + 𝛿𝑣 ⃗ 𝑙 ) -𝑣 ⃗ 𝑇 ] • ∇𝑇 + (1 -𝑘 𝑝 )𝐶 𝑙 𝜕(𝑔 𝑙 + 𝛿𝑔 𝑙 ) 𝜕𝑡 = 0 (10) 
Subtracting Eq. ( 9) from Eq. ( 10) and keeping only the first-order term of 𝛿𝑔 𝑙 (as 𝛿𝑔 𝑙 is small), we obtain

1 𝑚 𝑔 𝑙 𝛿𝑣 ⃗ 𝑙 • ∇𝑇 + 1 𝑚 𝛿𝑔 𝑙 [𝑣 ⃗ 𝑙 -𝑣 ⃗ 𝑇 ] • ∇𝑇 + (1 -𝑘 𝑝 )𝐶 𝑙 𝜕(𝛿𝑔 𝑙 ) 𝜕𝑡 = 0 (11) 
Using the relation for 𝛿𝑣 ⃗ 𝑙 from Eq. (6b), we get

1 𝑚 𝑔 𝑙 𝑣 ⃗ 𝑙 [ 1 𝐾 𝑑𝐾 𝑑𝑔 𝑙 - 1 𝑔 𝑙 ] 𝛿𝑔 𝑙 • ∇𝑇 + 1 𝑚 𝛿𝑔 𝑙 [𝑣 ⃗ 𝑙 -𝑣 ⃗ 𝑇 ] • ∇𝑇 + (1 -𝑘 𝑝 )𝐶 𝑙 𝜕(𝛿𝑔 𝑙 ) 𝜕𝑡 = 0 (12a) 1 𝑚 [𝑔 𝑙 𝑣 ⃗ 𝑙 1 𝐾 𝑑𝐾 𝑑𝑔 𝑙 -𝑣 ⃗ 𝑇 ] • ∇𝑇𝛿𝑔 𝑙 + (1 -𝑘 𝑝 )𝐶 𝑙 𝜕(𝛿𝑔 𝑙 ) 𝜕𝑡 = 0 (12b) 
Rearrangement of Eq. (12b) gives

𝜕(𝛿𝑔 𝑙 ) 𝜕𝑡 = - 1 𝑚(1 -𝑘 𝑝 )𝐶 𝑙 [𝑔 𝑙 𝑣 ⃗ 𝑙 1 𝐾 𝑑𝐾 𝑑𝑔 𝑙 -𝑣 ⃗ 𝑇 ] • ∇𝑇𝛿𝑔 𝑙 (12c)
For 𝑘 𝑝 value less than one and negative value of the slope 𝑚, it gives a condition for perturbation 𝛿𝑔 𝑙 to amplify with time as

𝜕(𝛿𝑔 𝑙 ) 𝜕𝑡 > 0 if 𝑣 ⃗ 𝑙 • ∇𝑇 > 𝐾 𝑔 𝑙 ( 𝑑𝐾 𝑑𝑔 𝑙 ) -1 (𝑣 ⃗ 𝑇 • ∇𝑇) (13) 
It may be noted that the new criterion is derived in terms of amplification of the local perturbations in the mushy zone i.e., From Eq. ( 13) it can be seen that the mush instability depends on the interdendritic velocity, the isotherm velocity and the temperature gradient. Also, it explicitly depends on the dynamically changing characteristic of the mushy zone during solidification i.e., on the permeability. It is evident that for a given cooling rate the two favorable conditions for amplification of perturbation are a higher interdendritic velocity (𝑣 𝑙 ) in the direction parallel to ∇𝑇 and/ or a lower value of

𝐾 𝑔 𝑙 ( 𝑑𝐾 𝑑𝑔 𝑙 ) -1
.

A widely used approach in modeling the mushy zone permeability is to use the Blake-Kozeny permeability model [20-23, 31, 33], which is given as

𝐾 = 𝑑 2 2 𝑔 𝑙 3 180(1 -𝑔 𝑙 ) 2 (14) 
In the dendritic columnar mushy zone, the interdendritic characteristic arm spacing is used to describe the mushy zone permeability. The average distance between the side branches i.e., the secondary dendritic arm spacing (𝑑 2 ) is used as the interdendritic characteristic arm spacing in the permeability model. The above expression is very schematic and a more realistic description, accounting for the microstructure of the dendrites, would be necessary.

However, this challenging and very important point is out of the scope of the present study.

Since our main objective is to discuss the relationship between the mushy zone instability and the mush permeability, a simplified expression for mushy zone permeability law (Blake-Kozeny permeability model) is used. It is important to notice at this stage that as we use the Scheil's assumption, the characteristic size 𝑑 2 introduced in equation ( 14) is the only characteristic size appearing in the whole set of equations of the model. Which means in other words that the size of the REV used for the averaging procedure is in the order of magnitude of 𝑑 2 .

Table 1 shows the expression of is always lower than unity. Therefore, according to Eq. ( 13), any perturbation in 𝑔 𝑙 can amplify even before the remelting criterion 𝑣 ⃗ 𝑙 • ∇𝑇 > 𝑣 ⃗ 𝑇 • ∇𝑇 [START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF] is satisfied because of always lower than unity value of

𝐾 𝑔 𝑙 ( 𝑑𝐾 𝑑𝑔 𝑙 ) -1
term. Further, it can be noted that in the high-𝑔 𝑙 regions the value of

𝐾 𝑔 𝑙 ( 𝑑𝐾 𝑑𝑔 𝑙 ) -1
is very low which makes amplification of perturbation in 𝑔 𝑙 more sensitive in the high-𝑔 𝑙 regions of the mushy zone. the result presented in Fig. 2b suggests, as also pointed out in [START_REF] Jain | Numerical studies on channel formation and growth during solidification: Effect of process parameters[END_REF][START_REF] Katz | Simulation of directional solidification, thermochemical convection, and chimney formation in a Hele-Shaw cell[END_REF][START_REF] Simpson | Influence of dendrite network defects on channel segregate growth[END_REF], that the part of mushy region near the liquidus is more prone to the initiation of the instability. with liquid fraction.

Results and discussion

To illustrate the application of the instability criterion for understanding the development of channel segregations, we applied this criterion to a case study where channels develop. We show that the estimated channel locations from the developed criterion closely coincide with the numerically simulated channels. The case study we have chosen corresponds to a benchmark test case of Sn-Pb alloy in a two-dimensional rectangular cavity. It is worth to mention that for this benchmark case, channel type of segregations were reported experimentally [START_REF] Hebditch | Observations of Ingot Macrosegregation on Model Systems[END_REF][START_REF] Hachani | Solidification of Sn-Pb alloys: Experiments on the influence of the initial concentration[END_REF][START_REF] Hachani | Multiscale statistical analysis of the tin-lead alloy solidification process[END_REF] and numerically [START_REF] Kumar | Study of the influence of mushy zone permeability laws on macro-and meso-segregations predictions[END_REF][START_REF] Ahmad | Numerical simulation of macrosegregation : a comparison between finite volume method and finite element method predictions and a confrontation with experiments[END_REF][START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF]. Subsequently, with the help of the mushy zone instability model developed, the relation between the mush instability and the mush permeability is discussed.

Simulation details

We consider the solidification of a binary Sn-5 wt %Pb alloy, which corresponds to the wellknown benchmark physical model of Hebditch and Hunt [START_REF] Hebditch | Observations of Ingot Macrosegregation on Model Systems[END_REF] and the numerical study of Ahmad et al. [START_REF] Ahmad | Numerical simulation of macrosegregation : a comparison between finite volume method and finite element method predictions and a confrontation with experiments[END_REF]. The cavity is cooled from the left side and the remaining three sides are thermally insulated (Figure 3). 

Thermophysical data

Specific heat, J kg -1 K -1 260.0 Thermal conductivity, W m -1 K -1 55.0 Latent heat of fusion, J kg -1 61000 Reference mass density, kg m -3 7000.0 Reference temperature, K 499.15 Thermal expansion coefficient, K -1 6.0×10 -5 Solutal expansion coefficient, wt % -1 -5.3×10 -2 Dynamic viscosity, kg m -1 s -1 10 -3 Secondary dendrite arm spacing, µm 100.0

Computational parameters

Initial temperature, K 499.15 Heat transfer coefficient, W m -2 K -1 300.0 External temperature, K 298.15 Dimension of the cavity, m (X×Y) 0.1×0.06

The mesh dependency of the solution has been tested by performing simulations with 50×50, 100×100, 150×150, 200×200, 300×300, 400×400, 500×500 and 600×600 grids. The evolution of overall macrosegregation for above grids is compared using the Global Segregation Index (GSI) parameter. The Global Segregation Index (GSI) is defined as follows [START_REF] Kumar | Study of the influence of mushy zone permeability laws on macro-and meso-segregations predictions[END_REF][START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF].

𝐺𝑆𝐼 = 1 𝐶 0 [ 1 𝑉 𝑑𝑜𝑚𝑎𝑖𝑛 ∭ (𝐶 -𝐶 0 ) 2 𝑑𝑉 𝑉 𝑑𝑜𝑚𝑎𝑖𝑛 ] 1 2 ⁄ ( 15 
)
The mesh dependency test shows that a fully mesh independent solution for the prediction of channel segregation patterns are very difficult to achieve. Similar observations were also made and discussed in detail by Kumar et al. [START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF]. However, we observed that the global macrosegregation pattern was captured reasonably well using 500×500 grids with less than ~1% of the difference in GSI obtained for 500×500 and 600×600 grids (see Fig. 4).

Therefore, based on the mesh dependency test, 500×500 grids were chosen for the simulations in the present study, considering that it constitutes a good compromise between the accuracy in the channels prediction and the computational effort.

Figure 4: Transient evolution of global segregation index, GSI (%) for different grids of 50×50, 100×100, 150×150, 200×200, 300×300, 400×400, 500×500, and 600×600.

Validation of the solver

The developed solver is validated with the experimental and the numerical studies reported in the literature [START_REF] Ahmad | Numerical simulation of macrosegregation : a comparison between finite volume method and finite element method predictions and a confrontation with experiments[END_REF][START_REF] Hebditch | Observations of Ingot Macrosegregation on Model Systems[END_REF]. The predicted final segregation maps obtained after complete solidification of Sn-5 wt % Pb alloy is compared and shown in 

Simulation results

Figure 6 displays the segregation map, liquid fraction map, and flow pattern in the cavity at t = 400 s, when the structure of the channel segregates becomes quasi-stationary [START_REF] Kumar | Effect of discretization of permeability term and mesh size on macro-and meso-segregation predictions[END_REF]. The segregation map has a positive macrosegregation in the area below the diagonal from the lower-left corner and negative above this diagonal (see Fig. 6a). The nature of segregation is classical with respect to the direction of liquid flow during solidification [START_REF] Ahmad | Numerical simulation of macrosegregation : a comparison between finite volume method and finite element method predictions and a confrontation with experiments[END_REF]. The dependence of segregation tendencies on the melt flow direction and the thermal extraction was elaborated in [START_REF] Combeau | Prediction of macrosegregation in steel ingots: Influence of the motion and the morphology of equiaxed grains[END_REF][START_REF] Založnik | Thermosolutal flow in steel ingots and the formation of mesosegregates[END_REF] according to 𝜕𝐶 𝜕𝑡 ⁄ = -𝑔 𝑙 𝑣 ⃗ 𝑙 • ∇𝑇 𝑚 ⁄ . In the present case, in the areas where positive macrosegregation is predicted, the liquid velocity is oriented to the temperature gradient such that 𝑣 ⃗ 𝑙 • ∇𝑇 is positive. It leads to a tendency to form a positive macrosegregation (note that the liquidus slope 𝑚 is negative for the alloy considered) [START_REF] Combeau | Prediction of macrosegregation in steel ingots: Influence of the motion and the morphology of equiaxed grains[END_REF][START_REF] Založnik | Thermosolutal flow in steel ingots and the formation of mesosegregates[END_REF]. On the other hand, in the areas of negative macrosegregation, the liquid velocity is oriented to the temperature gradient such that 𝑣 ⃗ 𝑙 • ∇𝑇 is negative leading to a tendency of forming a negative macrosegregation.

We also notice some channel type segregates (horizontal and inclined) in the solidifying cavity. A horizontal channel segregate is found along the bottom of the cavity. It is estimated that this horizontal channel has the maximum mixture concentration whose value is mentioned in Fig. 6a. The minimum mixture concentration, whose value is also mentioned in Fig. 6a is estimated to be in the top region of the cavity. In addition, inclined channel segregates, having positive mixture concentration, also form in the middle of the cavity. The segregation pattern in this region is banded type, having alternate positive and negative segregation. These banded patterns in the solute field are known as localized segregations (or channel segregates), which are a severe form of macrosegregation. It is estimated that the mixture concentration in these inclined channels is ~11.0-18.0 wt %Pb.

The mushy zone is shown by the liquid fraction map in Fig. 6b. Because of the presence of channels, the liquid fraction contours show patterns that appear to be penetrating the mushy region (Fig. 6b). The flow pattern indicated by streamlines along with the superimposed segregation map in the cavity is displayed in Fig. 6c. For the present case with cooperating thermosolutal conditions, 'counter-clockwise' flow loop can be seen. In the inclined channel region, the fluid flow enters those channels from above and follows them due to their lower flow resistance. The higher liquid fraction in the channels (see Fig. 6b) creates smaller flow resistance. Based on the discussions provided earlier regarding the dependence of segregation tendencies on the flow direction and the heat extraction, the formation of banded segregation

having alternate positive and negative segregation in the inclined channel region is explained.

Figure 7a displays a zoomed image of the segregation map in the channel region near to the bottom of cavity at 400 s. The fluid flow that follows the channels in the mush changes direction rather abruptly with respect to the smooth diffusive temperature field (see Fig. 7b).

In Fig. 7b, we notice a specific change in direction of the velocity within and outside the channel and almost vertical temperature contours. It was estimated that in the channels the velocity of the liquid is oriented to the temperature gradient such that 𝑣 ⃗ 𝑙 • ∇𝑇 is positive (see the map of 𝑣 ⃗ 𝑙 • ∇𝑇 in Fig. 7b), which creates a tendency to form positive segregation [START_REF] Combeau | Prediction of macrosegregation in steel ingots: Influence of the motion and the morphology of equiaxed grains[END_REF][START_REF] Založnik | Thermosolutal flow in steel ingots and the formation of mesosegregates[END_REF].

However, in the adjacent regions of the channels, the velocity of liquid is oriented to the temperature gradient such that 𝑣 ⃗ 𝑙 • ∇𝑇 is negative, which creates a tendency to form negative segregation [START_REF] Combeau | Prediction of macrosegregation in steel ingots: Influence of the motion and the morphology of equiaxed grains[END_REF][START_REF] Založnik | Thermosolutal flow in steel ingots and the formation of mesosegregates[END_REF]. It leads to alternating zones of positive and negative 𝑣 ⃗ 𝑙 • ∇𝑇 (Fig. 7b) and therefore of segregation, which finally creates a banded segregation structure in the channel regions. 

Demonstration of the instability criterion in predicting channel locations

This section will focus on discussions (i) how the new instability criterion characterizes and predicts the channel segregates in comparison to the numerical simulations and (ii) how it is better than some existing channel segregations criterion (for example, the remelting criterion).

The predicted channel segregates shown in Fig. 6a (see Fig. 2b) in these regions. This condition is favorable for the amplification of the perturbations according to Eq. ( 13).

The above discussion will be more clear when we show the map of the criterion given by Eq. ( 13). We rearrange the criterion given in Eq. ( 13) and define the numerical value of the New instability criterion (NIC) as

𝑁𝐼𝐶 = 𝑣 ⃗ 𝑙 • ∇𝑇 - 𝐾 𝑔 𝑙 ( 𝑑𝐾 𝑑𝑔 𝑙 ) -1 (𝑣 ⃗ 𝑇 • ∇𝑇) (15a) 
We also define the numerical value of Fleming's remelting criterion [START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF] (FRC) as

𝐹𝑅𝐶 = 𝑣 ⃗ 𝑙 • ∇𝑇 -𝑣 ⃗ 𝑇 • ∇𝑇 (15b) 
The positive values of NIC imply satisfaction of the criterion for amplification of perturbation (i.e., 𝜕(𝛿𝑔 𝑙 ) 𝜕𝑡 > 0) given in Eq. ( 13). In other words, in the regions of positive NIC, any perturbation generated is likely to amplify and hence at those locations, channels may form.

However, in the regions of negative NIC, perturbations are likely to dampen and channels may not form at those locations. Similarly, the positive values of FRC imply satisfaction of the criterion for remelting ( in the second term of Eq. (15a) is always positive and lower than unity (see Fig. 2b).

Therefore, the second term of Eq. (15a) and (15b) will always be positive. However, the sign of the first term of Eq. ( 15a) and (15b), i.e., 𝑣 ⃗ 𝑙 • ∇𝑇 depends on the orientation of the liquid velocity (𝑣 ⃗ 𝑙 ) to the temperature gradient (∇𝑇). In particular, it has a positive sign if 𝑣 ⃗ 𝑙 is oriented to ∇𝑇 at an angle less than 90°, otherwise, it has a negative sign. Based on these facts, both NIC and FRC are always negative for a negative value of 𝑣 ⃗ 𝑙 • ∇𝑇, i. always has a positive but lower than unity value (according to Fig. 2b), NIC will always be larger than FRC for both positive and negative values of 𝑣 ⃗ 𝑙 • ∇𝑇. It is in line with the findings made earlier that any perturbation in 𝑔 𝑙 can amplify even before the remelting criterion 𝑣 ⃗ 𝑙 • ∇𝑇 > 𝑣 ⃗ 𝑇 • ∇𝑇 is satisfied. In the following, we discuss the numerically simulated results for the evolution of channel segregates with time and compare these results with those predicted by the new instability and remelting criterion.

Figure 8 and Figure 9 show the line and the color maps to depict the evolution of perturbations in the liquid fraction, velocity, pressure and temperature field as solidification progresses. Since the perturbations in liquid concentration are identical to those in temperature field as evident from the model, the perturbations in the liquid concentration filed are not shown. We observed that the influence of perturbations in the liquid fraction and flow field on the pressure and temperature field is negligible (see Fig. 8 and Fig. 9). Thus, the assumptions of negligible perturbations in the pressure, temperature and liquid concentration fields made in the derivation of new instability criteria are satisfied. function) must be playing a key role in the amplification of the mush instability. Further, as we notice the perturbations in liquid fraction only in the high-𝑔 𝑙 regions (liquid fraction more than 0.9), it again supports the point mentioned in Fig. 2b that such perturbations are more sensitive in the high-𝑔 𝑙 regions of the mushy zone. Later on, when few channel segregates have developed to a certain extent, some inclined channels and correspondingly channel segregates can be seen (see Fig. 10a, 10b at t = 140 s). We observe five inclined channels at t = 140 s. The predicted possible channel locations from the new instability criterion are very similar to the channel segregates found in the simulation results (see Fig. 10b and Fig. 10d at t = 140 s) where the exact number (5 channels) and their proper length into the mushy zone is captured. However, with the remelting criterion, only three channels with shorter lengths are predicted (see Fig. 10b and Fig. 10c at t = 140 s). From the remelting criterion, the length of the channel is shorter as at higher mush depth remelting does not occur and channels forms due to mush instability. The new instability criterion is able to capture the initial perturbations responsible for the formation of mush instability at larger mush depth. From these results, we can notice that predictions of channel defects in the casting based on remelting can severely under characterize these defects (e.g., their number and length). Figure 12 shows the variation of mixture concentration, NIC and FRC at 140 s along two inclined sections crossing through the channel segregation zone. Section 1 crosses the channel segregation zone from the root of the channels into the mush depth, as shown in Fig. 12a. Section 2 crosses the channel segregation zone close to the mid-length of channels into the mush depth. From Fig. 12b, it is interesting to note that the new instability criterion corresponds very well (i.e., shows positive values) to the five peaks in the mixture concentration corresponding to 5 channel segregates along the inclined section 1. However, the remelting is not at all observed corresponding to these locations. For the inclined section 2 (Fig. 12c), the new instability criterion again corresponds well (i.e., shows positive values)

to the five peaks in the mixture concentration corresponding to 5 channel segregates along the inclined section 2. The remelting criteria also perform relatively better at these locations and predict three peaks along section 2. It implies that the few channels along the inclined section Figure 13 displays the evolution of NIC, FRC, 𝑔 𝑙 and mixture concentration with time at two locations in a selected channel -'A' at the root (larger depth) of a channel and 'B' at the mid-depth of a channel (see Fig. 13a). In Fig. 13b, we can see that the perturbations at the location 'A' started to amplify (positive NIC) at about 150 s, which is followed by an increase in mixture concentration due to the formation of channel segregates. The liquid fraction does not show any remelting and hence FRC remains negative. It implies that by remelting criterion, the correct length of channels may not be captured. At location 'B' at about 165 s, we notice some remelting in the liquid fraction and hence FRC becomes positive (see Fig. 13c). The perturbations at this location also started to amplify (positive NIC) at the same time, which is followed by an increase in mixture concentration. The mixture concentration keeps on increasing, suggesting the development of channel segregates. It implies that by remelting criterion, the correct duration of the development of channels may not be captured. It can be noted from the past and the present results dealing with channel segregations during solidification that their formation is a dynamic thermosolutal fluid flow phenomenon taking place in spatially and temporally changing mushy zone. Therefore, the prediction of locations of their occurrence in the casting by some criteria based on static solidification parameters (such as remelting criterion [START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF]) can under characterize these defects in the casting; nevertheless, such criteria can predict these defects to some extent. In this regard, the new instability criterion, which considers the dynamic behavior of the mushy zone, by involving the mush permeability (spatial and temporal variation of liquid fraction in the mushy zone) and characteristic of the permeability law by including the derivative of the permeability with liquid fraction, can be able to predict the locations of such defects better.

For these reasons, the new instability criterion characterizes the channel segregations observed in numerical simulations better than that by previously available remelting criterion [START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF]. Further, there is a general notion in the literature that the destabilization of the mushy zone front and the consequential formation of channel segregates are initiated by local remelting [START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF]. On the contrary, our results show that remelting in the mush may not be a necessary condition for the initiation of channels. The initiation of channels in our results is triggered by perturbations developed in the high-𝑔 𝑙 regions of the mush (for example, amplification of the instability of the solidification rate at the continuously advancing solidification front, i.e., 𝜕(𝛿𝑔 𝑙 ) 𝜕𝑡 > 0).

Conclusions

A new model of mushy zone instability describing the relation between the mush instability and the mush permeability is presented. The capability of the new instability criterion in characterization and prediction of the channel segregates is illustrated by comparing the estimated possible channel locations from the developed criterion with that of numerically simulated channel segregations in a casting. Further, the numbers and locations of channel segregates estimated by the new instability model are also compared with those estimated using remelting criterion. From this study, the following main conclusions are drawn:

1. The new instability criterion developed for amplification of perturbations in the mushy zone depends on the interdendritic velocity, the isotherm velocity, the temperature gradient and explicitly on the mush permeability. and/or a higher interdendritic velocity (𝑣 𝑙 ). function) in the outer part of mushy zone (high-𝑔 𝑙 regions, liquid fraction more than 0.9) plays a key role in the amplification of the mush instability. The part of the mushy region near the liquidus is more prone to the initiation of such instabilities.

4. The new instability criterion very well characterizes and predicts the locations of channel segregates observed in the numerical simulations. It characterizes these channel segregates better than that by the previously available remelting criterion [START_REF] Mehrabian | Interdendritic fluid flow and macrosegregation; influence of gravity[END_REF]. The predictions of channel segregates based on remelting severely under characterize these defects (e.g., their number and length) in the casting.

5. The remelting in the mush is not a necessary condition for the initiation of channels. The initiation of channels is triggered by perturbations developed in the high-𝑔 𝑙 regions of the mush.

Quantification of the new instability criterion in terms of the dependent process parameters may further (i) explain the onset of instabilities in the mushy zone; (ii) predict a range of various parameters leading to amplification of mush instabilities; and (iii) estimate the possible channel segregations regimes in the casting, more accurately.

Figure 1 :

 1 Figure 1: Schematic illustrating the physical scales and the formation of channel segregates phenomena during columnar solidification (a) system (macroscopic) scale (dendrites in the mushy zone are exaggerated, they will be seen at high magnification), (b) grain scale, (c) representative elementary volume (REV), (d) formation of channel segregates (isolines in black color show the liquid fraction field).

  which is different from a remelting criterion i.e., 𝜕𝑔 𝑙 𝜕𝑡 > 0. The derived criterion for amplification of perturbation involves a local permeability term (and hence the local liquid fraction) which makes it different from the existing remelting criterion such as, Flemings' criterion of remelting, 𝑣 ⃗ 𝑙 • ∇𝑇 > 𝑣 ⃗ 𝑇 • ∇𝑇 [28].

2 ⁄

 2 Blake-Kozeny permeability law considered in the present study. The variation of normalized permeability (𝐾 𝑑 2 ) with the liquid fraction is plotted in Fig.2a. In high-𝑔 𝑙 regions, the variation of 𝐾 is very sharp. We plot in Fig.2bthe dependence of

Figure 2 :

 2 Figure 2: Variation of (a) normalized permeability and (b) 𝐾 𝑔 𝑙 ( 𝑑𝐾 𝑑𝑔 𝑙 ) -1

  The initial temperature T0 = 226 °C corresponds to an initial superheat of 0.43 °C. For the considered alloy (Sn-5 wt %Pb), the thermal and solutal buoyancy forces are cooperating as the heavier solute (Pb) is rejected into the liquid upon solidification. This thermosolutal configuration tends to create a counter-clockwise flow as schematically shown in Figure3. To simulate the solidification of Sn-Pb alloy in a sidecooled two-dimensional rectangular cavity, a finite volume solver is developed in OpenFOAM using a macroscopic model based on continuum formulation[START_REF] Bennon | A continuum model for momentum, heat and species transport in binary solid-liquid phase change systems-I. Model formulation[END_REF]. In this computational model, assumptions such as laminar flow, Newtonian behavior of the liquid melt, saturated mixture conditions, local thermodynamic and local constitutional equilibrium are made. A more detailed discussion about the assumptions made in the present model can be found in[START_REF] Bennon | A continuum model for momentum, heat and species transport in binary solid-liquid phase change systems-I. Model formulation[END_REF]. The initial and boundary conditions used in the present simulation are taken from the previous studies reported in the literature[START_REF] Kumar | Study of the influence of mushy zone permeability laws on macro-and meso-segregations predictions[END_REF][START_REF] Ahmad | Numerical simulation of macrosegregation : a comparison between finite volume method and finite element method predictions and a confrontation with experiments[END_REF]. The thermophysical property data and parameters used in the computations are provided in Table 2[START_REF] Kumar | Study of the influence of mushy zone permeability laws on macro-and meso-segregations predictions[END_REF][START_REF] Ahmad | Numerical simulation of macrosegregation : a comparison between finite volume method and finite element method predictions and a confrontation with experiments[END_REF].

Figure 3 :

 3 Figure 3: Schematic representation of the computational domain for solidification in a 2D rectangular cavity.

Fig. 5 .Figure 5 :

 55 Figure 5: Variation of relative composition of Sn-5 wt % Pb alloy as a function of the distance to the cold wall at the end of solidification at different heights of the cavity: (a) 5 mm, (b) 25 mm, (c) 35 mm, and (d) 55 mm.

Figure 6 :

 6 Figure 6: Maps of (a) macrosegregation (b) liquid fraction (c) macrosegregation with superimposed streamlines in the solidifying cavity at 400 s. Macrosegregation is shown by concentration distribution (C-C0) in wt % where C is the concentration of Pb in wt % and C0 is the nominal concentration of Pb in the alloy (= 5 wt %).

Figure 7 :

 7 Figure 7: The formation of channel segregates in the bottom of the cavity (zoomed image) at 140 s: (a) segregation (C-C0) in wt % (b) map of 𝑣 ⃗ 𝑙 ⋅ ∇𝑇 with superimposed streamlines (black) and isotherms (white).

  and in those regions, channels may form due to remelting in the mush. In Eq. (15a) and (15b), 𝑣 ⃗ 𝑇 • ∇𝑇 (= -

  e., if the flow has a velocity component oriented in the direction opposite of the temperature gradient. Only if the flow is oriented in the direction of the temperature gradient (positive value of 𝑣 ⃗ 𝑙 • ∇𝑇), NIC and FRC can be positive, indicating amplification of the perturbation and remelting,

Figure 8 :Figure 9 :

 89 Iso-line maps show the perturbation in the (a) liquid fraction, (b) velocity magnitude (mm/s), (c) pressure (Pa) and (d) temperature (K) field at t = 36 s, 50 s and 80 s, respectively. Maps are shown in the relevant regions, i.e., liquid fraction lower than 0.99. Color maps (superimposed with iso-lines of liquid fraction, 0.5 and 0.99) show the perturbation in the (a) liquid fraction, (b) velocity magnitude (mm/s), (c) pressure (Pa) and (d) temperature (K) field at t = 36 s, 50 s and 80 s, respectively. Maps are shown in the relevant regions, i.e., liquid fraction lower than 0.99. In Fig. 10, we show the maps of liquid fraction, segregation, NIC and FRC in the solidifying cavity at 30 s, 36 s and 140 s. It was estimated that at around time t = 30 s, the first instance of amplification of the instability in the mushy zone appears. From Fig. 10a it can be seen that the liquid fraction contour in high-𝑔 𝑙 regions (liquid fraction more than 0.9) are perturbed. This is also reflected in the segregation map (Fig. 10b), which shows positive segregation zones along the perturbed liquid fraction. These positive segregation zones are the first instance when channel segregation in the cavity arises. From Figs. 10c and 10d (at t = 30 s), it can be seen that the NIC is positive along these channel segregation zones; however, FRC is still negative. The first positive value of FRC occurs at t = 36 s (see Fig 10c at t = 36 s). It implies satisfaction of new instability criterion along the channel segregation zones but not of remelting criterion. It means the amplification of perturbation, which causesthe initiation of channel segregation, is due to mush instability and not due to remelting. This result illustrates that the new instability criterion very well characterizes the initiation of channels. It also seems that the initiation of channel segregates is a direct consequence of the amplification of perturbations in high-𝑔 𝑙 regions (causing higher interdendritic velocity), as mentioned earlier, as the favorable conditions for amplifications of instabilities. It can also be noted that the new instability criterion involving a function of mushy zone permeability is able to capture the mush instability. It indirectly points out that the mush permeability

Figure 10 :Figure 11 :

 1011 Figure 11: Maps of (a) FRCmax, (b) NICmax, (c) earliest time when FRC >0 (tFRC) and (d) earliest time when NIC > 0 (tNIC). tFRC and tNIC values are shown in the relevant regions, i.e., liquid fraction lower than 0.99.
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  could have witnessed remelting, but the channels along the inclined section 1 might not have observed remelting. It will be more clear when we show the time evolution of NIC and FRC in the next plot.

Figure 12 :

 12 Figure 12: (a) Macrosegregation map marked with section 1 and section 2 inclined at an angle of 30° and 20° from X direction, respectively; Variation of mixture concentration, NIC and FRC along (b) section 1 and (b) section 2 at 140 s. The horizontal axis shows the distance of these lines from the origin.

Figure 13 :

 13 Figure 13: (a) Locations of two points selected for showing the time evolution plot. Location 'A' (X = 25 mm, Y = 17 mm) at the root (larger depth) of a channel, location 'B' (X = 30 mm, Y = 9 mm) at the mid-depth of a channel; Evolution of NIC, FRC, 𝑔 𝑙 and mixture concentration with time at (b) location 'A' (c) location 'B'.

2 .

 2 The new instability criterion suggests two favorable conditions for amplification of perturbation a lower value of

3 .

 3 The permeability and its derivative with respect to liquid fraction (the

  

  

  

  

  

  

  

  

  For the simplest mushy zone permeability model, 𝐾 is a function of 𝑔 𝑙 and the characteristic size in the microstructure (secondary dendritic arm spacing, 𝑑 2 a constant value of 𝑑 2 is assumed in this study). If locally, we perturb the liquid fraction (porosity) field by 𝛿𝑔 𝑙 , one observes a corresponding perturbation 𝛿𝑣 ⃗ 𝑙 caused in the velocity field.

	𝜇 𝐾(𝑔 𝑙 + 𝛿𝑔 𝑙 )	[(𝑔 𝑙 + 𝛿𝑔 𝑙 )(𝑣 ⃗ 𝑙 + 𝛿𝑣 ⃗ 𝑙 )]
			= -∇p + 𝜌 0 𝑔 ⃗ 𝑟 [𝛽 𝑇 (𝑇 -𝑇 0 ) + 𝛽 𝐶 (𝐶 𝑙 -𝐶 0 )]
	𝐾(𝑔 𝑙 )	𝑔 𝑙 𝑣 ⃗ 𝑙 = -∇p + 𝜌 0 𝑔 ⃗ 𝑟 [𝛽 𝑇 (𝑇 -𝑇 0 ) + 𝛽 𝐶 (𝐶 𝑙 -𝐶 0 )]	(2)

Table 1 :

 1 Normalized permeability and

	𝐾 𝑔 𝑙	( 𝑑𝑔 𝑙 𝑑𝐾	-1 )	function.

Table 2 :

 2 Thermophysical data and parameters used in the simulation[START_REF] Kumar | Study of the influence of mushy zone permeability laws on macro-and meso-segregations predictions[END_REF][START_REF] Ahmad | Numerical simulation of macrosegregation : a comparison between finite volume method and finite element method predictions and a confrontation with experiments[END_REF].

	Parameter	Sn-5 wt %Pb
	Phase diagram	
	Initial mass fraction, wt %Pb	5.0
	Melting temperature, K	505.15
	Eutectic temperature, K	456.15
	Eutectic mass fraction, wt %Pb	38.1
	Liquidus slope, K wt % -1	-1.286
	Partition coefficient	0.0656
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