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We present high-precision theoretical predictions for the electron energy spectra for the ground-state to
ground-state β decays of 214Pb, 212Pb, and 85Kr most relevant to the background of liquid xenon dark matter
detectors. The effects of nuclear structure on the spectral shapes are taken into account using large-scale
shell-model calculations. Final spectra also include atomic screening and exchange effects. The impact of nuclear
structure effects on the 214Pb and 212Pb spectra below ≈100 keV, pertinent for several searches for new physics,
are found to be comparatively larger than those from the atomic effects alone. We find that the full calculation
for 214Pb (212Pb) predicts 15.0%–23.2% (12.1%–19.0%) less event rate in a 1–15 keV energy region of interest
compared to the spectrum calculated as an allowed transition when using values of the weak axial vector coupling
in the range gA = 0.7–1.0. The discrepancy highlights the importance of both a proper theoretical treatment and
the need for direct measurements of these spectra for a thorough understanding of β decay backgrounds in future
experiments.

DOI: 10.1103/PhysRevC.102.065501

I. INTRODUCTION

The discovery of rare events caused by new physics re-
quires that backgrounds which could mimic the signal be
reduced as much as possible. Irreducible backgrounds must
be well studied with credible estimates of their uncertain-
ties. Searches for new physics based on the dual-phase liquid
xenon (LXe) time projection chamber (TPC) have exciting
potential for the discovery of dark matter and for the discovery
of new neutrino properties. In the last decade these experi-
ments have grown in size while background levels have been
suppressed.

In current and future LXe TPCs, the majority of the back-
ground rate in the low-energy (�50 keV) regime results from
β decays of 214Pb, 212Pb, and 85Kr, with 214Pb being the most
significant of these by far. The isotopes 214Pb and 212Pb enter
the LXe bulk as daughters of 222Rn and 220Rn which emanate
out of the detector construction materials and dust. 85Kr, on
the other hand, enters through its abundance in the atmosphere
and is therefore present in the raw xenon feedstock. The
residual quantity found in low-background LXe experiments
is that which survives xenon purification techniques such as
chromatography [1] and distillation [2]. Typically, the back-
ground from 214Pb dominates over that from 212Pb and 85Kr
owing to the 222Rn half-life of 3.8 days.
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Each of these isotopes exhibits a β decay in which the
transition proceeds directly to the daughter nuclei’s ground
state with no associated γ -ray or conversion electron emis-
sion (henceforth referred to as the “ground-state” decay). The
result is a continuous energy distribution of single-site events
made by the ejected electron which spans from zero up to
the decay Q value. Table I provides a summary of pertinent
nuclear data for these three isotopes and their ground-state
transitions. The low-energy population of these decays forms
the majority background for many new physics searches as
illustrated in Table II. The remaining β decays which populate
excited states of the daughter and result in γ -ray emission
are less of a concern as they are more easily identified as
multisite events which do not mimic the sought-after signal.
While multiple techniques are used to infer the final level
of each isotope realized in an experiment, the modeling of
this background depends on the ground-state decay branching
ratios assumed and, more crucially, the precise shape of the β

energy spectra.
The shape of a β particle energy spectrum depends on

the nature of the weak interaction transition and on both
the atomic and the nuclear structure of the initial and final
states involved. For first-forbidden unique decays, such as the
decay of 85Kr, there are only small corrections to the spectrum
shape from the nuclear structure. However, for first-forbidden
nonunique transitions, such as the ground-state decays of
214Pb and 212Pb, the spectral shape can depend heavily on the
details of the nuclear structure.

The presently used formalism for the forbidden nonunique
β transitions was first introduced in Ref. [10] and later
extended in Refs. [11] and [12] to include the next-to-leading-
order corrections to the β decay shape function. In Ref. [11]
it was noticed for the first time that some of the forbidden
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TABLE I. Relevant nuclear data for the isotopes considered in
this work. The last three columns provide information pertaining
to ground-state decays, including the branching ratio (BR) and the
initial and final spin-parity assignments, Jπ

i and Jπ
f . Uncertainties

smaller than 5% are not shown. Endpoint data are from Ref. [3] and
all other data are from Refs. [4–6].

Ground-state β decay

Isotope Half-life Endpoint (keV) BR (%) Jπ
i , Jπ

f

214Pb 26.8 min 1018 11.0(10) 0+, 1−
212Pb 10.6 h 569.1 11.9(16) 0+, 1−
85Kr 10.7 yr 687.0 99.6 9/2+, 5/2−

nonunique β transitions can depend strongly on the effec-
tive value of the weak axial vector coupling constant gA.
This dependence on gA was studied in the nuclear shell-
model framework in Ref. [13]. A recent review of the β

spectral-shape calculations is given in Ref. [14]. The present
shell-model calculations are an extension of the aforemen-
tioned β decay formalism in that the magnitude of a key
vector-type nuclear matrix element (NME) is fixed to repro-
duce the partial half-life of the ground-state transitions of
212Pb and 214Pb. This method was used in recent β decay
calculations for light nuclei in Ref. [15].

Recently, the XENON1T experiment reported [9] an ex-
cess of electron recoil events above a background which is
dominated by the ground-state β decay of 214Pb. In that result
both the nuclear transition and the atomic exchange effects
were modeled assuming the decay is an allowed transition. In
this work we report on the ground-state β shapes of 214Pb and
212Pb obtained by calculating the necessary NMEs for a first-
forbidden nonunique transition and by employing a formalism
for atomic exchange corrections that has been extended to
include forbidden unique transitions. The same exchange for-
malism is then also applied to the ground-state β decay of
85Kr.

II. CALCULATIONS

The half-life of a forbidden nonunique β− decay can be
expressed as

t1/2 = κ̃/C̃, (1)

TABLE II. Projected and measured percentage of total elec-
tron recoil background in LXe TPC experiments attributed to the
ground-state β decays of the given isotopes in the specified energy
windows. Other backgrounds arise from solar neutrino-electron scat-
tering, 2νββ decay of 136Xe, and γ rays from detector materials. The
contribution from 136Xe is falling steeply in this region, becoming
subdominant to that from solar neutrino scattering below ≈12 keV.

Isotope LUX-ZEPLIN [7] XENONnT [8] XENON1T [9]
1.5–15 keV 1–13 keV 1–30 keV

214Pb 53 42 83 ± 2
212Pb 8.8 — —
85Kr 2.3 8.2 10 ± 2

where [16]

κ̃ = 2π3h̄7ln 2

m5
ec4(GF cos θC)2

= 6147 s, (2)

where θC is the Cabibbo angle and C̃ is the dimensionless
integrated shape function, given by

C̃ =
∫ w0

1
C(we)pwe(w0 − we)2F0(Z,we)K (we)dwe, (3)

where we = We/mec2, w0 = W0/mec2, and p = pec/(mec2) =√
w2

e − 1 are unitless kinematic quantities; F0(Z,we) is the
Fermi function; and K (we) encompasses a plurality of correc-
tive terms such as atomic effects. The shape factor C(we) of
Eq. (3) contains complicated combinations of both (universal)
kinematic factors and nuclear form factors. The nuclear form
factors can be related to the corresponding NMEs using the
impulse approximation [17].

The β particle spectrum is given by the integral in Eq. (3).
The probability of the electron being emitted with energy
between we and we + dwe is

P(we)dwe ∝ C(we)pwe(w0 − we)2F0(Z,we)K (we)dwe.

(4)

A. Nuclear shape factors

For the first-forbidden decays the relevant NMEs are those
corresponding to the transition operators

O(0−) : gA(σ · pe), gA(σ · r), (5)

O(1−) : gVpe, gA(σ × r), gVr, (6)

O(2−) : gA[σr]2, (7)

where r is the radial coordinate and pe is the electron mo-
mentum. The decay of 85Kr is first-forbidden unique, so only
the operator gA[σr]2 contributes, simplifying the calculations
greatly. For the ground-state decay of 212Pb and 214Pb only
the rank-1 operators contribute. The NMEs involved in the
transitions can be evaluated using the relation

V/AM(N )
KLS (pn)(ke, m, n, ρ)

=
√

4π

Ĵi

∑
pn

V/Am(N )
KLS (pn)(ke, m, n, ρ)(	 f ||[c†

pc̃n]K ||	i ),

(8)

where V/Am(N )
KLS (pn)(ke, m, n, ρ) is the single-particle matrix

element, and (	 f ||[c†
pc̃n]K ||	i) is the one-body transition den-

sity (OBTD), which contains all the relevant nuclear-structure
information. The OBTDs need to be evaluated using some
nuclear model, such as the nuclear shell model used in this
work. The nuclear structure calculations were done using the
shell-model code NUSHELLX@MSU [18]. For 85Kr the calcu-
lations were carried out in the full 0 f5/2-1p-0g9/2 valence
space with the effective Hamiltonian JUN45 [19]. For the
Pb isotopes the calculations were done using the complete
valence space spanned by proton orbitals 0h9/2, 1 f , 2p, and
0i13/2 and neutron orbitals 0i11/2, 1g, 2d , 3s, and 0 j15/2 with
the effective Hamiltonian khpe [20].

065501-2



IMPROVED CALCULATIONS OF β DECAY … PHYSICAL REVIEW C 102, 065501 (2020)

For 85Kr the spectral shape does not depend on the nu-
clear structure in the leading-order terms. In this work we
include also the next-to-leading-order terms in the Behrens
and Bühring expansion [17], which increases the number of
NMEs involved in each transition to 5 for 85Kr and to 13 for
the nonunique transitions.

Uncertainties in the theoretical spectral shapes are related
to uncertainties in the ratios of the NMEs. Based on previous
calculations, quenching of the ratio of the axial-vector and
vector coupling constants gA/gV is needed to reproduce ex-
perimental spectral shapes for nonunique β decays with the
shell model [12]. However, the precise amount of quenching
needed for the decays studied here is not known. Based on
previous studies from the past four decades, the value gA =
1.0 was chosen for 85Kr, while for 212,214Pb we report results
using the range of values gA = 0.85 ± 0.15 as the quench-
ing of gA seems to be more severe for larger masses (see,
e.g., Ref. [21]). Because the decay of 85Kr is first-forbidden
unique, the value of gA affects only the next-to-leading order
terms resulting in a correction on the order of ≈0.1%. On the
other hand, in nonunique decays the value of gA can be more
impactful and different values can result in different spectral
shapes [12]. In 212,214Pb this is not the case, and here we find
the spectral shapes are somewhat insensitive to the value of
gA.

The experimental half-lives of the ground-state 212,214Pb
transitions are reproduced within the chosen range of gA.
Specifically, this is achieved with the value 0.83 (0.91) for
214Pb (212Pb) without quenching gV from the conserved vector
current hypothesis value of 1.0. The ratio gA/gV also agrees
with other shell-model calculations in this mass region. War-
burton and Brown’s calculations in this mass region resulted
in the value gA/gV = 0.6/0.6 ≈ 1.0 [20] and more recent
calculations of Zhi et al. resulted in gA/gV = 0.48/0.65 ≈
0.74 [22]. It should be noted that the spectral shape is only
sensitive to ratios of matrix elements, and so the absolute
quenching factor of all matrix elements is irrelevant. Thus
taking gA = gV = 0.6 will result in the same spectral shape
as gA = gV = 1.0. For values of gA which did not manage to
reproduce the experimental half-life, the small matrix element
VM101 was adjusted so that the experimental partial half-
life related to the transition was reproduced. This approach
was shown to work well in the case of the second-forbidden
nonunique decay of 36Cl in the recent work of Kumar et al.
[15].

Recently, the EXO-200 Collaboration reported [23] a mea-
surement of the β shape of the first-forbidden nonunique
ground-state β transition 137Xe(7/2−) → 137Cs(7/2+). Good
agreement between the measured β spectrum and that com-
puted in our formalism was found. This transition is not
entirely analogous to the decays considered here, however, as
rank-0 matrix elements play a significant role. Furthermore,
the change in the shape factor is small, about 2%.

In the mass region of interest here, the decay of 210Bi could
provide a useful comparison as it connects 1− and 0+ states.
However, the spectral shape of 210Bi computed in Ref. [24]
was found to depend strongly on the adopted value of gA. We
therefore do not consider a comparison with this transition
a valid test of our calculations, as almost any spectral shape

could be fit by altering gA. The transition in 210Bi furthermore
differs from those in 212,214Pb because of the differences in
nuclear structure discussed in the Appendix of Ref. [9].

B. Atomic exchange effect

The exchange effect has already been demonstrated to be
the most prominent atomic effect at low energy [25], possibly
enhancing the decay probability by more than 10% below
5 keV [26,27]. It arises from the indistinguishability of the
electrons and the imperfect orthogonality of the initial and
final atomic states due to the change of the nuclear charge
in the decay. The exchange process is an additional decay
channel with the same final state as the direct decay and can
be seen as the swap of the β electron with an electron of the
atomic cloud, which is then ejected to the continuum.

Previous studies that included this effect were only focused
on allowed transitions or assumed that the correction for an
allowed transition can be applied as a first approximation to
a forbidden transition [9,26–29]. This is because a precise
formalism of the exchange effect was set out only for allowed
transitions [30]. A summary of the key ingredients that are
needed to calculate the exchange correction factor can be
found in Ref. [9].

The β spectra calculated as allowed in the present work
are identical to the “improved calculations” in Ref. [9]. Full
numerical calculation of the atomic screening and exchange
effects is included, as well as accurate radiative corrections
from the precise study of superallowed transitions [31]. Identi-
cal calculations have also been performed for the ground-state
85Kr decay but with the exchange effect correctly determined
for this first-forbidden unique transition.

Indeed, the formalism from Ref. [30] has recently been
extended to the forbidden unique transitions and will be de-
tailed elsewhere. We briefly summarize the main results here.
The definition of the relativistic electron wave functions is
consistent with the Behrens and Bühring formalism [17]. In
the relativistic case, the usual operator L2 defined from the
orbital angular momentum operator �L does not commute with
the Hamiltonian. Instead, the appropriate operator to consider
is

K̂ = β(�σ · �L + 1), (9)

with β being the (4 × 4) Dirac matrix and �σ standing for the
three (4 × 4) matrices defined from the (2 × 2) Pauli matri-
ces σx,y,z. Its eigenvalue is the quantum number κ , and it is
convenient to introduce the quantity k = |κ|. Under spherical
symmetry, only the small and large radial components are
of interest. A continuum state is characterized by its quan-
tum number κ , its total energy we, its momentum p, and its
Coulomb amplitude ακ , and is denoted φc,κ . Similarly, an
atomic bound state is characterized by its quantum numbers
(n, κ), its binding energy Enκ , its total energy wnκ = 1 −
|Enκ |/mec2, its momentum pnκ = √

1 − w2
nκ , and its Coulomb

amplitude βnκ , and is denoted φb,nκ . Primed quantities refer to
the daughter atom and to the parent atom otherwise.

By restricting to the dominant NMEs, β electrons can only
be created in states with κ = ±1 in allowed transitions. The
exchange process can then occur only for the atomic electrons
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FIG. 1. Comparison of β spectra for the ground-state decay of 214Pb shown over the full energy range (left) and at low energies (right).
The result of this work is shown as a solid red line calculated using gA = 0.85 and applying the atomic exchange correction. The upper and
lower bounds of the shaded band show the spectrum obtained with gA = 0.7 and gA = 1.0, respectively. Spectra are normalized over the full
energy range for each value of gA.

in s1/2 (κ = −1) and p1/2 (κ = +1) orbitals. The shape factor
C(we) as defined in Eq. (3) being energy independent, the
exchange effect is corrected by applying

C(we) −→ C(we) × (1 + η1). (10)

In the case of first-forbidden unique transitions, β electrons
can be created in states with κ = ±1 and ±2. The exchange
process can thus occur also for the atomic electrons in p3/2

(κ = −2) and d3/2 (κ = +2) orbitals. In addition, the shape
factor is well known to exhibit the following energy depen-
dence:

C(we) ∝ q2 + λ2 p2, (11)

with q = (w0 − we) and

λ2 = α2
+2 + α2

−2

α2
+1 + α2

−1

. (12)

The first term in Eq. (11) comes from β electrons with κ =
±1 and the second term from those with κ = ±2. One can
demonstrate that the exchange effect is corrected by applying

q2 −→ q2 × (1 + η1), (13)

λ2 p2 −→ λ2 p2 × (1 + η2) . (14)

The correction factor is defined by

ηk = T+k (T+k − 2α+k ) + T−k (T−k − 2α−k )

α2
+k + α2

−k

. (15)

The exchange probability between a β electron and an atomic
electron mainly depends on the overlap of their radial wave
functions. As the process can occur with each electron in a κ

state, one has to sum over the different (n, κ) states. Assuming
no atomic excitation and completely filled orbitals, one can
establish

Tκ =
∑

n

〈φ′
c,κ |φb,nκ〉

〈φ′
b,nκ

|φb,nκ〉 β ′
nκ

(
p′

nκ

p

)k−1

. (16)

FIG. 2. Comparison of β spectra for the ground-state decay of 212Pb shown over the full energy range (left) and at low energies (right).
The result of this work is shown as a solid line calculated using gA = 0.85 and applying the atomic exchange correction. The upper and lower
bounds of the shaded band show the spectrum obtained with gA = 0.7 and gA = 1.0, respectively. Spectra are normalized over the full energy
range for each value of gA.
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FIG. 3. Comparison of β spectra for the ground-state decay of 85Kr shown over the full energy range (left) and at low energies (right). The
dashed red line shows the spectrum with the exchange effect calculated using the extended formalism for first-forbidden unique transitions.
The lower portion of each figure gives the difference between the spectra with the exchange effect calculated as an allowed and a first-forbidden
unique transition. Spectra are normalized over the full energy range.

In the case of allowed transitions, this result is similar
to what is described in Ref. [30] except that the overlap
of parent and daughter atomic wave functions is no longer
approximated by unity. As in Ref. [9], the relativistic electron
wave functions have been determined following the numerical
procedure described in Ref. [27], forcing the convergence to
the accurate orbital energies from Ref. [32] for the bound
states.

III. RESULTS

The final ground-state β spectra of 214Pb and 212Pb ob-
tained from our calculations are shown in Figs. 1 and 2,
respectively. In each figure, the final spectrum shown in solid
red includes both the effects of nuclear structure and the
atomic exchange effect and is evaluated using the value of
gA = 0.85. The spectrum without the exchange correction
(nuclear structure only) is shown as a dashed line for compar-
ison. Surrounding the final spectrum is a band which shows
the impact of varying the value of gA from 0.7 to 1.0, and
these values comprise the upper- and lower-band boundaries,
respectively. The boundaries have been calculated using the
same normalization as the solid line. The differences in the
low-energy part of the spectrum are therefore due to the
change in the ratios of the relevant matrix elements rather than
the half-life.

The principle result of this work is to show the impact of
the full nuclear calculation on the spectral shape. Thus we
compare our 214Pb and 212Pb spectra to those used in the
background model of Ref. [9], shown here in blue. As only
rank-1 operators contribute in these transitions, β electrons
can only be created with κ = ±1; i.e., the atomic exchange
correction as for an allowed transition in Eq. (10) is a good ap-
proximation. However, the spectra were calculated as allowed
in Ref. [9], without any nuclear shape adjustment, unlike the
present work.

For both Pb isotopes the present calculations result in a
lower rate in the low-energy region of interest for several

new physics searches compared to the allowed calculation.
The spectra obtained here with gA = 0.85 predict a 19.0%
and a 15.5% lower event rate in a 1–15 keV energy window
from 214Pb and 212Pb, respectively. Over the 0.7–1.0 range of
gA the corresponding ratios are 15.0%–23.2% and 12.1%–
19.0%. For further reference we also show in green the β

shape generated by the GEANT4 [33] toolkit commonly used
to predict background rates and energy spectra in LXe TPC
experiments. A detailed description of the β spectrum model
used in GEANT4 can be found in the Appendix of Ref. [9].

For an analysis such as that in Ref. [9] performed in a re-
stricted energy window well below the β endpoint, differences
in the assumed β spectrum introduce a background systematic
in the lowest energy region used to search for possible new
physics signals. To illustrate the size of this systematic we nor-
malized the area under our spectra to that under the allowed
shape in a 1–210 keV energy window like that used in Ref. [9].
For the β decay from 214Pb our spectra predict 4.3%, 5.5%,
and 6.7% lower rate in a 1–15 keV window corresponding to
the values gA = 0.7, 0.85, and 1.0. For 212Pb these ratios are
6.6%, 8.4%, and 10.3%. Interestingly, these results suggest
that the size of the excess observed by XENON1T could in
fact be larger than what is reported.

For the first time, the ground-state 85Kr β spectrum has
been calculated with the correct atomic exchange effect for
this first-forbidden unique transition. Figure 3 shows our re-
sult (red dashed line) compared with three other calculations.
The solid blue spectrum is the result given in Ref. [9], cal-
culated as a first-forbidden unique transition with an atomic
exchange correction as for an allowed transition. The solid
green spectrum comes from the model used by GEANT4, and
the dashed orange spectrum does not include any exchange
correction. The difference between the spectra from this work
and those from Ref. [9] is given in the lower portion of the
figure and is found to be in the range of ±0.05%. Such a
negligible difference comes from a combination of effects.
First, seven orbitals contribute to T±1, but only four orbitals
contribute to T±2. Second, the exchange correction in Ref. [9]
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corresponds to applying the approximation

[q2 + λ2 p2] −→ ≈ [q2 + λ2 p2] × (1 + η1), (17)

which means that we are comparing η1 with η2, two quantities
of similar magnitude. Lastly, the magnitude of the exchange
correction factors is most important at low energy and as can
be seen from Eqs. (13) and (14): the energy dependence of
the shape factor enhances the influence of (1 + η1) and at the
opposite reduces the influence of (1 + η2). This explains why
our extended calculation of the exchange effect in 85Kr decay
gives a β spectrum very close to the approximate spectrum
of Ref. [9]. One can expect similar behavior in every first-
forbidden unique transition as long as the transition is not
dominated by an accidental cancellation of the NMEs.

IV. CONCLUSION

We have presented improved energy spectra for the
ground-state β decays of 214Pb, 212Pb, and 85Kr. Combina-
tions of these three decays form the most significant sources
of background in current and future LXe dark matter experi-
ments at low energy, 214Pb being the most salient of the three.
The spectra derived here make use of a nuclear shell-model
formalism to calculate the relevant NMEs and include correc-
tions for the atomic exchange effect.

We find that the ground-state spectra depend on the weak
axial vector coupling gA and therefore produce spectra using
a suitable range for its value. Our results predict a 19.0% and
a 15.5% downward shift in background rate from 214Pb and
212Pb in the energy region of interest for new physics searches
relative to previous predictions. Our assessment of a suitable
range for gA suggests that these shifts have an uncertainty of

roughly 4%. The overall impact of nuclear structure effects on
the 212,214Pb spectra is found to be more significant than that
from the atomic exchange effect considered previously. An
extension of the atomic exchange correction to include first-
forbidden unique transitions was applied to the ground-state
decay of 85Kr. The final spectrum shows very minor differ-
ences relative to previous calculations which use an allowed
approximation for the exchange effect.

Given the large discrepancy between the present calcula-
tion and the allowed approximation in 214Pb and 212Pb used
previously, a direct measurement of these transitions would
be prudent for the reduction of systematic errors in future
experimental endeavors. To our knowledge, no direct experi-
mental data for these spectra exist in the lowest energy region
of concern for modern experiments. Historical investigations
of the β spectra from 214Pb have focused on lines from inter-
nal conversion electrons and not on the continuous spectrum
below ≈700 keV from decays to the 214Bi ground state. A
dedicated measurement of these shapes could, for example,
be comprised of a central, low-threshold detector containing
a 212,214Pb source which is surrounded by a highly efficient
γ -ray veto detector. In this configuration, the ground-state
decays are reconstructed from the sample of events with a
signature in the central detector, but with no coincident signal
in the outer veto.
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