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We study the dynamics of semiconductor lasers subject to strong delayed optical feedback. We find that the discrete nature of the external-cavity modes leads to a discrete set of relaxation oscillation frequencies observed at the onset of the first instability as the pump current is increased. This explains experimentally observed hops between the frequencies.

I. INTRODUCTION

Free running laser dynamics is largely determined by two timescales: the cavity repetition rate and the relaxation oscillation frequency. The laser cavity forms a discrete set of optical modes while the relaxation oscillation frequency gradually changes with the pump current with a square-root dependence. In a delayed feedback configuration, the external cavity adds a third timescale, that of the external cavity repetition rate. We show that for lasers with highly damped relaxation oscillations, the external cavity repetition rate can be resonant with the relaxation oscillations leading to a discretization of the relaxation oscillation frequency.

II. EXPERIMENTAL RESULTS AND DISCUSSION

Experimentally, the solitary laser (either a multi-quantum well or quantum dot based device) operates in a stable single mode regime with a side mode suppression ratio of greater than 40 dB. The external cavity is 30-60 cm long and the feedback strength is adjusted using a variable neutral density optical filter. A supercritical Hopf bifurcation manifests itself via a small amplitude, almost harmonic, intensity time series. The Hopf frequency evolves with the current in a series of discrete nearly constant plateaus. The flat regions are separated by sharp steps, with a step-height corresponding to the external cavity round trip frequency. The Hopf frequency is observed to jump up or down from one step to the next.

We model the laser dynamics using a delay differential equation system with two time delays determined by the laser cavity round trip time and external cavity round trip time [START_REF] Kelleher | Delay induced high order locking effects in semiconductor lasers[END_REF].

The numerical parameters were chosen in order to match the experimental relaxation oscillation frequency and the external cavity roundtrip time.

Four key features determine the Hopf bifurcation structure: strongly damped relaxation oscillations (characteristic of the studied devices), a long external cavity, a large feedback strength and a small bandwidth of the short laser cavity, matching the condition of single mode operation.

The Hopf bifurcation diagram consists of a number of branches with different frequencies. The number of different Hopf bifurcations depends on the phase-amplitude coupling in the active medium. With increasing feedback strength, two Hopf bifurcations corresponding to different branches come closer and closer and, finally, merge at a cusp bifurcation point. In this case a double Hopf bifurcation point occurs. With only one exception, the Hopf frequency hardly changes along any branch before undergoing a hop. The one exception is the first branch, which starts at the threshold feedback strength for the appearance of any instability. While there is no strict mathematical resonance at the double Hopf points, the difference between frequencies remains almost constant and is close to the external cavity frequency.

Depending on the parameters, the Hopf bifurcation branches may either intersect once or twice. In the former case, the Hopf frequency is in resonance with external-cavity mode frequencies, showing a staircase like dependence [START_REF] Kelleher | Delay induced high order locking effects in semiconductor lasers[END_REF]. A dual intersection of the Hopf bifurcation branches allows a return to the lower branch with the pump current increase. This explains the hop to the lower dominant relaxation oscillation frequency observed experimentally. The Hopf frequency remains in resonance with the external-cavity modes but the staircase like dependence becomes A-framed.