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We explore experimentally and theoretically the dynamics of a DFB quantum well laser subject to external optical feedback from a mirror. With increasing feedback, the system exhibits the following dynamical scenario: an extremely small limit cycle appears first and is followed by a quasi-periodic regime, and then by three subsequent limit cycles with different repetition rates. This sequence of limit cycles can be associated with the change of phase of the reflected field which reveals translational symmetry and the fact of periodic solutions coexistence which we confirm numerically. The results can be useful for applications in reservoir computing with phase space of coexisting limit cycles acting as a nonlinear reservoir as well as for other applications.

INTRODUCTION

Semiconductor lasers subject to optical feedback have been the focus of research for the last 50 years, but only recently the route to chaos has been correctly characterized. Due to the importance of these systems not just for nonlineardynamical studies, but for a number of emerging applications, understanding the fundamental aspects of these systems remains a priority. In this contribution, we explore experimentally and theoretically the dynamics of a DFB quantum well (QW) laser subject to external optical feedback from a mirror. The laser is characterized with high damping of side modes in the absence of feedback. The feedback loop includes a polarizer and a rotating waveplate to control the feedback rate.

It was shown previously [START_REF] Kelleher | Delay induced high order locking eects in semiconductor lasers[END_REF][START_REF] Kovalev | Feedback-induced discretisation of the relaxation oscillation frequency in a semiconductor laser[END_REF] that as the pump current increases such setup demonstrates the discretization of the relaxation oscillation frequencies and the frequencies of the self-sustained oscillations appearing at the first Hopf bifurcations when the optical feedback rate is varied. Here we explore the dynamics occurring after these bifurcations.

EXPERIMENTAL SETUP AND RESULTS

The experimental setup scheme is pictured in Figure 1. The laser is a single longitudinal-mode multi-quantum well InGaAsP DFB laser emitting at 1.55 um characterized with high 40 dB damping of side modes in the absence of feedback. The feedback loop includes a polarizer and a rotating waveplate to control the feedback rate. The laser intensity signal is captured by a fast photodiode and analyzed by means of an oscilloscope and an RF spectrum analyzer. *avkovalev@niuitmo.ru Figure 1. Experimental setup: PD is a photodiode, η is the quarter-wave plate, and L is the external cavity length.

The laser is operated at the pump current twice the threshold current which was 38 mA. When the quarter-wave plate is rotated, the feedback strength increases and a small limit cycle appears at one of the relaxation oscillation frequencies which form a discrete set determined by the relaxation frequency of the free running laser and the external cavity repetition rate [START_REF] Kelleher | Delay induced high order locking eects in semiconductor lasers[END_REF][START_REF] Kovalev | Feedback-induced discretisation of the relaxation oscillation frequency in a semiconductor laser[END_REF] .

With the feedback strength increase, the system exhibits the following dynamical scenario: a small limit cycle is followed by a quasi-periodic regime, and three subsequent limit cycles are observed next. These cycles are born from different external cavity modes (ECMs) and with different repetition rates which form a discrete frequency set. Experimental bifurcation diagrams for various pump levels and the feedback strength increase are pictured in Figure 2. 

NUMERICAL MODELING

The delay differential equation model of a QW laser with optical feedback reads [START_REF] Otto | Delay-induced dynamics and jitter reduction of passively mode-locked semiconductor lasers subject to optical feedback[END_REF][START_REF] Vladimirov | Model for passive mode locking in semiconductor lasers[END_REF] :
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where E(t) is the complex field amplitude; t is dimensionless time normalized by the short (free running) cavity round trip time τ ; T is delay corresponding to the long (external) cavity roundtrip time; γ is the dimensionless narrow bandwidth of the laser cavity; κ < 1 is the total non-resonant round-trip intensity attenuation in the short cavity; ε is the feedback coefficient; the phases φ and ψ are the parameters determined by the detuning of the frequency of the gain maximum from the optical frequency of the closest cavity mode; G(t) is the normalized gain; α is the linewidth enhancement factor; g0 is the dimensionless pump parameter; γg accounts for the dimensionless carrier recombination rate.

The parameters for the analysis are: γ = 4; τ = 1; T = 120; κ = 0.2, α = 0; φ and ψ = 0. The threshold value for these parameters is g0,thr = 0.1748, and the numerical steady state bifurcation diagram in the (ε, g0) plane is given in Figure 3. The bifurcation diagrams for selected g0 values obtained by direct numerical integration while slowly sweeping the feedback parameter ε are shown in Figure 4. These diagrams demonstrate the striking resemblance to the experimental bifurcation diagrams (see Figure 2), however there are some differences, which we address to change of the phase of the optical field, occurring with rotation of the waveplate when the feedback rate is varied. In the model, this change corresponds to the variation of the parameter ψ.
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 2 Figure 2. Experimental bifurcation diagrams showing the maxima of the laser intensity vs the feedback strength determined as the quarter-wave plate angle with respect to the polarization direction defined by the polarizer: (a) pump at 1.3 threshold values, the first Hopf Frequency is 5 GHz; (b) 9 GHz; (c) 10 GHz; (d) 11 GHz.
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 3 Figure 3. Numerically obtained bifurcation diagram in (ε, g0) parameter space at different scales. Bold black lines are for the first Hopf bifurcations of non-zero steady state solutions. Thin grey dashed lines are for continuation of the Hopf bifurcations. A blue line is the Hopf bifurcation of the laser off state. Squares are Hopf-Hopf bifurcation points. Red lines are the g0 values selected for the bifurcation analysis. The other parameters are given in the text.
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 456 Figure 4. Numerical bifurcation diagrams for forward sweep over the parameter ε for various pump parameter values corresponding to red lines in Figure 3: (a) g0 = 1.004 g0,thr; (b) g0 = 1.14 g0,thr; (c) g0 = 1.72 g0,thr; (d) g0 = 2.29 g0,thr ; (e) g0 = 2.84 g0,thr ; (f) g0 = 3.41 g0,thr. The points correspond to the extrema of intensity. The other parameters are given in the text.

CONCLUSION

Experimentally and numerically, we have demonstrated a bifurcational sequence indicating coexistence of multiple periodic regimes in a semiconductor laser with optical feedback. We find that coexisting limit cycles can be explained by the variation of the feedback phase which appears simultaneously with the variation of the feedback strength if rotation of the waveplate is used to control the feedback. The effect of coexistence reveals translational symmetry of the semiconductor laser system subject to optical feedback, which we have confirmed numerically. The results can be useful for applications in reservoir computing with phase space of coexisting limit cycles acting as a nonlinear reservoir as well as for other applications.