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Abstract:

Dealing with missing values is an important issue in data observation or data record-
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ing process. In this paper, we consider a functional linear regression model with
partially observed covariate and missing values in the response. We use a reconstruc-
tion operator that aims at recovering the missing parts of the explanatory curves, then
we are interested in regression imputation method of missing data on the response
variable, using functional principal component regression to estimate the functional
coefficient of the model. We study the asymptotic behavior of the prediction error
when missing data are replaced by the imputed values in the original dataset. The

practical behavior of the method is also studied on simulated data and a real dataset.

Key words: Functional linear model; Functional Principal Components; Missing

data; Missing At Random; Missing Completely At Random; Regression imputation.

1 Introduction

The analysis of functional data has grown very significantly in recent years, as evi-
denced by the numerous literatures on the subject: Ramsay and Silverman (2005),
Ferraty and Vieu (2006), Hsing and Eubank (2015), Horvath and Kokoszka (2012)
provide a non-exhaustive list of monographs giving an overview of this topic. One
of the most popular model in functional data analysis is the functional linear model,
when one is interested in considering a relationship between a real-valued variable Y
and a covariate X = (X(t),t € [a,b]) valued in a real separable Hilbert space H of
functions defined on a compact interval [a, b] of R. We assume that X is centered, that
is E(X(t)) = 0 for all ¢ € [a,b]. In the following, we consider the space H = L*(|a, b])

of square integrable functions defined on [a, b], endowed with its usual inner product
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defined by (u,v) = f:u(t)v(t)dt for all functions u,v € H, and its associated norm
||l.]l. This model, studied by many authors as for instance Cardot et al. (1999), Cai

and Hall (2006), Hall and Horowitz (2007), Crambes et al. (2009), is defined by

Y =6+ /be(t)X(t)dH—s, (1.1)

where 0y € R and 6 is a square integrable function defined on [a,b] modeling the
relationship between the real random variable Y and the square integrable random
function X. The error of the model € is a centered real random variable independent of
X with finite variance E(e?) = 02. We can also write the functional linear regression
model (1.1) as

Y:80+@X+5, (12)

where © : H — R is a linear continuous operator defined by Ou = (0, u) for any
function u € H. The existence and unicity of this regression function # is discussed
in Cardot et al. (2003). A smooth version of the functional principal components
regression (SPCR) is introduced. It consists in considering the empirical covariance
operator of the predictor X and diagonalizing it to select the eigenfunctions associated
to the highest eigenvalues. Then, a least squares regression is performed with the
response Y and the coordinates of the functional covariate X projection on the space

spanned by the selected eigenfunctions.

Considering a sample (X;,Y;);—1 ., of independent and identically distributed cou-
ples with the same distribution as (X,Y’), we define the empirical cross covari-
ance operator ﬁn given by ﬁnu = %Z?:1<XivU>Y; for all w € H, the empirical
covariance operator T, given by T,u = %Z?:1<Xi,u>Xi for all uw € H. Denot-

o~

ing (¢;);=1,..k, the eigenfunctions associated to fn corresponding to the k, highest
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eigenvalues Xl > > an > 0 (where k, is an integer depending on n), we de-
fine the orthogonal projection operator ﬁkn onto the subspace Span(qgl, . ,qAbkn) by
ﬁknu = Z?zl<$j,u>$j for all w € H. Then, the functional principal component

regression estimator O of O is defined by

©=(0,.) =1, A, (1L, T, 00, )" (1.3)

n  kn ' ’\' - R
5 lzz %% _ Zgj% (1.4)

with 5; = ﬁ o (X, @)Yi. In addition, the estimator of 6 is é\o =Y = % Yo Y
Now, given @\0 and (/9\, it is easy to obtain the residuals of the fit, given by &, =

Y, — é\o — (X, §>, for i = 1,...,n, that can be used to estimate the error variance, o2,

through

n

[ = E: .
E,k‘n n — kn _ 1 — ’L,kn
1=

In the previously cited works on the functional linear model, data is fully observed.
This may not always be the case, and missing data appear in many situations, for
example when the measuring device breaks down or when an observation interval is
not available. This topic has to be studied a lot in the multivariate framework, for
example we refer the reader to Little and Rubin (2002) and Graham (2012). For
functional data, the literature only starts developing. In functional linear regression,
the work of Crambes and Henchiri (2019) considers a missing data mechanism on
the response Y while the functional covariate is completely observed. A regression
imputation methodology for the missing data is proposed and the authors propose an

estimation of the functional parameter 6 with the reconstructed dataset, as well as the
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prediction of new values. The method consistency is studied both from a theoretical
and a practical point of view. The same problematic is studied in another paper
Febrero-Bande et al. (2019), although not exploring theoretical results. Other works
explore the context of missing data in the response while the response is missing at
random in a nonparametric setting (see Ferraty et al. (2013), Ling et al. (2015)) or in
a functional partial linear regression setting (see Ling et al. (2019), Zhou and Peng
(2020)) or while the response is not missing at random (see Li et al. (2018)). In our
work, we want to consider the functional linear model where some observations of the
real response are affected with missing data and the covariate is partially observed,

which is an unexplored topic as far as we know.

For the missing data mechanism in the response, we consider a dichotomous random
variable 61" leading to the sample (5Z[Y])i:1,...,n such that 5lm = 1 if the value Y; is
available and 5Zm = 0 if the value Y; is missing, for all © = 1,...,n. Here, we consider
that the data in the response is missing at random (MAR): the fact that the value
Y is missing does not depend on the response of the model, but can possibly depend

on the covariate, that is,

P =1 X, V) =P =1 X).

As a consequence of this MAR assumption, the variable 611 (the fact that an obser-
vation is missing) is independent of the error of the model €. In the following, the

number of missing values among Y7, ...,Y,, is denoted
Y] —
m, - = Z ]l{dz[Y]:O}'
i=1

For the missing data mechanism of the functional covariate, we adopt the paradigm

of partially observed functions as in Kneip and Liebl (2020) or Kraus (2015). We

5
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also refer the reader to Delaigle et al. (2020) or Kraus and Stefanucci (2020) for
recent contributions on this topic. More precisely, for each curve X;, 2 =1,...,n, we
consider the observed part O; C [a,b] of X; and the missing part M; = [a,b] \ O;.
The observed part O; refers to an interval (or several intervals) where the curve X;
is observed at some measure points of O;. Based on the punctual observations, the
whole curve can be reconstructed on O; with usual methods (e.g. smoothing splines,
regression splines, local polynomial smoothing, ...). On the contrary, no information
is available on the missing part M;. An example of such partially observed functions

is given in section 5 of the paper.

The objective of this paper is to predict a new value of the response Y given a new
test observation on the explanatory variable X once the partially observed curves X
have been reconstructed and the missing data Y have been imputed. Moreover, we
want to explore the interest of the imputation methodology compared to the naive
method which would consist in simply ignoring the missing data and only using the

observations when both X and Y are observed.

In the following, we give in section 2 theoretical results when the covariate is partially
observed. Then, in section 3, we extend these results when the covariate is partially
observed and some observations of the real response are affected with missing data.
In section 4, we present some simulation results to show the behaviour of the method
in practice. Section 5 is devoted to a real dataset application. Finally, all the proofs

are postponed in supplementary material.
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2 Partially observed covariate

2.1 Curve reconstruction

We write “O” and “M” to denote a given production of O; and M;. In addition, we
denote the observed and missing parts of X; by X and X}. As noticed in Kneip
and Liebl (2020, p. 7) all the following remains valid if we consider the more general

J

case of several observed subintervals, that is O; = U/_,0] where O},...,0O;

7 are J

disjoint intervals where the curve X; is observed. For the sake of simplicity, we will
take J = 1 and O; = O}. We write the Karhunen-Loeve (KL) decomposition of X?
in L*(0)
+o00o
XP(t) =) &Qor ), (2.1)
k=1

where t € O. In this decomposition, the principal component scores are defined for
alli=1,...,nand k > 1 by €9 = (¢9, X?), where E(£3) = 0 and E(£3£9) = A{ for

all k = ¢ and zero for all k # ¢. Moreover, the eigenfunctions satisfy
oNe)
O < ko, >
o (1) = Tt, (2.2)
for all t € O and k > 1, where 72(s) = 1°(t,s) = E (X2 (t)XP(s)), and the decreas-

ing eigenvalues A\ > \Y > ... > 0 are tending to zero.

We consider a reconstruction problem relating the missing part of the curves to the
observed part, writing

XM(s) = LXP (1)) + Zi(s), (2.3)

2

for all t € O and s € M, where L : L*(O) — L%*(M) is a linear reconstruction

operator and Z; € L2(M) is the reconstruction error. This reconstruction estimator
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is estimated in Kneip and Liebl (2020) by

Zmo 250 (b’“ ), (2.4)

for all s € M, where ~,(t) = E (XM (s)X?(t)) for all t € O and s € M. The definition
of 52 is a way to extend the relation (2.2) to the missing parts of the curves. It is
shown in Kneip and Liebl (2020) that £(X?) has a continuous and finite variance

function and is unbiaised.

2.2 Estimation of the reconstruction in practice

We consider a discretization without measurement errors, that is ((Wj1, 1), ..., (Wip, tip))

denote the observable data pairs of the function X, namely

Wi = XP (L)), (2.5)

fori=1,...,nand j =1,...,p, where t;; € O;. In order to estimate the curve X
and the covariance function 7,, a nonparametric curve estimation by local polynomials
smoothers is used. The latter is similar to the procedure in Yao et al. (2005) or Hall
et al. (2006). For the curve X©, the kernel is denoted x; and the bandwidth hy, and
for the covariance function ,, the kernel is denoted x5 and the bandwidth h.. More

precisely, we consider

D% 6o s 0 (4. 26)

j=1

which we minimize with respect to 8y, 81 for all ¢ € O. The local linear smoother of

the curve X© is defined by XO(t;hx) = By. Similarly, we consider

n p
E E (Cijg — To — T1 (tm — t) — Tg(tig — S))2K)2 (—]h s Zh > s (27)
Y Y

i=1 j =1
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which we minimize with respect to 79, 71, 72 for all t € O, s € M, where Cj;p = W;; Wy,
are the raw covariance points. The local linear smoother of the covariance function ~
is defined by (¢, s; h,) = Tp. For estimating the eigenvalues A{ and the eigenfunctions

#9, we use the Fredholm integral equation

/O At s by )30 (u)du = 3039 (1),

for all t € O. For the functional principal component scores fo XO(t)on(t)dt

the estimator is defined by

p
Z (bg ’Lj z 'Lj - ti,jfl)a with £ = a.

Finally, to estimate £(X?) in (2.4), considering a positive integer k,, we define

k ~0 ~

~ - <¢ ) 78>

Lo, (X0)(s) = D &5 (2.8)
k=1 k

where 75, = (., s; h,). In this step we are able to find the estimator of the missing

parts of X

XM(s) = L((XO)(1), (2.9)

)

for all t € O and s € M. A boundary problem is highlighted in Kneip and Liebl
(2020), due to the fact that the nonparametric smoothing of X on the observed
interval may not coincide with the estimation of X on the missing interval at the
boundary. Consequently, the authors consider a corrected version of the estimation
of L(X?). Let V, be the boundary point closest to s € M, the corrected estimator of

L(XP) is written in the following form

kn 0 ~ ~0 ~
£, (XO)(s) = ROVishy) + 3 €9 (<¢':’ T _ <¢?ﬂ”>) BNCRT)
" =\ TR
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In the following, we denote

XO(t)ift € O,
XF(t) = (2.11)

Ly, (XO)(t) if t € M.

2.3 Estimation of ¢ and prediction

For estimating 6, we set

o~ k71/ k71/
/0\ l n Z ¢j rec ¢ oo = Zg\'a'rec (212)
n s ‘ J77s )
=1 j=1 ]77"30 7=1
with /§\j = # > (X7 (Zj,mc)Yi. The estimation of the operator © is given by
0 = <97 > - Hkn,’/’ecAn,rec(Hkn,recrn,recnkn,’rec)_17 (213)

where ﬁmec is the reconstructed cross covariance operator given by ﬁmec = % S

/fmec is the reconstructed covariance operator given by fmec = % Yo (X7, )X, and
ﬁkmr&c is the projection operator onto the subspace Span(ggl,rec, . ,ggkmrec), that is
the subspace spanned by the k,, first eigenfunctions of the covariance operator fmec.

The eigenvalues of the covariance operator Iy, ¢ are denoted Aq yec, - . ., A, rec. More-

over, the estimator of 6 is defined by 50 =Y. Given é\o and @\, the residuals of the fit,

-~

Eikn =Yi — 90 — (X7 0> for i = 1,...,n, can be used to estimate the error variance

as follows

~2 1 =2
g - E £, .
&,kn n — kn —1 ikn

i=1
Finally, given a new observation of the covariate X, denoted X, possibly partially

observed, we predict the corresponding value of the response Y by

~
~

row = o + (0, X2..). (2.14)

new

X7, )Y,
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2.4 Assumptions

We present in this part the assumptions needed for our results. These assumptions
are used in Kneip and Liebl (2020) in order to control the curve reconstruction for

the covariate.

(A.1) The variable X has a finite four moment order, that is E (HXH4) < 00.

(A.2) Let np — oo whenn — oo and p = p(n). We assume p = n" with 0 < 7y < 00

in the following.

(A.3) The bandwidth hyx satisfies hxy — 0 and (phx) — oo as p — oo. For instance,

we assume that hx = n% with 0 < 72 < m;. The bandwidth &, satisfies h, — 0

1
n3

and (n(p* — p)h,) — oo as n(p? — p) — co. For example, we can take h., =

with 0 < n3 < 2m + 1.

(A.4) Let k1 and Ky be nonnegative, second order univariate and bivariate kernel
functions with support [—1, 1]. For example, we can use univariate and bivariate

Epanechnikov kernel functions with compact support [—1, 1], namely k;(z) =

%(1 - $2)]1[—1,1}($) and /‘02(% y) = %(1 - $2)(1 - yz)]l[—m] (x)]l[—l,l} (y)

(A.5) For any subinterval O C [a,b], we assume that the eigenvalues A\; > Ay >
... > 0 have multiplicity one. Moreover, we assume that there exist ap > 1 and
0 < co < oo such that (i) \§ — )\gﬂ > cok™7t (ii) A0 = O(k~%), (iii)

/00 = O(k®0) as k — oo.

(A.6) For any subinterval O C [a, b], we assume that there exists 0 < Dy < 0o such

that the eigenfunctions satisfy sup,c, ; Supg>1

gg(t)) < Do.

11
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Assumption (A.1) holds for many processes X (Gaussian processes, bounded pro-
cesses). Assumption (A.2) is mild and can be satisfied even if the number of obser-
vation points p does not go fast to infinity. As in Kneip and Liebl (2020), we assume
that p = n™ with 0 < 7; < co. Assumptions (A.3) and (A.4) are classic in the
context of local polynomials smoothers. Assumptions (A.5) and (A.6), related to
eigenvalues and eigenfunctions of the covariance operator of X, are given in Kneip
and Liebl (2020). In particular, a polynomial decrease of the eigenvalues is required,

allowing a large class of eigenvalues for the covariance operator of X.

2.5 Asymptotic results

Under assumptions (A.1)-(A.6), it is proved in Kneip and Liebl (2020) that, in the

case where p ~ n™ with 7, < 1/2, we have for any ¢ € [a, ]

X7 (1) = Xi(t)] = Oy (p~ (oD Eleot2D) (2.15)

The previous result allows to obtain some bounds between quantities related to func-
tional principal components analysis with the constructed curves and with the original
curves. These bounds are given in the following proposition. For any linear contin-
uous operator T : H — H or any linear continuous operator S : H — R, we define
the operator norm of T" as ||T'||, = supy, = [|T=||, and the operator norm of S as

1510 = SUP||z||=1 | S|,
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Proposition 2.1 Under assumptions (A.1)-(A.6), we have

— O, (p~ (@0 D/eo+2))

(”) Hﬁn,rec - 3n

=0, (p*(aofl)/(Z(aoJr?)))

(111) Vk > 1, H%C - q?kH = 0,(a; @0/ o2y

(iv) Vk>1, ‘X,Wc — Xk’ = O, (p~ (e D/Clao+2))
where we set o] = /):1 — /):2 and &, = min (:\\k_l — //{k,/):k - :\\k+1> for all k > 2.

We finish this section with the main result giving a bound for the prediction error of

Y,.ew With a new value of the covariate X,,cy,.

Theorem 2.2 Under assumptions (A.1)-(A.6), if we take k, ~ pt/(@0+2) and p ~

n™ with n; < 1/2, the prediction error is

~ ~ 2
E (00 + <9> X:(Lew> - 00 - <97 X;ew>) = OP (nim(a071)/(2(ao+2))) :

This prediction error rate O, (n="(@0~D/(2(a0+2)) ig related to the rate given in Corol-
lary 4.1 in Kneip and Liebl (2020) (in the particular case where n; = 1/2). This means
that, provided with some conditions on the number of observation points p and the
number of principal components k,, are fulfilled, the prediction error rate has the same
order as the curve reconstruction error rate. In other words, this means that, when
reconstructing missing parts of the explanatory curves in a functional linear model
and then predicting a new value of the response, the most important step is the curve

reconstruction. This step is going to fix the convergence rate of the prediction.

13
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Remark 1 Due to the bound (2.15), the result of Theorem 2.2 remains valid if we

replace X’ =~ with X, ey.

new

Corollary 2.3 Under the hypotheses of Theorem 2.2, in the favorable situation where

m = 1/2, the prediction error is

~
-~

o~ 2
E <90 + (0, X ) — 00 — <9,X*ew>) = O (n~ (o7 D/ aor2))

? new n

3 Partially observed covariate and missing data on the

response

In this section, we are interested in the most general case of missing data in functional
linear regression: when the covariate is partially observed and when the response is
affected by missing data. We have seen in the previous section the methodology
for reconstructing the missing parts of the explanatory curves. Concerning missing
data on the response, we are going to apply the methodology presented in Crambes
and Henchiri (2019), imputing missing values on the response using a regression
imputation. Next, once the initial sample is completed, we will present the estimation

of the functional parameter # and predict new values for the response.

3.1 Regression imputation on the response

In this subsection, we use the methodology to impute a missing value of Y as in

Crambes and Henchiri (2019). We consider the whole data, possibly with recon-
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structed explanatory curves, except the ones for which the value of Y is not available.

We define the covariance operator with the reconstructed curves

1 n
Foltee = —7 D_AXT )6 X7

Let ﬁzi’jrec be the projection operator onto the subspace Span(A‘l’fjfec, s A,(;ljfrec) where

~ ~
obs obs

. . . ObS .
Trecs -+ O vee are the ky, first eigenfunctions of the covariance operator I With

n,rec’

: "\ obs Y obs i Tlobs
analogous notations, A", ..., Ap %, represent the k,, first eigenvalues of T777,.. We

first estimate f with the observed responses and the observed or reconstructed co-

variates
Y]
_ n— mn X* “obs [Y X .
_ J, 7"50 ’L “obs “Tobs
9 - N — [Y] Zl Z )\obs j,rec Z 8] j,rec) (31)
7 = j,rec
with 5 = —xr—— > 1~ lm” (X* ]Oﬁfec)éz[y}}/;. We also estimate the intercept 6y

(n— Y]))\obs

j,rec

with 50 =Y o = — Y] S 5[Y]Y Now, the residuals of the fit, €;;, = Y; — 50 —

i=1"1
(X7, 5) fori=1,...,n, can be used to estimate the error variance as follows
~9 - ]_ 5 Y
Js,kn - [Y] Z € Jkn

n—mn —kn

Then, considering a missing value on the response, say Y; such that 5?/] = 0, we

define the imputed value Yy, by

kn
Ymmp =00+ <07 XE) = 0o + Z%(ng ;,b:ec>’ (3'2)
j=1
with gj = WZ (X7, ;’bjec)él[y]Yi. Let us remark that the imputation

j,rec

Yy imp can also be written

~ —1
Yvﬁ,imp — Hobs Aobs ( obs Fobs Hobs > XZ» (33)

kn,rec—n,rec kn,rec™ kn,rec"kn,rec



16 Christophe Crambes et al.

where A% — — Y] S (X7 .>6[Y]Y

n,rec

3.2 Estimation of ¢ and prediction

Once the whole database has been reconstructed, we estimate the functional coeffi-

cient § with

- 1 <X* ‘k
Pod e S e S 34
=1 j=1 )\j,rec
where 5% = X*l Yo (X7, AJ*.J,GC)Y;* and Y = Y,{SZ[Y] + Y imp(1 — 5lm) for all ¢ =
j,rec
1,...,n. The estimation of the operator © is similarly given by
~ ~ ~ ~ ~ - -1
@* - <9*’ > = Hzn,recAn rec (H*n,recr‘;,recnzn,rec> ) (35)
where the cross covariance operator is An ree = =3 (X7, )Y, the covariance oper-
ator is F; ree = 2 2 (X7, )X}, and qbl reer ,¢k rec and )\1 reer -+ s Ak ree TEDTESENE
respectively the £, first eigenfunctions and eigenvalues of the operator Fn rec- We use

this estimation to predict a new value of the response Y when a new explanatory

curve X, 1S given

Y, X* 0 ) *rec z*
Yiew = <Q* X:;ew> _ 0* + = Z Z Js rec - new ij >
=1 j=1 )\j rec

= 9* + Z S TLE’LU’ ] T€C> (3'6)

where 05 =Y = L3 Y;*. Then, the residuals of the fit, £, =Y — 05 — (X7, 6%)

for e =1,...,n, allow to estimate the error variance writing

. 1
(J;,kn)Q T h—k —1 Z(a:kn)?

=1
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3.3 Asymptotic results

The first result gives an error rate of the imputed values.

Theorem 3.1 Under assumptions (A.1)-(A.6), if we take k, ~ p*/(@0+2) and p ~

n™ with n; < 1/2, we have

n/(ao+2)
E (Yo — 00— (0. X)) = O, <n771(aol)/(2(ao+2)) o ” )
TL - mn

Moreover, the aggregate error for all the imputed values is given by

" YT, m/(ao+2)
Y *\\2 —ni(ap— a Mn N
Z(l—égg })E (}/Z,imp - (90 - <9,X£>) = Op (mg}n m(ao=1)/(2(ao+2)) -+ W) .
/=1 n
The following corollary explores some specific cases of the above error rates. The

given results simply come from a comparison between the convergence rates of the

above result, hence the proof is ommited.

Corollary 3.2 We consider cases where the number of missing values on the response
are (i) negligeable with respect to the sample size, (ii) proportional to the sample size,

(1ii) of the same order than the sample size. More precisely
(1) mi = la,n]| where a, goes to zero when n goes to infinity,
) mi ~ lpn] with 0 < p < 1,

(i17) n—ml = |n7] with 0 < v < 1.

We summarize the error rate for a single imputed value and the aggregate error in

Table 1.
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Table 1: Single and aggregate imputation mean square error convergence rates.

single error aggregate error

(Z) mL}/] — \‘annJ Op(n_nl(ao_l)/(Z(aO+2))) Op(annl_nl(ao_l)/(Z(aO+2)))

n—m(eo—1)/(2( ao+2))) 1-m(ao—1)/( 2(ao+2)))

Op(
v 2> 7721((;5;1)) Oy (
(

n(ao+1)
2(ap+2) p

Op(n
nm(ao—1/(eot2)) - 0 (nl-mlao—1)/((e0+2))
(n

nm/(ao+2)— ) 1+n1/(a0+2)— )

P

We finish the theoretical results with the prediction error of Y., with a new value of
the covariate X,,.,,. The proof of this result is ommited as it uses previous results of

Theorems 2.2 and 3.1 and follows exactly the same lines as the proof of Theorem 2.2.

Theorem 3.3 Under assumptions (A.1)-(A.6), and k, ~ p/(@*2) and p ~ n™m

with my < 1/2, the prediction error is

—~ I . nm/(eo+2)
E (B + (0", X0) — 60— 6, X;€w>) _0 ( meo—1)/(ao+2) 4 m)
In the particular case where n = 1/2, the first term in the convergence rate is

O, (n~(a0=1/((e0+2))

As before, we consider cases in the corollary below where the number of missing values
on the response are (i) negligeable with respect to the sample size, (i7) proportional

to the sample size, (7i7) of the same order than the sample size.

Corollary 3.4 In the cases (i), (i) and (iii) with v > %, the prediction error

of a new value of the response is
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E (56 + <é\*7 X > - 90 - <67 X*ew>>2 - OZD (niﬁl(dOil)/(2(aO+2))) :

new x

ni(ao+1)

In the case (1i1) with v < ao12) ’

the prediction error of a new value of the response

18

~ ~ 2
E (95 + (6, X5,,) — 00— (6, X’:;ew>) =0, (nm/(aoJrQ)*’Y) )
In other words, in situations where the number of missing values on the response is
negligeable or moderate with respect to the sample size, the convergence rate of the
prediction error is given by the convergence rate obtained in Kneip and Liebl (2020)

for the curve reconstruction.

Remark 2 As noticed at the end of the previous section, all the results obtained in

this section remain valid if we replace X* with X .

4 Simulations

4.1 Model and samples

All the procedures described below were implemented with the R software. In the
simulations, we deal with functions defined on the interval [0,1]. We consider the

model

Y:¢90+<6,X>+€, (41)



20 Christophe Crambes et al.

where the error ¢ is a Gaussian noise: ¢ ~ N(0,02) with o, = 0.2. We derived
different models from (4.1), simulating more or less smooth processes X. For the
sake of concision, we only give the results for the model presented below. Results for

the other models are available on demand to the authors.

In this model, as in Hall and Horowitz (2007), the functional covariate X is generated
by a set of cosine basis functions ¢; =1 and ¢4, = V2 cos(jmt) for j > 1, such that
X(t) = Z;iol 0;Ci¢;(t) for all t € [0, 1], where the (;’s are independently sampled from
the uniform distribution on [—v/3, /3] and the p;’s are defined by g; = (—1)7+(5)~#/2
with § = 4. The covariance function writes

150

cov(X(t), X (s)) = Z 7 cos(jmt) cos(jms).

The true parameters of the model are §, = 3 and 6 := 6,(¢) defined for all ¢ € [0, 1]
by

01(t) = Z bid;(t),

with b; = 0.3 and b; = 4(—1)7"' 572 for all j > 1.

The trajectories of X; for ¢ = 1,..., N are discretized in p = 100 equidistant points.
To comprehend the effect of sample size, we consider n = %N for the training sets
(X1,Y1),...,(X,,Y,) and ny = %N for the test sets (X1, Y1), -+ (Xnany, Yosn,)

where N = 90 and 1440. In each simulation, we replicated S = 400 samples.

4.2 Criteria

We used the following criteria, related to the prediction step with the test samples.
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e Criterion 1: the mean square errors (M SE) averaged over S samples

S
1 .
S > MSE(j),
j=1

MSE

N2
where MSE(j) = ;- o (Yj — 0y — (6’,X§>> is the mean square error

computed on the j* simulated sample, j € {1,..., S}.

e Criterion 2: the ratio respect to truth between the mean square prediction error
and the mean square prediction error when the true mean is known averaged

over S samples

n+nq i A i 2
where RT (j) - Zﬁ:n-‘rl (7}-?7?1 QEE]. ;927X€ >)

l=n+1\"¢

is the ratio between the mean square pre-

diction error and the mean square prediction error when the true mean is known,

computed on the 7" simulated sample.

Notice that all the criteria tend to zero when the sample size tends to infinity. Crite-
rion RT' is a rescaled version of MSE if we substitute the denominator by its limit

(specifically, MSE(j) = RT(j)c?).

4.3 Methodology

As in Crambes and Henchiri (2019), we use a smoothed version of the estimator (1.4)
based on the SPCR. We use a regression spline basis with parameters: the number
 of knots of the spline functions, the degree ¢ of spline functions and the order m
of derivative. Let us remark that, with appropriate conditions, all the theoretical
results obtained in our work will also apply when using the SPCR estimation. We

take kK = 20, ¢ = 3 and m = 2. The choice of these parameters is not crucial



22 Christophe Crambes et al.

in our study, especially in comparison with the choice of the number of principal
components (see Crambes and Henchiri (2019) for more details). In this subsection,
we firstly present the missing data simulation scenarios for the response and functional
covariate. Secondly, we give a procedure to choose the optimal tuning parameter on

a growing sequence of dimension k,, = 2,...,22.

Missing data simulation scenario

In our simulations, we have adopted the following scenario to determine the number of
missing data on the response Y as in Crambes and Henchiri (2019): we simulate 61’
according to the logistic functional regression. The variable § follows the Bernoulli

law with parameter p(X) such that

p(X)

Ty e

log (
where oy = sin(2nt) for all ¢t € [0,1] and ¢ is a constant allowing to take different

levels of missing data. For exemple ¢ = 2 for around 12.02% of missing data, ¢ = 1

for around 26.91% of missing data and ¢ = 0.2 for around 45.08% of missing data.

To deal with partially observed curves for the covariate, we adopted the missing data

simulation scenario from Kneip and Liebl (2020) such that

e 85% (respectively 70%) of the curves are fully observed on [0, 1],

e for the 15% (respectively 30%) of partially observed curves, the curve X is fully
observed on [A;, B;] C [0,1] with A; drawn with uniform law on the interval

[0, A] and B; = A; + B, in the two following cases

— A=1/8and B = 17/8,

— A=3/8and B =6/8.
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Choice of the optimal parameter

Theoretical results are generally obtained under assumptions concerning the rate of
convergence of the integer k,. In practice, this integer is selected by minimizing
a certain empirical criterion, for example the Generalized Cross Validation (GCV)
criterion, the Cross Validation (CV) criterion and the K-fold Cross Validation (K-
fold CV) criterion (see Crambes and Henchiri (2019)). In our simulations, we chose
the GCV procedure, known to be computationally fast. The GCV criterion is given

below for imputation

(n—mi )y S (V; — 60 — (0, X:))26;

Hev = (n=mfT) — k.

Y

and the analogous criterion for prediction

n Y0, (Y — 0y — (0, X;))?
(n—ky)? '

GOV (k) =

4.4 Analysis of results

The criteria were computed according to the different cases listed below.

e Case 1: X and Y are fully observed, this corresponds to the complete reference

dataset.

e Case 2: X is partially observed and Y is affected with missing values, the
missing parts of X are reconstructed and the missing values of Y are imputed,

according to the method presented in this paper.

e Case 3: X is partially observed and Y is affected with missing values, the
individuals presenting either a partially observed curve or a missing response

are removed from the sample.
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Other intermediate cases have been examinated (when X is fully observed and Y is

affected by missing values, or when X is partially observed and Y is not affected by

missing values). Complete results are available on demand to the authors.

Table 2: Mean and standard deviation errors for the predicted values based on 400

simulation replications with different levels of missing data and a sample size N = 90.

Partially observed curves are fully observed on [1/8,7/8].

Rate of missing 15.10 1496 1521  29.64  29.96  29.84
data in X in % (3.63)  (3.72) (4.02) (4.93)  (4.64)  (4.63)
Rate of missing 12.06  27.61 4496 11.64 2725  44.85
data in Y in % (3.99) (5.24) (5.59) (3.97)  (5.38)  (6.04)
(Case 1) MSE x 102 2642  27.13 2791 2589 2657  25.10
(20.38) (29.56) (30.68) (27.50) (27.80)  (29.51)

(Case 1) RT 899 906 893  7.83 829 8.20
(10.37) (10.01) (10.11) (7.41)  (8.23)  (9.31)

(Case 2) MSE x 102 33.63 4517 6583 3214 4478  57.00
(37.40) (50.88) (72.27) (34.24) (46.99)  (60.82)

(Case 2) RT 11.10 1450 1972 946 1334 17.18
(12.77) (17.61) (23.65) (9.13)  (14.04)  (19.00)

(Case 3) MSE x 102 3626 4516  73.32 4278  60.34  102.60
(41.51) (52.42) (85.45) (50.63) (71.71) (410.11)

(Case 3) RT 12.02 1468 2308 1325 2377  30.13
(14.07) (18.27) (31.69) (15.53) (104.03) (104.58)

As it can be expected, the errors decrease as the sample size increases. The main
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Table 3: Mean and standard deviation errors for the predicted values based on 400
simulation replications with different levels of missing data and a sample size N =

1440. Partially observed curves are fully observed on [1/8,7/8].

Rate of missing 15.05 1492 1490 29.84 30.05 30.05

datain X in %  (0.92) (0.92) (0.94) (1.19) (1.20) (1.21)

Rate of missing 12.02  26.92 45.09 11.98 26.94 44.89

datain Y in %  (0.91) (1.31) (1.44) (0.94) (1.34) (1.33)

(Case 1) MSE x 10> 1.74 1.88 1.89 1.74 1.89 1.89

(157) (1.72) (1.62) (1.56) (1.77) (1.77)

(Case 1) RT 143 146 148 144 147 147

(0.40) (0.42) (0.42) (0.39) (0.45) (0.45)

(Case 2) MSE x 10> 2.16 3.06 4.85 2.18 3.10 4.94

(1.99) (2.85) (4.56) (2.00) (2.95) (4.39)

(Case 2) RT 1.54 1.76  2.22 1.54 1.78  2.24

(0.51) (0.70) (1.16) (0.50) (0.75) (1.10)

(Case 3) MSE x 102 270 426 782 294 469 8.65

(2.51) (3.75) (6.35) (2.86) (4.20) (7.33)

(Case 3) RT 1.68 2.08 2.96 1.73 219 3.19

(0.63) (0.94) (1.62) (0.72) (1.08) (1.85)

point we want to discuss is related to the level of missing data in the sample, in
particular with respect to cases 2 and 3. The most favorable situation for our method
(case 2) appears when there is a quite small sample size, and when the missing part

of the curves is not so much important (see Table 2). In this situation, our method

25
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Table 4: Mean and standard deviation errors for the predicted values based on 400
simulation replications with different levels of missing data and a sample size N = 90.

Partially observed curves are fully observed on [3/8,6/8].

Rate of missing 14.49 15.15 15.16 29.76 30.12 29.86

data in X in % (3.91) (3.77)  (3.80)  (4.90) (4.91)  (4.71)

Rate of missing 12.05 26.75 45.10 12.24 26.77 44.92

data in Y in % (3.88)  (5.00) (5.45) (3.66) (5.32)  (5.67)

(Case 1) MSE x 10> 27.51 2474 26.67 2457  28.76 25.10

(30.74) (26.44) (27.89) (25.51) (30.39)  (26.77)

(Case 1) RT 8.96 7.87 8.35 7.72 9.02 8.39

(10.10)  (9.65) (8.72) (7.29) (9.31)  (8.54)

(Case 2) MSE x 10> 34.89  40.96 67.29 3259  48.76 60.81

(38.63) (44.75) (77.38) (34.47) (51.67)  (66.21)

(Case 2) RT 11.12 12.33 19.78 9.88 14.80 18.90

(12.53) (16.36) (25.39) (9.50) (16.17)  (21.43)

(Case 3) MSE x 10> 36.48  41.88 66.24  39.89 62.83 514.92

(41.58) (46.59) (74.63) (44.10) (73.75) (469.21)

(Case 3) RT 11.85 12.76 20.12 12.95 20.32 127.83

(14.03) (15.52) (26.41) (14.59) (27.62) (1072.52)

(case 2) behaves better than the naive method (case 3). It shows a real advantage
in reconstructing the unobserved parts of the curves and imputing the missing values
of the response. It is particularly clear when the percentage of missing data on Y

increases. The difference between cases 2 and 3 narrows (generally still in favor of
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case 2, though) when the sample size increases (see Table 3). In this situation, even
if we have important percentages of missing data on Y, there are enough remaining
data in the sample. Finally, when the missing part of the curves is more important
(see Tables 4), the curve reconstruction from Kneip and Liebl (2020) is more difficult,

and the difference between cases 2 and 3 also narrows in this situation.

5 Real dataset study

In this section, we are interested in a model involving electricity production, de-
mand and prices of the German power market. Kneip and Liebl (2020) were already
interested in the curve reconstruction problem of electricity prices curves (function
of the demand). These data are provided from three different publicly available
sources: The European Power Exange (www.epexspot.com), the European Network
of Transmission System Operators for Electricity (www.entsoe.eu) and the European
Energy Exchange (www.eex-transparency.com). The observation period corresponds
to n = 241 working days from March 15, 2012 to March 14, 2013. The dataset con-
sists in n = 241 daily electricity prices curves in Germany (measured every hour) in
function of the residual electricity demand, which is the relevant value for consider-
ing electricity demand. It corresponds to germany’s gross electricity demand minus
infeeds from renewable energy sources plus net-imports from foreign countries. Some
prices greater than 120 EUR/MWh have to be treated as outliers since they cannot
be explained by the model and were set to the value 120. Negative prices are not

impossible in this situation: electricity producers prefer to sell electricity at negative


https://www.epexspot.com/
https://www.entsoe.eu
https://www.eex-transparency.com/
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prices (meaning that they are paying for delivering electricity), it is sometimes more
profitable than shutting off and restarting a central plant. Figure 1 shows the prices
curves (in EUR/MWHh) in function of the residual demand (in MWh), and Figure 2
shows the reconstructed curves with the method from Kneip and Liebl (2020). Price
curves can be seen as partially observed curves, as some prices cannot be observed

with respect to some residual demand values.

100
1

Electricity Prices (EUR/MWh)
50

T T T T T T T
20000 30000 40000 50000 60000 70000 80000

Electricity Demand (MW)

Figure 1: Daily electricity price curves in function of the residual demand.

Here, the price-demand functions are observed on different domains. This distin-
guishes our functional data set from classical functional data sets, where all func-
tions are observed on a common domain. We consider a standardized domain where
the standardization can be achieved as follows: for ¢ = 1,...,n, we consider a se-
quence from min;<;<, t;; to maxj<;<,t;; with a regular step (b — a)/p, where a :=

min min ¢;; and b := max max ;;.
1<i<n 1<5<p 1<i<n 1<j<p



FLM with partially observed covariate and missing values in the response.

100
1
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— All Reconstructed Functions

Electricity Prices (EUR/MWh)
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20000 30000 40000 50000 60000 70000 80000

Electricity Demand (MW)

Figure 2: Reconstructed daily electricity price curves in function of the residual de-

mand.

Our experimental study is based on two steps. In the first treatment step, we do
not observe the price-demand functions directly but we have to estimate each price-
demand function by a local polynomial smoother estimator. Here, we choose the
Gaussian kernel and we consider a cross validation criterion to select the optimal tun-
ing bandwidth parameter from a grid of parameter values in the interval [1070,35000].

In the second step, we reconstructed the missing parts of the differents curves.

We introduce now the model

Y; = 90 + <9,Xl> -+ Ei, (51)

for i = 1,...,241, where X; is the daily electricity price curve on day ¢ (function

29
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of the residual demand), and Y; is the value of electricity production (in MWh) on
day 7. The production data come from https://www.agora-energiewende.de'. Only
a graphic (with numerical values marked at the observation points) was available on
this website to collect a data (neither a table nor an Excel file). It can be possible
to use a software to get numerical values from a graphic (see https://automeris.io?).
However, this software is not completely reliable and some numerical values, being
not possible, can be considered as missing data for the response variable. In our case,

the percentage of missing data is 13.26%.

We split the initial sample into a learning sample (the index set is denoted ) with
size 181 and a test sample with size 60 (the index set is denoted Ir). Firstly, we
reconstructed the missing parts of the differents curves (see Figure 2) and, on the
learning sample, we imputed the missing values on the response. Then, on the test
sample, we computed the prediction values for the response. In order to evaluate the
quality of the prediction, we calculated the mean square error MSE = % Y ier,(Yi—

2)2 = 40.44 and the mean absolute error MAE = &>, |Y; — ?Z| =535 In

i€l
this situation, we can see that the naive method (corresponding to case 3 in the

simulation) would not be possible since all the curves are partially observed and this

would cause removing all individuals in the sample.
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Supplementary material: Functional linear model with partially observed

covariate and missing values in the response.
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Proofs

Proof of Proposition 2.1

For any x € H such that ||z|| = 1, we have

n

~ ~ 1 I 1
e el X:_Xu Xit+— Xi7 Xz* — Xi)+— X:_Xu Xz* - Xi).
rect=Tn n;< ) Xt~ ;( z) ( )+— ;( z) ( )

n

Using the Cauchy-Schwarz inequality, we get [[(X} — X;, ©) X || < [| X7 — X[ ||=]| [| X:]|
from which we deduce with (2.15) that ||(X; — X;,2)X;|| = O, (p~(e0~1/(lao+2)) |
We prove in the same way that |[(X;, z) (X7 — X;)|| = O,(p~(a0~D/2@0+2)) "and
(X; — Xi,z) (XF — X;)|| = O, (p~leoD/(@0+2)) “which gives the first result (i). The
result (4i) can be shown exactly the same way. Concerning results (¢ii) and (iv), they
are directly deduced from (i) and respectively Lemma 2.3 and Lemma 2.2 in Horvath

and Kokoszka (2012).



Proof of Theorem 2.2

We start with the decomposition

B (6.0 - 0 X;ew>)2

o~

2
~ A~ o~ A~ - *
=E <Hkn,recAn,rec (Hkn,recrn,recnkn,rec) new @Xnew)

2
~ —~ ~ —~ ~ —1
S 2K <Hkn,Tec®Fn,rec (Hkn,recrn,rec]:[kn,rec) new — @X;ew)

2
R 71
+ 2E (Hkn,rec <— . > Hkn recl'n rechn rec) new @X;ew> :

Applying several times the identity (a + b)? < 2a* + 2b* for any a,b € R, we get

2 N 2
((9 X;ew> <9 X;ew>) S 32E (G)Hknﬂ“ec new @Hk X;’:ew>
~ 2
+ 32E (@Hk" new @Hannew>
~ 2
-+ 16E <@Hannew - @Hannew>
+ 8K (6111, Xpew — OXpew)

AR (O X e — OX7,,)°

new

2
1 <& ~ ~ ~
2E | - X‘*7 (H recrn recH 7‘6C> X .
+ (nE (X7 (M reclnreeT Ty, new)€ )

=1

~ 2
We start with the first term in the above decomposition A; := 32E <@Hkn,rec . ow @Hkn new) .

Applying Lemma 5.1 in Crambes and Henchiri (2019), we obtain
k2 ky
Ao (_ + _> |
n n

With Lemma 2.2 in Horvath and Kokoszka (2012), we get

e k2 Ky,
Al = O( o —) .
n n

2



Now, we use (2.15) to obtain

~ 2
A2 = 32E (@Hkn @Hannew> — Op (p—(ao—l)/(Q(ao+2))) .

new

Moreover, again with Lemma 5.1 in Crambes and Henchiri (2019), we obtain

e K2 Ky,
N +_)_

~ 2
Ay = 16E (@Hanmw olly, new) - o(
n n

We go on with Ay := 8E (OIlk, X, — @me)Q. With Lemma 5.3 in Crambes and

Henchiri (2019), we get

Ay =38 Z (er'/2¢;)”

j=kn+1

Next, using again (2.15), we can write

new

As := 4E (0 X0, — OX* ) — Op(p—(ao—l)/(Q(ao-i-?))) )

Finally, the last term of the decomposition comes from Lemma 5.2 in Crambes and

Henchiri (2019) and gives

2
BN = 50 202k k
Ag :=2E | - Xi <H recrnrecH rec) X =<7 - .
6 <n§ (X7 (e reeln reell,, mew)€ ) < +o<n)

=1

We can now conclude the proof of Theorem 2.2. The decomposition from the begin-

ning of the proof gives

2 +00 2
((6 X;ew> <9 X;ew>) :Op( Z (@F1/2¢j)2+p7(aofl)/(2(ao+2)) _i_O-E_I%)

j=kn+1 n
()\knk2 kn)
+o0 — .
n n

The first term in the convergence rate is

+0o0o
Z (@Pl%j Z A; (09,) Z jao,
Jj=kn+1 j=kn+1 Jj=kn+1

3



Comparing the latter sum to an integral, we get

+o0
3 (@p1/2¢j)2 — O (ko)) = O(p~(@otD/(@ot2)) — O (p=m(e0+/(@o+2))

j=kn+1

The second term in the convergence rate is

p—(ao—l)/(Z(ao+2)) ~ M (ao—l)/(2(ao+2)),

and the third term in the convergence rate is

2 2,,n/(ao0+2)
ozk, oen

— Usnm/(aoJr?)*l.
n n

If we compare the different rates, with the condition 7; < 1/2, we get

new n

~ 2
E <<§, Xow) — <0,X*ew)> = O, (n~me0=D/Claot2))

Finally, we can write

~ ~ 2 ~ 2
E (eo LB XA <07X7:w>) _E (? ot (B X% <97X7:ew>)

new T

< 2R (Y —E(Y))” 4 2E (@, X5) — (6, X*ew>)2 .

The first term of the right-hand side is given by E (Y — E(Y))2 = O,(n™') (with
Bienaymé-Tchebychev inequality), and the second term of the right-hand side gives

a convergence rate in probability of n~"(@0=1)/((@0+2) which gives the desired result

new n

'~ P 2
E(eo+<9,x* >—eo—<e,x*ew>) = O, (nm(eo /a0t

4



Proof of Theorem 3.1

This proof follows the same lines as the proof of Theorem 2.2. We write the decom-

position
E (0.7~ (0.X7)) " <28 (i, . x; — Ol X )
+ 328 (oM x; - @ﬁknxe)Z
+16E (@ﬁknxe - (aHanm)2
+ 8E (611, X, — 0X,)*
+4E (06X, — 0X;)*
n 2
ok (% DX (T, ) Xz>6£”ei) .
The first term in the above decomposition B; = 32E (@Hibsrec X7 — @ﬁan K > 2.

Applying Lemma 5.1 in Crambes and Henchiri (2019) and Lemma 2.2 in Horvath

and Kokoszka (2012), we get

i, k2 ky,
Bl:o<n—mg] +n— [Y})'

mn

Now, we use (2.15) to obtain
~ ~ 2
By i= 32E (0TI X7 — O, X, ) = 0, (p~ w01/ 2leot2))
Again with Lemma 5.1 in Crambes and Henchiri (2019), we obtain

= 2 e k2 Ky
Bg = 16 (@Hang — @Hannew> = @(M + _) .
n n

The next term is By := 8E (O, X, — @Xg)2. With Lemma 5.3 in Crambes and

Henchiri (2019), we get

B, =8 Z (er'/2¢,)"

Jj=kn+1

>



Then, using again (2.15), we can write
Bs :=4E (06X, — 0X;)? = O, (p (@0~ 1/@leot2))

Finally, the last term of the decomposition comes from Lemma 5.2 in Crambes and

Henchiri (2019) and gives

2
. 1 - % [T7obs Tiobs Tyobs -1 *\ ¢[Y] 203 kr ko,
BG = 2E <E Z<XZ ’ <Hkn,recrn,recnkn,rec> Xé >5z € = o mg] +o0 - .

— N

We can now conclude the proof of Theorem 3.1. Coming back to the decomposition

from the beginning, we get

~ 2 oo 2.
E (0, X7) - (0.X7) —@( S (Or12g;)" 4 prlco-D/aot2) | “—m>
j:kn"‘l n—"mn
g, k2 kn,
Tl )
Comparing the convergence rates, we obtain
~ )2 o . nm/(ao+2)
E (<07X£> - <‘97X€>> = Op <n m(ao—1)/(2(a0+2)) + m) .

Finally, we can get the desired result including the intercept. We follow the end of

the proof of Theorem 2.2 to write
. 2 _ = 2
E (Jo+ B.X0) 00— 0.X))" = & (Y~ 0o+ 0.67-) - 0.X7))

< 9B (Vo — E(YV))' + 28 ((0.X7) — (0.X7))

The first term of the right-hand side is given by E (Y s — E(Y))2 =0, ((n — mg/])_l)

(with Bienaymé-Tchebychev inequality), and the second term of the right-hand side

nn/(ap+2)

gives a convergence rate in probability of n~m(eo—1/2(ao+2) 4 — 7, Which gives
~ ~ )2 e . nm/(ao+2)
E (‘90 + <67 X€> - 90 - <67 X€>> = Op (n m(ao—1)/(2(a0+2)) + m) .

6



Proof of Theorem 3.3

Following the same lines of previous proofs but first we write the cross covariance

operator as

n

N * _l * *
An,7"ec _n Z(Xz ’ >Y;

=1

= D0 (0 Vi1 = )

:—Z Y L (0= i

1:1

Next, we observe that

new new

]E(<9* X5 )0, X7 >)2

2
=E (HknyTecAn,rec (Hkn,recrn,recﬂkn,rec) new - @Xnew>

~

2
~ 1 < ~ ~ —1
S 2E (Hkn,rec_ E <X1*7 >57,[Y}Yz (szn,recrn,recnkn,rec> new - ®X1:ew>
n

=1

2
= ]. - Y} ~ ~ ~ —1
2K | 1T rec | Xjk; : }/; im, 1- 6[ (H rean recH rec) - 0X; .
+ ( kn, (n Z< i > ) p( i )) kn, ) kn, new new

i=1

The first term is given by the result of Theorem 2.2. For the second term
I 'y i
E ﬁ rec | X* . )/z im 11— 6[Y] (ﬁ recfn recﬁ rec) - @X*
( kn, (TL ZZI< i > ) P( i ) kn, ) kn, new new

1 < ~ =~ ¥]
<2E| - X'*7 <Fn recH rec) X }/;zm - Y; 1- 5[
— (n Z< 1 ’ kn, new( Tmp )( ) ))

i=1

2
1 " ~ ~ Y]
2F [ - S (X7, (PWCH ) X* My —exr. | .
+ (n < (A 9 kn7 ne'UJ> ( ) new)

i=1

We notice that the first term above is exactly the same as in Theorem 3.1 and the

second term is directly the result of the Theorem 2.2. So, comparing the convergence

7



rates, we get

~ . 2 e . nm/(eo+2)
E ((0 7Xnew> - <07 Xnew>> = Op <n m(ao—1)/(2(a0+2)) + m) )

which gives the desired result.
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