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ABSTRACT. In this paper we consider the Schrédinger equation with nonlinear
derivative term. Our goal is to initiate the study of this equation with non
vanishing boundary conditions. We obtain the local well posedness for the
Cauchy problem on Zhidkov spaces X*(R) and in ¢ + HF(R). Moreover, we
prove the existence of conservation laws by using localizing functions. Finally,
we give explicit formulas for stationary solutions on Zhidkov spaces.

CONTENTS
1. Introduction
2. Local existence in Zhidkov spaces
2.1. Preliminaries on Zhidkov spaces
2.2.  From the equation to the system
2.3. Resolution of the system
2.4. Preservation of the differential identity
2.5.  From the system to the equation
3. Results on the space ¢ + H¥(R) for ¢ € X*(R)
3.1. The local well posedness on ¢ + H?(R)
3.2. The local well posedness on ¢ + H(R)
4. Conservation of the mass, the energy and the momentum
4.1. Conservation of mass
4.2. Conservation of energy
4.3. Conservation of momentum
5. Stationary solutions
Acknowledgments
REFERENCES

2020 Mathematics Subject Classification. 35Q55, 35A01.
Key words and phrases. Nonlinear derivative Schrédinger equations, Cauchy problem, nonva-

nishing boundary condition.

d0i:10.3934 /eect.2021028

© o OOy O N

12
13
13
17
21
21
22
24
25
30
30


http://dx.doi.org/10.3934/eect.2021028

2 PHAN VAN TIN

1. Introduction. We are interested in the Cauchy problem for the following de-
rivative nonlinear Schédinger equation with nonvanishing boundary conditions:
i0yu + 0*u = —iu?ou,
vt (1.1)
u(0) = uyg,
where u : R; xR, — C, 9 = 9, denotes derivative in space and J; denotes derivative
in time.
Our attention was drawn to this equation by the work of Hayashi and Ozawa
[10] concerning the more general nonlinear Schrédinger equation

i0yu + 0%u = iNu|?Ou + ipu?ou + f(u),
u(0) = wo.

When A =0, p = —1, f =0, then (1.2) reduces to (1.1). This type of equation is
usually refered to as derivative nonlinear Schridinger equations. It may appear in
various areas of physics, e.g. in Plasma Physics for the propagation of Alfvén waves
13, 15].

Under Dirichlet boundary conditions in space, the Cauchy problem for (1.1) has
been solved in [10]: local well-posedness holds in H!(R), i.e. for any ug € H'(R)
there exists a unique solution u € C(I, H'(R)) of (1.1) on a maximal interval of time
I. Moreover, we have continuous dependence with respect to the initial data, blow-
up at the ends of the time interval of existence I if I is bounded and conservation
of energy, mass and momentum.

The main difficulty is the appearance of the derivative term —iu?u,. We cannot
use the classical contraction method for this type of nonlinear Schrédinger equations.
In [10] Hayashi and Ozawa use the Gauge transform to establish the equivalence
of the local well-posedness between the equation (1.2) and a system of equations
without derivative terms. By studying the Cauchy problem for this system, they
obtain the associated results for (1.2). In [9], Hayashi and Ozawa construct a
sequence of solutions of approximated equations and prove that this sequence is
converging to a solution of (1.2), obtaining this way the local well-posedness of
(1.2). The approximation method has also been used by Tsutsumi and Fukuda in
[16, 17]. The difference between [9] and [16, 17] lies in the way of constructing
the approximate equation. In [9], the authors use approximation on the non-linear
term, whereas in [16, 17] the authors use approximation on the linear operator.

To our knowledge, the Cauchy problem for (1.1) has not been studied under non-
zero boundary conditions, and our goal in this paper is to initiate this study. Note
that non-zero boundary conditions on the whole space are much rarely considered
in the literature around nonlinear dispersive equations than Dirichlet boundary
conditions. In the case of the nonlinear Schrédinger equation with power-type
nonlinearity, we refer to the works of Gérard [7, 8] for local well-posedness in the
energy space and to the works of Gallo [5] and Zhidkov [18] for local well-posedness
in Zhidkov spaces (see Section 2.1 for the definition of Zhidkov spaces) and Gallo
[6] for local well-posedness in ug + H*(R). In this paper, using the method of
Hayashi and Ozawa as in [10] on the Zhidkov-space X*(R), (k > 4) and in the
space ¢ + H*(R) (k = 1,2) for ¢ in a Zhidkov space, we obtain the existence,
uniqueness and continuous dependence on the initial data of solutions of (1.1) in
these spaces. Using the transform

(1.2)

v=0u+ 3\u|2u, (1.3)
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we see that if u is a solution of (1.1) then (u,v) is a solution of a system of two
equations without derivative terms. It is easy to obtain the local wellposedness of
this system on Zhidkov spaces. The main difficulty is how to obtain a solution of
(1.1) from a solution of the system. Actually, we must prove that the relation (1.3)
is conserved in time. The main difference in our setting with the setting in [11] is
that we work on Zhidkov spaces instead of the space of localized functions H*(R).
Our first main result is the following.

Theorem 1.1. Let ug € X*(R). Then there ezists a unique mazimal solution of
(1.1) u € C((Tmin, Trmaz), X2 (R) NC*((Trnin, Trmaz), X2(R)). Moreover, u satisfies
the two following properties.

e Blow-up alternative. If Tynae < 00 (Tesp. Tpin > —00) then

li t = 0.
ot @l =00
e Continuity with respect to the initial data. If uf € X4(R) is such that u} —
ug in X4(R) then for any subinterval [T1,Tz] C (Tmin, Tmaxz) the associated
solutions of equation (1.1) (u™) satisfy

A flu® = w7y 720, x4) = 0.

To obtain the local wellposedness on ¢ + H*(R) for ¢ in Zhidkov spaces X'(R).
First, we use the transform v = du + %|u[*u. We see that if u € ¢ + H*(R) then
v € £|¢|?¢ + H*"1(R). This motivates us to define & =u — ¢ and o = v — £|¢[>¢.
We have

b= 0+ L(li+ o+ 9) — [60) + 00, (14)

We see that if u is a solution of (1.1) then (@, ®) is a solution of a system of two
equations without the derivative terms. For technical reasons, we will need some
regularity on ¢. With a solution of the system in hand, we want to obtain a solution
of (1.1). In practice, we need to prove that the relation (1.4) is conserved in time.
Our main second result is the following.

Theorem 1.2. Let ¢ € X*(R) and ug € ¢+ H*(R). Then the problem (1.1) has a
unique mazimal solution u € C((Tmin, Tmaz), o+ H?(R)) which is differentiable as a
function of C((Tynin, Tmaz), ¢+ L2(R)) and such that uy € C((Timin, Tmaz ), L*(R)).
Moreover u satisfies the following properties.
(1) Blow-up alternative: If Tpan < 00 (resp. Timin > —o0 then

lim (lu(t) — ¢l a2 (w)) = oo

t—=Tmax (7"68]). Tm,in)

(2) Continuous dependence on initial data: If (uf}) C ¢+ H?(R) is such that ||up —
ugllgz — 0 as n — oo then for all [T1,Ta] C (Tmin, Tinaz) the associated solutions
(u™) of (1.1) satisfy

nli_)rI;oHun — UHLO@([TLTQ]’H?) =0.

In the less regular space ¢ + H'(R), we obtain the local well posedness under a
smallness condition on the initial data. Our third main result is the following.

Theorem 1.3. Let ¢ € X*(R) such that ||0¢||L2 is small enough, ug € ¢ + H*(R)
such that [|ug — @[l g1 (r) is small enough. There exist T > 0 and a unique solution
u of (1.1) such that

u—¢ e C([-T,T], H'(R)) N L*([-T, T], W5 (R)).
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In the proof of Theorem 1.3, the main difference with the case ¢+ H?(R) is that we
use Strichartz estimates to prove the contractivity of a map on L> ([T, T], L?(R))N
LA([~T,T),L>*(R)). In the case of a general nonlinear term (as in (1.2)), our
method is not working. The main reason is that we do not have a proper transform
to give a system without derivative terms. Moreover, our method is not working if
the initial data lies on X (R). It is because when we study the system of equations,
we would have to study it on L*°(R), but we know that the Schrédinger group is
not bounded from L*>(R) to L>°(R). Thus, the local wellposedness on less regular
spaces is a difficult problem for nonlinear derivative Schrodinger equations.

To prove the conservation laws of (1.1), we need to use a localizing function,
which is necessary for integrals to be well defined. Indeed, to obtain the conservation
of the energy, using (1.1), at least formally, we have

0:(10u]?) = 0:(F (u)) + 04(G(w)),

for functions F' and G which will be defined later. The important thing is that when
w is not in H'(R), there are some terms in G(u) which do not belong to L(R),
hence, it is impossible to integrate the two sides as in the usual case. However,
we can use a localizing function to deal with this problem. Similarly, we use the
localizing function to prove the conservation of the mass and the momentum. The
localizing function x is defined as follows

x € C*(R) and even , suppx C [~2,2], and x = lon[-1,1]. (1.5)
For all a € R and R > 0, we define

XaJ%(x):X(x;-ia) =x(|x1;a|). (1.6)

To prove the conservation of mass, we use the similar notations as in [4, section 7]

mt(u) = in&limsup/(|u|2 — 45)Xa.R A2,
R

a€R Roo

m™(u) = suphminf/(w2 ~ 43)Xa,r dz.
acR B—oo Jp

If w is such that m™ (u) = m™ (u) we define generalized mass as
+(

m(u) =m™ (u) =m™ (u).

Especially, for a = 0 we define
Xr(T) =X (*) : (1.7)
Our fourth main result is the following.

Theorem 1.4. Let gy € R be a constant and ug € qo + H*(R) and v € C((Tpnin,
Trmaz), @0 + H2(R)) be the associated solution of (1.1) given by Theorem 1.2. Then,
we have

E(u) := / |0u|? da + %Im/(|u|26—qg’)8udm
R R
1
+ 6/(|u\2 = lgol*)?([ul* + 2lq0|*) dz = E(uo), (1.8)
R

P(u) = %Im/R(u —qo)0udr — /]R i(|u|2 — |qo|?)? dz = P(up), (1.9)



ON THE CAUCHY PROBLEM FOR DERIVATIVE NLS 5

for all t € (Tin, Tmaz).- Moreover, u satisfies m*(u(t)) = m™(ug) (respectively
m~ (u(t)) = m~(ug)). In particular, if ug has finite generalized mass then the
generalized mass is conserved by the flow, that is m(u(t)) = m(ug).

Remark 1.5. When gg = 0, we recover the classical conservation of mass, energy
and momentum as usually defined.

In the classical Schrodinger equation, there are special solutions which are called
standing waves. There are many works on standing waves (see e.g [12], [2] and the
references therein). In [18], Zhidkov shows that there are two types of bounded
solitary waves possessing limits as © — +00. These are monotone solutions and
solutions which have precisely one extreme point. They are called kinks and soliton-
like solutions, respectively. In [18], Zhidkov studied the stability of kinks of classical
Schrodinger equations. In [1], the authors have studied the stability of kinks in the
energy space. To our knowledge, all these solitary waves are in Zhidkov spaces i.e
the Zhidkov space is largest space we know to find special solutions. We want to
investigate stationary solutions of (1.1) in Zhidkov spaces. Before stating the next
main result, we need the following definition:

Definition 1.6. The stationary solutions of (1.1) are functions ¢ € X?(R) satisfy-
ing B

buz + 9%, = 0. (1.10)

In [14], the authors proved the existence of periodic traveling waves of a derivative

nonlinear Schrédinger equation using a skillful changes of variables. In this paper,

we use a similar changes of variables as in [14] to prove the existence and uniqueness
of stationary solution of (5.2) on X2(R). Our fifth main result is the following.

Theorem 1.7. Let ¢ be a stationary solution of (1.1) (see Definition 1.6). The
followings is true:
(1) If ¢ is not a constant function and satisfies

l“f (b “
then ¢ 1S Of the IOTm GZ k where

k(z) = 2V B +

-1

\/%cosh(%/g(ﬂ? —x9)) + 12?/57
9:90—/96 </€(B;)_k(4y)> 4,

for some constants 0y, xqg € R, B > 0.
(2) If ¢ is a stationary solution of (1.1) such that ¢(co) =0 then ¢ =0 on R.

Remark 1.8. We have classified stationary solutions of (1.1) for the functions
which are vanishing at infinity, and for the functions which are not vanishing on R.
One question still unanswered is the class of stationary solutions of (1.1) vanishing
at a point in R.

This paper is organized as follows. In Section 2, we give the proof of local well
posedness of solution of (1.1) on Zhidkov spaces. In Section 3, we prove the local
well posedness on ¢ + H?(R) and ¢ + H'(R), for ¢ € X*(R) a given function.
In Section 4, we give the proof of conservation laws when the initial data is in
qo + H?(R), for a given constant gy € R. Finally, in Section 5, we have some results
on stationary solutions of (1.1) on Zhidkov spaces.
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Notation. In this paper, we will use in the following notation L for the linear part
of the Schridinger equation, that is

L =i, + 0.

Moreover, C denotes various positive constants and C(R) denotes constants de-
pending on R.

2. Local existence in Zhidkov spaces. In this section, we give the proof of
Theorem 1.1.

2.1. Preliminaries on Zhidkov spaces. Before presenting our main results, we
give some preliminaries. We start by recalling the definition of Zhidkov spaces,
which were introduced by Peter Zhidkov in his pioneering works on Schrédinger
equations with non-zero boundary conditions (see [18] and the references therein).

Definition 2.1. Let k € N, k > 1. The Zhidkov space X*(R) is defined by
XFR) = {u € L®[R): du € H*1(R)}.

It is a Banach space when endowed with the norm

k
lxe = -l + Y1022
a=1

It was proved by Gallo [5, Theorem 3.1 and Theorem 3.2] that the Schrodinger
operator defines a group on Zhidkov spaces. More precisely, we have the following
result.

Proposition 2.2. Let k > 1 and up € X*(R). Fort € R and x € R, the quantity

e i/ Ap—1/2 liH(l) e(i_E)ZQuo(a: + 2\/iz)dz if t >0,
E—r
S(tyuo(x) == . . (2.1)
e/ Ag1/2 lirré eIy (x4 2v/—t2)dz if t <O0.
E—r R

is well-defined and S defines a strongly continuous group on X*(R). For all uy €
XE(R) and t € R we have

1S ()uollxx < C(R)(L A+ [t/*)[fuol| xx-
The generator of the group (S(t))|;cr on X*(R) is i0% and its domain is X*+2(R).

Remark 2.3. Since, for all ¢ € X*(R), we have ¢+ H"*(R) ¢ X*(R), the uniqueness
of solution in X*(R) implies the uniqueness of solution in ¢ + H¥(R), and the
existence of solution in ¢ + H*(R) implies the existence of solution in X*(R).

2.2. From the equation to the system. The equation (1.1) contains a spatial
derivative of u in the nonlinear part, which makes it difficult to work with. In the
following proposition, we indicate how to eliminate the derivative in the nonlinearity
by introducing an auxiliary function and converting the equation into a system.

Proposition 2.4. Let k > 2. Given u € X*(R), we define v by

v=0u+ %\u|2u (2.2)
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Hence, v € X*~1(R). Furthermore, if u satisfies the equation (1.1), then the couple
(u,v) verifies the system

Lu = Py(u,v),
(2.3)
Lv = Py(u,v),
where Py and Py are given by
1
Py (u,v) = —iu?T + = |u|*u,
2 (2.4)

3
Py (u,v) = iuv* + §\u|4v + u?|u|?T.
Proof. Let u be a solution of (1.1) and v be defined by (2.2). Then we have
; 1
Lu = —iu*01 = —iu? <v+ ;(|u2u)> = —iu?T + §\u|4u,

which gives us the first equation in (2.3).
On the other hand, since L and 0 commute and u solves (1.1), we have

Lv = 8(Lu) + %L(|u|2u) = O(—iudT) + %L(|u|2u)
= —i(u20%T + 2u|dul?) + %L(|u|2u). (2.5)

Using
L(w) = L(u)v + uL(v) + 20udv, L(u) = —Lu + 207, (2.6)
we have
L(Juf*u) = L(v*T) = L(u?)a + v*L(7) 4 20(u?)0u
= (2L(w)u + 2(0u)?)) @+ u?(—Lu + 20°7) + 4u|u|?
= 2L(u)|ul? 4 26(0u)* + 2u*0*T — u* Lu + 4u|Oul®. (2.7)

We now recall that u verifies (1.1) to obtain

) 1
%L(|u\2u) = u?0T|u|? + iu(0u)* + iu’0*u + §8u|u|4 + 2iu|dul?. (2.8)
Subsituting in (2.5), we get
1
Lv = —i(u?0%*T + 2u|0u|?) + w2 0ulu|® + iu(0u)? + iu?0*u + §8u|u|4 + 2iu|dul?,
1
= vw?0u|ul? + iu(ou)? + §8u|u|4.
Observe here that the second order derivatives of u have vanished and only first
order derivatives remain. Therefore, using the expression of v given in (2.2) to
subsitute du, we obtain by direct calculations

3
Lv = iuv® + §|u|41} + u?|u|?7,

which gives us the second equation in (2.3). O
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2.3. Resolution of the system. We now establish the local well-posedness of the
system (2.3) in Zhidkov spaces.

Proposition 2.5. Let k > 3, and (ug,vo) € X*(R) x X*(R). There exist Tppin < 0,
Tinaz > 0 and a unique mazimal solution (u,v) of system (2.3) such that (u,v) €
C((Tomins Tnaz), XF(R)) N CY(Thnin, Trnaz)s X¥72(R)).  Furthermore the following
properties are satisfied.

e Blow-up alternative. If Tynae < 00 (Tesp. Tipin > —00 then

ki t ¢ ~ .
gy (@l o(@llxe) = 0o

o Continuity with respect to the initial data. If (u?,v}) € X* x X* is such that
l[ug — wollxx + llvg' — vol[x» =0

then for any subinterval [Ty, Ts] C (Timin, Tmaz) the associated solution (u™,v™)
of (2.3) satisfies

i (flu” = ull poo (73 1), x00) + 10" = 0ll oo (73,70, x0)) = 0.

Proof. Consider the operator A : D(A) C X*~2(R) — X*~2(R) defined by A = i9?
with domain D(A) = X*(R). From Proposition 2.2 we know that the opera-
tor A is the generator of the Schrédinger group S(t) on X*~2(R). From clas-
sical arguments (see [3, Lemma 4.1.1 and Corollary 4.1.8]) the couple (u,v) €
C((Trmin, Trmaz), X*(R)) N C ((Trmins Trnaz ), X*2(R)) solves (2.3) if and only if the
couple (u,v) € C((Thmin, Trnaz ), X¥(R)) solves

{(u,v) = S(t)(ug,v0) — i [y S(t — 5)P(u,v)(s)ds, 29)

u(0) = ug € X*(R),v(0) = vy € X*(R),

where S(t)(u,v) := (S(¢)u, S(t)v), P(u,v) = (P1(u,v), Pa(u,v)) and P; and P are
defined in (2.4). Consider P as a map from X*(R) x X*(R) into X*(R) x X*(R).
Since P; and P, are polynomial in u and v, the map P is Lipschitz continuous on
bounded sets of X*(R) x X*(R). Since (see [3, Theorem 4.3.4 and Theorem 4.3.7]),
there exists unique maximal solution (u,v) € C((Thnin, Tmaz), X*(R) x X¥(R)) N
C((Trmin, Trmaz), X*72(R) x X*2(R)) of system (2.3). Moreover, (u,v) satisfy
blow-up alternative continuous dependence on initial data in X*(R) x X*(R). Tt
remains to prove the blow-up alternative in X*(R) x X!(R). We use the similar
arguments as in [18; Proof of Theorem 1.2.4]. For each 1 < s < k—1, since the map
P is Lipschitz continuous on bounded sets of X*(R) x X*(R), there exists Tymin
and Tgmae such that (u,v) is the maximal X*(R) x X*(R) solution of system (2.9)
on (Tsmin, Tsmaxz) and (u,v) satisfy:

lim (lu(®)llxs + [o(®)]x-) = .

t—=Temaz (resp. Temin)

It is sufficient to prove that T1mar = Tmae and Timin = Tmin- We have

Tlma:r = TZmaz Z .2 T(kfl)ma:v = Tmaw-
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We first prove Tlma.'r = TQmaz- Assume Tlma:n > T2ma:c~ For t € [OaTQmaz], since
(2.9) we have

lullx2 + vl x2

t
< luollx2 + llvollx= +  max (IIUHX1+|Iv||x1+1)4/(IIU(S)lez
te[0,Tomaxz) 0

[0,T2ma
+ [lv(s)llx2) ds.
By Gronwall’s inequality in integral form we obtain

sup  ([Juflx2 + [v]lx2) < oc.
t€[07T2'maa;]

This contradicts to blow-up alternative of (u,v) in X2(R) x X2(R). Thus, Timas =
Tomaz- By apply many times this arguments we obtain Thmee = Timar and by
similar arguments we have T1,,in = Tmin. This completes the proof of Proposition
2.5. O

2.4. Preservation of the differential identity. The following proposition estab-
lishes the link from (2.3) to (1.1) by showing preservation along the time evolution
of the differential identity

i
vg = Oug + §|uo|2u0.
Proposition 2.6. Let ug,vg € X3(R) be such that

1
Vo = 8’&0 + §U0|UO|2.

Then the associated solution (u,v) € C((—=Tymin, T™%), X3(R) x X3(R)) obtained
in Proposition 2.5 satisfies for all t € (—Tpin, T™**) the differential identity

v=0u+ %\u|2u

Proof. Given (u,v) € C((=Tmin, T™), X3(R) x X3(R)) the solution of (2.3) ob-
tained in Proposition 2.5, we define

w=0u+ %|u|2u
Our goal will be to show that w = v. We first have
Lu = —iu’v + 1|u|4u
2
= —iu*(T — W) — iu’w + %|u|4u
= —iu? (v — W) — iu?ou.

Applying L to w and using (2.7) and the expression previously obtained for Lu, we
get

Lw = 8(Lu) + %L(|u|2u)

O(Lu) + % (2Lulul? + 2u(0u)? + 2u*0*u — u*Lu + 4u|0u|?)
= 0(—iu? (T — W) — iu?0u)

+ % (2(—iu28ﬂ)|u|2 + 20(0u)? — w2 (—u2dT) + 2u20%T + 4u\au|2)
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1 > W 2 YT YA —
+3 {Q(fzu @ —))[ul? — v (—iu2(v — w))}
1
- (—ia(uQ(v —W)) + v u* (T — W) + 5\u|4(v - w))
1
+ (—i@(uQ%) + w2 0t|ul* + u(ou)? + §\u|48u + u?0°u + 2iu|8u2>

=: Il + IQ.

As in the proof of Proposition 2.4, we obtain
I, = itw? + g\u|4w + |u*u?w
Furthermore
I = 9(—iv? (T — W) + u*|u*(T — @) + %|u|4(v —w)
= —iu?0(v — W) — 2iudu(v — W) + u?|ul*(v — W) + %|u\4(v —w).

It follows that

Lw—Lv =1 + (I — Lv) (2.10)
=1 +w(w—v)(w+v)+ g|u|4(w — ) + |u|*u? (@ — ) (2.11)
= (w—v)A; + (W — 1) Ay — iu?0(T — W), (2.12)

where A; and A, are polynomials of degree at most 4 in u, du, v, dv and their
complex conjugates. Hence,

o(v —w)?
2
where K is a polynomial of degree at most 6 in u, v, w, du, Ov, dw and their

complex conjugates. Remembering that L = i9; + 0%, and taking imaginary part
in the two sides of (2.13) we obtain

(Lw — Lv)(W — 7) = |w — v|*A; + (W — 0)* A4y — iu? =K, (2.13)

1
§8t|w—v|2 + Zm(0 ((Ow — Ov)(w — 0))) = Im(K). (2.14)
Let x : R — R be a cut-off function such that
x € C'(R), supp(x) C [-2,2],
x=1lon(-1,1), 0<x<1, |X(2)? < x(z)forallreR.

For each n € N, define
x

xXn(2) =X (*) .

n
Multiplying both sides of (2.14) by x, and integrating in space we obtain

1 —
§3t||(w7v)M||%z Jr/RIm (0 ((Ow — Ov)(W —1))) xpndx = /Rl'm(K)xndx. (2.15)

For the right hand side, we have

/]R Tn(K)Xndx

2 0((0 —w)?)

5 Xndz,

:Im/ \w—v|2A1Xnda:—i—Im/(@—E)QAandx—Zm/z'u
R R R
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and therefore

/R In(K)xndx

1 _
<l = o)l (sl + all=) + 5| [ 02000 - @)
We now fix some arbitrary interval [Ty, T5] such that 0 € [-T1,T2] C (—Tin,

T™) in which we will be working from now on, and we set

R = ||ull oo (17,120, x3) + 10l oo (174 12, x3)

From the fact that A; and As are polynomials in u, Qu, v, Ov of degree at most 4,
for all ¢t € [Ty, T»] we have

[ A1l + [|A2]l < C(R).
It follows that

/R In(K)Xndz

1
< lw —o)XIBC(R) + 5
By definition of x we have
0(u®)xn| < C(R)xn,

@0 @+ o))

[u?Oxn| < IuQI% X' (ﬁ)‘ < %C(R) X (5) < C(R)% Xn(+)-
Hence,
[ Entinada < lw = o) vilEom + LD [ @ w2 e
cw?

< CR)w =)l + S [ o= wlyinda

2 2n
<cmlw- vyl + S o wlynds

<ot -t 802 ([ -7 ([ )

2
<C<R>|<wv>mniz+”¢(? lw=o)yxale  (216)

In addition, we have

/Rzm(a (Ow — 00)(T — T)) xn)dz

/ Tn(((0w — 90) (@ — 1)) x)de
R

/RIm ((aw - 61})(@—5)%)(' (z)) d
< [ 10w = 00 ol

1
S 0w = 8|2 |(w = v)v/Xnl| 2

< Y8 — )l (2.17)

n
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From (2.15), (2.16), (2.17) we obtain that

Byl (w — v)yRl2e < CR)w — v) X2 + f}?nw ol (218)
< CRIw - VTl + 219

where we have used the Cauchy inequality |z| < WTH Define the function g :
[_Tlv TQ] by
9= ll(w = v)\xalZ:-
Then by definition of w we have g(t = 0) = 0. Furthermore, from (2.19) we have
C(R)
0y < C(R —.
By Gronwall inequality for all ¢t € [Ty, T»] we have
< @) c(r)
N Vn
Assume by contradiction that there exist ¢ and x such that
w(t,x) # v(t, ).
By continuity of v and w, there exists € > 0 such that (for n > |x|) we have
9(t) = |l(w = v)y/Xnllz2 > €.

Since € > 0 is independant of n, we obtain a contradiction with (2.20) when n is
large enough. Therefore for all ¢ and z, we have

o(t,z) = w(t, ),

exp(C(R)(T2 +T1)) < (2.20)

which concludes the proof. O

2.5. From the system to the equation. With Proposition 2.6 in hand, we give
the proof of Theorem 1.1.

Proof of Theorem 1.1. We start by defining vy by
vo = Ao + %|u0|2u0 e X3(R).

From Proposition 2.5 there exists a unique maximal solution (u,v) € C((Tpin,
Trnaz), X2(R) x X3(R)) N C*((Toins Tynaz), X *(R) x X1(R)) of the system (2.3)
associated with (ug,vp). From Proposition 2.6, for all t € (Thin, Tmaz) We have

v=0u+ %\u|2u (2.21)
It follows that )

Lu = —iu*v + §|u|4u = —iu?0m,
and therefore u is a solution of (1.1) on (Timin, Tmaz). Furthermore
u € C((Tmzna Tma:}c)y Xg(R)) N Cl((Tmzny Tmam)a XI(R))

To obtain the desired regularity on u, we observe that, since v has the same regu-
larity as u, and verifies (2.21), we have

ou=v— %|u\2u € C((Tmin, Trnaz ), X*(R)) 0 C* ((Thins Trnaz ), X (R))



ON THE CAUCHY PROBLEM FOR DERIVATIVE NLS 13

This implies that
(S C((Tmznv Tmax)a X4(R)) n Cl((Tmznv Tmam)a XQ(R))

This proves the existence part of the result. Uniqueness is a direct consequence
from Proposition 2.4 and Proposition 2.5.

To prove the blow-up alternative, assume that 7T},,,, < co. Then from Proposition
2.5 we have

im (Ju®lx @ + @) x @) = o

t ax

On the other hand, since (2.21) we obtain
t_}i%gm(”u(t)Hxl(R) + [[0u(t) || x1 r)) = o0

It follows that
lim |u(t)(|x2r) = oo

Finally, we establish the continuity with respect to the initial data. Take a subin-
terval [Ty, To] C (Toin, Trmaz), and a sequence (uf) € X*(R) such that uf — ug in
X*%. Let u, be the solution of (1.1) associated with u? and define v,, by

Uy, = Ouy, + %|un|2un (2.22)
By Proposition 2.5 the couple (uy,v,) is the unique maximal solution of system
(2.3) in
C((Trmins Trnaz), X3 (R) x X3(R)) N C*(Trmins Trnaz ), X H(R) x X*(R)).
Moreover, we have

Jm (s = ull oo gy ), x9) + o0 = Ol 2y 151, x3)) =0 (2.23)

Since v and wv,, verify the differential identity (2.22), we have
)

O(un, —u) = (vp, —v) 5

(\un|2un - \u|2u) .
Therefore we have

nll)rilooﬂun — || oo (11, 1), x4y = 0,

which completes the proof. O

3. Results on the space ¢ + H*(R) for ¢ € X*(R). In this section, we give the
proof of Theorem 1.2 and Theorem 1.3. For k > 1, let ¢ € X*(R).

3.1. The local well posedness on ¢ + H*(R).

3.1.1. From the equation to the system. Define

v=0u+ %\u|2u (3.1)
Since Proposition 2.4, if u solves (1.1) then (u,v) solves the following system:
Lu = —iu®v + L|ul'u,
Lv = iww? + 2|ul*v + u?|ul?v
u(o):u07+2| o + u?lul*, (3.2)

U(O) = vg := Oug + %|U0|2U0.
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Let ¢ € X*(R). Define & = u— ¢, & = v — £|¢|?¢. We have if u solves (1.1) then
(@, ) solves:

Li = Ql(ﬂvﬁv )
Lo = Q2(q, v, 9),

3.3
(0) = 0 1= o — 33
5(0) = 0o = vo — |¢|*¢,

where

Qu(i,,6) = i@+ 3) (0 5lof ¢) §|a+¢|4 (ﬂ+ ;|¢|2¢)
+(a+oPli+ o (- 110PF) - 3LoPo) (35)

3.1.2. Resolution of the system. Let k > 1. We note that if ¢ € X**2 then Q; :
(4,0) = Q1(4, 0, ¢) and Qs : (4,0) = Q2(a, 0, $) defined as in (3.4) and (3.5) are
Lipschitz continuous on bounded set of H*(R) x H*¥(R). By similar arguments to
the one used for the proof of Proposition 2.5, we obtain the following local well-
posedness result:

Proposition 3.1. Let k > 1, ¢ € X**2 i, 09 € H*(R). There exist Tpim < 0,
Tinaz > 0 and a unique mazimal solution (4, 0) of the system (3.3) such that 4,v €
C((Tonin, Trmaz), HE(R)) N C*((Tomin, Trmaz), H*"2(R)). Furthermore the following
properties are satisfied.

e Blow-up alternative. If Tynae < 00 (Tesp. Tipin > —00 then

I ) — o
T o, gy e ) = 00

e Continuity with respect to the initial data. If @y, 95 € H*(R) are such that

lag — toll g+ + 156" = Vollpx — 0

then for any subinterval [Ty, To] C (Timin, Tmaz) the associated solution (4™,

™) of (3.3) satisfies

ngg}oo (Han - a“Lm([TlvT?]ka) + Hﬁn - INJHLOC([TUT?]’H)C)) = O

3.1.3. Preservation of a differential identity. Let (lg,0o) be defined as in section
3.1.1. By elementary calculation we have

=0up + 5 (|U0 + 0% (do + ¢) — |¢]*¢) + 9o. (3.6)
We have the following results:

Proposition 3.2. Let ¢ € X*(R) and g, %0 € H*(R) satisfy (3.6). Then the
associated solution (@, V) obtained in Proposition 3.1 also satisfy (3.6) for all t €
(Tmin; Tmax) .

Proof. We define

(|U+¢| (@+¢) — [¢|*¢) + 9¢. (3.7)

w\@
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Set u=1ad+ ¢, v ="+ £|¢[>p, w = + £|p|?¢. We have
w=0u+ %|u|2u (3.8)
Since (@, ) is a solution of (3.3), we have (u,v) is a solution of (3.2). We have
Lu = —iv*(T —w) + H,
where H defined by
1
H = —iv’w + §\u|4u.
By using (2.7) and the previously expression obtained for Lu, we get

Lw = d(Lu) + %L(MQU)
= O(Lu) + % (2L(u)|u|2 + 21(0u)? + 2u*0*T — u*L(u) + 4u|8u\2)
=0 (—iv*(v—w)) + 0H

i (H|u|2 — 2T — ) + T(Ow)? + w2077 — %uQ (i (v — w) + H) + 2u|6u|2>

1
= —id (W*(v —w)) + v?|ul*(v — W) + §|u\4(v —w) + K,
where K is defined by
K = 0H +iH|u|? 4 iu(0u)? + iu*0*u — %uQH + 2iu|dul?.

Using (3.8) to replace the term Ju in K and remark that the role of w is the same
the one of v as in Proposition 2.4, we have

K = iuw? + g|u\4w + u?|u|*w.
Thus,
1
Lw — Lv = —id (u*(0 — 0)) + v*|ul*(v — W) + §|u\4(v —w) + (K — L(v))
= —i0 (u*(v —W)) + v’ |ul*(v — )
gl (o —w) + R —0?) + 5l (w — o) + w2l (@ - )
= —iu?d(v — W) + A(v — w) + B(v — w),
where
A= —|u|* —ia(v + w),
B := —2iudu = —2iu (w - ;|u|2u> = —2%uw — |ul*u?.
This implies that
L(w —9) = —i(i 4 ¢)?0(0 — w) + At — ) + B(v — ). (3.9)

Multiplying both sides of (3.9) by @ — 9, taking the imaginary part, and integrating
over space with integration by part for the first term of right hand side of (3.9), we
obtain

d, . ~ _ o
1@ =07 S (I + @l o= 108 + 06 = + 1Al = + | Bl =) @ = BZ2.
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By Gronwall’s inequality we obtain
I — o122
t
< [[@(0) = 3(0)]2: x eXP(C/ (1@ + @l ||0t + 0| Lo + [[All Lo + || Bl L) ds).
0
Using the fact that w(0) = ©(0), we obtain w = 0, for all ¢. This implies that
- R A -
0 =0u+ 5(ji+ 0@+ ) - |69) + 99,
This completes the proof of Proposition 3.2. O
3.1.4. From the system to the equation. Now, we finish the proof of Theorem 1.2.
Proof of Theorem 1.2. Let ¢ € X*(R) and ug € ¢+ H%(R). We define vy € X! (R),
@ip € H?(R) and 9y € H'(R) in the following way:
vo = Qug + %u0|u0|2, g =uo — ¢, and vy =vo — %|¢|2¢~
We have )
~ - e -
0o = Oug + §(|uo + ¢[* (1o + ¢) — |¢|*}) + 0.

From Proposition 3.1 there exists a unique maximal solution (@,7) € C((Timin,
Trnaz), HY(R)) N CY(Thnin, Trmaz ), H 1 (R)) of (3.3). Let 42 € H3(R) be such that

g — tollm2m) — 0

as n — oo. Define o € H%(R) by

0 = 0 + 5 (15 + o (@ + ¢) — |6%6) + 99
From Proposition 3.1, there exists a unique solution maximal solution.

@, 7" € C((Tins Thvao)s HA(R) N CH((T s Thiaa)s L*(R))

of the system (3.3). Let [T1,75] C (Tiins Tmaz) be any closed interval. From [3,
proposition 4.3.7], for n > Ny large enough, we have [11,T2] C (T2, T .0)- By
Proposition 3.2, for n > Ny, t € [Ty, Tz], we have

0" = 00" + S (17" + 6P (@ + ¢) — |8%6) + 99
By Proposition 3.1, we have

lim  sup (||la"(t) —a(t)||gr@) + 10" (t) — ()| 1 (m)) — O.
N=00 [Ty, Ts]

We obtain that for all ¢t € [T}, T3], and then for all ¢t € (Tyin, Tmaz):
5= O+ (i + 6P (0 + ¢) — |6%6) + 99
This follows that
0t € C((Tmin, Tmaa), H' (R)) N C* ((Tmin, Tmaa), H~ (R)).
Hence we have
i@ € C((Tmin, Tmaa), H*(R)) O C*((Tmin, Trnaa), L*(R)).
Define u = ¢ + @ and define v by

v="0+ %|¢\2¢ = Ou + %|u\2u
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Since (@, v) solves (3.3), we have (u,v) solves (3.2). Therefore, u € ¢ + C((Timin,
Trmaz), H2(R)) N CY((Tmin, Trnaz ), L*(R)) solves:

1
Lu = —iu’v + §|u|4u = —iu?0m.

This establishes the existence of a solution to (1.1). To prove uniqueness, assume
that U € ¢+ C((Toin, Trmaz ), H2(R)) NCH((Thnin, Tynaz ), L?(R)) is another solution
of (1.1). Set V=0U + 4|UPU, and U =U — ¢, V =V — |¢|?¢. Thus, (U,V) €
C((Trmin, Tmaz)s HE(R)) N CY((Trnin, Trnaz ), H1(R)) is a solution of (3.3). By the
uniqueness statement in Proposition 3.1, we obtain U = @. Hence, u = U, which
proves uniqueness. The blow-up alternative and continuity with respect to the
initial data are proved using similar arguments as in the proof of Theorem 1.1.
This completes the proof of Theorem 1.2. O

3.2. The local well posedness on ¢+ H!(R). In this section, we give the proof
of Theorem 1.3, using the method of Hayashi and Ozawa [11]. As in Section 3.1.1,
we work with the system (3.3).

3.2.1. Resolution of the system. Since we are working in the less regular space ¢ +
H'(R), we cannot use Proposition 3.1. Instead, we establish the following result
using Strichartz estimate.

Proposition 3.3. Consider the system (3.3). Let ¢ € X?*(R), 19,09 € L*(R).
There exists R > 0 such that if ||Go|| L2 + ||0]|2 < R then there exist T > 0 and a
unique solution (4, ) of the system (3.3) verifying

@, € C([=T,T], L*(R)) N L*([=T, T], L*(R)).

Moreover, we have the following continuous dependence on initial data property: If
(ug,o5) € L3(R) x L?(R) is a sequence such that ||u}y — tol|2 + ||0f — Toll2 — O then
forn large enough we have ||uf||2 + ||o7]l2 < R and the associated solutions (a™,0™)
satisfy:
Hﬁn — ﬁ||L°°L2ﬁL4L°° + ||”l~)n — 1~)HLocL2mL4Loo — 0,
where we have used the following notation:
L®L? = L™([-T,T), L*(R)), L*L*® = L*([-T,T],L>(R))

and the norm on L®L? N L*L> is defined, as usual for the intersection of two
Banach spaces, as the sum of the norms on each space.

Proof. Let Q1,Q2 be defined as in system (3.3). By direct computations, we have

Qi(,,6) = ~ili + )T — 5|0P B2 + 2i0) + 5 [+ of* — |61 — 0%,

i N (i e\
(54 31eP0) - (31020)
+ 2il6Po (1 + ol — 91") + B+ ¢)fa+ ol

— L1OPB((@ + 6l + o ~ 6P°6%) — L0%(90). (311)

(3.10)

. 2
Qa(i,.0) =it 3+ §1oPo ) +id + it ot
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Thus,
1Q1(3,3, )|
< 31l + [6[2) + [P [al? + [o*[al + (P + 6|*al) + [¢l(al* + [allgl*) + 0]
< lollal® + 1ollg* + lal + lallo|* + 0%¢],
Q2(a, 0, 9)]
S lal([ol* + 191°) + [l([o1* + [olIo*) + [o](|al* + []*)
+lolP(fal* + [allel®) + [a](1al® + %) + [¢*(|al* + [o*|al) + 0% (|6[*¢)|
< lallof + lallel® + |¢llo]* + |6[*[o] + [al*|o] + |6|al*
+al’[o] + |g*[o] + 102 (1¢]*¢)]-

Consider the following problem
t
(@.5) = S(0)(@0.70) i | S(t - )Q(w,5,)ds (3.12)
0
where @ = (Q1,Q2). Let
t
O(a,v) = S(t)(to, Vo) — z/ S(t—s)Qds.
0
Assume that [|dol|r2r) + [|Tollr2r) < £ for R > 0 small enough. For T > 0 we
define the space X7 g by
XT,R = {(ﬂvﬁ) € (O([_Ta T]aLQ(R))
NLY([-T,T], L (R)))* : ||| p=r2nrir= + |8]| o r2npir~ < R} .

We are going to prove that for R,T small enough the map & is a contraction from
X7, R to itself.

We first prove that for R, T small enough, ® maps Xr g into Xp g. Let (@,0) €
X7 r. By Strichartz estimates we have

—~

1@ (@, 0)|[(zoe L2nrareeyz S (G0, Do)|lz2xr2 + Q12 x 12,

<

~

| =

+(IQullrr2 + 1Q2ll L1 L2)-
We have
1Qullzrze S Walolpaze + 1161612 ez + Walllzrce + 102 1
Slollzeralil7apoe + 18] 22l pe + 0l 30 poe il 2o 22 + 0% 21 22
S @D)2 0] poe 2 3 s oo + (2T) % [10]| v 2 | 6]l e (2T) 5
|l s g ] e 2+ 11070 22 (2T)

R
S (20)2R® + (21)||¢l| =R + R® + (21) |6l x= < =

4
for T, R small enough. Similarly, we also have
~ R
1Qallzrz2 <
for T, R small enough. Therefore, for T, R small enough, we have
~ 3R
||¢(’U/, U) H(L°°L2I'WL4L°°)2 < T < R.

Hence, ® maps from X7 g into itself.
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We now show that for 7', R small enough, the map ® is a contraction from Xr g
to itself.
Indeed, let (u1,v1), (u2,v2) € X1 g. By Strichartz estimates we have

[®(u1,v1) — P(uz,vo)| (Lo r2nran=~)

t
=156t - ) (Qlur,v0) - Qluz,v0) d 7

0 (L= L2NLAL>)?
SQu(ur,v1) — Qu(uz, v2)| 12 + [|Q2(u1, v1) — Q2(uz, va2)|| L1 2.

Using the same kind of arguments as before we obtain that ® is a contraction on
X7 r. Therefore, using the Banach fixed-point theorem, there exist 7" > 0 and
a unique solution (a@,v) € C([-T,T)], L*(R)) N L*([-T,T], L>=(R)) of the problem
(3.12). As above, we see that if h,k € C([-T,T], L*(R)) N L*([-T, T], L*°(R)) then
Q1(h,k,8),Q2(h,k,¢) € LY([-T,T],L*(R)). By [3, Proposition 4.1.9], (i,7) €
C([-T,T],L*(R)) N L*([-T,T), L>(R)) solves (3.12) if only if (@, ) solves (3.3).
Thus, we proved the existence of a solution of (3.3). The uniqueness of solution of
(3.3) is obtained by the uniqueness of solution of (3.12).

It is remains to prove the continuous dependence on initial data. Assume that
(uf, o) € L3(R) x L?(R) is such that

lug — tollr2r) + llvg — DollL2®) — 0,
as n — oo. In particular, for n large enough, we have
lug lz2®) + [v6 | z2®) < R
There exists a unique maximal solution (u™, v™) of system (3.3), and we may assume
that for n large enough, (u™,v™) is defined on [—T, T]. Assume that T small enough

such that

||ﬂ||L°°L2ﬁL4L°° + ||’l~)||LooL2ﬁL4Loc + sup(||u"||LooLGL4Loo + ||Un||L°°L2ﬂL4L°C) < 2R
n

(3.13)
We have (@, 0) is a solution of the following system

(8,5) = S(t) (7o, %) — i /0 S(t — 5)(Qu (0,5, 8), Qu(ii, 3, 9)).

Similarly, (u™,v™) are solutions of the following system

(u™, o) = S(t) (uf, ) — i / S(t — $)(@Qr (1™, 07, 6), Qa(u”, v, ).
Hence,

(u™ — u, 0" — )

= S(t)(ug — 1o, vy — o)

_Z/ S t_s Ql a, @7¢) _Ql(unavn7¢)aQ2(a7@a¢) _QQ(unﬂvnv(b))'
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Using Strichartz estimates and (3.13), for all ¢ € [-T,T] and R, T small enough,
we have

lu" — @ poep2npape + ||0" = Ol Lo L2npipe
S llug — dollz2 + [[vg — Dol 2
+1Q1(a,0,0) — Qu(u",v"™, @) 1112 + [ Q2(a, 0, $) — Q2(u", v"™, @)l L1 L2
S lug = doll2 + [lvg — Tol| 2
+ R(||u" — @ pee p2npans + [[v" — | L 2npan=)-
For R < % small enough, we have

1 - 5 s -
5(””” — U o r2npanee + ||V" =0l peor2npare) < o — ug || 2@y + |90 — vy llz2(w)

Letting n — +o00 we obtain the desired result. O
3.2.2. From the system to the equation. Now, we finish the proof of Theorem 1.3.

Proof of Theorem 1.3. Let ¢ € X*(R) be such that ||0¢|/z> is small enough. Let
ug € ¢+ H'(R) be such that |lug — ¢/ g is small enough. Set vg = dug + 5|uo|*uo,
g = ug — ¢ and Vg = vy — %|¢|2¢. We have

= Ot + 3 (|U0 + 0 (@0 + ¢) — [¢|*¢) + 0.
Furthermore, i € Hl(]R), 9o € L*(R) satisfy:

ol z2r) + [1P0ll2®) S lToll 1wy + 109 L2,

which is small enough by the assumption. By Proposition 3.3, there exist T > 0
and a unique solution (@, ?) € C([-T,T], L*>(R))NL*([-T, T], L= (R)) of the system
(3.3). Let uf € H*(R) satisfy |Juff — ol g2 @) — 0 as n — +oo. Set

vy = Oug + §(Iu8 + ol (ug +¢) — o) + 9¢.
Let (u™,v") be the H2(R) solution of the system (3.3) obtained by Proposition 3.1
with data (uf,vy). By Proposition 3.2 we have
=ou" + 3 (|U + (" + ) = [¢]%9) + 0¢. (3.14)

Furthermore,

lug — tollL2r) + [lvg — DollL2w) — 0.
From the continuous dependence on the initial data obtained in Proposition 3.3,
(u™,v™), (@, ) are solutions of the system (3.3) on [T, T] for n large enough, and

lu™ — il oo L2npapee 4 |[v" = O||poop2apap~ — 0

as n — 0o. Letting n — oo on the two sides of (3.14), we obtain for all ¢t € [T, T)

v =0u (IU+¢| (@+¢) — |¢]°9) + 09, 3.15)

(
which makes sense in H~!(R). From (3.15) we see that 0a € C([-T,T], L*(R)) an
(3.15) makes sense in L?(R). Then @ € C([-T,T), H'(R)) N L*([-T, T],LOO(]R))
By the Sobolev embedding of H!(R) in L (R) we obtain that

1@+ (@+¢) — 813l rar~ < Malflleare~ + lal|¢]*] oo

<allpapee @l poe oo + il pspe @l poe < o0
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Hence, |@ + ¢|* (i@ + ¢) — [¢]?¢ € L*L>. From (3.15) we obtain that du € L*L>
which implies @ € L*([-T,T], W"*°(R)). Set u = u+¢, v = 0+ 5|¢|?¢, then u—¢ €
C([-T,T),H'(R)) N L*([-T, T), WH>=(R)) and v — %|¢|?¢ € C([-T,T], L*(R)) N
LA([-T,T], L>=(R)). Moreover,
v=0u+ %\u|2u
Since (u,v) solves (3.2), we have
1
Lu = —iuv + §|u|4u = —iu?ou.

The existence of a solution of the equation (1.1) follows. To prove the uniqueness
property, assume that U € C([-T,T),¢ + H'(R)) N L*([-T,T), ¢ + WH>(R)) is
another solution of the equation (1.1). Set V = 9U + %|U]*U and U="U-—
¢, V =V — i|¢[?p. Hence U € C([-T,T], H'(R)) N L*([-T,T],WH*(R)) and
V e C([-T,T), L*(R)) N L*([-T, T], L°(R)). Moreover, (U, V) is a solution of the
system (3.3). By the uniqueness of solutions of (3.3), we obtain that U = &. Hence,
u = U, which completes the proof. O

4. Conservation of the mass, the energy and the momentum. In this sec-
tion, we prove Theorem 1.4. Let gy € R and u € go + H%(R) be a solution of (1.1).
Let x and xr be the functions defined as in (1.5) and (1.7). We have

1 z\\2 , \? 1
el = ([ 7 (v (5)) )" = oIl » 0wk . (4)

Similarly, for each a € R, we have
e, rllz2@®) — 0as R — oo. (4.2)

By the continuous dependence on initial data property of solution, we can assume
that ug € go + H3(R), so that

u € C((Tnin, Taz); g0 + H (R)).

It is enough to prove conservation of generalized mass, conservation of energy (1.8)
and conservation of momentum (1.9) for any closed interval [Ty, T1] € (Thmin, Tmaz)-
Let Ty < 0, T1 > 0 be such that [Ty, T1] C (Timin, Tmaz)- Let M > 0 be defined by

M= sup |u—qolmsw)-
te[To,Th]

4.1. Conservation of mass. Multiplying both sides of (1.1) by @ and taking
imaginary part to obtain

Re(uit) + Im(9*ut) + Re(|u|?*udu) = 0.
This implies that
1. 1.
0= iat(|u| ) + O(Tm(Oum)) + 18(|u| )

1 1
= 5&(|U|2 — 43) + O(Tm(Ouw)) + Za(lul4 — 4)-
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By multiplying both sides by xgr, integrating on space, and integrating by part
we have

1 u 4 _ 4
0=00 [ 30~ @xnds— [ Tntouy— [ LB v
R R

R
1 _ 1
=0, [ Su - B)xndo— [ (T@uw) + 10ult ~ b)) Xpdo. (43)
R 2 R 4
Denote the second term of (4.3) by K, using (4.1), we have

—0as R — .

1 1
K] < |[Zm(@ui) + 4 (Jul* = go) |2 lIxR]l 2 < CM)

1
2

Thus, by integrating from 0 to ¢ and taking R to infinity we obtain

. 1 1
lim </ §(|u|2 — ¢3)xrdx —/ §(|u0|2 _ qg)xgdx> o (04
R R

R—o0

Similarly, for each a € R, we have

. 1 1
fim ([ G00P ~ @vande — [ (ol - @)xonds) =0 (@5)
R 2 R 2

R—o0

as R — oo. This implies that m™ (u(t)) and m~ (u(t)) are conserved in time. In
particular, if m™(ug) = m™(ug) = m(ug) then m™*(u(t)) = m~(u(t)) = m(u(t)) =
m(ug). This completes the proof of conservation of mass.

4.2. Conservation of energy. Now, we prove the conservation of the energy.
Since u solves (1.1), after elementary calculations, we have
O (|oul*) =0 (2Re(Oudyw) + Re(u?(01)?) — |Oul?|u)® — |u|4Im(ﬂ8u))
+ |u|*0Zm(@ou) + 2Tm(|u|*Owuy). (4.6)
Recall that we have
OTn(0uT) =~ L0u([uP?) — L0(Jul?). (4.7)
Furthermore,
OrIm(|u*udu) = 4Tm(us|u|?0) + OTm(|u|*ud;T).
Thus,
2Tm(|u|*u,0u) = % (0. Zm(|u|*udn) — OTm(|u|*udy)) . (4.8)
Combining (4.6), (4.7) and (4.8) we obtain
0:(|0u]?)

) (27&(3u8tu) + Re(u?(0)2) — [ul?10u)? — ul*Tm(dum) — ;Im(|u|2u8tu)>
1 2 1 8 1 6
+ §atzm(|u\ udu) — ga(w ) — Eat(|u| ).
Hence,
1 1
00 (10u? = Sn((uu— ai)om) + g (ul” - o))

= 0 (2Re(0udy) + Re(u2(01)%) — |u|?|0u)? — [ul*Tn(Dua)
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1 2 0 Lo g L3 YOV
_§Im(|u| udyu) — §(|u\ —q) | + 5(101’”8#9(” — qo).
Multiplying both sides by x r, integrating in space and integrating by part we obtain
1 1
o0 [ (100 = Fn((aPu — )0m) + (ul® ~ ) ) xndo
R
_ / X (2Re(0ud) + Re(u? (9)?) — ul2|0u|? — |ulTm(Oum)
R
1 1
—§Im(|u|2u8ﬂ) — §(|u|8 — qS)) dx

3 .
— %Ozmat/ (u — qo)Xr dz.
R

Integrating from O to ¢ we obtain
1 1
| (10u = Gl — o) + G ul* = ) xeda (1.9
1 1
- [ (19wl - 5En((u0Puo - )ow) + §(ual* ~ ) xrdo (210
R
t
_ /0 /]R o (2Re(0udym) + Re(u(@0)2) — [uf2|0ul® — Jul (D)
1 2 — 1 8 8
—§Im(\u| udyw) — §(|u| —qy) | dzds (4.11)
3 S — —
- %0 <Im/ (u— go)x dv *Im/ (w0 — q0)X dl‘) : (4.12)
R R

Denoting the term (4.11) by Ag, using (4.1), we have
[ Arl < IXRl 2 |12Re(0uds) + Re(w?(9u)?) — [ul?|Oul® — |u|*Zm(Ouw)
1 _
— 5 Tn(|ul*udm) — 2 (jul® = g5)l 2
SCOM)|IxXRIlLz: — 0 as R — oc. (4.13)

Moreover, using (4.1) again, we have

Im/ (u— QO)X/R dz
R

< lu = qollr2lIXzllz: S C(M)|IXglL2 — 0 as R — oo.
(4.14)

< luo = gollz2lIXrllz S C(M)|XRllL2 — 0 as R — co.
(4.15)

‘Im/ (uo — qo0)X'r dz
R

To deal with the term (4.9), we need to divide it into two terms. First, using
u € qo + H3*(R), as R — oo, we have

[ (1002 = Szmutu = ayom) ) xwas — [ (1002 = Ln((ulu— aiyon) ) a
(4.16)

Second, by easy calculations, we have

1 1
5 [l = axn— [ (uol® ) xnds
R R
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/R [(ul? = @) (ul* + g2lul? — 268) + 3qi(lul? — )] xr da

1

- E/R [(Juol® = g8) (Juol* + ggluol® — 245) + 345 (luol® — 48)] X dz

1 1
= 5 [0 = @7 (u + 28 )xrdo — § [ (ul? - B (Juol* + 26})xrdo (417
R R

4 4
q q
L% / (luf - @)xrdz — DO / (luol® — @)xr de. (4.18)
2 Jr 2 Jr

Denote the term (4.17) by Br, we have
B g [ (= @) (lul*+ aFluf —2q) da
— 5 [l = )l + abluol ~2a8) de as R 400 (419)
The term (4.18) converges to 0 as R — oo by (4.4). Finally, we have

. 1 1
i (5 [ (el = axnds = ¢ [ (uol® = xnds
1 1
— g [P = @2u + 2y o~ 5 [ o~ (uol? + 2o (020
Combining (4.20) and (4.16) we have

Rh—I;%o( the term (4.9) — the term (4.10))
= [ 1ouf = 5B~ ad)om do + 5 [ (P = i) (uf + 203) da
= [ 10ul? = 3o — a0 do — g [ (ol = (ol + 248 do (421
Combining (4.9)-(4.15), (4.21), we have
[ 10u? = SnuPu = 0w do + g [ (P = )7 (1uP + 248) do

1 1
= [ 10wl = 5Tn(luouo — o) do + 5 [ (ol = @) (wol? +268)do-
This implies (1.8).

4.3. Conservation of momentum. Now, we prove (1.9). Multiplying both sides
of (1.1) by —0u and taking real part we obtain

0 = —Re(iu 0t + 0*udu + iu?(0u)?)
= Im(u;0T) + Tm(u®(01)%) — %8(\8142). (4.22)
Moreover, by elementary calculation, we have
0y Im(udu) = 2Im(u,0u) + 0Zm(udyu).
Replacing Zm(u,0u) = 1 (8,Zm(udu) — 0Im(udyw)) in (4.22), we obtain that

0= (;@Im(uau) - ;azm(uatu)> + 2Re(udT) Im(udT) — %8(|8u\2)
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1 - 1 1 1
=0 | yZmtu0m) ~ 3(1ul* = )| +0 [ZaCluPuom ~ JiouP - S1uf - o
Multiply both sides by x g, integrating on space and integrating by part, we have

1 1
0= 315/ [2Im(u(9u) — Z(|u|4 - qé)] XRAX
R

1 1 |
= [ |zatiuPuom - J1ou? - 5l - o) Xdo
R i

1 1 1
— o [ |5Entuom - L(uP - @) - 30l - )] xrda
R

= [ Eniuuom) - Sjou? - G(tul® ~ )| X (4.23)
R J

Denoting the second term of (4.23) by Dg, we have

- 1 1
|Dr| < 1 Zn(|ul*wdu) = Sl0ul* = Z(jul® = g6) |22 Xl 22
SC(M)|xXRIlL: = 0 as R — oo. (4.24)

Integrating from 0 to ¢ the two sides of (4.23) and taking R to infinity, using (4.24)
and (4.4), we have

/R BIm(u@u) = i(\u|2 - q§)2] dr = /R [;Im(uoauo) - %(|U0|2 —q5)?| da.
(4.25)

We thus obtain the conservation of momentum, which completes the proof of The-
orem 1.4.

5. Stationary solutions. In this section, we give the proof of Theorem 1.7. To
convenience for readers, we first introduce a fundamental lemma which is a classical
version of the Cauchy-Lipschitz theorem:

Lemma 5.1. Let C;,Cy € R and f : R — R be a C' function. There exists a
unique real valued C? local solution of following equation

Ugy = f(u)7
u(0) = Cy, (5.1)
1 (0) = Cb.

Remark 5.2. Let C1,Cy € C and f be considered as C' function from R2 to
R2. By using Picard’s uniqueness and existence theorem for system equations, we
obtain the existence and uniqueness of complex valued solution for (5.1). However,
the Lemma 5.1 is sufficient for our analysis in this paper.

Now, we give the proof of Theorem 1.7. We use the similar of variable changing
as in [14, Proof of Proposition 1.1].

Proof of Theorem 1.7. Let ¢ be a nonconstant solution of (1.10) such that m =
inﬂfx |¢(z)] > 0. From (1.10), we have ¢ € X3(R). Using the assumptions on ¢ we
TE

can write ¢ as
¢(x) = R(z)e"™
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where R > 0 and R, 0 € C?(R) are real-valued functions. We have
¢z =€ (R, + 10, R),
buw = € (Ryy + 2iR,0, + iRO,, — RO2).
Hence, since ¢ satisfies (1.10) we obtain
0 = (Ryz — ROZ + R%0,) +i(2R.0, + RO, + R*R,,).

This is equivalent to

0= R,, — RO> + R*0,, (5.2)

0=2R,0, + RO, + R’R,. (5.3)

The equation (5.3) is equivalent to
1
0=0, (B?em + 4R4> :

Hence there exists B € R such that

1
B = R%), + 1R‘*. (5.4)
This implies
B R?
SR (5:5)

Substituting the above equality in (5.2) we obtain

B R\’ /B R
o=r-r( -7 ) +# (7 5)

B? 5R° 3BR
B T2
We prove that the set V = {x € R: R, (z) # 0} is dense in R. Indeed, assume there
exists x € R\ V. Thus, there exists ¢ such that B(x,e) € R\ V. It implies that for
all y € B(z,¢), we have R, (y) = 0so R = Cy on B(z, ) for some constants Cy. Let
xo € B(z,¢e) then R(xzg) = Cy and R, (z¢) = 0. By Lemma 5.1, R = Cy. By (5.5),
6, is constant. Thus, ¢(z) is of form Ce'®*, for some constants C,a € R. If a = 0,
¢ is a constant and if a # 0 ¢ is not in X!(R), which contradicts the assumption
of ¢. From (5.6), we have

= Ry — (5.6)

B? 5R° 3BR
0=Re (e~ 5 + %5
d |1 _, B2 5 ¢ 3B ,
{2Rz o o T
Hence there exists a € R such that
1 5 B? 5 RS 4 ﬁ

a=-R2 4+ — —

27" 2R? 96 4

= - _ =

R

This is equivalent to

5 3B
0=R2R*+B? - —R®+ —R"— 2aR?
48 2
1 2 2 2 5 8 3B 4 2
== J2+ B - — “—R' - 2aR*.
4[(R)] + 48R + 2R aR
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Set k = R2. We have
%

Lo 2 94 2
0 41%—1— 48k + 5 k ak (5.7)
Differentiating the two sides of (5.7) we have
kew 5 4

On the other hand, since k, = 2R, R # 0 for a.e x in R, we obtain the following
equation for a.e x in R, hence, by continuity of &, it is true for all z in R:

Koo 5 4

Now, using Lemma 5.3 we have k —2v/B € H3(R). Combining with (5.8) we obtain
a= %. Set h =k — 2v/B. Then from (5.8) h € H3(R) solves

0 = hyy — 2h% — 5v/Bh2 — 4Bh,
{ 6 VB (5.9)

h> —2vB,
Since h € H3(R), there exists xo € R such that h,(z¢) = 0. Indeed, if h, does not

change sign on R then |h(—oc0)| > 0 or |h(cc)| > 0. This contradicts to h € H3(R).
Multiplying both sides of (5.9) by h, we obtain

“ Loy - a2V By s 2
0= 50(2) = 20 () = 2= 0,(1) — 2B, (1)
Since h € H3(R) we have h(oo) = h,(00) = 0 and hence,
1 9 5.4 5VB 4 9
= = — —_— 2Bh*. 1
2(/1:5) 24h +—3 h® +2Bh (5.10)

Using hy(20) = 0, since (5.10), we have h(zg) = 0 or h(zg) = 2(—5+ v/10)VB. If
h(zg) = 0 then by using Lemma 5.1, we have h = 0, this is a contradiction. Since
h > —2v/B, we obtain h(zg) = %(75+m)\/§. Define v(z) = h(x +x0). We have

0=1v4y — %1)3 — 5V Bv? — 4Bw,
0(0) = 4(=5 + VIO)VB, (5.11)
v,(0) = 0.

Using Lemma 5.1, there exists a unique solution v of (5.11). Moreover, we can
check that the following function is a solution of (5.11):

—1
v(z) = .
\/ 725 cosh(2v/Bzx) + 12%
Hence,
-1
h(z) =

\/ 725 cosh(2v/B(z — x0)) + 125’/5

This implies

k=2VB+h=2VB+ -1 .
,/72% cosh(2\/E(x —x0)) + 12\5/5
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Furthermore, using 6, = % — %, there exists 6y € R such that

=00 [ (2=

Now, assume that ¢ is a solution of (1.10) such that ¢(co) = 0. We prove ¢ = 0 on
R. Multiplying both sides of (1.10) by ¢ then taking the imaginary part we obtain

— 1
0 Im(ds¢) + 131(|¢\4) =0
On the other hand, ¢(c0) = ¢,.(0c0) = 0 then on R we have
Tn(6,9) + lol* =0. (512)

If there exists yo such that ¢.(yo) = 0 then from (5.12) we have ¢(yo) = 0. By
the uniqueness of Cauchy problem we obtain ¢ = 0 on R. Otherwise, ¢, does not
vanish on R. From now on, we will consider this case. Multiplying both sides of
(1.10) by ¢, then taking the real part, we have

0 = Re(brnor) — Tn(¢°s")
_1d, . o o 5
= 3 [0]? = 2Re(66,)Tn(662)

_ li 2 2 1 4
d (1, ., 1 .
dx<2¢m| —E|¢| )

1
|¢z|2 - 6|¢|6 =0.

Hence, since ¢, is non vanishing, ¢ is also non vanishing on R. We can write
¢ = pe'® for p >0, p,# € C*(R). Similar to (5.2) we have

This implies that

0= —p02 + puz + p0,. (5.13)
Replacing ¢ = pe’? in (5.12) we have
1
0= p%0, + ~p*.
e+ 70
Then 6, = 5! p?, replacing this equality in (5.13) we obtain
)
0= xx T T, 5~
Paz = 16P

Multiplying both sides of the above equality by p, we obtain

5 d (1 5
0= paaps — ~=p°p <2p§ - 9606> :

167 " dx
Hence,
5
_ 2 6
0=p; 187

Moreover, ¢ is non vanishing on R then p > 0 and then p, is not change sign on R.
If p, > 0 then since p(c0) = 0 we have p < 0 on R, a contradiction. Hence, p, <0
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and p, = — f—gp?’ . From this we easily check that
1
p(0)2 4 /5/122’

which implies the contradiction, for the right hand side is not a continuous function
on R. This completes the proof. O

pP(z) =

Lemma 5.3. Let B > 0 be the constant given as the above. The following is true:
k—2VB e L*R), ke X3(R).

Proof. Using ¢ € L>®(R) we obtain k € L*(R). On the other hand, since ¢ €
X3(R), we have qu € L2( ), ¢z € L*(R) and it easy to see that

|¢a|® = =& + k62 € L* (R)
2 2
|¢aca:|2 = ka:om Tx + ‘2\/» \/> 2 74]6?/; Ll(R)
This implies
;f (R) and VK, € L*(R)
kp0, k2

Using v/im < k < [[k]1s, 0, = 4852 € L°°( ), ky = 2RR, € L°°( indeed ¢, ]? =
|R,|? + |RO,|? € L=(R)) we have

k, € L? and 0, € L?,
0,0 € L? and k,, € L°.

By using 6, = 4B-** ¢ L%(R), we have 4B — k2 € L2(R). Thus, B > 0 and
2V B — k € L*(R). If B =0 then k € L?(R), hence, R € L?(R). Which contradicts
to the assumption m > 0. Thus, B > 0. It remains to prove that k... € L*(R).

Indeed, from ¢,,, € L?(R) we have

k 2
2vk

where M, N are functions of 0,0, 0,4, k, ks, kz.. We can easily check that M, N €
L?(R). Hence, from (5.14) and the facts that 6, € H}(R), k € X?(R), k bounded
from below we obtain 6,4, kzze € L2(R). This implies the desired results. O

‘¢wcx|2 = |93:x;x\/E+ M‘Q + S Ll(R) (514)

From now on, we will denote ¢p is the stationary solution of (1.10) given by
Theorem 1.7 with 65 = 0. We have

¢ =e"Vk, (5.15)

k(z) = 2VB + - : (5.16)
\/ 755 cosh(2v/Bz) + 12?/?

O(x) =— /:O % - @ dy. (5.17)

We have the following asymptotic properties for ¢ at oco.
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Proposition 5.4. Let B > 0 and ¢ be kink solution of (1.1). Then for x > 0, we

have
lop — \/2VB| < e~ VB2,

As consequence ¢p converges to \/2v/ B as = tends to oo and there exists limit of
¢p as x tends to —oo.

Proof. Since (5.16) we have
lk —2v/B| < e 2VBr,

Hence, for all x € R we have

|05 (x) = \V2VB| S [ VE(2) — k(@) + [VE(z) - \/2VB] (5.18)

S El|Zw | — 1] 4 ¢~ VBe (5.19)

Moreover, for z > 0, we have
, *|B k
i6(x) _ < < RS
le 1|\|9(x)|\/m ’k 4’dm

</:WBJE VB &k

- - — — — —| dx
5/ ‘k—?\/ﬁ‘ dmﬁ/ 6_2\/§wdx§e_2\/§””.

k 2 2 4

Combining with (5.19) we obtain

6p(z) — \/2VB| S e VP2,

As consequence ¢p converges to /2v/B as x tends to co. Since (5.16), we have

1.2
\k —2VB| € LY(R) and k > <2 +1\F> VB. Thus, Z — & — 4B-1% ¢ [1(R),

Hence since (5.17) we have

o= [ (555"

Hence,
e B k
lim ¢p(z) =exp <—z/ < - (y)) dy) 2V/B.
z——00 oo (y) 4
This completes the proof. O
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