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ON THE CAUCHY PROBLEM FOR A DERIVATIVE NONLINEAR
SCHRODINGER EQUATION WITH NONVANISHING BOUNDARY
CONDITIONS

PHAN VAN TIN

ABSTRACT. In this paper we consider the Schrédinger equation with nonlinear derivative term.
Our goal is to initiate the study of this equation with non vanishing boundary conditions. We
obtain the local well posedness for the Cauchy problem on Zhidkov spaces X’“(R) and in ¢ +
H¥*(R). Moreover, we prove the existence of conservation laws by using localizing functions.
Finally, we give explicit formulas for stationary solutions on Zhidkov spaces.
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1. INTRODUCTION

We are interested in the Cauchy problem for the following derivative nonlinear Schédinger
equation with nonvanishing boundary conditions:

{i@tu + 0%u = —iu?0u,

o(0) — (1.1)

where u : Ry x R, — C, 0 = 0, denotes derivative in space and 0; denotes derivative in time.
Our attention was drawn to this equation by the work of Hayashi and Ozawa [9] concerning the

more general nonlinear Schrédinger equation
{i@tu + 0%u = i\ul?0u + ipu2du + f(u),

u(0) = up. (12)
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When A =0, u = —1, f =0, then (1.2) reduces to (1.1). This type of equation is usually refered
to as derivative nonlinear Schrodinger equations. It may appear in various areas of physics, e.g. in
Plasma Physics for the propagation of Alfvén waves [12, 13].

Under Dirichlet boundary conditions in space, the Cauchy problem for (1.1) has been solved in
[9]: local well-posedness holds in H!(R), i.e. for any uy € H'(R) there exists a unique solution
u € C(I, HY(R)) of (1.1) on a maximal interval of time I. Moreover, we have continuous dependence
with respect to the initial data, blow-up at the ends of the time interval of existence [ if I is bounded
and conservation of energy, mass and momentum.

The main difficulty is the appearance of the derivative term —iu?%;. We cannot use the classical
contraction method for this type of nonlinear Schrédinger equations. In [9] Hayashi and Ozawa use
the Gauge transform to establish the equivalence of the local well-posedness between the equation
(1.2) and a system of equations without derivative terms. By studying the Cauchy problem for
this system, they obtain the associated results for (1.2). In [8], Hayashi and Ozawa construct a
sequence of solutions of approximated equations and prove that this sequence is converging to a
solution of (1.2), obtaining this way the local well-posedness of (1.2). The approximation method
has also been used by Tsutsumi and Fukuda in [14, 15]. The difference between [8] and [14, 15] lies
in the way of constructing the approximate equation. In [8], the authors use approximation on the
non-linear term, whereas in [14, 15] the authors use approximation on the linear operator.

To our knowledge, the Cauchy problem for (1.1) has not been studied under non-zero boundary
conditions, and our goal in this paper is to initiate this study. Note that non-zero boundary condi-
tions on the whole space are much rarely considered in the literature around nonlinear dispersive
equations than Dirichlet boundary conditions. In the case of the nonlinear Schréodinger equation
with power-type nonlinearity, we refer to the works of Gérard [6, 7] for local well-posedness in the
energy space and to the works of Gallo [4] and Zhidkov [16] for local well-posedness in Zhidkov
spaces (see Section 2.1 for the definition of Zhidkov spaces) and Gallo [5] for local well-posedness in
ug + H'(R). In this paper, using the method of Hayashi and Ozawa as in [9] on the Zhidkov-space
XF(R), (k > 4) and in the space ¢ + H*(R) (k = 1,2) for ¢ in a Zhidkov space, we obtain the
existence, uniqueness and continuous dependence on the initial data of solutions of (1.1) in these
spaces. Using the transform

;

v=0u-+ §|u|2u, (1.3)
we see that if u is a solution of (1.1) then (u,v) is a solution of a system of two equations without
derivative terms. It is easy to obtain the local wellposedness of this system on Zhidkov spaces.
The main difficulty is how to obtain a solution of (1.1) from a solution of the system. Actually,
we must prove that the relation (1.3) is conserved in time. The main difference in our setting with

the setting in [10] is that we work on Zhidkov spaces instead of the space of localized functions
H(R). Our first main result is the following.

Theorem 1.1. Let ug € X*(R). Then there ezists a unique mazimal solution of (1.1) u €
C((=Trmin, T™%*), X*(R)) N C*((=Tpin, T™), X2(R)). Moreover, u satisfies the two following
properties.

e Blow-up alternative. If T™* (resp. Tpin)< 400 then

li t = .
. 7Tm)”“( Mixa = o0

o Continuity with respect to the initial data. If u € X*(R) is such that ul} — ug in X*(R)
then for any subinterval [Ty, T] C (—Tmin, T™") the associated solutions of equation (1.1)
(u™) wverify

Jim [Ju” — | Lo (11y,1),x9) = 0-

To obtain the local wellposedness on ¢ + H*(R) for ¢ in Zhidkov spaces X'(R), we need to use
the following transform

i
v=0u+ ju(lul® - [¢*) + ¢. (1.4)
We see that if u is a solution of (1.1) then (u,v) is a solution of a system of two equations without
the derivative terms. For technical reasons, we will need some regularity on ¢ and we take [ = 4.

With a solution of the system in hand, we want to obtain a solution of (1.1). In practice, we need
to prove that the relation (1.4) is conserved in time. Our main second result is the following.
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Theorem 1.2. Let ¢ € X*(R) and ug € ¢+ H?(R). Then the problem (1.1) has a unique mazimal
solution u € C((=Tynin, T™®), g+ H2(R)) which is differentiable as a function of C((—Tyin, T™), ¢+
L?(R)) and such that uy € C((—Tpmin, T™), L?(R)).

Moreover u satisfies the two following properties.
(1) If T™* (resp. Tpmin)< oo then

i t) — = 00.
vy i (l®) = Ol m) = o0

(2) If (up) C ¢ + H2(R) is such that ||uf — ugllgz — 0 as n — oo then for all [T}, Ty] C
(=Tonin, T™) the associated solutions (u™) of (1.1) satisfy

i [u” =l e 7y 7)), 12 = 0.

In the less regular space ¢ + H'(R), we obtain the local well posedness under a smallness
condition on the initial data. Our third main result is the following.

Theorem 1.3. Let ¢ € X*(R) such that ||0¢| = is small enough, ug € ¢ + H'(R) such that
luo — ¢l g1 (r) is small enough. There exist T > 0 and a unique solution u of (1.1) such that

u—¢ e C([-T,T], H*(R)) N L*([-T,T], W > (R)).

In the proof of Theorem 1.3, the main difference with the case ¢+ H?(R) is that we use Strichartz
estimates to prove the contractivity of a map on L ([T, 7], L3(R)) N L*([~T,T], L>=(R)). In the
case of a general nonlinear term (as in (1.2)), our method is not working. The main reason is
that we do not have a proper transform to give a system without derivative terms. Moreover, our
method is not working if the initial data lies on X!(R). The main reason is that when we study
the system of equations, we would have to study it on L*°(R), but we know that the Schrédinger
group is not bounded from L*(R) to L°°(R). Thus, the local wellposedness on less regular space
is a difficult problem for nonlinear derivative Schrédinger equations.

To prove the conservation laws of (1.1), we need to use a localizing function, which is necessary
for integrals to be well defined. Indeed, to obtain the conservation of the energy, using (1.1), at
least formally, we have

Or(|0ul2) = 0,(F(u)) + 04 (G(u)),
for functions F' and G which will be defined later. The important thing is that when w is not in
H'(R), there are some terms in G(u) which do not belong to L!(R), hence, it is impossible to
integrate the two sides as in the usual case. However, we can use a localizing function to deal with
this problem. Similarly, we use the localizing function to prove the conservation of the mass and
the momentum. The localizing function y is defined as follows

x € CY(R), suppx C [~2,2], and y =lon[-1,1]. (1.5)
For all R > 0, we define
x
xa(@) = x (5)- (1.6)
Our fourth main result is the following.

Theorem 1.4. Let gy € R be a constant, ug € qo + H*(R) be such that |uol® — ¢ € L*(R) and
u € C((=Tmin, T™), qo+ H?(R)) be the associated solution of (1.1) given by Theorem 1.2. Then,
we have

M(u) = lim IR(Iu\2 — q3)Xr dx = M(uo), (L.7)

E(u) = / |Ou|? dx + 1Im/(|u|26—qg)(?)udgc
R 2 Jr

1
+ g [P = a0l + 2lao) do = E(uo), (18

2
for allt € (—Thmin, Tmaz)-

Remark 1.5. (i) When ¢y = 0, we recover the classical conservation of mass, energy and
momentum as usually defined.

Plu) = 1Int/R(u ~ q0)0Tdz — /R Ll = |go2)2 de = Plug) - (1.9)
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(ii) Using the assumption |ug|? — ¢2 € L'(R), we obtain

M) = Jim [ (ol = @xrds = [ (ol - ) da.
R—oo Jp R
Moreover, the existence of the limit B}im Je(|ul* —q3)x r dx does not imply that |u|* —qf €
— 00

L'(R). It means that the property |u|? — ¢2 € L'(R) is not conserved in time.

In the classical Schrédinger equation, there are special solutions which are called standing waves.
There are many works on standing waves (see e.g [11], [2] and the references therein). In [16],
Zhidkov shows that there are two types of bounded solitary waves possessing limits as z — +oo.
These are monotone solutions and solutions which have precisely one extreme point. They are
called kinks and soliton-like solutions, respectively. In [16], Zhidkov studied the stability of kinks
of classical Schrédinger equations. In [1], the authors have studied the stability of kinks in the
energy space. To our knowledges, all these solitary waves are in Zhidkov spaces i.e the Zhidkov
space is largest space we know to find special solutions. We want to investigate stationary solutions
of (1.1) in Zhidkov spaces. Our fifth main result is the following.

Theorem 1.6. Let ¢ be a stationary solution of (1.1) (see Definition 5.1). Assume that ¢ is not
a constant function and satisfies

inf |¢(z)] :=m >0

Then ¢ is of the form e\/k where

-1 */ B k
k(z) =2VB + 7 9:90—/ (k—(f)>dy,
\/ 755 cosh(2v/Bx) + 12?/§ x )
for some constants 6y € R, B > 0. Moreover, if ¢ is a stationary solution of (1.1) such that
@(00) =0 then ¢ =0 on R.

Remark 1.7. We have classified stationary solutions of (1.1) for the functions which are vanishing
at infinity, and for the functions which are not vanishing on R. One question still unanswered is
the class of stationary solutions of (1.1) vanishing at a point in R.

This paper is organized as follows. In Section 2, we give the proof of local well posedness of
solution of (1.1) on Zhidkov spaces. In Section 3, we prove the local well posedness on ¢ + H?(R)
and ¢ + HY(R), for ¢ € X*(R) a given function. In Section 4, we give the proof of conservation
laws when the initial data is in go + H?(R), for a given constant ¢y € R. Finally, in Section 5, we
have some results on stationary solutions of (1.1) on Zhidkov spaces.

Notation. In this paper, we will use in the following the notation L for the linear part of the
Schridinger equation, that is

L =id, + 0°.
Moreover, C' denotes various positive constants and C(R) denotes constants depending on R.
Acknowledgement. The author wishes to thank Prof.Stefan Le Coz for his guidance and encour-
agement.

2. LOCAL EXISTENCE IN ZHIDKOV SPACES
In this section, we give the proof of Theorem 1.1.

2.1. Preliminaries on Zhidkov spaces. Before presenting our main results, we give some pre-
liminaries. We start by recalling the definition of Zhidkov spaces, which were introduced by Peter
Zhidkov in his pioneering works on Schrodinger equations with non-zero boundary conditions (see
[16] and the references therein).

Definition 2.1. Let k € N, k > 1. The Zhidkov space X*(R) is defined by
XFR) = {u e L®(R) : 0u € H*1(R)}.

It is a Banach space when endowed with the norm

k
Fllxs = 1-lzes + Y [10% |2
a=1
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It was proved by Gallo [4, Theorem 3.1 and Theorem 3.2] that the Schrédinger operator defines
a group on Zhidkov spaces. More precisely, we have the following result.

Proposition 2.2. Let k > 1 and up € X*(R). Fort € R and x € R, the quantity

e/ 412 lim e(ifg)zrzuo(x + 2Vtz)dz if t >0,
e—=0 Jr
S(thuo(x) :==q o (2.1)
A2 lim [ eI g (x4 2v/—t2)dz if t < 0.
e—=0 Jp
is well-defined and S defines a strongly continuous group on X*(R). For all ug € X*(R) andt € R
we have
1S ()uollxr < CR)(L + [t/ *)[uo x*-

The generator of the group (S(t))|ier on X*(R) is i0? and its domain is X**t2(R).
Remark 2.3. Since, for all ¢ € X*(R), we have ¢ + H¥(R) C X*(R), the uniqueness of solution in

X*(R) implies the uniqueness of solution in ¢ + H*(R), and the existence of solution in ¢ + H*(R)
implies the existence of solution in X*(R).

2.2. From the equation to the system. The equation (1.1) contains a spatial derivative of
u in the nonlinear part, which makes it difficult to work with. In the following proposition, we
indicate how to eliminate the derivative in the nonlinearity by introducing an auxiliary function
and converting the equation into a system.

Proposition 2.4. Let k > 2. Given u € X*(R), we define v by
v=20u+ %|u\2u (2.2)

Hence, v € X*¥~1(R). Furthermore, if u satisfies the equation (1.1), then the couple (u,v) verifies
the system

Lu = Py (u,v), (2.3)
Lv = Py(u,v), '
where Py and Py are given by
1
Py (u,v) = —iu’T + §\u|4u,
(2.4)

3
Py(u,v) = iwv® + §|u\4v + u?|ul?T.
Proof. Let u be a solution of (1.1) and v be defined by (2.2). Then we have
) 1
Lu = —iu*01 = —iu? <v+ ;(|u|2u) = —iu?T + §|u\4u,

which gives us the first equation in (2.3).
On the other hand, since L and d commute and u solves (1.1), we have
Lv = 0(Lu) + %L(m%) = 9(—iu20m) + %L(\u|2u) = —i(u?0%T + 2u|0ul?) + %L(|u|2u). (2.5)
Using
L(w) = L(u)v + uL(v) + 20udv, L(u) = —Lu + 207, (2.6)
we have
L(|u|?v) = L(u*T) = L(u?)a + u*L(7) + 20(u?)0u
= (2L(w)u + 2(8u)?))  + u*(—Lu + 20°0) + 4u|u|”
= 2L(u)|u|? + 26(0u)* + 2u*0*T — v’ Lu + 4u|Oul®. (2.7)

We now recall that w verifies (1.1) to obtain

) 1
%L(|u|2u) = w20fuf? + i(0u)? + 0 + SOulul’ + 2iuldul’. (2.8)
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Subsituting in (2.5), we get
Lv = —i(u?0%*T + 2u|0u|?) + v?Ou|ul® + iu(0u)? + iu?0*u + 8u|u\4 + 2iu|dul?,
1
= u?0ulu|? + iu(ou)? + §8u|u|4.

Observe here that the second order derivatives of u have vanished and only first order derivatives
remain. Therefore, using the expression of v given in (2.2) to subsitute du, we obtain by direct
calculations

3
Lv = im? + §|u\4v + u?|ul?7,
which gives us the second equation in (2.3). O

2.3. Resolution of the system. We now establish the local well-posedness of the system (2.3)
in Zhidkov spaces.

Proposition 2.5. Let k > 3, and (ug,vo) € XF(R) x X*(R). There exist Tyin, T™* > 0 and
a unique mazimal solutwn (u,v) of system (2.3) such that (u,v) € C((=Trmin, T™*), X*(R)) N
CY((=Tmin, T™*), X¥=2(R)). Furthermore the following properties are satisfied.

e Blow-up alternative. If T™% (resp. Tynin)< oo then

li t t :) = 00.
e (u®llxs + o)) = 00

o Continuity with respect to the initial data. If (u2,v}) € X* x X* is such that
llug — wollxx + [[vg — vollxx — 0
then for any subinterval [T, Ta] C (—Tin, T") the associated solution (u™,v™) of (2.3)
satisfies

Jim ([u” =l my xn) + 107 = 0llee 7y 2, 5x0)) = 0.

Proof. Consider the operator A : D(A) € X¥~2(R) — X*~2(R) defined by A = i9? with domain
D(A) = X¥(R). From Proposition 2.2 we know that the operator A is the generator of the
Schrédinger group S(¢) on X*~2(R). From classical arguments (see [3, Lemma 4.1.1 and Corollary
4.1.8]) the couple (u,v) € C((— mm,T’”‘”) XE(R)) N CH(=Tomin, TT™*), X*~2(R)) solves (2.3) if
and only if the couple (u,v) € C((=Tinin, Tm““),X’“(]R)) solves

{(u,v) =S(t zfo (t — s)P(u,v)(s)ds,

u(0) =g € X"”‘(R), (0) = vo € X*(R), (2.9)

where S(t)(u,v) := (S(t)u, S(t)v), P(u,v) = (Pi(u,v), Pa(u,v)) and P, and P» are defined in (2.4).
Consider P as a map from X*(R) x X*(R) into X*(R) x X*¥(R). Since P, and P, are polynomial
in % and v, the map P is Lipchitz continuous on bounded sets of X*(R) x X*(R). The result then
follows from standard arguments (see [3, Theorem 4.3.4 and Theorem 4.3.7]). O

2.4. Preservation of the differential identity. The following proposition establishes the link
from (2.3) to (1.1) by showing preservation along the time evolution of the differential identity

)

Vo = 8u0 + §|UO|2’U,0.
Proposition 2.6. Let ug, vy € X3(R) be such that
7

vg = Oug + *UoonlQ.

2

Then the associated solution (u,v) € C((=Tpmin, T™), X3(R) x X3(R)) obtained in Proposition
2.5 satisfies for all t € (mem,Tm‘”) the differential identity

v=0u+ %|u|2u
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Proof. Given (u,v) € C((=Tpmin, T™), X3(R) x X3(R)) the solution of (2.3) obtained in Propo-
sition 2.5, we define

w=0u+ %|u|2u
Our goal will be to show that w = v. We first have
1
Lu = —iu’T + §|u|4u
1
= —iu*(T — W) — iv’w + §\u|4u
= —iu? (v — W) — iu?0u.

Applying L to w and using (2.7) and the expression previously obtained for Lu, we get
Lw = (Lu) + %L(|u|2u)

— O(Lu) + 5 (2Lulul?® + 26(0u)* + 20%0%T — w*Tu + duloul?)

— O(—iu?(T — W) — u0T) + % (2(—iu28ﬂ)|u\2 + 20(0)? — u(—iu?da) + 2u?d*T + 4u|8u|2)

+ % [2(—iu2(5 — o))l — w(—iu? (@ — w))}
1
= <—i6(u2(v —)) + v u* (T — W) + §|u|4(v - w))
1
+ (—i&(u28u) + w2 0t|u)? + iu(ou)? + 5|u|48u + u?0%u + 2iu|8u|2)

=: Il + IQ.

As in the proof of Proposition 2.4, we obtain
I = imw?® + g|u|4w + |ul*u*®w
Furthermore
1
I = 0(—iu? (0 — w)) + u?|u*(v — W) + §|u|4(v —w)
1
= —iu?9(T — W) — 2iudu(v — W) + u*|u*(v — W) + §|u|4(v —w).

It follows that

Lw—Lv=1I + (I — Lv) (2.10)
= I+ iT(w — v)(w + v) + g|u|4(w — o) + [uf2uR(@ — ) (2.11)
= (w—v)A; + (W —0) Ay — iu?0(T — W), (2.12)

where A; and As are polynomials of degree at most 4 in u, Ou, v, dv and their complex conjugates.

Hence,

-
2

where K is a polynomial of degree at most 6 in u, v, w, du, dv, Ow and their complex conjugates.

Remembering that L = id; + 02, and taking imaginary part in the two sides of (2.13) we obtain

(Lw — L) (@ — ) = |w — v|? Ay + (W —7)*As — iu (2.13)

%(’Mw—v\2+Im(8((8w—8v)(w—U))) =Im(K). (2.14)
Let x : R — R be a cut-off function such that
x € CY(R), supp(x) C[-2,2], x=1lon(-1,1), 0<x <1, [x (@) < x(x)for allz € R.
For each n € N, define
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Multiplying the two sides of (2.14) with x,, and integrating in space we obtain

30w =0V e + [ (0 (0w —00)@ =0 xde = [ In(K)vude. (219

For the right hand side, we have

o((v —)?)

/Im(K)Xndx :Im/ lw — v|> Ay xpdx +Im/(ﬁ—@)2A2Xndx—Im/iu2 Xndz,
R R R R

and therefore

[z

We now fix some arbitrary interval [—T1, T3] such that 0 € [T, T3] C (—Timin, T7**) in which we
will be working from now on, and we set

1
<l = )Xl (1Arlle= + [[A2]l <) + 5 ’/RUQG((U—w)Q)XndJU :

R = [ull Lo 1y 120, x3) + [[0)l Loe (177,720, x2) -

From the fact that A; and Ay are polynomials in u, du, v, dv of degree at most 4, for all t € [T}, Ty]
we have

[A1l[ze + [[A2]l~ < C(R).
It follows that

/RIm(K)Xndx

By definition of xy we have
10(u?)xn| < C(R)Xn,

<l = VIR + 5| [ @02 @, + orin)|

1
|w?Oxn| < |~ X

Hence,
[t < = ovtiem + 0 [ @ op
<O<R>H<w—v>mniz+c(f [ 10 wlvRds
cmlw-ovmalt + U [ o= ulyida

C(R)|(w — v}/l + 20\(/? (w0 — v) Xl z2- (2.16)

In addition, we have

/]R Tn(8 (0w — ) (T — 7)) xn)d Tn(((Ow — O0)(T — 7))\, )da

R
1,z
/Rl'm ((5w—8v)(w—v)nx (n)) dx
1
</1R|8w—8v\|w—v|5\/ﬂdx
< 10w — dul e l(w — v}yl
B )l 2.17)
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From (2.15), (2.16), (2.17) we obtain that

Bull(w — v)v/Tal% < CR(w — v)yXnll2e + f}?uw o)l (2.18)
<C@lw - oyl + S (2.19)

where we have used the Cauchy inequality |z| < W‘TH Define the function g : [-T3,T»] by

9= ll(w —v)yxall7-

Then by definition of w we have g(t = 0) = 0. Furthermore, from (2.19) we have

C(R)
< —_—
0ig < C(R)g + NG
By Gronwall inequality for all ¢ € [Ty, Ts] we have
C(R) C(R)
< < . .
g < NG exp(C(R)(T> +Th)) < NG (2.20)

Assume by contradiction that there exist ¢ and = such that

w(t, x) # v(t, z).
By continuity of v and w, there exists € > 0 such that (for n > |z|) we have
9(t) = l[(w = v)yxallz2 > .
Since € > 0 is independant of n, we obtain a contradiction with (2.20) when n is large enough.
Therefore for all ¢t and xz, we have
v(t,x) = w(t, x),
which concludes the proof. O

2.5. From the system to the equation. With Proposition 2.6 in hand, we give the proof of
Theorem 1.1.

Proof of Theorem 1.1. We start by defining vy by
v = Sug + %|u0|2u0 € X3(R).

From Proposition 2.5 there exists a unique maximal solution (u,v) € C((—=Tpmin, T™*), X3(R) x
X3(R)) N CH(=Tomin, T™%), X1 (R) x X1(R)) of the system (2.3) associated with (ug,vo). From
Proposition 2.6, for all t € (—Tynin, T™**) we have
v=0u+ %|u\2u (2.21)
It follows that )
Lu = —iu’T + §\u|4u = —iu?0m,

and therefore w is a solution of (1.1) on (=Tpmin, T™%"). Furthermore

u € C((~Tnin, T™*), X*(R)) N CH((~Tinin, T™7), X (R)).
To obtain the desired regularity on u, we observe that, since v has the same regularity as u, and
verifies (2.21), we have

ou=uv— f|u|2u € C((=Tmin, T™), X3(R)) N CH ((=Tpnin, T™*), X1 (R))

This implies that

u € C((=Tmin, T™*"), X4( )N c! (=Tomin, T™*), XZ(R))~

This proves the existence part of the result. Uniqueness is a direct consequence from Proposition
2.4 and Proposition 2.5.
To prove the blow-up alternative, assume that 7** < co. Then from Proposition 2.5 we have
i ((lu()lxs @) + 0@ xs ) = o0

—Tmax
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On the other hand, from the differential identity (2.21) we obtain
lim ([lu(t)|[x2®) + [[0u(t)l|x2®) = oo

t—Tmaz
It follows that

li = 0.
i JJu(t) o) = o0

Finally, we establish the continuity with respect to the initial data. Take a subinterval [T7,T5] C
(=Tomin, T™%), and a sequence (u}) € X*(R) such that uf} — ug in X*. Let u,, be the solution of
(1.1) associated with u{ and define v,, by

v = Ouy + %|un|2un (2.22)
By Proposition 2.5 the couple (u,,v,) is the unique maximal solution of system (2.3) in
C((=Tpin, T™), X3(R) x X3(R)) N C (= Tpin, T™), X (R) x X (R)).
Moreover, we have

S (= ull oo gy ), x9) + [on = 0]l oo (1, 1), x3)) =0 (2.23)

Since v and v, verify the differential identity (2.22), we have

O(up —u) = (v, —v) — % (Jun[Pun — |u?u) .

Therefore we have

ngffooﬂun — || oo (1, 1), x4) = 0,

which completes the proof. 0
3. RESULTS ON THE SPACE ¢ + H*(R) FoR ¢ € X*(R)
In this section, we give the proof of Theorem 1.2 and Theorem 1.3. For k > 1, let ¢ € X*(R).
3.1. The local well posedness on ¢ + H%(R).

3.1.1. From the equation to the system.

Proposition 3.1. If u is a solution of (1.1) then for v defined by
]
v=dut sullul? = 67) + 0. (31)
the couple (u,v) verifies the system

(3.2)

Lu = Ql(uav7¢)7
Lv = QQ(U,U,¢),

where Q1 and Q2 are given by
Qi(,0,0) = —it (7~ 3) + Lulul(ul’ — |6f),
Q2(u,v, ) = 0%¢ + w?|ul*(@ — @) + iu (v — ¢)* —i(v — p)u(|ul® — |¢]*))

b Sl — 6) — 3o l62(—8) — 209 u — 010w — 6) — Sullul® ~|of).
(3.3)
The functions Q1(u,v,¢) and Qz(u, v, ¢) are polynomials of degree at most 5 in u,v, $, dp, 0 ¢.
Set it = u— ¢, 0 =v— ¢. The functions u,v are solutions of the system (3.2) if and only if the
functions 6,0 are solutions of the following system
{Lu C?l(u, 0, 0), (3.4)
Ly = QQ(ﬂa ﬁ? (b)v

where
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Proof. Since u is a solution of (1.1) we have
) — — 1
Du=—inlgm =~ (74 Jallul = 10) =5 ) = (@ =)+ gulu?(Juf - loF),

which gives us the first equation in (3.2). On the other hand, applying L to v, we obtain

Lu=0(L) + 3 L(Jul*u) — £ L(6fu) + L(6) (3.5)
= O(—iu*ou) + %L(ﬁa) - %L(|¢|2u) + 0% (3.6)
= —2iulou|* — iw?0*u + 0%¢ + %L(uQE) - %L(|¢|2u). (3.7)

As in the proof of Proposition 2.4, we use (2.6) to get

L(l¢[u) = L(u)|¢|* + L(|¢[*)u + 20(|¢[*)0u
= |9 (—iu?0u) + 0% (|9[*)u + 20ud(|6]).
Recall from (2.8) in the proof of Proposition (1.1) that

1
%L(|u|2u) = w0fuf? + i(0u)? + 0T + S dulul’ + 2iuldul’.

Combining the previous identities, we obtain
Lv = —2iu|8u\2 — 0% + 0%p + u28u\u|2 + i1 (Ou)?
+ u?0%u + 8u|u\4 + 2iu|dul? — ( 2| g|? + 0%(|6*)u 4 20ud(|¢|?))
= 0%¢ + v 0u|u|* + iu(du)? + 5\u|4au - 5u23a|¢|2 - %82(|¢|2)u —i0(|¢|?)ou

Using the differential identity (3.1), we get

. . 2
Lo =00+ luf? (5= G+ Ju(ul? =16 ) + i1 (0= 6 - Julluf - o))

1 ) 1 = i 7
#glult (0= 0= GuluP = 10P)) = gellof (v -3+ Fu(uP ~ oP) ) - 5%(ou

—i0(1oP) (v - o~ Julul - 16P))
(a2<z>+u2|u| (@—3) + i@ ((v— 6 — ifw— dulluf’ — |6P))

1 1 — 1 1
+ 3l = 6) = 302l0P (@ - ) - 5 (0P)u — D(I9)w - 6) — jullul - o))

+ (;u|u|4<|u|2 —161%) = Zulul(uf* = [6)? = Zulul*(lul? - 4]

i
- PR (ul = o) ).
Observing that

%HIUI“(IUI2 [61*) — *UIU\ (Jul* = 1¢*)* - *U\UI Hul* — 19*) — UIUI (o (lul® — [6*) =0

we obtain the second equation in (3.2). O

3.1.2. Resolution of the system. From similar arguments to the one used for the proof of Proposition
2.5, we may obtain the following local well-posedness result.

Proposition 3.2. Let k > 1, ¢ € X 2, 44,09 € Hk(R). There exist Tyyin, T > 0 and a
unique mazimal solution (1, 77) of the system (3.4) such that 1,9 € C((=Tmin, T™), H*(R)) N
CY((=Tpmin, T™®), H*=2(R)). Furthermore the following properties are satisfied.
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e Blow-up alternative. If T™% (resp. Tpuin )< +00 then

lim i o = o0,
t—T™me= (resp. Tmin)(” HHk + ” ”Hk)

e Continuity with respect to the initial data. If a3, 73 € H*(R) are such that
lag — toll g+ + (196" — Dollmr — 0

then for any subinterval [T, Ta] C (—Tmin, T") the associated solution (4", 0") of (3.4)
satisfies
i (1@" = @ll oo qry m, sty + 10" = Ol oo i 151, 01)) = 0.

n—-+oo

3.1.3. Preservation of a differential identity. Given well-posedness of the system (3.2), we need to
show preservation of the differential identity to go back to (1.1). This is the object of the following
proposition.

Proposition 3.3. Let ¢ € X*(R) and i, 99 € H*(R) such that the condition

Bo = Do + £ (0 + 8) (o + 9 ~ 0[%) + 9 (3.10)

is verified. Then the associated solutions @, v obtained in Proposition 3.2 also satisfy (3.10) for all
t € (—Tonin, TT).

Proof. We define

w=8a+%(a+¢)(ld+¢l2— 16]%) + 0¢. (3.11)

Set u=u4+ ¢, v=04 ¢, w=w~+ ¢. We have
)
w=out Jullul ~ 6P) + 6
Since @, is a solution of (3.4), we haveu, v is a solution of (3.2).
— 1
Lu = —iv*(T —w) — iv*(W — @) + §u|u|2(|u|2 19|?) = —iv?*(v —w) + H,

where we have defined
P 1
H = —in(@ ~ 3) + gulul*((uf? ~ |6,

Applying L to w and using (2.7) and the previously expression obtained for Lu, we get

Lo = 0(Lu) + LL(uPw) — £ L(10) + L(9)

8(Lu) L (2L(u)|u|2 +2u(0u)? + 2u?0%T — u2L(u) + 4u|8u|2>

2
|¢|2L )+ ud?(|¢]*) + 20ud(|¢|*))
X w ) + 0H

|
va\w

(

) (-
+ (2H\u|2 2iu’|ul? (0 — W) + 2u(0u)? + 2u*0%*u — u? (1w (v — w) + H) + 4u|oul?)
(-

l\D\s DN | .

w?( —w)|¢* + [P H + ud?(|¢]*) + 20ud(|¢]*))
= 0 (P —W)) + (T - ) + 5|u\4(v —w) - %u% _ W)+ K,

where K depends on u, w and ¢ but not on v and is given by

1 1
K = 0%¢ + v?*0ulul* + iu(ou)* + §|u|48u - §u28ﬂ\¢|2 —i0(|¢*)ou
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Using the differential identity (3.11) to replace du, we obtain for K the following

. . 2
K=ot alul (w54 guul ~ P)) + i1 (10— 0= Sullul® = 6% )

#glul® (10— 0= Julal = 16P)) = gullol? (0= 5+ Jullul® = 02 ) = 50%(6)u
—i0(10P) (1w - o~ Julul - o))

= 5%+ w2 (@~ B) + i ((w — ¢)2 — i(w — u(ful® — [o]?))

¥ gl (w = 6) ~ LIoP I~ 8) ~ (16 — 00w — 0) — sullul’ ~ o).

As a consequence, we arrive for L(w) — L(v) at the following expression:

Lw — Lv = —id (u*(0 — 0)) + v*|ul*(v — W) + %|u\4(v —w) — %u2(ﬁ — W)+ (K — L(v))

= —iu?d( — W) + A(v — w) + B(v — w),
where A, B are polynomials in u, v, ¢, d¢, 0%¢. It implies that
L(w — 9) = —i(i+ ¢)?0(0 — 0) + At — ) + B(0 — ). (3.12)

Multiplying two sides of (3.12) by w — ¥, taking the imaginary part, and integrating over space
with integration by part for the first term of right hand side of (3.12), we obtain

d, . i i -
1@ =0l% S (@ + @llne + [0 + 98]l = + [[All o + || Bll o) [& = 9][7z.

By Gronwall’s inequality we obtain
@ — 022 < [0(0) — 5(0) 2 x exp(C / (it 6llo + 19 + 96l + [ Allz~ + Bz ds).
Using the fact that w(0) = ©(0), we obtain w = o, for all ¢. It implies that
5= 00+ i+ o)+ o — o) + 00,
This complete the proof of Proposition 3.3. O

3.1.4. From the system to the equation. With local well-posedness of the system and preservation
of the differential identity in hand, we may now go back to the original equation and finish the
proof of Theorem 1.2.

Proof of Theorem 1.2. Let ¢ € X*(R). We define vg € X' (R), @9 € H*(R) and 99 € H'(R) in the
following way:

) - -
vo = Jug + 5’“0(|U0|2 — o)+ ¢, do=uo—¢, andd=uvo— .
We have .
0 = Do + 5 (iio + 9) ([iio + 9" — [9[?) + 9.

From Proposition 3.2 there exists a unique maximal solution @,7 € C((—=Tmin, T™), H(R)) N
CH((=Tomin, T™*®), H-Y(R)) of (3.4). Let uy € H3(R) be such that

lag — ol m2ry — 0O
as n — oo. Define 0§ € H?(R) by
~n ~n i ~n ~n
vy = Oug + 5(“0 + ¢)(lag + o> — |¢]*) + 9¢.
From Proposition 3.2, there exists a unique solution maximal solution.

", 9" € C((=T0 i, T o), HXR) N CH (=T i T ), LA(R))

min’ - mazx min’ - max
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of the system (3.4). Let [—T1,T%] C (—Tmin, T™**) be any closed interval. From [3, proposition
4.3.7], for n > Ny large enough, we have [-T1,T2] C (=T, Tvs)- By Proposition 3.3, for
n>= Ng, t e [—T17T2], we have

~n i ~n ~n
= 0" + S (@ + O) (7" + ¢ — [4]°) + 0.
By Pproposition 3.2, we have

lim — sup ([[a"(t) —a(t)||m @) + 10" = 0() |2 ®)) = 0.
n—-4oo t€[T1 T2]

Letting n — +00, we obtain that for all ¢ € [-T3, T3], and then for all ¢t € (—T}ip, T™*):

b= 0t + (u + )i+ o> — |6*) + 9.

It follows that
0t € C((~Tinin, T™*), H'(R)) N C* (= Tonin, T™%), H ' (R)).
Hence we have
i € C((=Tmin, T™*), H*(R)) N C* (= Trnin, T™*7), L*(R))
Define u € ¢ + C((=Tpmin, T™), ¢ + H2(R)) N CY((=Tonin, T™), L*(R)) by
U= ¢+ u.
and define v € ¢ + C((=Tpin, T™), ¢ + H (R)) N C* ((=Tin, T™**), H1(R)) by

v=046=0ut sullul — 6P) + ¢

Since @, ¥ are solution of system (3.4), u,v are solutions of the system (3.2). Therefore,

Lu=Q1(u,v) = Q1 <u,8u + %u(|u\2 — 6% + ¢> — _i20m

This establishes the existence of a solution to (1.1). To prove uniqueness, assume that U €
¢ + C((=Tmin, T™*), H?(R)) N CM((=Tmin, T™**), L*(R)) is another solution of (1.1). Set V =
OU+LU(|U)?—|¢|*)+¢, and U=U-¢,V =V—¢. Weseethat U,V € C((=Tnin, T™*), H'(R))N
CY((=Tomin, T™*®), H-Y(R)) are solutions of the system (3.4). From the uniqueness statement in
Proposition 3.2 we obtain U = @. Hence, v = U, which proves uniqueness. The blow-up alternative
and continuity with respect to the initial data are proved using similar arguments as in the proof
of Theorem 1.1. This completes the proof of Theorem 1.2. O

3.2. The local well posedness on ¢+ H*(R). In this section, we give the proof of Theorem 1.3,
using the method of Hayashi and Ozawa [10]. As in Section 3.1.1, we work with the system (3.4).

3.2.1. Resolution of the system. Since we are working in the less regular space ¢ + H(R), we
cannot use Proposition 3.2. Instead, we establish the following result using Strichartz estimate.

Proposition 3.4. Consider the system (3.4). Let ¢ € X%(R), @, 70 € L*(R). There exists R > 0
such that if ||Go||r2 + ||Uol|z < R then there exists T > 0 and a unique solution 4,0 of the system
(3.4) verifiying
@, € O([-T,T], L*) N L*([~T, T], L>).

Moreover, we have the following continuous dependence on initial data property: If (ug,vy) €
L3(R) x L*(R) is a sequence such that |u}||2 + [[03]l2 < R and ||af — uol|2 + |0 — voll2 — O then
the associated solutions (a™,0") such that

||ﬂn — INL||LxL20L4Lm + ||’l7n — f}||L°°L2ﬂL4L°° — O,
where T is the time of existence of 4, 0 and we have used the following notation:

L1712 = L(-T,T), I3(R)),  L'L® = LX([-T,T], L(R))

and the norm on L®L?> N L*L>™ is defined, as usual for the intersection of two Banach spaces, as
the sum of the norms on each space.
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Proof. Let Q1,Q, as in system (3.4). By direct calculations, we have

Qr(,0,6) = ~i(i+ 65 + 3 @+ 9)|(a + H)((@ + ) — |of) — 0%, (313)
Qa2(@,7,¢) = (+ ¢)%|a + ¢°T +i(@+ ¢) ((9)” — iv(a+ ¢)(|a+ ¢|* — "))
b gl o' — (@ + B8P — Lo (a+ 6) — 0o

= 5@t o)la+oP — o). (3.14)

Consider the following problem
(@,9) = S(t)(i0, 70) —i [ S(t —$)Q(7, ,¢) ds (3.15)
where Q = (Q1,Q3). Let

(a1, ) = S(t) (T, Do) fi/o S(t —5)Qds.

Assume that |G| r2(r) + [|Tol|r2®) < & for R > 0 small enough. For T' > 0 we define the space

Xr.r by
Xr.r = {(4,0) € C([-T,T), L*(R)) N L*([-T,T], L™ (R)) : |@||pr2nrire~ + 0] z=r2nrir~ < R}.

We are going to prove that for R, T small enough the map @ is a contraction from X7 g to X7 g.
We first prove that for R,T small enough, ® maps Xr r into Xp r. Let (4,9) € Xprg. By
Strichartz estimates we have

o, U0)| L2 x 2 + |Qll L1 e xLr,

—~

@@, )l Lo L2nrare= S |

<

| =

+ (1Q1llpi 2 + [|Q2l L1 22)-

We have

1Qullzaze S Ml + 20l e + i + SP(al + [allg) iz + 1026 ] 1112
S Vll ozl + @l1Z o + 118+ Gl s o (1l papoo lll o z2 + 8] o 2 6]l 2o 1e) + 020 1112
S oll oo 2 2T) % (i oo + [ @llor~)?
(e + 18l zsn0)® (Nl o |3l s + Nl p[6ll~ 7)) + 061112

S @T)ER(R+ 6]~ @T))? + (R + 6l = T))? (B2 + Rlgll~ (2T1)) + (2T)[0%6 r2ny

<R
~ 4 )
for T, R small enough. Since Q, contains polynomial of order at most 5, we also have
~ R
1@z S 5

for T, R small enough. Therefore, for T, R small enough, we have
L 3R
(@, 0) (Lo r2nrare=)z < 7 < R.
Hence, ® maps from Xrp p into itself.
We now show that for 7', R small enough, the map @ is a contraction from Xt g to itself.
Indeed, let (u1,v1), (u2,v2) € Xp . By Strichartz estimates we have

t
(a1, 00) = Bz, ) on = [ | S0 2) (Qun. 1) = Q2

) s 7
(Lo L2NLAL>)?

S Q1 (ur, v1) — Q1 (uz, va)||ire + [|Q2(ur,v1) — Q2(uz, v2)||p1re.

Using the same kind of arguments as before we obtain that @ is a contraction on X7 r. There-
fore, using the Banach fixed-point theorem, there exist T > 0 and a unique solution @,0 €
C([-T,T],L?R) N LY([-T,T],L**(R)) of the problem (3.15). As above, we see that if h,k €
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C([-T,T), L*R) N L*([-T, T], L>(R)) then Q1 (h, k), Q2(h, k) € L' ([-T,T), L*(R)). By [3, Propo-
sition 4.1.9], @,v € C([-T,T)], L?R) N L*([-T, T}, L°>*(R)) solves (3.15) if only if @, 7 solves (3.4).
Thus, we prove the existence of solution of (3.4). The uniqueness of solution of (3.4) is obtained
by the uniqueness of solution of (3.15).

It is remains to prove the continuous dependence on initial data. Assume that (uf,v}) €
L?(R) x L?(R) is such that

lug — ol L2 (m) + [lvg — Pollz2®) — 0,
as n — oo. In particular, for n large enough, we have
lug L2y + llvoll Lz < R

There exists a unique maximal solution (u™,v™) of system (3.4), and we may assume that for n
large enough, (u™,v™) is defined on [—T,T]. Assume that T small enough such that

||’ELHL°°L2QL4L°° + ||6||L°°L2F1L4L°° + sup(||u”||LooLsz4Loo + ||v7’LHL°°L2ﬁL4L°°) < 2R (316)
n

The functions (@, 0) are solutions of the following system

(6,5) = S(t)(dip, 7o) — i / S(t — $)(Q1 (5. 6), Qa(@ 5, 6)).

Similarly, (u™,v™) are solutions of the following system
t

(unyvn) = S(t)(u(?’vg) - Z/ S(t - S)(Ql(un7vna¢)7Q2(unvvn7¢))'

0
Hence,

(u" —u,v"™ —v)

t
= S(t)(ug - ﬂOa Ug - 60) - 7’/ S(t - S)(Ql(aa /Z}a ¢) - Ql(una Unv ¢)a QQ(ﬂv 6a ¢) - QQ(una Un7 ¢))
0
Using Strichartz estimates and (3.16), for all ¢t € [-T,T] and R, T small enough, we have
[u" — @l|LesL2npapes + |0" — Ol e p2Anares
S llug — ol 2 + [lvg — oll >

+[1Q(@,5,¢) — Qu(u", 0", @)l 112 + [|Q2(@, D, 6) — Q2(u”, 0", 9))| 112
S llug — ol L2 + [lvg — oll >
+ R(||u” — fLHLooLGL4Lao + an — 1~)||LaoLsz4Loo).

For R < 3 small enough, we have

1 . - - -
5(”“” — @ g r2nrere + V" = Ol L r2nrares) < ||do — u8||L2(R) + [|To — USHLZ‘(R)-
Letting n — 400 we obtain the desired result. O

By similar arguments we obtain the following result in higher regularity.

Proposition 3.5. Consider the system (3.4). Let ¢ € X*(R) and io,09 € H?*(R) such that
|tio || 2wy + |00l r2r)y < R small enough. Then, there exist T = T(R) and a unique solution
a,0 € C([-T,T), H*(R)) N LA([-T,T], W*>=(R)).

3.2.2. Preservation of a differential identity. By Proposition 3.3 the solutions obtained by Propo-
sition 3.5 satisfy the following property.

Proposition 3.6. Let ¢ € X*(R), 19,79 € H?(R) such that
- . (s -
B0 = Do + 5 (10 + &) ([0 + I — |¢[%) + 09
Then the associated solutions 4,V of (3.4) satisfy the following condition for all t € [T, T)

5= 04 g(a +6)(|i+ 62— |¢]?) + 90
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3.2.3. From the system to the equation. In this section, we prove Theorem 1.3 by getting back to
the equation.

Proof of Theorem 1.3. Let ¢ € X*(R) such that ||0¢]| Lz is small enough. Let ug € ¢ + H(R)
be such that [Jug — @| 1 small enough. Set vy = dug + suo(Juol®> — |9[?) + ¢, o = uo — ¢ and
U9 = vg — ¢. We have

- T _

To = o + 5 (@0 + ¢) (| + ¢I” — |¢*) + 9¢.
Furthermore, @iy € H'(R), 9 € L?(R). We have

ol 2wy + 1Doll L2ry < lltollrry + 1109l 2,
which is small enough by the assumption. By Proposition 3.4, there exists 7" > 0 and a unique
solution @, v € C([-T,T], L*(R)) N L*([-T,T), L) of the system (3.4). Let u} € H3(R) be such
that |lug || gsr) small enough and [jug — || g1 (r) — 0 as n — +oo. Set
)

5 (g + 0)(lug + ¢ = [6*) + 09.

n __ n
UO—8UO+

We have

a6 |2 ) + |00l 2 r) < ol 3wy + [108] a2,
which is small enough by the assumption. Let (u",v™) be the H?(R) solution of the system (3.4)
obtained by Proposition 3.5 with data (uf,v{y). By Proposition 3.6 we have

V" :8u"+%(u"+¢))(|u"+¢\2 — [¢]?) + 0¢. (3.17)

Furthermore, we have

lug — tollL2r) + [lvg — DollL2®) — 0.
From the continuous dependence on the initial data obtained in Proposition 3.4, (u™,v™), (4, 0) are
solutions of the system (3.4) on [T, T] for n large enough, and

||'Ltn — ﬂ||L°°L20L4L°° + ||’Un — 1~}||LooL2mL4Loo —0
as n — 0o. Let n — oo on the two sides of (3.17), we obtain for all ¢t € [T, T]
(@+9)(la+¢” — [6*) + 99, (3.18)

18) we see that 0t € C([-T,T],L*(R)) and (3.18) makes
LR)) N LA*([-T,T), L>). By the Sobolev embedding of

— du+

s3]

v
2
which make sense in H~1(R). From (3.
sense in L2(R). Then @ € C([-T,T],
H'(R) in L*°(R) we obtain that
1+ @)(Ji+ 612 — 162 I ore S i+ Bllalal + 18l S N3l oz~ (Nl =z + 6l r)?

SNl pape (fall o o + @]l e poe)® < oo
Hence, (@ + ¢)(|@ + ¢|? — |¢[?) € L*L>*. From (3.18) we obtain that da € L*L* which im-
plies @ € LA([=T,T),W-®(R)). Set u = @+ ¢, v = o + ¢, then u — ¢ € C([=T,T], H(R)) N
LY([-T,T),WH>(R)) and v — ¢ € C([-T,T], L*>(R)) N L*([-T, T}, L>*(R)). Moreover,

T
v=0ut Lulul ~16P) + 6.

Since u, v solve (3.2), we have
Lu = Q1(u,v,¢) = Q1 <U7 Oou + %u(|u|2 —6*) + ¢, qﬁ) = —iu?0u.

The existence of a solution of the equation (1.1) follows. To prove the uniqueness property, assume
that U € C([-T,T),¢ + H(R)) N L*([-T,T), ¢ + W1>°(R)) is an other solution of the equation
(1.1). Set V = U+ iU(JU]?~|¢>) +pand U = U—¢, V = V—¢. Hence U € C([-T,T], H'(R))N
LA([~T,T],W">*(R)) and V € C([-T, T}, L>(R))NL*([~T, T], L°(R)). Moreover, U, V is solution
of the system (3.4). By the uniqueness of solutions of (3.4), we obtain that U = 4. Hence, u =U,
which complete the proof. O
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Remark 3.7. In [6], Gérard gives the proof of local well posedness of solutions of the Gross-Pitaevskii
in energy space, using some properties of the energy space. More precisely, he proved that there
exists a unique maximal solution u € C((—Tin, T™*),E) of the problem

u(t) = uo—z/ S(t — s)(u(s)(Ju(s)|* — 1)) ds, (3.19)

where S(t) is the Schrodinger group, ug € £ is given and & is the energy space which is defined by
€ :={ue HL,(R): du e L*R),|ul? —1 € L*(R)}.

The proof of Gérard is in dimension 2 and 3. We can give a simple proof of this result in one
dimension. Indeed, we see that ug € £ C Xl( ), then, it is easy to prove that there exists a unique
maximal solution u € C((—Tin, T™**), X1 (R)). Set

w(t,z) = u(t, ) — up(x).

Consider the following problem

w(t) = —i/o S(t — 8)((uo +w(s))(Jup + w(s)|* — 1)) ds. (3.20)

We can check that the function P : H*(R) — H(R) defined by
P(w) = (uo +w)(|uo + w|* — 1),

is Lipschitz continuous on bounded set of H!(R). Thus, by elementary arguments, there exists
unique maximal solution w € C((—=Tymin, T™), H*(R)) of the Cauchy problem (3.20). It implies
that there exists a unique maximal solution u € C((—=Tinin, T™),ug + H'(R)) of the Cauchy
problem (3.19). Using the fact that

uo + H'(R) C £ ¢ X*(R),
we obtain that there exists a unique maximal solution v € C((—Tin, T™**),E) of the Cauchy
problem (3.19).
4. CONSERVATION OF THE MASS, THE ENERGY AND THE MOMENTUM

In this section, we prove Theorem 1.4. Let ¢o € R and u € g + H%(R) be a solution of (1.1).
Let x and xr be the functions defined as in (1.5) and (1.6). We have

1
1 AN 1
0 2(R) = — ’(—) = — 2m) — 0as R — . 4.1
loxelze = [ ¢ (5)) = gridio +oo (4.1)
By the continuous depend on initial data property of solution, we can assume that

u e C(( mzanmaz) qo + Hg(R))

It is enough to prove (1.7), (1.8) and (1.9) for any closed interval [—To,T1] € (—=Tmin, Tmaz). Let
To > 0, T1 > 0 be such that [Ty, T1] C (—Tmin, Tmaz)- Let M > 0 be defined by

M= sup |u—qollp2w)-
te[—To,T1]

4.1. Counservation of mass. Multiply the two sides of (1.1) with % and take imaginary part to
obtain

Re(ut) + Im(0%ut) + Re(|u|?*udm) = 0.
This implies that
1 ) RS D
0= 0(|uf*) + O(Tm(0um)) + L O(ul*)

Ou(uf? — a8) + O(Tm(oum)) + O(lul* — af).
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By multiplying the two sides with yg, integrating on space, and integrating by part we have

0=0, [ L(ul? = @xnde — [ Tn(oum)oyn - (= ad)y g 4.2
=0 | (lul” = a)xrdz m(Ouw)OX r 1 Xrdx (4.2)
R R R

1 1
= 8t/ §(|u|2 — q3)xrdr — / <Im(8uu) + Z(|u|4 — qé‘)) Oxrdx. (4.3)
R R
Denote the second term of (4.3) by K, using (4.1), we have
1 1
K| < [Zn(0um) + 5 (ul* - a8) 1219l 2 S COL) - 05 B oc.

Thus, by integrating from 0 to ¢ and taking R to infinity, using the assumption |ug|?> — ¢2 € L'(R)
we obtain

. 1 . 1 1
lim 5(\u|2 - qg)XRdIC = lim / f(\uo\z - qS)XRdx = - /(|uo|2 - qg) dx. (4.4)

R—oo Jp

Thus, we obtain the conservation of the mass (1.7).

4.2. Conservation of energy. Now, we prove the conservation of the energy. Since u solves
(1.1), after elementary calculations, we have

9 (|oul?) = 0 (2Re(Oudyu) + Re(u?(0w)?) — [0ul?|ul® — |u[*Tm(udw)) + |u|*0Zm(wOu) + 2Tm(|u|*Ouu,).

(4.5)
Recall that we have
— 1 2 1 4
OIm(Ouw) = —5@(|u| ) — 18(|u| ). (4.6)
Moreover, we have
Oy Im(|u|*udu) = 4Tm(us|u|?0w) + OTm(|u|*ud,a).
It follows that
2Tm(|u|*u,0) = % (0 Zm(|ul*u0m) — OTm(|u|*udym)) . (4.7)

From (4.5), (4.6) and (4.7) we have

B,(|oul?) = 0 (27&(8u8tu) + Re(u(07)2) — |uf?|0uf? — |ul*Tm(duz) — ;Im(|u|2u8tu)>
+ Lo Tn(juPudm) — La(juf®) - Lau(ul)
2 rLm | U 8 6 t .

Hence,

1 1
00 (10ul? = Sn((juu— )om) + 1ul® - ) )

1 1 1
=0 (27&(6u8tu) + Re(u?(01)?) — |u|*|0ul?® — |u|*Tm(Ouw) — §Im(|u\2u8ﬂ) - g(\u|8 - qg)) + iqumata(u —qo)-

By multiplying the two sides with y g then integrating in space and integrating by part we obtain
1 . 1
o0 [ (10u = Jn((fuu — )om) + §(ul = ) xr o
R
1 1
= —/ OXRr (27?3(8118,:11) + Re(u?(01)?) — |ul?|0u|?® — |u|*Tm(Oum) — 51m(\u|2u8tﬂ) — §(|u|8 — q§)> dx
R

3
— q—OImat/ (u— qo)Oxrdz.
2 R
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Integrating from 0 to ¢ we obtain

[ (1002 = S~ airom + S0l - a8)) xeda (18
- [ (190l = 5En((u0lu0 — )0m) + G0l = 8)) e o (19

= /0 /]RaXR (27?e(8u8m) + Re(uQ(aﬂ)Q) _ |u|2|8u|2 _ |U|4Im(auﬂ)

—%Im(|u|2u8tﬂ) - %(|u|8 - qS)) dx ds (4.10)
3
- %0 (Im/ (u— qo)Oxrdx fIm/ (uo — qo)OXR d:c) . (4.11)
R R

Denoting the term (4.10) by A, using (4.1), we have

|A| < ||OxR| 12]|2Re(Oudsa) + Re(u?(0w)?) — |ul?|0ul® — |u|*Tm(Oum) (4.12)
1 1

— 5 Tn(lul*udm) — 2 (jul® = g) 2 (4.13)

S C(M)|OxgllLz — 0 as R — oo. (4.14)

Moreover, using (4.1) again, we have

Im/ (u—qo)Oxrdz| < ||lu—qollr2lOxrlz: S C(M)||OxrllLz — 0 as R — oo. (4.15)
R

‘Im/ (uo — qo)Oxr dx
R

< lwo = @ollz2|OxRllLz: S C(M)||OxR| L2 — 0 as R — oo. (4.16)

To deal with the term (4.8), we need to divide into two terms. First, using u € qo + H*(R), as
R — o0, we have

[ (10u = St = adyom) ) xws > [ (10wl = Gl - adyom) ) d. (417

Second, by easy calculations, we have

5 Ll = by da s
= 5 [ TP = a@)(hul* + aifuol = 2a8) + 308 (P = a3)] xla

- %/R('“‘Q_q§)2(|“|2+293)>md:v (4.19)
3 [0 = dnde w20)

Denote the term (4.19) by B, we have

1
B — & /(|u|2 — qg)(|u|4 + q§|u0\2 — 2q§) dx as R — +o0. (4.21)
R

The term (4.20) is treated using conservation of mass (4.4). Finally, we have

1-1 6 6 d—l 2 _ o2y2(1ul? + 202) d @1' 2 2 d

im (lul” = go)xrdr = = | ([ul]” = q5) (Jul” + 2¢5) do + = lim [ (Juo|” — q5) xR da-.
6 R 6 R 2 R—oo R

R—00
(4.22)
Combining (4.22), (4.17) we have



ON THE CAUCHY PROBLEM FOR DERIVATIVE NLS 21

1 1
lim ( the term (4.8)) = / Ouf? = S Tn(jul*u — ¢3)0m) dv + 6/(|u|2 —q3)*(Jul* + 245) dz
R R

R—o00

1.
+ = lim [ (Juo|® — ¢2)xr dx. (4.23)
R—oo Jp

Similarly,

R—o0

. 1 - 1
lim ( the term (4.9)) = / |Oug|? — §Im(|uo|2uo - qg)auo) dx + G /(|u0\2 — q§)2(|uo|2 + 2q§) dx
R R

1.
Jri lim /(\u0|2—q8)XRd:c. (4.24)
R—oo Jp

Combined (4.8)-(4.16), (4.23) and (4.24), we have

1 1
[ 1ou = SEn(ulu = aomydo -+ [ (= @ (ul? + 268) do
R R

1 1
~ [ 10uoP = 5Zn(uolun — ai)oms) do + 5 [ (ol = )2 (uol? + 268) de
R R
=0
This implies (1.8).

4.3. Conservation of momentum. Now, we prove (1.9). Multiplying the two sides of (1.1) with
—0u and taking real part we obtain

0 = —Re(ius 01 + *udu + iu(0u)?)
— Tin(ud) + Im(u?(9)%) — %8(|8u|2). (4.25)

Moreover, by elementary calculation, we have
O Im(udu) = 2Im(u0u) + 0Im(udiu).
Replacing Zm(u,0u) = 1 (9,Zm(udu) — 0Zm(udyw)) in (4.25), we obtain that
1 1 _ 1 2
0= iﬁtIm(uﬁu) - 581m(u8tu) + 2Re(udnw) Im(udu) — 56(|8u| )
=0 1I 8*—1 R 0 |7 28*—1(‘3 2_ Loy g8
= 00 | 5Tn(udm) — 3 (jul' — )|+ |TnuPudm) — ZJoul — <(ul® — o)
Multiply two sides by xr and integral on space, using integral by part, we have
1 1 1 1
0= 8t/ [2Im(uaﬂ) - 1(|u\4 - qé)} Xrdx — / [Im(|u|2u8u) - §|8u|2 - 6(|u|6 - qg)} Oxrdx
R R

1 1 1 1 1
— o0, [ |5700m) = {0? =~ @ = JaB1uP - )| xndo ~ [ [ZuPuom) - Glou - §(ul - ) xra
R R
(4.26)

Denoting the second term of (4.26) by D, we have

1 1
DI < 1 Zn([uf*udm) = 5 10ul® = 2(jul® = g0)ll20xrlL2 S C(M)|[OxRllL2 = 0 as R — oo.
(4.27)

Integrating from 0 to ¢ the two sides of (4.26) and taking R to infinity, using (4.27), we have
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1 1 2
/ [Im(u%) - (juf? - qS)Q] de — L m [ (Ju? - @)xrde (4.28)
1 1 2
= / {QIm(uoauo) - Z(|Uo|2 - qg)z] dzx — %0 lim /(|U0|2 - Q(Q))XR dx. (4.29)
R R—o0 R

Combined (4.29) and (4.4), we obtain the conservation of momentum (1.9). which completes
the proof of Theorem 1.4.

5. STATIONARY SOLUTIONS

In this section, we give the proof of Theorem 1.6. We start by the following definition of
stationary solutions of (1.1).

Definition 5.1. The stationary solutions of (1.1) are functions ¢ € X?(R) satisfying
Gaz + 1070, = 0. (5.1)
Proof of Theorem 1.6. Let ¢ be a non constant solution of (5.1) such that m = in&|¢(m)| > 0.
fas

From (5.1), we have ¢ € X3(R). Using the assumptions on ¢ we can write ¢ as
¢(x) = R(z)e’ ™
where R > 0 and R, € C?(R) are real-valued functions. We have
¢z = e’ (Ry + 02 R),
Gza = € (Rya + 2i Ry + iRy, — RO2).
Hence, since ¢ satisfies (5.1) we obtain
0= (R, — RO2 + R*0,) +i(2R,0, + RO, + R*R,).

It is equivalent to

0= R,, — RO> + R0, (5.2)

0=2R,0, + RO, + R*R,. (5.3)

The equation (5.3) is equivalent to
1
0=0, <R20x + 434) :

Hence there exists B € R such that

1
B = R%), + ZR4. (5.4)
This implies
B R?

Substituting the above equality in (5.2) we obtain

B R\’ (B R?
o= r(Z- Y e (5o 2)

B s 3pR
R3 16 2
We prove that the set V = {z € R: R,(z) # 0} is dense in R. Indeed, assume there exists x € R\ V.
Thus, there exists € such that B(z,e) € R\ V. It implies that for all y € B(z,¢), we have R, (y) = 0.

Hence, R is a constant function on B(z,e). By uniqueness of C? solution of (5.6), we have R is
constant function on R. By (5.5), 6, is constant. Thus, ¢(z) is of form Ce?*? for some constants

= Ryw — (5.6)
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C,K € R. If k = 0 it is a constant and if k # 0 it is not in X! (R), which contradicts the assumption
of ¢. From (5.6), we have

B?> 5R® 3BR
0=R; | Rpo — — — — +—
( 16 2 )
d [1 o B? 5 6 3B 5
‘UmL$+ﬂ#_%R+4R
Hence there exists a € R such that

1 B? 5 3B
=-R2+ — — —R°+ —R2
C=ote T om ot Ty
It is equivalent to
5 3B
0=R2R’+B?>—- —R%+ —R'—2aR?
it 8 T @
1 2 2 2 5 8 3B 4 2
== P+ B2 - = “ZR*— 2aR2.
4KR)] + 48R + 5 R aR
Set k = R%. We have
1 5 3B
0= Ekﬁ +B?— @k‘l + 71& — 2ak. (5.7)
Differentiating the two sides of (5.7) we have
k 5
=ky | =22 - k34 3Bk—2
0 < > B +3 a)

On the other hand, since k, = 2R, R # 0 for a.e x in R, we obtain the following equation for a.e x
in R, hence, by continuity of k, it is true for all x in R:
kyw 5

=22 243 4 3Bk — 2a. .
0= =5 — ok +3Bk - 2a (5.8)

Now, using Lemma 5.2 we have k — 2v/B € H3(R). Combining with (5.8) we obtain a = 4B§/§.
Set h = k — 2v/B. Then from (5.8) h € H3(R) solves

{0 — hyy — 203 — 5v/Bh2 — 4Bh,

h > m? — 2v/B. (59)

The equation (5.9) can be explicitly solved, and we find

b —1
,/% cosh(2v/Bz) + 12%
This implies
-1
k=2VB+h=2VB+

\/ 725 cosh(2v/Bz) + 12?/?

Furthermore, using 0, = % — %, there exists 6y € R such that

=0 (2=

Now, assume that ¢ is a solution of (5.1) such that ¢(co) = 0. We prove ¢ =0 on R. Multiplying
the two side of (5.1) with ¢ then taking the imaginary part we obtain

— 1
On the other hand, ¢(c0) = ¢, (00) = 0 then on R we have
— 1
Tn(¢26) + 10|" = 0. (5.10)

If there exists yo such that ¢, (yo) = 0 then from (5.10) we have ¢(yo) = 0. By the uniqueness of
Cauchy problem we obtain ¢ = 0 on R. Otherwise, ¢, is non vanishing on R. From now on, we
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will consider this case. Multiplying the two sides of (5.1) with ¢, then taking the real part, we
have

0 = Re(Gunba) — Tr(6°s")

d I _
[0l — 2Re(66,)Tn(662)
d

dx

10wl — Bul0) 1o

_ 4 (L L e
= 2 (3losP = F5lor).

1
[6a]” = 5161° = 0.

1
2
1
2
It implies that

Hence, since ¢, is non vanishing, ¢ is also non vanishing on R. We can write ¢ = pe'® for p > 0,
p,0 € C*(R). Replacing ¢ = pe?? in (5.1) we have

0= (*pai + pra + pgﬂz) + (20200 + POz + pzpm).
It implies that
0= —p02 + pow + p°0,. (5.11)
Replacing ¢ = pe'? in (5.10) we have
1
2 4
=p°0, + -p*.
0=p0, + 17

Then 6, = %92’ replacing this equality in (5.11) we obtain

5 5
Multiplying the two sides of the above equality with p, we obtain
5 d (1 5
0= zzm_75z:7 —p2— —pf .
Paap 16P p dz (2:% 96P
Hence,
5
_ 2 2 ¢
0=pz—15°"

Moreover, ¢ is non vanishing on R then p > 0 and then p,, is not change sign on R. If p, > 0 then
since p(co) = 0 we have p < 0 on R, a contradiction. Hence, p, < 0 and p, = —/xp°. From this

we easily check that

1
PP (1) = —————,
P02 + /e

which implies the contradiction, for the right hand side is not a continuous function on R. This
complete the proof. O

Lemma 5.2. The following is true:
k—2VB e L*R), ke X3(R).

Proof. Using ¢ € L*°(R) we obtain k& € L°°(R). On the other hand, since ¢ € X3(R), we have
¢z € L*(R), ¢z € L*(R) and it easy to see that

2
0P = 2 1 k02 € L' (R),
2

Faba | g \/E2+ Fas _\/rg2 i e L*(R)
o 2k T 4kVk '

2 _
|Gzal” = 7
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This implies

k

*_ ¢ L*(R) and Vk0, € L*(R

E (R) (R)
k0 k k2
2 4 0,Vk € L*(R) and —2 — VE? — —2_ ¢ L*(R).
Vk (R) 2vk 4kVE (R)

Using /m < k < ||k||z, 0, = L7 € L®(R), k, = 2RR, € L>®(indeed |¢,|? = |R,|>+|R6,|* €
L (R)) we have

ky, € L? and 0, € L?,
0.p € L? and k,, € L?.

By using 0, = 8% ¢ [2(R), we have 4B — k> € L*(R). Thus, B > 0 and 2VB — k € L(R).
If B =0 then k € L?(R), hence, R € L?(R). It implies that R € H'(R), which contradicts the
assumption of ¢. Thus, B > 0. It remains to prove that k.., € L%(R). Indeed, from ¢,,, € L*(R)

we have

2

Faze | w| e LY(R) (5.12)

2Vk
where M, N are functions of 0,0,,0..,k, ks, kzz. We can easily check that M,N € L2(R).
Hence, from (5.12) and the facts that 0, € H'(R), k € X*(R), k bounded from below we ob-
tain 0,40, keze € L2(R). This implies the desired results. O

From now on, we will denote ¢p is the stationary solution of (5.1) given by Theorem 1.6 with
0y = 0. We have the following asymptotic properties for ¢5 at oco.

Proposition 5.3. Let B > 0 and ¢p be kink solution of (1.1). Then for x > 0, we have

lop — \/2VB| < e VB2,

As consequence ¢ converges to \/2vVB as x tends to co and there exists limit of ¢p as x tends
to —oo.

Proof. We recall that

o5 =e'Vk, (5.13)
k(z) =2VB + -1 , 5.14
) \/ 725 cosh(2v/Bx) + 12?/? 49
0(x) = —/:O % — %y) dy. (5.15)

From (5.14) we have
|k —2VB| < e 2VBe,
Hence, for all x € R we have
l05(z) =\ 2VB| <19 \/k(z) — k()| + |[v/k(z) — \/ 2VB| (5.16)
< Il 3 (@) — 1] 4 eV (5.17)
Moreover, for z > 0, we have

) *|B kK

g/:’B\/E VB k

k2
o0 oo

5/ ‘k—Q\/E‘ de/ 6_2‘/Exdx§e_2‘/§‘”.
x xT
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Combining with (5.17) we obtain

6p(z) — \V2VB| S e VB

As consequence ¢p converges to /2v/B as x tends to oo. It is easy to check that @ converges to
some constant when x tends to —oo, hence, there exists limit of ¢ when z tends to —oo. It is the
desired result. O
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