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boundary variations*

Sylvain Ervedozaf Pierre Lissy? Yannick Privat®

December 18, 2020

Abstract

This article is dedicated to insensitization issues of a quadratic functional involving the solution of
the linear heat equation with respect to domains variations. This work can be seen as a continuation
of [P. Lissy, Y. Privat, and Y. Simporé. Insensitizing control for linear and semi-linear heat equations
with partially unknown domain. ESAIM Control Optim. Calc. Var., 25:Art. 50, 21, 2019], insofar
as we generalize several of the results it contains and investigate new related properties. In our
framework, we consider boundary variations of the spatial domain on which the solution of the
PDE is defined at each time, and investigate three main issues: (i) approximate insensitization, (ii)
approximate insensitization combined with an exact insensitization for a finite-dimensional subspace,
and (iii) exact insensitization. We provide positive answers to questions (i) and (ii) and partial results
to question (iii).

Keywords: heat equation, exact/approximate control, domain variations, insensitization properties,
Brouwer fixed-point theorem.

AMS classification: 35K05, 93C20, 49K20.
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1 Introduction

1.1 Insensitizing controls with respect to domain variations, framework

The goal of this article is to discuss the insensitizing control problem for the heat equation with respect to
variations of the boundary. First results in this direction have already been obtained in [23]. Introducing
this problem precisely requires some notations, which we choose similar to the ones in [23].

Let T > 0 denote a horizon of time, w and © be two open subsets of R? d € N*, and ¢ €
L?(0,T; L2(R%)).

For © a bounded, connected and open set of R? of class €2, we consider the shape functional Jj,
indexed by h € L?(0,T; L*(w)), defined by

T
Jn(Q) = %/O /@mh(t,gg)2 dadt, (1.1)

where yq j solves

—~—Ay = &+hl, in(0,T)xQ,
y = 0 on (0,T) x 09, :
y(0,) = 0 in Q.

(1, denotes the characteristic function of the set w.)

Originally, the insensitization problem consists in finding a control function such that some functional
depending on the solution of a partial differential equation is locally insensitive to the perturbations of
the initial condition. This issue was first raised by J.L. Lions in [19]. We refer to Section 1.3 for
bibliographical comments. Nevertheless, up to our knowledge, insensitization properties with respect to
shape variations issues have been first investigated in [23]. Let us recall here what we are talking about:
given Qg a bounded, connected and open set of R? with ¢’? boundary, our goal is to determine, whenever
it exists, a control function h € L?(0,T; L?(w)) such that Jj, does not depend on small variations of
in a neighborhood of € (which will be made precise in what follows) at first order. In other words, we
want to choose the control function h in such a way that the functional Jj, is insensitized with respect
to small variations of the domain.

To give a precise meaning to this, we first remark that this problem makes sense only if )y contains
w and ©, or if the intersection of these two last sets with 2y has a positive Lebesgue measure. In the
following, we will assume that g is a bounded, connected and open set of R with a ¢’? boundary and
that w and © are open subsets of .

It is convenient to endow the set of domains with some differential structure. In what follows, we
will use the notion of differentiation in the sense of Hadamard [11, 17], which is classically used in the
framework of shape optimization. This means that perturbations of 2y will be defined with the help of
well-chosen diffeomorphisms, which have the advantage of preserving some topological features such as
connectedness, boundedness and regularity.

Accordingly, we introduce the class W3 (R¢ R?) of admissible vector fields. Then, for each element
V of W3 (R4 R%), there exists 7v > 0 such that for all 7 € [0, 7v), the mapping T, := Id +7V defines
a diffeomorphism® in RY, i.e. the mapping T, is invertible and T € W3 (R% R?). Furthermore,
since T, writes as a perturbation of the identity operator, one easily infers that T, () is a connected,
bounded domain whose boundary T (9€2) is of class €. It is notable that, in this framework, one has
IT (o) = T, (00).

In the sequel, given V € W3 (R? R?), we introduce the family {Qrv}refo,m) of domains defined
by

Qv = (Id+7V) (o).

ITo be more precise, it is easy to see that the choice 7v = 1/||V||jys.« works, by applying the Banach fixed-point
theorem.



As a consequence of the above discussion, for 7 € [0, 7v), each domain v inherits the aforementioned
properties.

It is then classical (see e.g. [17, Chap. 5]) that the map 7 — J,(Qrv) is differentiable in a neigh-
borhood of 7 = 0. In the following result, we provide a workable expression of the shape derivative
dJn(Qrv)/dr|, -

Proposition 1.1 ([23, Proof of Proposition 1.1]). Let & € L%(0,T; L*(R%)) and h € L?(0,T; L*(w)).
For all V € W3>(R% RY), the mapping 7+ Jn(Qv) is differentiable at 7 =0 and

T
= V-n / OnYoOnzo dt | do, (1.3)
7=0 000 0

where the pair (yo, z0) solves the coupled forward-backward system

d

ar (Jn (2rv))

% —Ayo = &+hl, in(0,T) x Qo,
Y = 0 on (0,T) x 09y,
o, V0 0,) = 0 in o, (1.4)
_8_t0 —Azg = ley in (0,T) x Qo,
zo = 0 on (0,T) x 09,
z2(T,) = 0 in Q.

(leo denotes the characteristic function of the set ©.)

We now recall the precise definitions of insensitization that will be used next, introduced in [
Definition 1.1]? and much inspired of notions introduced in [21, 4].

Definition 1.2. Let ¢ € L?(0,T; L?(R?)). We say that the control function h € L?(0,T; L*(w)) insen-
sitizes J exactly at Qg at the first order with respect to boundary perturbation if

)

T (@)

for all V.e WH°(R? RY), — =0. (1.5)
T

7=0

Let € be a linear subspace of W3 (R4 R%). We say that the control function h € L?(0,T; L?(w))
exactly insensitizes J for £ at Qo at the first order with respect to boundary perturbation if

for all' V € €&, diT (Jn (2rv)) =0. (1.6)

7=0

Given € > 0, we say that the control function h € L?(0,T; L*(w)) e-approzimately insensitizes J at
Qo at the first order with respect to boundary perturbation if

d
for all V.e W*>(R?,R?), ‘ 77 (Jn (Qrv)) < el[Viws.oo rara)- (L.7)

7=0

Let us conclude this section by introducing interesting issues related to insensitization of the solution
of the heat equation with respect to domain variations, that will be tackled in what follows:

Q1. (c-approximate insensitization) Let ¢ € L2(0,7T; L%(R?)) and ¢ > 0. Does there exist a control
function h € L?(0,T; L*(w)) that c-approximately insensitizes J at §)g in the sense of (1.7)?

Q1’. (s-approximate insensitization and null/approximate controllability) If the answer to Q1
is yes, is it possible to choose h € L?(0,T; L?*(w)) in such a way that it is also a null or approximate
control for yq at time 17

Q2. (e-approximate insensitization and exact insensitization for a finite-dimensional sub-
space) Let ¢ € L?(0,T; L*(R?%)) and ¢ > 0. Does there exist a control h € L?(0,T; L*(w)) that
insensitizes J exactly for £ in the sense of (1.6), and at the same time that e-approximately insensitizes
J in the sense of (1.7)?

2In this reference, the authors restricted to diffeomorphisms V € Wg’w(Rd,Rd) of norm less than 1, but an easy
homogeneity argument enables to give an equivalent definition for any V € W3 (R%, R9).



Q2’. (s-approximate insensitization, exact insensitization for a finite-dimensional subspace,
and null/approximate controllability) If the answer to Q2 is yes, is it possible to choose h €
L?(0,T; L?(w)) in such a way that it is also a null or approximate control for yo at time 7?7

Q3. (exact insensitization) Let & € L2(0,T; L?(R%)). Is it possible to exactly insensitize the functional
J in the sense of (1.5)7

If w and © are strongly included in Qg and w N © # @, Q1 has been solved in [23], whereas Q2 has
also been solved in [23] when £ is of dimension 1 or 2. The goal of the present article is to extend the
results of [23] to more general geometric settings and to the more general questions above-mentioned.
To be more precise, in the next section, we will distinguish between the cases where w and © intersect or
not (see Fig. 1 below), since approaches to deal with them and the results obtained are fairly different.
In the case w N © = @, Q1 will be tackled in Theorem 1.6 and Q2 will be tackled in Theorems 1.8 . In
the case w N O # (), Q1’ will be tackled in Theorem 1.11 and Q2’ will be tackled in Theorem and 1.12.
Finally, we will provide two partial answers to Q3 in Theorems 1.15 and 1.16.

Remark 1.3. According to Proposition 1.1, although all the above questions a priori depend on £ €
L2(0,T; L2(R%)), in reality, they only depend on the restriction on & to Qq. Thus, in the following, we
shall simply take & € L*(0,T; L?()) (extended by 0 on RY without loss of generality.

7e) D (59

Qo Qo

Figure 1: The two main situations investigated: (left) the intersection set of w and © is empty; (right)
the intersection set of w and © is of positive Lebesgue measure.

1.2 Main results

As we said, these problems will be strongly dependent of the relative geometry of the various sets w,
© and €y, and in particular depending if the set w N © is empty or not, but we will always make the
following minimal assumption on both sets w and ©:

w and © are two nonempty open subsets of . (Hy.0)

‘Case wﬂ@:(band@@(lo‘

To be more precise, the first geometric setting we consider is the following:
w and O satisfy (Hy, o), wNO =0, © &, and Qp \ O is connected. (1.8)
In this setting, our first result is:

Proposition 1.4. Assume the geometric setting (1.8). Then, given any (fy, f.) € L*(0,T; L*(0%0))?,
for any e >0 and £ € L?(0,T; L?*(Q)), there exists a control function h € L*(0,T; L*(w)) such that the
solution (y,z) of

0
a—g—Ay = £+hl, in(0,T)x Q,
y = 0 on (0,T) x 09y,
0,) = 0 in Qo,
aZy( ) 0 (1.9)
T Az = leoy in (0,T) x Qo,
z = 0 on (0,T) x 09,
z(T,) = 0 in o,




satisfies
100y — fyll2(0,7:L2(090)) + 1002 — f2llL2(0,7:02(800)) < € (1.10)

Remark 1.5. e Looking carefully at the proof of Proposition 1./, given in Section 2.2, it is easy to
figure out that the last condition in (1.8) can be relazed into the following one: w intersects every
connected component O of Qq \ © verifying that O NOQ # 0.

o As it is classical for approximate controllability results (see [25, 13, 12]), one can reinforce the above
results as follows: if F is a finite-dimensional subspace of (L?(0,T; L*(0)))? and Pr denotes the
orthogonal projection on F in (L*(0,T;L?(0Q0)))?, then, for any (fy, f.) € L?(0,T;L*(9%%))?,
for any € > 0 and £ € L?(0,T; L?()), there exists a control function h € L?(0,T; L*(w)) such
that the solution (y, z) of (1.9) satisfies (1.10) and

]P)F(anya anz) = ]P)F(fya fz)

As we will see, the proof of Proposition 1.4 given in Section 2.2 mainly relies on a unique continuation
property for the adjoint operator, which consists of coupled parabolic equations where the coupling
coefficients are disjoint from the observation set. This kind of issues is known to be particularly difficult
in the case of coupled parabolic systems (see e.g. [2] for partial results in one space dimension), and
comes naturally when dealing with insensitization problems. However, to our knowledge, the only works
dealing with control and observation sets which do not intersect in this context are [25] in a 1d case and
[18]. Though, our result is different, since the unique continuation property we need to prove Proposition
1.4 is not the one in [25, 18].

A straightforward application of Proposition 1.4, proved in Section 2.1, is the following one:

Theorem 1.6. Assume the geometric setting (1.8). Then, for all £ € L*(0,T;L*(Q)) and ¢ > 0, there
exists a control function h € L*(0,T; L*(w)) such that the solution (yo,z0) of (1.4) satisfies

<e. (1.11)
L1(8%0)

T
/ an Yo an Z0 dt
0

In other words, according to (1.3), the functional J is e-approzimately insensitized by h € L*(0,T; L?(w))
at Qo in the sense of (1.7).

d
Remark 1.7. Because of the expression of e (Jn (QTV))‘ given by (1.3), it is clear that (1.7) is a
T

7=0
consequence of (1.11), by using the fact that ||V| L < [|[V]|ws.00.
One can actually prove that the functional J can be made exactly insensitized to any finite-dimensional
vector space of W3 (R? R?):

Theorem 1.8. Assume the geometric setting (1.8). Let £ be a finite-dimensional linear subspace of
W3(RY RY).  Then, for all ¢ € L*(0,T;L%*()) and for all ¢ > 0, there ewists a control h €
L?(0,T; L*(w)) that insensitizes J exactly for € in the sense of (1.6) and that e-approzimately insensitizes
J in the sense of (1.7).

In fact, the main difficulty in Theorem 1.8 is the construction of h such that Jj, is exactly insensitized
for € in the sense of (1.6), since the map

T
he L20,T; L*(w)) — </O OnY00On 20 dt) € L' (09), (1.12)

where the pair (yo, 29) solves (1.4), is not linear in h even in the case £ = 0, but is bilinear. Therefore, we
use techniques specifically designed to deal with such kind of non-linearities, which consists in choosing
the control functions in a vector space of much larger dimension than the number of constraints. Similarly
to what has been done in another context for the stabilizability of the Navier-Stokes equation, see [10],
if there are IV constraints imposed by the exact insensitization for £, we look for control functions in a
vector space of size (at most) 2N which is suitably designed. In particular, even if there is one constraint
(i.e. if £ is a vector space of dimension 1), we look for the control function in a vector space of dimension
(at most) 2, thus preventing possible obstructions that may appear due to the quadratic nature of the
map in (1.12) (see e.g. [3]). Details of the proof are given in Section 2.3.



Case wNO £

The second geometric setting we consider is the case
w and O satisfy (Hy0), wNO #0. (1.13)

This case is more favorable since the control set w meets the observation set {2, and as we shall see
afterwards, not only do all previously established results remain true, but this also allows to prove the
existence of even better insensitizing controls.

On the c-approximate insensitization problem. To start with, we first claim that Proposition 1.4
can be reinforced under that geometric setting.

Proposition 1.9. Assume the geometric setting (1.13). Then, given any (f,, f.) € (L*(0,T; L*(9%)))?,
yr € L*(Q), anye > 0 and € € L*(0,T; L*(Q0)), there exists a control function h € LQ(O,T; L?(w)) such
that the solution (y,z) of (1.9) satisfies

100y — fyll 20,122 (8920)) + 1002 — f2llL2(0,7:L2(800)) + IW(T) — yrllL2(00) < €- (1.14)

Besides, if the source term & € L?(0,T; L*()) is such that there exists hy. € L?(0,T; L*(w)) such
that the solution yn. of

ag;w —Aypne = E+hply i (0,T) % Qo,
Yne = 0 on (0,T) x 09, (1.15)
Yne (Oa ) = 0 m QO)
satisfies
ync(T> =01 QO; (116)

then, given any (fy, f») € L%*(0,T;L*(0Q0))?, for any € > 0, there exists a control function h €
L?(0,T; L?(w)) such that the solution (y,z) of (1.9) satisfies

100y — fyllL2(0,1:22(090)) + 1002 — fllz2(0,1:22(000)) < €- (1.17)

and

y(T) =0 in Q. (1.18)

Remark 1.10. Determining a control function h such that the solution yn. of (1.15) satisfies (1.16) is
the well-known null-controllability problem for the heat equation. This issue has been much investigated.
By using duality arguments, this issue can be recast in terms of a so-called “observability inequality” (see
e.g. [14, 28]). For instance, let us mention that by using Carleman estimates, the null-controllability

property can be ensured as soon as 6%5 € L%(0,T; L?*(Q)) for some C > 0 large enough.

Again, Proposition 1.9 is based on suitable unique continuation properties for the adjoint equation.
However, here, since w N © # (), the arguments are more standard for the proof of (1.14) than for the
proof of Proposition 1.4. The possibility of further imposing (1.18) when & is a source term that can
be null-controlled is much more subtle, and amounts to a suitable use of duality arguments, inspired by
[20], and of observability estimates for the heat equation given in [14]. Details of the proof are given in
Section 3.1.

As before, a straightforward application of Proposition 1.9 is the following result, whose proof is
postponed to Section 3.2.

Theorem 1.11. Assume the geometric setting (1.13). Then, for all ¢ € L*(0,T;L*(Q0)), yr € L*()
and € > 0, there exists a control function h € L*(0,T; L*(w)) such that the solution (yo,z0) of (1.4)
satisfies (1.11) and

90(T) — yrllp2(0y) <& (1.19)
In other words, according to (1.3), the functional J is e-approximately insensitized by a control h €

L?(0,T; L?(w)) at Qq in the sense of (1.7), which also e-approzimately controls the state yo of (1.4) at
time T



Similarly, if the source term & € L?(0,T; L?(0)) is null-controllable in the sense that there exists
hne € L2(0,T; L?(w)) such that the solution yn. of (1.15) satisfies (1.16), then, there exists a control
function h such that solution (yo, z0) of (1.4) satisfies (1.11) and

In other words, if the source term & is null-controllable at time T > 0, the functional J is e-approximately
insensitized by a control h € L*(0,T; L?(w)) at Qo in the sense of (1.7), which also steers the state yo
of (1.4) exactly to 0 at time T.

One can also improve Theorem 1.8 in the case of the geometric setting (1.13):

Theorem 1.12. Assume the geometric setting (1.13), and let € be a finite-dimensional subspace of
W3 (R, RY).

Then, for all ¢ € L*(0,T;L*(Qp)) and yr € L*(Qp), for all e > 0 , there ewists a control h €
L?(0,T; L*(w)) that insensitizes J exactly for € in the sense of (1.6), e-approzimately insensitizes J in
the sense of (1.7), and which approzimately controls yo at time T in the sense of (1.19).

Besides, if the source term & € L*(0,T;L*(Q0)) is null-controllable, then, there exists a control
h € L*(0,T; L*(w)) that insensitizes J exactly for £ in the sense of (1.6), e-approzimately insensitizes
J in the sense of (1.7), and which steers yo to 0 at time T in the sense of (1.20).

Here again, the proof of Theorem 1.12 is a rather simple adaptation of the one of Theorem 1.8, based
on the stronger results given by Proposition 1.9.

Remark 1.13. Remark that Theorems 1.11 and 1.12 can be reinterpreted in terms of robustness: they
notably enable us to find a null or approximate control h for the heat equation

0y

E — Ay = g —+ ]’L].w m (O,T) X QO)
y = 0 on (0,T) x 89,
y(05> =0 n QO’

so that the functional Jy is robust to small variations of the boundary, in the sense that this control
makes Jp insensitive at the first order to small perturbations of the boundary.

‘On the exact insensitization problem.

Note that in both geometric settings discussed so far, the question of exact insensitization has not
been addressed. We now propose to study some cases in which we can solve the insensitization problem.
Let us start with the rather straightforward case © € w.

Proposition 1.14. Let w and © be non-empty open subsets of Qg such that
O cw. (1.21)

Then, for all £ € L*(0,T; L%()), there exists h € L?(0,T; L?>(w)) such that the functional J in (1.1) is
exactly insensitized in the sense of (1.5).

Proposition 1.14, proved in Section 4.1, in fact considers an easy case, in which we can ensure that
with a suitable choice of a control function, the solution yo of (1.4) vanishes in (0,7") x O, so that the
associated function zg satisfying (1.4) vanishes in (0,7") x € and the result easily follows from (1.3).

Let us now consider a more subtle case, in which the outer boundary of © is included in w.
Theorem 1.15. Let w and © be smooth non-empty open subsets of Qg such that
00O has only one connected component, © €y, and 00 C w. (1.22)

Then, for all & € L?(0,T;L*(Q)), there exists h € L*(0,T; L*(w)) such that the functional Jp, in (1.1)
is exactly insensitized in the sense of (1.5).



The strategy to prove this theorem is to choose the control function A such that the solution zg of (1.4)
vanishes close to the boundary 9. Thus, using (1.3), the exact insensitization of J, will immediately
follow. In order to do that, we will interpret the function yo in (1.4) as a control function for zy whose
goal is to impose the condition zp = 0 outside (0,T") x ©, and we then define h in terms of y by (1.4).
We refer to Section 4.2 for the proof of Theorem 1.15.

These two positive results should very likely not be considered as the usual case. In fact, we can
discuss the case © = )y with more details:

Theorem 1.16. Assume that Qg is smooth (of class € ), that © = Qo and that w is a non-empty open
subset of Qg such that w € Q. Then, there exists a function & € L?(0,T;L?(Q0)) such that there is
no h € L*(0,T; L?*(w)) such that Jy, satisfies (1.5). In other words, there are some & € L*(0,T; L?(Qp))
such that the exact insensitization problem cannot be solved.

The proof of this result is given in Section 4.3, and in fact only involves regularity issues.

1.3 Bibliographical comments

We comment briefly on the bibliography, emphasizing particularly the works related to the heat equation
(linear or non-linear) and dedicated approaches to solving problems related to functional insensitization.

The question of functional insensitization has been first introduced in [21, 4]. However, in [21, 4], the
functionals under consideration were insensitized with respect to perturbation of the initial datum or of
the source term, while we are discussing a new kind of insensitization, with respect to perturbation of
the boundary.

Still, our approach is of course strongly inspired by the one developed in [21, 4], in which it was
shown how unique continuation properties can be used to solve approximate insensitization problems. It
was then further developed to many settings, in particular when the control set and the observation set
intersect.

Regarding the standard issue of insensitization of a given functional (often the L? norm of the state
in some observation subset) involving the solution of the heat equation with respect to initial data, the
general approach consists in recasting the (exact or approximated) insensitization property in terms
of an adjoint state, leading to consider a coupled system of forward-backward heat equations. Hence,
exact insensitization comes to investigate a null-controllability property which can in general be recasted
through an observability inequality (see [26, 5, 6] where Carleman based approaches are considered
and [27], in which a Fourier approach is used). The question of e-approximated insensitization comes in
general to solve an approximate controllability problem, leading to derive a unique continuation property
(see [25, 18], in which spectral methods are employed) We also mention [15, 16, 9, 8, 7] where a functional
involving the solution of another equations arising in Fluid Mechanics is considered.

1.4 Further comments and open problems

In this article, we investigate and discuss three insensitization properties with respect to boundary
variations. To conclude this introduction, we outline three open issues and hints that complement the
study presented in this article and that we plan to address in the future.

Open problem #1. Note that we were not able to answer questions Q1’ and Q2’ when w N © = (.
The main difference with the case wNO # @ is that the approximate controllability results we are able to
prove in the case wN® = () is weaker than in the case wN® # ), compare Proposition 1.4 and Proposition
1.9. As one can check from the proofs, the stronger statement in Proposition 1.9 comes by duality from
unique continuation properties for a coupled parabolic system, namely the unique continuation property
(3.2) for the solutions of (3.1). Whether this unique continuation property holds when w N ©® = () is an
open problem.

Open problem #2. Can we answer the three questions Q1 — Q2 — Q3 posed in this article when the
statement of problem is modified as follows:

e the heat equation (1.2) is replaced by more general controlled parabolic equations (e.g. semi-linear
problems, Stokes or Navier-Stokes systems) or a controlled wave equation (the case of insensitization
with respect to initial data in this last case has been notably investigated in [1]);



e the shape functional with respect to which insensitization is performed is replaced by a more general
one of the kind

T
/ / J(y(t, ), Vy(t,)) dadt,
0 ®

where j : R!*% — R is a given function, and y denotes the solution of the considered controlled
system.

Open problem #3. Can the answers provided in this article related to exact insensitization be
completed? In particular, what can be expected in the case where © C Qy7 Is it possible to answer
positively or negatively to questions Q1’ and Q2’ when wN© = 7 Can one identify the set of functions
¢ in L2(0,T; L*(R%)) for which Q3 holds true?

1.5 Outline

This article is organized as follows. Section 2 studies the case (1.8), i.e. wNO = @ and © € Qp, and gives
the proofs of Proposition 1.4, Theorem 1.6, and Theorem 1.8. Section 3 then focuses on the case (1.13),
i.e. wNO # (), and provides the proofs of Proposition 1.9, Theorem 1.11 and Theorem 1.12. Section 4
then presents the proofs of the results on exact insensitization, namely Proposition 1.14, Theorem 1.15
and Theorem 1.16.

2 The case wN O = and © & .

In this whole section, we assume the geometric setting described in (1.8), i.e. wN O =@ and © € Q.

2.1 Proof of Proposition 1.4

Proposition 1.4 can be recast in an abstract form into the problem: show that
Ran £ = (L*(0,T; L*(09%)))?,

where £ is the operator defined for h € L?(0,T; L?(w)) by Lh = (Onyn, Onzn) where (yn, z1) solves

)
%fAyh = hl,  in (0,7) x Qo,
yp, = 0 on (0,T) x 99y,
; yn (0,) = 0 in Qo, 21)
—%fAzh = loyn, in(0,T) x Qo
zn = 0 on (0,T) x 99y,
2 (T,)) = 0 in Q.

Therefore, by standard arguments from functional analysis, Proposition 1.4 is equivalent to showing
that Ker £* = {0}. Using the arguments developed in [23, Proposition 2.1], this problem is equivalent
to the following unique continuation problem: If (g4, g,) € (L?(0,T; L*(880)))?, and (¢, ) solves

faa—:/: —AY = lep in (0,T) x o,
Y= gy on (0,7T) x 99,
v(T,) = 0 in O,
E — AQD =0 in (O,T) X Qo,
o = g on (0,T) x 99,
12 (Oa ) =0 in QO;
then, we have the following unique continuation property:
Yp=0in (0,T) X w= gy =g, =0. (2.3)



We now prove this unique continuation property. Let (gy,g,) € (L*(0,T; L*(00)))? be such that
the solution (1, ¢) of (2.2) satisfies ¢ = 0 in (0,7 x w.

We first work in the set (0,7") x (Qo \ ©). There, 1 satisfies the usual backward heat equation

0 —
_8_11{] —AY=0in (0,T) x (Q \ ©),

where we do not specify any initial or boundary conditions. Therefore, since w C €4\ © and Qg \ © is
connected thanks to Assumption (1.8), by classical unique continuation for the heat equation (see e.g.
[24]), one has ¢ = 0 in (0,T) x (€ \ ©). and in particular g, = 0 and 9,7 = 0 on the whole boundary
0 since © € Qp. By multiplying equation (2.2)(1) by ¢, using integration by parts several times,
gy = Ontp =0 on 9Qp, and ¥ = 0 in (0,T) x (2 \ O©), we have

/OT/@ |<p|2d:cdt/0T/QO<p<%—:/:A1/)) dadt

T T T T 9y
=— / o )(,x)de —/ / @Ophdodt +/ / Onpthdodt +/ / (— — A(p) W dxdt
Q0 0 0 Jog 0o Joq o Ja, \ Ot

=0.
Therefore, ¢ = 0 in (0,T) x ©, and by the classical unique continuation properties for the heat equation,
¢ =01in (0,T) x Qo, and in particular g, = 0. This concludes the proof of (2.3) for the solutions of
(2.2), and Proposition 1.4 follows by duality.

2.2 Proof of Theorem 1.6

The proof of Theorem 1.6 mainly reduces to Proposition 1.4. Indeed, from Proposition 1.4 with f, =
f- =0, for any e > 0, there exists a control function h € L?(0,T; L?(w)) such that the solution (yo, 2)
of (1.4) satisfies

HanyOHLZ(o,T;LZ(aQO)) + HanZO”LZ(o,T;LZ(aQO)) <Ve (2.4)
Accordingly, using (1.3), we infer (1.11) and

d
@<V bl YV €

7=0

which concludes the proof of Theorem 1.6.

2.3 Proof of Theorem 1.8

Before proving Theorem 1.8, let us give an insight of the strategy of our proof. It will be divided into
three steps.

e First step: we will treat the case of the exact insensitization for J with respect to a finite dimensional
space & of dimension 1, in the sense of (1.6), in order to explain the main idea behind our proof.
This case was already studied and analyzed with different techniques in [23].

e Second step: we will explain how to modify our first step to the case of the exact insensitization
for J with respect to any finite dimensional space &£, in the sense of (1.6), by using the Brouwer
fixed point Theorem.

e Last step: we will explain how the construction made in the previous step together with the use
of Proposition 1.4 ensures that one can simultaneously solve the e-approximate insensitization of
J and its exact insensitization with respect to a finite dimensional space £.

Remind that we assume that the geometric setting (1.8).
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First step: Exact insensitization in the case £ = Span {V}. Let us fix some V € W3>(R%; R?)
supposed to be non-zero, and let us consider the case & = Span{V}, i.e. the case of a one-dimensional
vector space £, and only focus on the proof of exact insensitization of J with respect to & = Span{V}.

Recall that, according to (1.3), the exact insensitization problem for £ is equivalent to determining a
control function h € L?(0, T; L?(wp)) such that

T
/ (V-n) (/ OnYoOn 20 dt) do =0, (2.5)
8% 0
where (yo, zo) solves (1.4).

Of course, if V-n = 0 on 90 (which may happen since we only assumed that V is non-zero as a
function defined in RY), then, (2.5) is automatically verified and the problem is trivial. Hence, from now
on, we assume that V - n does not vanish identically on 9f).

To study condition (2.5), we introduce the pairs (ye, z¢) and (yn,2n) as the solutions of the linear
systems

% —Aye = ¢ in(0,T) x Qo,
ye = 0 on (0,T) x 09, (2.6)
Y (0,-) = 0 inQy,
f% — Az = yexo in(0,T) % Qo,
e = 0 on (0,T) x 9, (2.7)
z(T,-) = 0 in Q,
and
% — Ay, = hl, in(0,T) x Qo,
yp, = 0 on (0,7) x 99, (2.8)
yn(0,-) = 0 in Qg,
7% — Az, = ypxe in (0,T) x Qy,
zn = 0 on (0,T) x 99, (2.9)
z2n (T,)) = 0 in Q.

This allows to decompose the solution (yo, z0) of (1.4) as
Yo=ye+yn, and 20 =2z¢+ 2n.

We now introduce the function ¢ : L?(0, T’; L?(w)) — R defined for h € L?(0,T; L?(w)) by

Uh) = /(m (V-n) </0 (OnYe + Onyn)(Onze + Onzn) dt) do,

so that condition (2.5) can be simply reformulated as U(h) = 0.

Our goal is to find h € L?(0,T; L?(w)) such that (k) = 0. In order to do that, we will look for
a two-dimensional vector space spanned by two elements hy and hy in L?(0,T; L?(w)) such that the
function U vanishes on Span {h1, ho}, i.e. we want to show that

3(h1, he) € L*(0,T; L*(w))?, 3(M1, A2) € R? such that U(A1hy + Aghs) = 0. (2.10)

To show that this can be done, we observe that the map h € L?(0,T;L*(w)) — (Onyn,Onzn) €
(L?(0,T; L*(00)))? is linear, hence it is obvious that the function & can be decomposed as follows

Uh) = Q(h) + L(h) + C,
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where @ is quadratic in h, L is linear in A and C' does not depend on h:

T
Qh) = /{m (V-n) </0 OnYnOnzn dt) do, (2.11)
T
/ (V-n) (/ (OnYeOnzn + OnynOnze) dt) do,
Qo 0

T
C = / (V-n) </ OnYeOnze dt) do.
Qo 0

Accordingly, problem (2.10) amounts to finding h1, ho in L?(0,T; L?(w)) and A1, A2 in R such that

MQ11(h1) + M A2Q12(hy, ha) + A5Q22(h2) + A1 L1(h1) + A2La(hs) + C = 0, (2.12)

Qu(h) = /6(2 (V-n (/ OnYn,Onzn, dt) do,

Qiz2(h1, he) = /a (V:n

Qa2(h2) = /690 (V-n (/ OnYhyOnZh, dt) do,

=
=
[

where

(OnYn,Onzhy + OnYnyOn2n, ) dt) do,

Ll(hl) = /BQ (V nyhlanzg + anyﬁanzhl) dt) do,
0

Lo(hy) = /BQU(V~

Our strategy then reduces to choose h; and hs such that the Neumann traces (9, yn,, Onzn,), t = 1,2
in L2(0,T; L?(9€)) for the solutions of (2.8)-(2.9) with h;, allows to guarantee the existence of a solution
(A1, A2) € R? to (2.12).

Let us choose (7;,y,7i,2) in (L?(0,T; L*(9%)))? for i = 1,2 as follows:

ntha’nzf + anyganzhz) dt) dO'.

(V-on) Loy
2 )
IV nllzp0,) T
(V-n) e
T b

Ty = 7,2 = L1215

Yo,y = V2,2 = Lo,1/2)-

2
V- nHLZ(BQO)

We easily have that

T
/ Yyt )71 ,2(t, 2) dt =0, for all x € 9y,
0

T
/ Yo,y (t, x)y2,-(t, x) dt =0, for all x € 9Qy,
0

(V- n)(z)

—_ for all z € 0Q.
V- ”HLZ(@QU)

T
/ (M (b 22,0 (1,2) + Ay (b2 (1, 2)) it =
0

If it was possible to find some hy € L?(0,T; L?*(w)) and hs € L?(0,T; L?(w)) such that

(anyhl 5 anzhl 5 anyhz 5 anzhg) = (Wl,ya V1,25 7V2,y5 ’7272)5 (213)
then, we would have Q11 = Q22 = 0 and Q12 = 1, so that equation (2.12) with A2 = |A;| would become

AA1] + ArLi(hy) + [A1|La(he) + C =0,
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which can obviously be solved for some A\; € R according to the intermediate value theorem, since the
left hand-side goes to —co when A\; — —oo and to +0o0 when A — +o0o while being continuous on R.

Unfortunately, we cannot a priori find hy € L?(0,T; L?(w)) and hy € L?(0,T; L?(w)) such that (2.13)
exactly holds, but Proposition 1.4 ensures that (2.13) approzimately holds, in the following sense: for
any «a > 0, there exists h¢ € L?(0,T; L*(w)) and h§ € L*(0,T; L?(w)) such that

|Onyns — 7171/HL2(0,T;L2(390)) S
|Ongng — 711‘1||L2(0,T;L2(690)) S
|0nyng — 7279"L2(0,T;L2(390)) S
|9nans = V2.0l 120,722 (000)) < @

Accordingly, with this choice of h$* and h$, the quadratic part @ that is given in (2.11) is only slightly
perturbed in the sense that

|Qu1(RT)] + 1Q12(hT, hy) — 1] +[|Q22(h3)] < Ca,

where C' only depends on the norm of (viy,%i = )ie{1,2y in L*(0,T; L*(0)). Therefore, taking a > 0
such that Ca < 1/2, and choosing (h1, h2) = (h$, hg), we get that

A

|Q(A\1h1 + |M]h2) — M|\ < 5

Accordingly, the continuous function A; € R — Q(A1hy + |A1|he) goes to —oco as A\ — —oo and to +oo
as A1 — oo, and hence, the function

M ER— U()\lhl + |)\1|h2)

inherits the same property. Hence, it vanishes for some A\; € R.
This concludes the proof of exact insensitization of J for a vector space £ is of dimension 1.

Second step: Exact insensitization for a finite-dimensional vector space £. Now, we assume

that &£ is of finite dimension N > 2. Our goal is to mimic the method developed when £ was a one-

dimensional vector space, replacing the intermediate value theorem by a Brouwer fixed point argument.
Let & = {V.n, V € £}, which is itself a finite dimensional subspace of L?(9€)) of dimension M < N,

and choose an orthonormal basis (Vi - n)epi,aq of € for the canonical inner product on L?(9€).
Following the previous case, for all k € [1, M], we introduce

Uk(h) = /39 (Vk ‘1) (/0 (anyg + anyh)(an25 + Onzn) dt) do, (2.14)

where yn, 25, ye and z¢ are defined in (2.6), (2.7), (2.8) and (2.9).

According to (1.6), the insensitization problem for J for the family & amounts to finding a function
h € L?(0,T; L?(w)) such that for all & € [1, M], Uy (h) = 0.

As in the first step, for all k € [1, M], the function Uy, can be decomposed as

Uy (h) = Qr(h) + Li(h) + Ck, (2.15)

where Q) is quadratic in h, Ly is linear in h and C) does not depend on h:

T
Qk(h) = /69 (Vk . n) </0 OnYnOnzn dt) do, (2.16)

T
Lk(h) = /69 (Vk . n) </0 (anyganzh + 8nyh8nz5) dt) do, (2.17)

T
Cr, = / (Vk . n) </ OnYeOn 2¢ dt) do. (2.18)
000 0
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For each k € [1, M], we introduce the following elements of L2(0;T'; L?(0)):

(Vip-n) M
Vely = W?1((k71)T/M,(2k71)T/(2M))a V1,2 = L(2k=1)T/(2M),kT/M) >
L2(890)
(Vk . Il) M
Y2y = ?1((2k—1)T/(2]M),kT/M)7 Ve,2,2 = L((k—1)T/M,(2k—1)T/ (2M))-

2
Vi '”HL2(690)

It is then easy to check that

¥(i,j, k) € [, M]?, (a,b) € {1,2}%,
T
Vi-n (/ (’yi,a,y'yj,b,z + Vj,b,y’yi,a,z) dt) do = 5i,j,k1a7§b; (219)
Qo 0

where 6; j 1, denotes the Kronecker symbol (6; jr = 1 if and only if i = j = k, and = 0 otherwise).
Now, for k € [1,M] and a € {1,2}, using Proposition 1.4, for any a > 0, there exists hy, €
L?(0,T; L*(w)) such that the solution (ye ,zne ) of (2.8)—(2.9) satisfies:

Using (2.19) and (2.20), we easily show that, for any A\ = (Ax)geq, v € RM, for any k € [1, M],

+|

Onyng , — Vk,a,y‘ Onzng , — vkyayy‘ (2.20)

<o
L2(0,T;L2(8 Qo)) L2(0,T;L%(0 Qo))

M
Qu | DSy +1NIhS2) | = Ml < Carl|Mlgar

j=1

for some C > 0 independent of «, where Q) is defined in (2.16). Therefore, choosing « > 0 small enough
such that Ca < 1/(2M) and dropping the superscript a from now on, we have, for all A = (Ax)rei,nm €
RM | for any k € [1, M],

M
1 2
Qr ;(Ajhm +Aslhg2) | = Al Ael] < 57 [Allar (2.:21)
Our next goal is to check that
M
IM)kep g € RM such that for all k € [1,M], U | Y_(Ajhja +Alhj2) | =0, (2.22)
j=1

where U}, is defined in (2.14). Based on the decomposition (2.15), in order to do that, we will use a fixed
point argument. We introduce the continuous function s: R — R given by

s(y) =y ify >0, s(y) = —v/—yify <0.

Now, let us define the mapping
F:x=\)kepm € RY — A= (X;)ke[[l,M]] e RM,

where, for all k € [1, M], X; is defined as

M M
Me=s | = [ Qc [ DoNhia +Nlhs2) | = Ml | = Ze [ Do (Nihja + [Nilhs2) | = Cr) |
j=1 j=1

for Qk, Ly and Cj given in (2.16)—(2.17)—(2.18). Notably, by definition of s, we have

M M
el == [ Qi [ DoNhjn + Nilhs2) | = Ml | = Ze [ D_(Nihja + [Alhsa) | = Cr (2.23)

j=1 j=1
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Using the identity (2.23), one easily checks that if (A\x)rei,n € RM is a fixed point of F, then, it
solves the problem (2.22).

It is clear that the function F is continuous in RM. We will simply show that it maps a ball into
itself and conclude using Brouwer fixed point theorem. In order to prove that, we use the bound (2.21)
and the following straightforward estimates: for all k € [[1, M],

M
Li | D hia + Nlhya) || < ClOnves Onze)l (120 7120002 AR 5

j=1
2
|Ck| < C'[|(Onye, anz&)H(Lz(o,T;Lz(aQU))y )

where C' is a positive constant (independent of k € [1, M] and of &).
Accordingly, for all A € RM,

~|12 1 2 2
R, < 51X+ C 1nvies Dnz)l 22(0,2,25 000072 1M gse + € 1@ries BnzE)Ea0,2:200200

3 2 2
< 1 H)‘HRM +C ||(5ny5, anzﬁ)H(Lz(o,T;Lz(aQO)))z :
In particular, setting

R=2VC [[(Onye, anzﬁ)H(L2(0,T;L2(ago)))2 )

the closed ball of RM of radius R is stable by F. Therefore, by Brouwer fixed point theorem, there exists
A € RM in the closed ball of radius R such that F(\) = A
This proves the existence of A = (Ax)kep1,m) € RM satisfying (2.22) and with the bound

”)‘H]RM < C ||(any£a anzg)H(Lz(o,T;Lz(aQO)))z . (2.24)

In particular, this bound implies that the corresponding control

M
h=> (Ahja+[Alhy2), (2.25)

j=1

and the corresponding controlled trajectory (yn, zn) of (2.8)—(2.9) satisfy

1All 20,;L2wy) + 1Whs 20) | L2072 @012 + 1(Onyh, Onzi)l 12(0,7512(000)))2
<C ||(3nyg, 871'2{)|‘(L2(0,T;L2(ago)))2 , (2.26)

for some positive constant C'.

Last step: adding the approximate insensitization property. The idea there is to decompose
the approximate and exact insensitization problems. To be more precise, we will choose the control h in
two steps, under the form h = hg + hy, where hg is used to get the approximate insensitization property,
and h is then chosen afterwards to get the exact insensitization property in the directions of £.

Given ¢ € L?(0,T; L*(Q0)) and & > 0, we set

€0 where C is the constant in (2.26).

o g
41

According to Proposition 1.4, there exists hg € L?(0,T; L?(w)) such that the solution (y,z) of (1.9)
satisfies

”(anyaanz)H(LZ(o,T;L%aQO)))Z < €o- (2.27)

We now set & = & + hol,,, which belongs to L?(0,T; L?(€)). According to the previous paragraph
applied for the source term &7, there exists hy € L?(0,T; L?(w)) such that

T
YV e &, / (V-n) </ OnYoOn 20 dt) do =0, (2.28)
a0 0
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where (yo, 20) is the solution of

0
%*Ayo = &G+hlo=¢+ (ho+h)l in(0,T)x Q,
Yo = 0 on (O,T) X 890,
Yo (05 ) =0 in QO
D ' (2.29)
ot Azg = leyo in (0,7) x o,
20 = 0 on (O,T) X 890,
20 (Ta ) =0 in QO.

Besides,
an"JO = any + 3nyh1, anZO =0pz + a’nzh15

so that the bounds (2.26) and (2.27) imply
[ (Onyo. a’nZO)H(LZ(O,T;LZ(ago)))z < (C + ey,

where C' is the constant in (2.26). We then easily get that
T
/ (V-n) / OnYoOnzo dt | do
8% 0

In other words, h = hg + h; exactly insensitizes J for £ and e-approximately insensitizes J.

YV € W3 (R4, RY), <(C+ 1%V - 0| Lo 90,)

<el|Vn|pe(a0,)-

3 The case wNO # ()

In this whole section, we assume the geometric setting (1.13), i.e. w N O # (.

3.1 Proof of Proposition 1.9

Similarly to the proof of Proposition 1.4, we reformulate the first part of Proposition 1.9, i.e. the
approximate controllability property (1.14), as the density of the range of the operator £ defined for
h € L2(0,T; L?(w)) with values in (L2(0,7T; L?(00)))? x L*(Q0) by

where (y, z) is the solution of (2.1).

Again, using classical arguments, Ran £ = (L?(0,T; L?(09Q0)))? x L?(Qo) if and only if Ker £L* =
{0}. Equivalently, this means that Proposition 1.9 is equivalent to showing the following result: if
(9ps 9o, 1) € (L2(0,T; L2(082)))? x L?(£), and (¢, ¢) solves

faa—:/: —AY = lep in (0,T) x Qo,
Vo= gy on (0,T) x 9y,
8901/) (Ta ) = Yr in €, (31)
E — AQD = 0 in (O,T) X Qo,
© = gy on (0,T) x 9y,
¢(0,:) =0 in €,
then, we have the following unique continuation property:
p=0in (0,T) X w= gy = g, =0 and Yr = 0. (3.2)

Let us then take (gy, g, ¥r) € (L2(0,T; L*(00)))? x L*(Q0), (¥, p,) solving (3.1) with ¢ = 0 in
(0,T) x w. Then the equation (3.1) on ¢ implies that ¢ = 0 in (0,7) x (w N O). The classical unique
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continuation property for the heat equation (see e.g. [24]) then applies to ¢ and ¢ = 0 in (0,7T) X Q,
implying that g, = 0, and that i solves the heat equation

0

¥ A =0, in(0,T) x Q.

ot
Since ¢ =0 in (0,7) X w, we immediately deduce that ¢» = 0 in (0,7) x Qp and that its boundary trace
gy and initial datum 7 vanish as well.

This finishes the proof of the unique continuation property (3.2) for solutions of (3.1), hence the

proof of the first part of Proposition 1.9, i.e. of the approximate controllability property (1.14).

Let us now focus on the proof of the null-controllability property when & € L2(0,T; L%(£)) can be
steered to 0 using a control h,. € L?(0,T; L*(w)), in the sense that the solution y,. of (1.15) satisfies
(1.16).

Then, for any € > 0 and f,, f. in L?(0,T; L*(0Q0)), we look for y, z and h respectively as y = ync+y1,
z =2z and h = hy. + hy where (y1, z1) satisfies

0
% ~Ayr = hil, in (0,T) x Q,
vy = 0 on (0,T) x 99y,
0,) = 0 in Qo,
(’)zlyl ( ) 0 (33)
o Az; = loWne+y1) in (0,T) x Qo,
zZ1 = 0 on (O,T) X 890,
Z1 (T, ) = 0 iIl Qo,
and
[0ny1 — fyllL20.1:22000)) + 110021 — F2llr20.mi 020000 <€ and  y1(T) =0 in Qo, (3.4)
where ~

In order to do that, we consider the functional K. defined for (gy, gy, 1) € (L*(0,T; L*(I'0)))? x
L*(Q) by

T
Ke(gy, 9o, %) :% /0 /|1/J(t,z)|2 dxdt

T T
+/ / (fygw + fzgga) dodt +/ / loyop + ¢ H(gwa990)||(L2(0,T;L2(r0)))2 ,
o Joag, 0o Jao

where (1), ¢) is the solution of (3.1) corresponding to (g4, gy, V7).
Then, we endow the set
Xo = (L*(0,T; L*(Ty)))* x L*(0)

with the norm

T T
H(gw,gww)nibsz/o /|w(t,x)|2d:ndt+/0 /6(2 (19012 + lg,?) dot,
w 0

where 1 is the solution of (3.1). The fact that this defines a norm comes from the unique continuation
property (3.2). Then, we define

<N llops
Xobs = XO .

We claim that K. can be extended continuously to Xps. Indeed, let us emphasize that for (gy, 9,, Y1) €
Xobss ¥|(0,7)xw is well defined by density as an element of L?(0,T; L*(w)) since the function (gy, g,, Y1) €
Xo = ¥|(0,1yxw is well-defined on X and continuous (by construction) for the topology of X, and
that we have the following straightforward estimate of the solution ¢ of (3.1): for any (g, ge, Y1) € Xo,

||90||L2(0,T;L2(QO)) <0 Hg<ﬂHL2(0,T;L2(aQO)) < Cll(gw: 9o, V1)l s - (3.6)
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In fact, according to estimate (3.6), one can deduce from classical observability estimates for the heat
equation (see e.g. [14]) that for any (gy, g,, Y1) € Xo, we have

tes[lépT) {efc/(Tft) ||7/’(t)||L2(QO)} <C ||7/’||L2(0,T;L2(w)) +C ||<P||L2(O7T;L2(QO)) +C ||g¢||L2(01T;L2(6QU))

< C(ge: 9o, 1)l s -

Hence, by density of Xo in Xops, to each (gy, 9,, V1) € Xobs, We can associate a solution (1, ¢) to

_%_1? —AY = legp in (0,T) x Qo,
= gw on (O,T) X aQO?
dy .
E — ASD = 0 m (O,T) X QO)
Y = gy on (O,T) X 8907
® (0’ ) = 0 in Qq,

such that for all 77 < T, ¥(T") € L?*(2). Thus, applying the unique continuation property (3.2) with T
replaced by T", we obtain that if, for (gy, 9,,%7) € Xops we have ¥|(g,71)x = 0 then ¢ and 1) vanishes
identically on (0,7"). Since T" € (0,T) is arbitrary, we deduce that the unique continuation property
(3.2) extends to (gy, gp, V1) € Xobs-

Classical contradiction arguments relying on (3.2) (see e.g. [12]) then give that

K.
lim inf (941 e ¥r) > e, (3.7)

1909y 19905 9o V)| s~

Indeed, let us prove (3.7) by contradiction. Assume that there exists a sequence (gy.n, 9p,n, V1,n) €
Xops such that

<e. (3.8)

. Ke(gw ny Jp naan)
pr = [(9y,ns 9o,ns VT,n) —o00as n— oo, and o := limsup ’ ’ d
n = W gwinsgom 01 lone T s G O o,

We first renormalize the corresponding functions, and set

(gw,na Go,n, Q/JT,n)
|| (gw,n; 9o,n "/)T,n) Hobs ’

(gw,na gtp,na Q;T,n) -

so that .
H (gw,nv g@,n; wT,n) obs =1. (39)

Therefore, there exists (Gy, Go, 1/3T) in X,ps such that
(gwﬁnﬂ gtp,na ’l/;T,n) weakly converges to (ng gtpv "Z)T) in Xops as n — 00. (310)

According to (3.8), we have

pn //Iwnlzdwdt

)?
T
/ / fygw n+ fzgap n) dodt + / / X@y0¢n + EH(ngm; g‘Pv”)”(Lz(O,T;Lz(FU)))Z < apn.
890 0 Q0
(3.11)

By (3.6) and (3.10), the sequence

T T
(/ / (fygwm + fzgcp,n) dodt + / / XoYoPn + &[[(Gy.n g%")||(L2(O,T;L2(F0)))2>
0 Q0 0 Qo

neN
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is uniformly bounded in n. Therefore, dividing by p,, and using that p,, — 400 when n — co, we infer

T
lim (/ /|1;n|2dxdt> =0,
n—oo 0 w

=0 in (0,T) x w.

hence

We also deduce, according to (3.9), that
A 1Gyn Gon)l (12 0,752m0y )2 = 1

Furthermore, using the unique continuation property (3.2), which has been shown to be also valid for
elements of X5, we deduce that

(G» o br) = (0,0,0).
In particular, according to (3.10) and the equation satisfied by ¢,

T T
li_>m </ / (fygw,n+fz§¢,n) dadt+/ / X990¢n+5|(gw,n,£7<pm)||(L2(0,T;L2(FO)))2) =6
n—oo 0 JoQo 0 JQo

which is in contradiction with (3.11), since o was assumed to be smaller than € by (3.8). This concludes
the proof of the coercivity estimate (3.7).

Therefore, since the functional K. is also obviously strictly convex, it admits a unique minimizer
(93 95, ¥7) € Xovs. Writing the Euler-Lagrange equation satisfied by the minimizer gives that, setting

hi=¢"in (0,T) X w,

the corresponding solution (y1, 21) of (3.3) satisfies (3.4). We refer for instance to [12, Theorem 1.2 and
its proof] for further details about the approach considered here. To conclude the proof of Proposition
1.9, we set (y, 2) = (Y1 + Yne, 21)- Since (y1, z1) satisfies (3.3) and yy. satisfies (1.15), (y, z) is a solution
of (1.9), verifying moreover (1.17) and (1.18), thanks to (3.4), (3.5) and (1.16).

3.2 Proof of Theorem 1.11

The proof of Theorem 1.11 mainly reduces to Proposition 1.9, similarly as for the proof of Theorem 1.6,
that follows from Proposition 1.4.

When the goal is to get the approximate controllability for yo at time T° > 0, i.e. (1.19) the only
novelty is that for any € > 0 and yr € L?(€p), we should take the control function h € L?(0,T; L*(w))
such that the solution (yo, z9) of (1.4) satisfies (2.4) and (1.19), which can be done according to Propo-
sition 1.9.

When the goal is to get null-controllability of yy at time 7" when ¢ is null-controllable, the argument
is basically the same, by using a control function h € L?(0,T; L?(w)) such that the solution (yo, 29) of
(1.4) satisfies the estimate (2.4), i.e.

||an?JOHL2(o,T;L2(aQO)) + ||anZOHL2(0,T;L2(aQO)) < Ve,

and (1.18).
Details are left to the reader.

3.3 Proof of Theorem 1.12

Here again, the proof of Theorem 1.12 is very similar to the one of Theorem 1.8. We focus on the case
in which we only want approximate controllability of yo at time T since the other case in which we want
null-controllability at time T" when £ is null-controllable can be deduced similarly, following the proof of
Theorem 1.8.

To be more precise, we will choose the control h in two steps, under the form h = hg + h1, where hg
is used to get the approximate insensitization property and the approximate controllability of yy at time
T, and h; is then chosen afterwards to get the exact insensitization property in the directions of £.
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We assume that £ is of finite dimension N > 2. Let & = {V - n, V € £}, which is itself a finite
dimensional subspace of L?(0€) of dimension M < N. We now proceed exactly as in the proof of
Theorem 1.8 by choosing, for a parameter a > 0 to be chosen later, for k € [1, M], a € {1,2}, control
functions A , such that (2.20) holds and

<1

L2() (3.12)

e

where ypo solves (2.8)—(2.9). Note that this can be done according to Proposition 1.9.

Then, the same arguments as before yields the following result: there exists h of the form (2.25) with
A € RM satisfying (2.24) such that for all V € &,

T
V- -n (/ (c‘%y& + 8nyh)(8nz5 + anzh) dt) do =0,
00 0

where (ye, z¢) solves (2.6)—(2.7) and (yn, zn) solves (2.8)—(2.9). Besides, combining (2.24), (2.25) and
(3.12), the corresponding controlled trajectory (yp, zn) of (2.8)—(2.9) satisfies:

1Pl 20,7522 (wy) 1 @Whs 201l (L2(0, 712 (020)))2 + 9B (T L2(020) + 11On¥ns Onzi) | (12007120020 )))2
< Cll(Onye, Onze)ll (120, 1:12(000))2 - (3-13)

Therefore, to solve the problem of approximate insensitization of J, exact insensitization of J for £
and approximate controllability (1.19), we do as in the proof of Theorem 1.12: for any ¢ > 0, setting

min{/e, e}

€0 = C+1 )

where C' is the constant in (3.13), we start by taking hg € L?(0,T; L?(w)) such that the solution (y, 2)
of (1.9) satisfies

100ny, On2)l (L2 (0,1:22000)))2 T 1U(T) = yrllL2(00) < €0,
which can be done according to Proposition 1.9.

Setting &; = £+ holy, which belongs to L%(0,T; L2(€)), by the previous paragraph and the estimate
(3.13) applied for the source term &, there exists hy € L?(0,T; L?(w)) such that the identity (2.28) holds
for all V € &, where (yo,20) denotes the solution of (2.29) and the solution (y,, zn,) of (2.8)—(2.9)
satisfies the bound

(78 (T)HL?(QU) + ||(anyh1)anzhl)||(L2(07T;L2(890)))2 < Cey.
Besides,
Yo (T) =y(T) + yn, (T),  Onyo = Ony + OnYn,, Onzo = Onz + Opzn,,
so that
[90(T) = yrll p2(00) + [1(Ony0, On20)ll (1200, 7 12(8600)))2 < (C + 1)e0,
where C' is the constant in (3.13). We then easily get that

T
/ (V-n) (/ Ony0On 20 dt) do
Q0 0

YV € W3 (R4, RY), < (C+ 1%V - n L a0y

< |V -nllL=a0,),

while
l90(T) = yrll 20y < (C+1)eg <e.

In other words, h = hg+h exactly insensitizes J for £, e-approximately insensitizes J and e-approximately
controls yo at time 7.

20



4 The exact insensitization problem

4.1 Proof of Proposition 1.14
We fix ¢ € L2(0,T; L*(R%)), and we introduce the solution y¢ of

Oye — Aye =&, (t,x) € (0,T) x Qo,
Ye(t, x) =0, (t,z) € (0,T) x 8,
ye(0,2) =0, x € Qo,

According to (1.21), there exists a smooth function n = n(x) such that n =11in Qp \ w and n =0 in O.
Then, we set

yo(t,x) = n(x)ye(t, z), for (t,z) € (0,T) x Qo,
which solves (1.4) with control function
Lo(2)h(t, x) = (n(x) — DEE x) — [A, n]ye (¢, ), for (¢,2) € (0,T) x Qo,

where [A, n]ye (¢, ) := A(nye) —nAye. Notice that 1,k is localized in w because of the support properties
of .

Therefore, yo vanishes in (0, 7)) x O, hence the associated function zg such that (yo, zo) satisfies (1.4) is
identically zero. In particular, according to (1.3), we immediately have the exact insensitization property
(1.5).

4.2 Proof of Theorem 1.15
We start by introducing open sets wg, w1, wa, and w3 such that
00 Cwy Ewy Ewy E w3 Ew,

which is possible thanks to Assumption (1.22). We also introduce a smooth function ne3 = n23(z) taking
value 1 in 2\ @3 and vanishing in ws.
We fix £ € L2(0,T; L?*(R%)), and we introduce the solution y¢ to

Orye — Aye = 123§, (t,x) € (0,T) x Qo,
ye(t,x) =0, (t,z) € (0,T) x 9,
yg(O,z) :07 x GQ,

and the solution z¢ to

—0rze — Dze = M2 YeXo, (t,x) € (0,T) x Qo,
ze(t,z) =0, (t,x) € (0,T) x 09y, (4.1)
ze(T,z) =0, z € Q.

where 712 = n12() is a smooth function taking value 1 in Qg \ @3 and vanishing in @y.

Then, we introduce a smooth function 791 = 11 () such that 7y; vanishes in wg and equal to 1 in
0o\ w1, so that 1gnp; is actually a smooth function taking value 1 in ©\w; and vanishing in woU (2 \ ©).
Then z(t,x) = lo(z)no1(x)z¢ (¢, ) satisfies

—0iz0 — Azg = o1z YeXo — [A, lonoi] ze, (t,z) € (0,7T) x Qo,
ZO(tv'r) = 07 (t,SC) € (OaT) X aQO,
ZO(Tv :C) = 05 HAS QOv

and, by construction,

zo(t,z) =0 for all (¢,z) € (0,T) x (Q \ O©).
We now remark that by construction, [A, 1eno1]z¢ is localized in w; NO. Besides, local regularity results
for (4.1) imply that z¢ is €2([0,T] x w1 N ©O). We then take

yo(t,x) = no1(x)ma(z)ye (t, x) — [A, lonoi]ze(t, ), for all (¢t,z) € (0,T) x Qo,
which satisfies (1.4) for h given for (¢,z) € (0,T) x Qo by
h(t,z) = (no1(z)ma(z)nes(x) — 1E(L, z) — [A, norme]ye (¢, 2) — (9 — A)([A, 1enor]z¢) (L, ).

This control function A is localized in (0,7) X w due to the conditions on the support of 191, 712, 723.
This concludes the proof of Theorem 1.15.
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4.3 Proof of Theorem 1.16

Firstly, we consider a function g € €4(0Q0) such that g is nowhere €°(9Q0) (such functions form a
dense set in the sense of Baire of 44(9€0) and thus exist).
Then, we introduce a function ¢, € H*(£)) such that

g«(z) =0 for z € 99y, Onqs(z) = g(x) for z € 9y,
Ag.(z) =0 for z € 99y, OnAgs(z) = g(z) for x € N,
whose existence is guaranteed by classical trace theorems, see e.g. [22, Chap.1, Theorem 8.3], and we

choose a smooth non-negative function n = n(t) such that n(0) = n(T) = ’'(0) = 0 and fOT n(t)?dt = 1.
Then, we set, for (¢t,z) € (0,T) x Qo,

Zf(t’ 1') = n(t)Q*(x)v yf(tvx) = 7(%2’5(15,56) - AZf(ta :L') = *U’(t)(]*(l') - U(t)AQ*(SC),
£(t,z) = atyﬁ(t’ z) — Ayi(ta ).

Notice that £ € L2(0,T; L*(Q0)) since q. € H*(Qo).
Assume that we can solve the exact insensitization problem for this choice of £. Hence, from (1.5)
and formula (1.3), there exists h € L?(0,T; L?(w)) such that

T
Va € 09, / Bnyo(t, £)nzo(t, z) dt = 0, (4.2)
0

where (yo, z0) solves (1.4). We now decompose yq as
y(t,x) = ye(t, x) + ynlt, 2),
where yj, is the solution of (2.8), and zq as
z0(t,z) = ze(t, ) + zn(t,x), (t,x) € (0,T) x Qo,

where zj, solves (2.9).

From (4.2), for all = € 99,

T
0 =/ (Onye + Onyn)(Onzg + Onzn) di
0

T T
=~ (g(x)) +9(:c)/0 (n()Onyn(t, ) — (' (t) + n(t))On2n(t, x)) dt+/0 Onyn(t, ) Onzn(t, x) dt,

where we used that
Onye = —(m+1n")g, Onze =1ng.
Since w € (g, the regularizing properties of the heat equation imply that y; is smooth close to the
boundary [0,T] x 99, and thus so is z;,. Therefore, the quantities

ao(z) = /O (O0nyn(t,) — (7 () + 1) Dnzn(t2) dt  and  a1(z) = /O O (t,2) On2n (1, 3) dt,

are smooth (4°°) in 9€. Since for all z € 9Qg, g(z) is a real root to the polynomial —X?2 + Xag(x) +
a1(z), we necessarily have that for all z € 9Q, ag(z)? + 4a1(x) > 0 and for all x € 9y,

g(x) € {%(ao(x) + vVao(x)? + 4a1(:13)), %(ao(:n) —+Vao(x)? + 4a1(x))} .

In particular, if there exists o € 9Q such that ag(z0)? > 4a1(z0), since g is continuous, there is a sign
s € {—1,1} such that in a neighborhood of z¢ (in ) in which a? + 4a; stays positive,

g(x) = %( —ap(z) + s\/a0($)2+4a1(x)),

implying in particular that g is smooth (4°°) in a neighborhood of xy, which contradicts the choice of g.
Thus, for all 2 € 9, we should have ag(x)? + 4a;i(z) = 0, so that g(z) = —ag(x)/2. But this would
again imply that g is smooth in 0, thus contradicting the choice of g.
We have thus obtained a contradiction. There cannot be any control h € L?(0,T; L?(w)) such that
the condition (4.2) holds.
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