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Characterizations of output controllability for LTI systems

Baparou Danhane?®, Jérome Lohéac ?, Marc Jungers #

& Université de Lorraine, CNRS, CRAN, F-5/000 Nancy, France

Abstract

The objective of this paper is to make, in a simple and rigorous way, some contributions to the notion of output controllability.
We first examine, for Linear Time-Invariant systems, the notion of state to output controllability, introduced in the 60s by
Bertram and Sarachik. More precisely, we extend the Hautus test, well-known in the case of state controllability, to state to
output controllability, and propose a controllability Gramian matrix, allowing us to build a continuous control achieving a
transfer with minimal energy. We also give two other notions of output controllability, namely output to output and globally
output to output controllability. For each of these two new notions, we give necessary and sufficient conditions, in terms of
Kalman rank, Hautus test and Gramian matrices. All of these results are given in the framework of continuous time and
discretized time systems. These results are illustrated by several numerical examples.

Key words: LTI systems, output controllability, Hautus test, Kalman rank condition, state to output controllability
Gramian, continuous and discrete time systems, minimal norm control.

1 Introduction

The notion of state controllability was first introduced
in [10] by R. E. Kalman in 1960 for linear systems.
The aim was to answer to whether it is possible or
not to transfer a system from its initial state to a
prescribed final state. This topic has been widely
studied within the scientific community because of
its theoretical and applicative importance. For Linear
Time-Invariant (LTI) systems, several criteria, see
e.g. [4, Chapter 6] or [15, Chapter 3|, have been
established to answer this question. In addition, when
the system is state controllable, one knows how to exhibit
a control of minimal norm allowing us to achieve the
above-mentioned transfer, see e.g. [5, Proposition 1.13].
The notion of state to output controllability was first
introduced in [2] but did not get the same infatuation.
Consequently, there are few documents discussing this
topic and some well-know results in the framework of
state controllability, as the Hautus test, are not known
from the literature. In the case of LTI discrete-time
systems without direct transmission from the input to
the output, J. Bertram and P. Sarachik gave in [2],
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an answer to whether it is possible or not to reach
a prescribed output value from an arbitrarily chosen
initial state data. More precisely, they established the
analogues of the state controllability criteria related to
the Gramian and Kalman matrices. In the case of direct
transmission from the input to the output, E. Kreindler
and P. Sarachik in [11], linked the state to output
controllability to the positivity of a Gramian matrix. In
this paper, the authors also provided the analogue of
the Kalman rank condition.

As far as we know, in the framework of LTT systems with
direct transmission from the input to the output, there
does not exist an explicit expression of a continuous
control allowing us to perform a desired transfer.
Furthermore, to the best of our knowledge, there
does not exist an extension of the Hautus test for
state to output controllability. Also, like in the state
controllability framework, one could be interested in
transferring an initial output (not an initial state) of an
LTI system to a final output, both chosen arbitrarily.
A glance has been brought to this question by C.-T. Chen
in [3, Section 5.7] for LTI systems without direct
transmission of the input to the output. However, the
presented results are the ones of [11], and we will see
later in this paper that it is not exactly the case. Note
that for a given initial output, there is in general more
than one initial state corresponding to this output.
Hence, one could wonder whether it is possible or not
to design a control law allowing us to steer one initial
state, or all initial states, to any output target. To
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our knowledge, there is rigorously nor criteria, neither
control law allowing us to perform such task.

As contributions, we place ourselves within the
framework of LTI systems with direct transmission from
the input to the output and present different notions of
output controllability, depending on whether we want
to send an initial state to a final output or an initial
output to a final output. For the notion that consists in
steering an initial state to a final output referred here
to State to Output Controllability (SOC), we establish
an Hautus test and new analogues of the other criteria
dedicated to state controllability. We also propose a
continuous control built by means of a controllability
Gramian matrix allowing us to realize a desired transfer.
In order to steer an initial output to a final output, we
introduced two other notions of output controllability.
The first one is the Output to Output Controllability
(OOQ). For this notion, the purpose is to transfer one
of the initial state, corresponding to the given initial
output, to the prescribed final output. The second
notion is the Globally Output to Output Controllability
(GOOC). For this notion, the goal is to send all the
initial states data corresponding to the prescribed initial
output to the desired final output by means of the same
input. For these two notions of output controllability,
criteria and control laws are proposed.

All these results are also given in the discrete-time
framework.

This paper is organized as follows. In Section 2, we recall
known results on state controllability, and introduce
the SOC notion. We provide in Section 3, Theorem 3.1
gathering different criteria to ensure the SOC of the
system. In this section, we also give Theorem 3.2 where
a continuous control is designed to perform any desired
transfer. The remaining of this section is dedicated to the
illustration of these results on an example. Theorems 3.1
and 3.2 are proven in Section 4. In Section 5, we
propose the analogues of Theorems 3.1 and 3.2 for
discrete time LTI systems. The two other notions of
output controllability are introduced in Section 6, with
their characterizations. Concluding remarks and open
questions are given in Section 7.

The following notation will be used in this paper.
For k, [ two positive integers, Rﬁc stands for the set
of real matrices with [ rows and k columns, and Oﬁc
denotes the null matrix. When & = 1 (or [ = 1), R,
becomes R! (or R;) and 0% becomes 0' (or 0). For
F € wa we denote respectively by rk F', Im F', ker F'
and FT, the rank, image, kernel and transpose of F.
F+ € RF denotes a matrix of maximal rank such
that FF+ = 0!, with k = dimker F. The matrix F'f
stands for the Moore-Penrose inverse of F. When F
has linearly independent rows (respectively columns),
FT = FT(FFT)™! (respectively FT = (FTF)"'FT).
The vector space generated by k vectors of same
dimension e; is denoted by span{e; }i—1.... x. For @ € R¥,

Q > 0F means that @Q is positive definite, o(Q) is the
spectrum of (), and for A € C, Q) = Q — A, where I},
is the identity matrix of R¥. E- denotes the orthogonal
space of the vector space E. The sets N*, N, and
NZ, stand respectively for N\{0}, {0,1,--- ,k — 1} and
{1,--- ,k}. #A stands for the cardinal of the set A. For
w € R*, we denote by |w|) the Euclidean norm of w. For
ameasurable function h defined almost everywhere (a.e.)
on [0,T], T > 0, the essential supremum of h is given
by [hlloe = supess|hly = inf{c > 0 | u({t € [0,T]
|h(t)|x > ¢}) = 0} where u is the Lebesgue measure. We
then define £>°([0,T];R¥), the set of all measurable
functions defined a.e. on [0, 7] such that ||kl < +00,
and L>°([0, T];R¥) = {[f] : f € £>°(]0,T];R*)} where
/] = {g € £(0,TERY | g = facon[0,T]}.
L?([0,T];R¥) is obtained similarly by substituting
in the above construction the norm ||| by the
norm ||-[|2 defined by [|f|3 = []|f()2dt. In the
sequel, we will simply write f instead of [f], i.e., for
every f € ZP([0,T];R*) (p € {2,00}), we identify
[f] € Lr([0,T];R¥) with its representative f. The
space H'([0,T];R¥) represents the Sobolev Hilbert
space of function of L2([0,T];R¥) which derivative
in the distributions sense is in L2([0, T]; R¥). The set
of continuous function g : [0,7] — R* is denoted
by C°([0,T];R*) and this space is endowed with the
L>([0,T]; R*) norm defined above.

2 Problem Statement

Consider, for all £ > 0, the LTI system

=
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Ax(t) + Bu(t), (1a)
Cx(t) + Du(t)- (1b)

<

—~
~

~

In (1), z(t) € R™, u(t) € R™ and y(t) € R? are
respectively the state, the input (or the control) and
the output of the system at time ¢, where n, m and q
are positive integers, and A € R, B € R, C € R4,
D e R .

The following notations will be used:

C*(A,B) = (A" 'B|A"*B|---|AB|B) € R},
C°(A,B,C) = CC*(A,B) € RY

nm?

CO(AaBa CvD) = (CO(A’B7C)|D) € IR((In-i-l)’m'

2.1 Reminders on the concept of state controllability

Let Us be a set of admissible controls, that is a set
of all controls for which equation (la) (named state
equation) coupled with 2(0) = xo € R™ as an initial data
admits a unique solution x,, (¢, xg) such that x, (T, xq) is
well-defined. The notion of state controllability can be
defined as follows.



Definition 2.1 The system (1) is said to be state
controllable if for any (xo,x1) € R™ x R™, there exist a
timeT > 0 and a controlu € Us such thatx, (T, %) = x1.

From the above, it is clear that the notion of state
controllability requires a well-defined state at time
t = T starting from any given xq¢. This can be ensured
by taking, for instance, Us = L*([0,T];R™). For all
xg € R™ and u € Us, equation (la) together with the
initial condition z(0) = x¢ admits a unique continuous
solution given by

¢
Zy(t,x0) = e'xq Jr/ e=DABy(7)dr. (2)
0

The following theorem gathers equivalent standard
criteria for state controllability, which can be found for
instance in [15].

Theorem 2.1 The following properties are equivalent.

(sco) The system (1) is state controllable.
(sc1) There exists a time T > 0 such that the state
endpoint map Ef. : Us — R"™, defined by

T
Ef(u) = /0 eT=ABu(7)dr (u € Us)

18 surjective.
(scz) 1kC*(A, B) = n.
(sc3) ker(BT) Nker(Ay ) ={0"}, V) € C.
(504) rk (A)\|B) =n,VA € C.

T
(scs) G5 ::/ e ABB e dr > 0y, for someT > 0.
0
Remark 2.1 Condition (scz) is known as Kalman
rank condition, (see e.g. [10, Corollary 5.5]), where
the matriz C*(A,B) is the Kalman controllability
matriz. Condition (scy) is Popov-Belevitch-Hautus
condition (mostly known as Hautus test) and can be
found in [14, Lemma 3.3.7] (see also [1,7,12]). The
matriz G5 defined in (scs) is called continuous-time
state controllability Gramian at time T of system (la)
(see [10, Proposition 5.2]).

The following technical lemmas on the state controllability

will be of crucial importance for output controllability.
Lemma 2.1 ([15, Corollary 3.2]) Let xo € R™, the
set of all states that can be reached from xqg in time T is
Rs(x0,T) = {eTx0} + E5(Us) and we have,

Rs(x0,T) = {74} +ImC3(A,B) - (3)

Remark 2.2 [t is well-known, for LTI systems, that
the notion of state controllability depends neither on the
initial state, nor on the controllability time.

Lemma 2.2 Letxg € R™ andx;1 € Ry(x0,T), then for
every ug,u; € R™, there exists u € C°([0, T]; R™) such
that u(0) = ug, uw(T) =uy and z,(T,x0) = x1.

PROOF Consider for v € L*([0,T];R™), the LTI
system #(t) = AZ(t) + Bu(t), where & € R"*"™,

- A B - or
A( )eRzm B<m>em+m. (4)
o o

m
Writing # = (27, w") T, where z € R® and w € R™, we

infer from (3) that for all %o = (2], wJ ), we have

7’—\3‘5()}071—‘) = RS(Z07T) X ]Rmv

where R,(Xo,T) is the set of all states (in R""™) that
can be reached from xg at time 7" when the input v runs
L(0, T} R™).

Take X9 = (xJ,ug)’ and %3 = (x{,u])'. Since
%1 € Re(Xo,T), there exists a controlv € L>°([0, T]; R™)

steering X¢ to X3 in time 7', and the function u(t) =

up + fot v(7)dr is a continuous control steering x¢ to x3
in time T and satisfying «(0) = up and u(T) =u;. O

2.2 State to output controllability

The first concept of output controllability discussed in
this paper is the one of state to output controllability.
Let U, be a set of admissible controls for (1), that is a
set of all controls for which (1) admits, for any given
initial data xg € R™, a unique solution y,(t,xo) such
that y,, (T, xo) is well-defined. The following definition of
state to output controllability will be considered.
Definition 2.2 The system (1) is said to be state to
output controllable (SOC) if for all (xg,y1) € R™ x R?
there exist a time T > 0 and a control u € U, such that

yu(T; XO) =V¥i-

Let us, from the generic description of i,, make a more
precise choice of U,. Unlike the state controllability
framework, the set of admissible controls U, cannot be
reduced to L*([0,T]; R™) in the case of state to output
controllability because for a control in L*°([0, T]; R™),
evaluating y, (¢, x0) = Cx,(t,%0) + Du(t) at time t =T
does not make sense when D # 0. Indeed, if u €
L>([0,T);R™), u is a representative of an equivalence
class and is not, a priori, well-defined at time T'. So for
expression y, (T, x0) = Cxy(T,x0) + Du(T) to make
sense, it is more convenient to take

U ={u e Z=(0,T;R™) | w(T)eR™}- (5)

Note that C°([0, T]; R™) C U,. Setting R, (xq,T) as the
set of all output points that can be reached from xq
at time 7T with admissible controls in U,, we have the
following proposition.

Proposition 2.1 Letxy € R". Ify; € R? can be reached
from xq in time T by means of a control in U,, then
there exists a control in C°([0, T]; R™) steering xo to y1



in time T'. Moreover, we have
Ro(x0,T) = CRs(x0,T) + Im D. (6)

PROOF For every bounded function « : [0, 7] — R™, we
have, according to (1b), yy, (T, x¢) = Cxy (T, x0)+Du(T)
and therefore that R, (x0,T) C CRs(x0,T)+Im D. Our
aim is then to show that any point of CR(xg,T)+Im D
can be reached with a continuous control function. This
will ensure that the set of reachable outputs is the same
when choosing essentially bounded inputs with finite
value at time t = T or continuous controls.

For every y1 € CRs(x0,T) + ImD, there exist
x1 € Rs(x0,T) and u; € R™ such that y; = Cx3 + Duy.
As x1 € Rs(x0,T), we infer from Lemma 2.2 that there
exists a continuous control u such that u(T) = uy,
steering xp to x; at time 7. Using this control as
input in (1) with x¢ as initial data, we deduce that
yu(T,x0) = Cxy(T,x0) + Du(T) = Cx1 + Duy = y;.
O

Thanks to Proposition 2.1, we choose without loss of
generality U, = C°([0, T]; R™) for the rest of this paper.
Remark 2.3 If system (1) is SOC then it is SOC for
all time T > 0. Indeed, if system (1) is SOC then there
exists a time T > 0 such that R, (0™, T) = R? and hence
for all time T > 0 thanks to (3) and (6). We infer that
Ro(x0,T) = RY for all xg € R™ and for all T > 0. This
shows that the notion of state to output controllability
depends neither on the initial data nor on the state to
output controllability time.

3 State to output controllability results

In this section, we give in paragraph 3.1 one of
the main results of this paper, in particular, we
extend Theorem 2.1 to the context of state to output
controllability (Theorem 3.1). We also give a constructive
result allowing us to build a continuous control steering
any initial state to any final output (Theorem 3.2). These
results are illustrated on an example in paragraph 3.2.

8.1 Main results

Theorem 2.1 takes the following form in the context of
state to output controllability.
Theorem 3.1 The following properties are equivalent.

(soco) The system (1) is state to output controllable.
(soc1) There exists a time T > 0 such that the output
endpoint map ES. : U, — RY, defined by

E7(u)

T
/ Ce T~ ABu(T)dr+Du(T)  (u € Us)
0

18 surjective.

(socz) 1k C°(A, B,C, D) = q.

(soc3) rk (C|D) = q and

CT
Im ( ) N
DT

where By = ker(A])™ N (m;;;glkerBT(A;)k),
with ny, the algebraic multiplicity of X in the
minimal polynomial of A.

(socy) tk (C|D) = q and

D Bx{om}) ={ory,

Ao (A)

Ky, 0 --- 0 (CID)*
0 Ko .
rk A2 = (n+m)p,
: 0
0 ... 0 K (C|D)*
where p = #0(A), {1, A2, -+, A} = 0(A),

n+m
n+(nx+1)m and

My 0
Ky = eR
0 In
My = (AP AP T'B|---|A\B|B) € R, ..
(socs) Kp = CG5CT+DD" > 0%, for someT" > 0, where
G5 is the matrixz defined in (scs).

T
(socg) G = / H,(T,7)H,(T,7)"dr > 03, for some

0
T > 0, where Hy(T,7) = CM(T — 7)B + D and
M(s) = [;e*=D4dt, s € 0, 7).

The matrix G% defined in Theorem 3.1, criterion (socg)
is called the state to output controllability Gramian
at time 7. The proof of this theorem is provided in
paragraph 4.1. For the moment, let us make some
comments.

Remark 3.1 As for Remark 2.3, in (soc1), (socs) and
(socg) one can replace the existence of T > 0 by the fact
that T can be any positive real number.

Indeed, if G3. > 0] for some time T" > 0 then G? >
0¢ for all time T > 0. This being so because if T > T
then G2 > 01 thanks to the linearity of the integral and
the fact that G is positive definite. For T < T, assume
by contradiction that G2 is not positive definite. Then
there exists a vector n € RI\{09} such that n' Gy = 0.
This leads to the fact that Hy(1,t)'n = 0 for all t €
[0,7]. Since the application t — H,(7,t)"n is analytic,
we deduce from the analytic continuation theorem that
H,y(t1,t)Tn = 0 for every t; > T and in particular for
t1 = T. Hence, G is not positive definite, leading to a
contradiction.

Remark 3.2 Conditions (soc;), for i
extensions of conditions (sc¢;).

Observe that when considering the state as the output
(g =n, C =1, and D = 0F,), the notion of state
to output controllability becomes the one of state
controllability. In this case, conditions (soc;) are
simplified into (sc;) for i € Ngs. This is obvious for
(socp), (soc1), (soca) and (socs). Let us now check this

€ Ngs are



statement for (socs) and (socy).

One can show directly that the derived wversion of
(socs) is equivalent to (scs). To this end, remark
that @ e, a) Ex = {0"} if and only if Ex = {0"}
for all X € o(A). Furthermore, Ex = {0"} is
equivalent to ker BT N ker A\ = {0"}. Indeed, we
have ker BT N ker A;\r C E\ and reciprocally, if there
exists A € o(A) such that Ey # {0™}, then for
every zx € Ex\{0"}, there exists k € N such that
(AK)T 2y # 0, and (A§) T2\ € ker A] Nker BT.

To show that the simplified version of (socy) is equivalent
to (scq), it is sufficient to notice that for C = I,, and
D =07, one can choose (C|D)* = (07, 1,,) T and (socy)
is then reduced to rkdiag(My,;--- ; My,) = np which is
equivalent to tk My = n for all A € o(A). Arguing as in
the previous point, we get the result by duality.
Remark 3.3 Note that (socs) is equivalent to:

tk (C|D) = q and for every A C C such that #A < n,

T
we have Im <CT> N <@ Ey x {0”}) = {0”'””}-
D AEA
This being true because for every A C C such that
#A < + oo, we have@ E, C @ E) and#o(A) < n.
AEA A€o (A)
In the same way, we have state to output controllability
for system (1) if and only if condition (socy) is
satisfied for every set of p < n distinct complex
numbers. It is important for X\; to be two by two
distinct in that condition. Indeed, one can see that

ker(K,|(C|D)1)T = {0"*™} is not equivalent to
Ky 0 (C|D)*

ker A (C1D) :{02("+m)}.
0 K\ (C|D)*

Remark 3.4 Condition (socy) is trivial because it
describes the fact that there exists a time T > 0 such
that Ro(x0,T) = R? for all xg € R™. Conditions (socz)
and (socs) are well-known and can be found in [11].
Remark 3.5 For every xo € R™, we have, R,(x0,T) C
Im C+1Im D. Hence, a necessary condition to have state
to output controllability is

rk(C|D) = q. (7)

This rank condition is implicit in conditions (socy),
(soca), (socs) and (socg) but appears explicitly in
conditions (socs) and (socs) as it will be underlined in
the proof of Theorem 3.1.

The following theorem gives, in the case of state to
output controllability, a continuous control steering any
initial state xo € R™ to any output y; € RY. Its proof is
postponed in paragraph 4.2.

Theorem 3.2 Let (xg,y1) € R™ x R?, and assume that
system (1) is SOC. For every T > 0 and ug € R™, the
control

U@%ﬁém@ﬂmm@%lmM@mM

steersxg toyy in timeT. In the above, G$. and H, are the
matrices defined in (socg) and yu,(T,%o) = CeT4xy +
HO(T, O)UO.

Furthermore, this control is the unique minimizer of

T
mm%A|mm%n
| e B0, 7] R™), u(0) = o, y1 = yu(T\x0)-
(8)

Remark 3.6 We can also, in the case of state to output
controllability, use the matriz ICr to compute a control
steering xo to y1 in time T. More precisely, we observe
that the control given by

() = BTeT=DATCT(Kp)~1, ift€[0,T),
| DT(Kr)ley ift =T,

with §y = y1 — CeATxq steers xo to yy in time T.
Furthermore, this control is the unique minimizer of

e 2 L2
mm§A|Mﬂmw+§Mm
u € L2([0,T];R™), z € R™,
y1 — CeATxy = CE%.(u) + Dz,

where z stands for the final control value u(T). One can
see from the above expression of u that, this control is not
continuous unlessCB = D. When D = 0%, a continuous

control can be built by minimizing fOT|u(T)|$ndT. Note
that even if E3 was not defined on L2([0,T];R™), it
admits a trivial extension to elements of this set.

3.2 Illustration

To illustrate these results, let us consider the system (1)
with n =3, m =1, ¢ = 2, and matrices A, B, C, D
defined, with «, 7, v and § four real numbers, by,

1la0

0
010 0
A= Oll,B: O,C: 7D: 5
) vy O0v 1)

001

Observe that through (sca), the state controllability
of (1) is equivalent to & # 0. The necessary condition
for state to output controllability (7) is equivalent to
the fact that at least one of the parameters ~, v or d is
not null.

Let us now focus on the criteria given in Theorem 3.1.
The Kalman extended rank condition (socz) being
well-known, we first derive from it a necessary and
sufficient condition on parameters «, v, v and J for state
to output controllability. We then check that the other
criteria lead to the same conclusion.



e Criterion (socz). The Kalman state to output
controllability matrix is given by

2 100
C°(A,B,C,D) = .
v+ayv v 9§

From this matrix, we observe that rkC°(A, B,C, D) is
strictly less than 2 if and only if § = v = ay = 0. The
state to output controllability then yields if and only if
the parameters «, v, v and § do not satisfy

d=v=ay=0. 9)

o Criterion (socz). We recall that (7) is equivalent
torv # 0or v # 0or §d # 0. We have in every

case o(A) = {1}. Also, it can be easily checked
that if @ # 0, the algebraic multiplicity of 1 in
the minimal polynomial of A is n; = 3, and we

have E; = {0"}. If @« = 0 then n;y = 2, and we
have £y = span{(1 0 0)'}. We also observe that

Im(C|D)T = span{(O 100)T,(v0v 5)T} :

From the above computation, we deduce that (7) and
Im(C|D)" N (E; x {0™}) = {0"} are not satisfied if and
only if (7) is not fulfilled in the case o # 0. In the case
a =0, (7) and Im(C|D)" N (E; x {0™}) = {0} are not
satisfied if and only if (7) is not satisfied or v = § = 0
and vy # 0.

From the above, we infer that we do not have state
to output controllability if and only if the parameters
a, v, v and 0 satisfy (9). This point shows that
condition (7) is of crucial importance in criterion
(socs). Indeed, taking « = v = § = v = 0, we have
Im(C|D)" N (E; x {0™}) = {0™} but the system is not
state to output controllable.

o Criterion (socy). For this condition, we have to
compute matrices J = (C|D)* and K;. To compute J,
we need to distinguish the different cases whether ~, §
or v vanishes or not, and we take:

for v # 0, for v # 0, for 6 # 0,
—v =6 v 0 6 0
0 0 0 0 0 0

J= s | J= , | J=
v 0 —y =0 0 ¢
0 ~ 0 v -y —v

Similarly, to define the matrix K7, we need to distinguish
the case a@ # 0 with the case @ = 0 (recall that
o(A) = {1} in any case). More precisely, we have:

for a # 0, K; € R% and | for a =0, K; € R and
000a000 000000
0000100 000100
= 5 Kl:
0000010 000010
0000001 000001

We can now check (socy).

o If & # 0 then rk(K1]J) = 4 = (n +m)p in all
cases 7 # 0, v # 0 or § # 0. The state to output
controllability is then equivalent to (7), that is one
of the parameters ¢, v, ¥ must be not null.

eIf « = 0 and v # 0, then (7) is satisfied and
rk(K1|J) =4 if and only if v # 0 or ¢ # 0.

o Ifa=0andv # 0 (resp. 0 # 0), then (7) is satisfied
and rk(K7|J) = 4 without restriction on + and §
(resp. v).

From the foregoing argument, we deduce that we do not
have state to output controllability if and only if the
parameters «, v, v and ¢ satisfy (9).

e Criterion (socs). We first show this condition with
T = 1. After some computations, we get

det K1 = e16% +ex [v + éoz'y]Q + esa?y?,

with e = (e? — 1)/4, ea = (e* — 6e? +1)/16, e3 =
(€® — 125 + 38e* — 28e% +1)/128, and € = (e* — 8e? —
1)/(4(e* — 6e2 +1)). Noticing that e; > 0 for i = 1,2, 3,
we deduce that det 1 = 0 if and only if (9) holds.

Reciprocally, if (9) holds, then for every T > 0, the

* 0
matrix KCp takes the form ( ) , and hence, det 7 =0
00
forallT > 0. We then deduce that the system is not SOC
if and only if the parameters ¢, v, o and ~ satisfy (9).

e Criterion (socg). Let us choose again T = 1. We
obtain by computation

1 2
det Gf = + [ fr6 + 1N
fi 2

1 2
+ - [fQVJr @OW} + f3a®~?,
f2 2

where we have set

—3e? + 16e — 21

fi= -1
f 3e8 — 40e5 + 195¢* — 416€> + 325¢2 + 40e — 75
2 = )

16(3¢® — 16¢ 4 21)
by o 13¢5 —168¢° +& 13
57 256(3e2 — 16e +21)  4fy’

€ = 745e* — 1072e® — 1193€? + 4696 — 3405,

e?—6e+9 €3 —9e? +27e — 27
m= — 5 N2 = 3 )

3e% — 36e5 + 149e* — 248¢3 + 1812 — 292¢ + 435
N3 = :

32(3e2 — 16¢ + 21)

One can easily check that f; > 0 for ¢ = 1,2, 3 and that
det Gf = 0 if and only (9) holds. Reciprocally, if (9) is
satisfied, then, for all 7' > 0, the matrix G% takes the



* 0
form <0 0), and hence, det G = 0 for all T > 0.

The outcome of this illustration is that all the criteria of
Theorem 3.1 lead to the same conclusion: the system (1)
with the matrices considered in this illustration is
not SOC if and only if the parameters ¢, v, a and ~
satisfy (9).

Remark 3.7 From (3) and (6), if system (1) is
state controllable, then it is SOC provided that (7) is
fulfilled. This fact can be seen from (9). Indeed, when
state controllability holds (i.e., a # 0), the necessary
condition (7) turns out to be sufficient for state to output
controllability. But (7) is not enough to ensure state to
output controllability in any case. For instance, taking
vy= landa =38 =v =0, (7) holds but the system is
not SOC. Also, it can be seen from this illustration that
system (1) can be SOC without being state controllable.
Take for instance « = 0 and v # 0.

Remark 3.8 The observability and the state to output
controllability of system (1) are two distinct notions.
Indeed, system (1) can be SOC without being observable.
This is in particular the case if we choose « =v=§ =0
andv # 0. For the notion of observability we refer to [15,
Section 8.3].

We now illustrate Theorem 3.2 and Remark 3.6.

Let us pick xo = (101)T,y; = (12)T and up = 1. We
would like to design a continuous control u steering xg to
y1 in time T = 1 such that «(0) = up. In order to lighten
the computations, we take v =0 = 1 and v = a = 0.
From Theorem 3.2, we infer that for every t € [0, 1],

4e? —12e + 12 1
t)= —————(t+1)'?
wt) = 35 qge o ¢ T Ve
+637€27673 4e3 — 15e2 + 28¢ — 21
3e2 — 16e + 21 3e2 — 16e + 21

One can also check that with this particular choice of
parameters, the piecewise continuous control built in
Remark 3.6 is given by

4(t —1)el
AT reeo, ),
ut)=4 ~ exr  HEelD)
2—e ift ="1T.
Solving (1) with u, in both cases, as input and xq as

the initial data, we get the time trajectories depicted on
Figure 1.

4 Proof of Theorems 3.1 and 3.2
4.1 Proof of Theorem 3.1

To prove Theorem 3.1, we first state and prove a lemma
allowing us to show the equivalence between state

Control with G, ug =1 Control with ICp

2 2
U(_;% U,KT
0 0
°
2 2
-4 -4
0 02 04 06 08 1 0 02 04 06 08 1
t t
States with G7 States with Kp
4 4
T T
] - T PP T
1 T R SRRPCTTTTII T
Sttt R PRROLL
--------- \\\ ___...--......-.-...________.
ot ~o_ O beee
1 1
0 02 04 06 08 1 0 02 04 06 08 1
t t

Y2
0 02 04 06 08 1 0 02 04 06 08 1
t t

Fig. 1. Output control and trajectories given by Theorem 3.2
and Remark 3.6 with matrices A, B, C' and D given in
paragraph 3.2 with v = a =0,y =6=1,%x = (10 1)7,
yi=(12", and T =1.

to output controllability of (1) and state to output
controllability of a system similar to (1) without direct
transmission from the input to the output. We then
prove a derived version of Theorem 3.1 in the case
D = 0% and finally show how to get the results of
Theorem 3.1. As mentioned in Remark 3.4, (soc) is
trivial and criteria (socz), and (socs) have already been
proven in [11]. We then focus our attention on the proof
of conditions (socs), (socs) and (socg).

Lemma 4.1 Consider fort > 0, the system given by

Z(t) + Bo(t), (10a)
(%), (10b)

where v(t) € R™ is the input, £(t) € R"™™ y(t) € R,
matrices A and B given by (4) and C = (C|D). The
state to output controllability of system (10) is equivalent
to the state to output controllability of system (1).

PRrOOF In order to prove this lemma, we are going
to compute the output accessible set of systems (1)
and (10). For every xg € R™, we deduce from (3) and (6),

RO(Xo,T) = {CeATXO} +ImCO(AaBaCaD)' (11)



- T
Choose now any ug € R™ and set Xg = (xJ,ug) €

R™™. Let Ro(%0,T) be the set of all reachable
output points from X in time T for system (10).
From equations (3) and (6), we also infer that

Ro (%0, T) = {CN'eTA)EO}—i—C' Im Cs(;l, B). This expression
can be re-written as

Ro(%0,T) = {Ce™%0 | +TmC(4,B,C, D)-  (12)

Equations (11) and (12) show that R,(x¢,T) = R?
for all xo € R™ if and only if R,(X9,T) = R? for all
% € RV, O

This lemma being proven, to show Theorem 3.1, it is
enough to establish it for D = 0¢,. Lemma 4.1 combined
with the results of the case D = 0, will give the expected
ones.

Lemma 4.2 Assume that D = 0%,. The following
conditions are equivalent:

(socd) The system (1) is state to output controllable,
(soc}) tk C' = q and ImC™ N @ E, = {0"},
A€o (A)
where E is defined in (socs).
(soc}) tk C' = q and, with M) is defined in (socy),

My, 0 --- 0 C*
0 M,, Do
rk Az = np.
R 0
0 - 0 M, C*+

In this lemma, we do not rewrite the corresponding
conditions (soc1), (socz) and (socs) in this particular
case since they can be found, for instance, in [11].
PrOOF (LEMMA 4.2) First notice that when D = 0%,,
condition (socz) becomes rkC°(A, B,C) = ¢ and the
equivalence of the controllability of system (1) with
D = 0%, and this rank condition can be found in [11].

e Criterion (soc3). Let us first define W = Im CT N

@Drco(a) Ex- We show that (socd) is equivalent to
rkC°(A, B,C) = q.

Assume that tkC' = gand W # {07} and take
z € W\{0"}. Since z € W, there exist n € Rﬂ{oq}
and z) € E) for all A € o(A) such that z = C'n =
2 xeo(a) Zr- From BTz, = 0™ for all A € o(A), we
deduce that B"z = 0™. This implies that BTCTn = 0™.
In addition, the fact that z) € E) for A € o(A) implies
BTAM CTy =Y iy BTAF 23 = 0™ for all k € N,
From this, we deduce that rkC°(A, B,C) < q.
Conversely, if tkC°(A, B, C) < ¢ then either tk C' < ¢
or not. If rkC' < ¢, then there is nothing to prove.
If tkC = g, then there exists n € R?\{07} such that

BT A 0Ty =07 foralli € N-,, and hence for all € N,
thanks to Cayley-Hamilton. We deduce that CTn €
(ImCT NN)\{0"} where N' = ;o ker BT (4)T.
Since N'is AT invariant, we have (see [6, Theorem 2.1.5])

N= @ (Vnker(a])™)-

A€o (A)

One can see that N Nker (AI)"A = FE\. We then deduce
that W # {0™}. This ends the proof of the equivalence
between (socd) and the state to output controllability
of (1) when D = 04,.

e Criterion (soc}). We show that (soc}) is equivalent
to (soc3). It can be easily seen that Ey\ = ker M, . Let
z € W\{0"}. Then z € ImC" and can be written as
z= ZAGU(A) zx, where zy € ker My. Since z € ImnCT =

(ker C)" then for every z € ker C, (z,z) = 0. Let x =
dimker C'. For every x € kerC, there exists v € R”
such that * = Ctv. The fact that (z,z) = 0 for every
x € ker C is equivalent to (z, Ctv) = 0 for all v € R".
This is equivalent to

M;'l 0 --- 0
ZAI
0
2o
0 0 M)\T
Z) r
v oL’ oL’

This gives the equivalence between (soc) and (soc§). O

We are now in position to complete the proof of
Theorem 3.1.

PROOF (THEOREM 3.1) The proof of condition (socs)
is straightforward considering system (10). Indeed,
using Lemma 4.1, one can argue as in the case of state
controllability and notice that the Kalman extended
rank condition for system (10) is tkC°(4, B,C) = q.
The rank condition (socy) is then recovered by noticing
that C°(A,B,C) = C°(A,B,C,D). To prove (socg),
apply [11, Theorem 1] to system (10) and use, with M
defined in (socg), the fact that (see e.g. [16])

T (e” M(T)B) ,

(& ==
om I

The only conditions requiring our attention are (socs)
and (socy).

e Let us show the equivalence between the state to
output controllability of system (1) and condition (socs).
Applying (soc}) to system (10), we infer that the state



to output controllability of (10) is equivalent to

rkC=¢q and Im CT N @ E\ =
Aeo(A)

oy, 13

where F) is E) with A and B replaced by A and B.
Note also that rk C' = 1k(C|D) and o(A) = o(A) U {0}
Let us now write this condition in terms of A, B,
and D. First, one readily gets

N cT -
ImCT =1Im (DT> and ker B' = R" x {0} (14)

Let z) = (UT, )T € Ey, where np € R™ and w € R™.
As Z\ € E,, then Z, € ker BT (take k = 0 in EA) We
then deduce from (14) that w = 0™.

For all £ € N*, we have

) (A )* 0,
(- [
STENBTAD (0,

=0

From the above, we deduce that z) € ker (fl;\'—) g if and
only if

n>\1

7 € ker (A)) " and Z M!'BT(A] )y =1=1p = o™,

(15)
Since (fl:\'—)k,%)\ ckerBT, Vk e NZ,,, 1, we have

x>
|
—

(=N'BT(AN)F "ty =07, VkeNL, ;- (16)

~
Il
=]

Equation (16) coupled with (15) is equivalent to

n € ker (A])™ and (A;\r)kn ckerB',Vk € N,

(17)
Equations (14) and (17) show that Ey = Ej x {0™}.
Note that if 0 ¢ o(A) then Ey = {0"}. From

E\x = E)\ x {0™} and the first equation of (14), we
deduce (socs).

o Let us prove the equivalence between (socs) and (socy).
First notice that condition (soc3) has the same form as
condition (soc}) where matrix C' is replaced by matrix
(C|D) and Ey by Ey x {0™}. Observing that for every
A€ a(A), Ex x{0m} = ker(K))" where K is defined
in (soc4), one get (socy) by replacing in (soci) the
matrices C' and M) respectively by (C|D) and K and
nbyn+m. 0O

4.2 Proof of Theorem 3.2

Let xg € R™, y; € R? and ug € R™. Assume that
system (1) is SOC. Then for every T > 0, there exists
a control u € C°([0, T]; R™) with u(0) = ug steering xq
to y1 in time 7. There even exists an infinite number
of controls doing the same transfer since, thanks to
the rank Theorem, the kernel of the linear map E%
defined in Theorem 3.1 is of infinite dimension. To prove
Theorem 3.2, we will look for the control solution of
the minimization problem (8), i.e., the control whose
weak time derivative is of minimal L?—morm. Since
u € H([0,T); R™) and u(0) = up, there exists a function
v € L2([0,T];R™) such that u(t) = ug + fOt’U(T)dT
Replacing u by this expression in y,, (T, o), we get,

Yu (T, %0) = Yuo (T, %0) / CelT= t)AB/ s)dsdt

+D/

Using integration by parts and Chasles relation, we have

T t T
/ CeT-0Ap / o(s)dsdt = / CM(T — t)Bo(t)dt.
0 0 0

From the above we deduce that yu (T, x0) = Yuo (T, x0)+

®(v), with ®(v fo v(t)dt.
The m1n1m1zat1on Problem (8) can then be rewritten as

N N T
min = [ |o(¢)|5,dt
2 Jo

| ve 220, T R™) and yi — o, (T, x0) = B(v)-

This problem being a problem of minimization of
a strictly convex functional under non-empty affine
constraints, it admits a unique solution in L2([0, T]; R™).
Taking 1 as the Lagrange multiplier associated to the
equality constraint, the Lagrangian of this optimal
control problem is given by

T
£00) = 5 [ OB+ 1= 0 (Tx0) = B(0):

Deriving the first order optimality conditions, we get
u(t) = Ho(T,t) 'y, t€[0,T],

where 1 is solution of yi1 — yu,(T.x0) = G3.
As G% is invertible, thanks to the state to output
controllability of system (1), we deduce that ¢ =
oy—1
(G7) (1
u(t) = Ho(

— Yuo (T, %0)) - From what precedes, we have
T,t)7(G2)~ (y1 — Yuo (%0, T)) , and hence,



for every t € [0, T,
t
u(t) =0+ [ Ho(T.r)Tdrx(G7) " (v2 = 0. 7).
0
This concludes the proof Theorem 3.2. O

5 State to output controllability of linear
discrete-time invariant systems

We now consider the discrete-time system defined by

Tr+1 = Az + Bug, (18a)
yr = Czy + Duy, (18b)
where Ae R, BeR},CeRI DecRI x, € R,

up € R™ and y;, € R?. Note that, here, a set of admissible
controls U, is a set of sequence (ui)ieN of m—vectors.
For the purpose of state controllability of discrete-time
system (18a), we refer to [8, Lecture 11].

Definition 5.1 The system (18) is said to be SOC'if for
all (x0,y1) € R™ x R? there exist N € N and a sequence
(ug,u1, -+ ,un) € (R™NTL such that the corresponding
solution of (18) withxq as initial data satisfies yy = y1.

Taking x¢o € R™ and an admissible control (u;);cn, one
can check that for any k € N,

k—1
s = CA¥xg + 3" CAM = Buy 4 Dug.
1=0

(19)
From (19), we infer that the reachable set from x¢ in &
iterations is given by

R (x0, k) = {CA*xo} +Im(C A"~ B|---|CB|D)- (20)
The following theorem gives some criteria for the state

to output controllability of discrete-time system (18).
Theorem 5.1 The following properties are equivalent:

(socd) The discrete-time system (18) is state to output
controllable,
(soc}) There exists N € N such that the discrete-time

output endpoint map E% : (R™)N+L — RY defined
for every u = (ug,u1,- - ,un) € (R™)N+L py
N-1
Ef(u) = > CAN7'"FBuy + Duy
k=0
18 surjective.

(socg) 1k C°(A, B,C, D) = ¢
(socg) There exists N € N such that
N-1 _
G% =Y CA'BB"(A)TCT+DDT > 0%
i=0
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Remark 5.1 From condition (soc), one can deduce
that (soc3) and (socy) are also criteria for the state
to output controllability of discrete-time system (18).
Condition (socd) is the discrete-time version of (socg).
PROOF (THEOREM 5.1) The only condition that needs
to be proven is (. socd). Indeed, the equivalence between
(socd), (soc}), (socd) is trivial. For (socd), note that
if (socd) is fulfilled then (socd) is also satisfied for
N = n. Conversely, if (socd) is satisfied for some N € N,
then tk(CAN-!B|.--|CB|D) = g¢q. One concludes
that (socg) holds by adding (or subtracting) matrices
CA'B,i € {N,--- ,n—1} (ori € {n,---, N —1} thanks
to Cayley-Hamilton). O

When system (18) is SOC, we define

N* =min{N € N : (soc}) holds}- (21)

Remark 5.2 From (20) and Cayley-Hamilton theorem,
one can see that if a target cannot be reached from xg in
less that n iterations where n is the state dimension, then
it cannot be stricken. It follows that N* < n.

Note that Remark 2.3 is no longer true in discrete-time
case. Indeed, if (socd) holds for some N € N* then this
condition does not necessarily hold for any nonnegative
integer V7 satisfying N1 < N. In other words, N* can
be positive.

The following theorem gives, in the case of state to
output controllability, a control steering any xg € R"™
to any y; € RY.

Theorem 5.2 Assume system (18) is state to output
controllable, and let N* be the integer defined by (21). A
control (ug, u1, -+ ,un) steering xg toyy; in N > N*
iterations is given by

(ug ui - uy)" =Ry (GR) (1 — CAVxo), (22)
where Ry = (CAN=1B|.-.|CAB|CB|D)-

Furthermore, this control is the unique minimizer of

1 N
min §Z|Uz|$n
=0
(UO,Ul,"' aUN) c (Rm)N-H’
N—-1

CANxy + Z CAN='" By, + Duy = y1-
1=0

(23)

PROOF Let N > N*. From (19), one can check that

-
yn = CANxo + Ry (ug u] -+ uy) -

Using (22), it is straightforward that yy = y1. Since
we are minimizing a strictly convex functional under
non-empty affine constraints, problem (23) admits a



unique solution in (R™)V*! and one can check, using
the Lagrangian method, that this solution is given
by (22). O

6 Other notions of output controllability

The notion of output controllability discussed so far,
namely the state to output controllability, consists in
knowing whether it is possible or not to steer an initial
state xg € R™ to a final output y; € R%. One might
be interested in steering an initial output yo € R? to
a final output y1 € RY. Note that to any initial data

(Xa— , ug ) € R*"™™_ corresponds a unique output initial
data yo = Cxq + Duo But for a given yg € RY?, the set
of initial data (X(—)r ,Ug )T e RM™ orrespondlng to yo is
given by

yo—{XO,uO € R™ . CX0+Du0:y0}~
Observe that I'y, is either an empty set (this holds when
yo & Im(C|D)) or an affine space whose dimension is the
one of ker(C|D). However, when (7) is satisfied, I'y, is
not empty.

In this section we will propose two other notions of
output controllability. The first one, named Output to
Output Controllability which describes the fact that for
every (yo,y1) € R? x R?, there exists an element of Iy
which can be transferred to the output y;. The second
notion, named Global Output to Output Controllability
describing the fact that for every (yo,y1) € R? x R?, all
the elements of Iy, can be transferred to the output y;
with a common control. Needless to say that GOOC=
SOC = 00C.

6.1 Output to output controllability

Let us start with the continuous-time system (1). The
discrete-time case will be investigated in the last part of
this paragraph. We define OOC as follows.

Definition 6.1 e The system (1) is said to be output
to output controllable (OOC) in time T > 0 if for all
(vo,y1) € R x RY, there exist (xq,uq)" € Iy, and a
control u € C°([0, T); R™) such that u(0) = ug and the
solution of (1) withu as input and xq as initial state data
satisfies yu(x0, T) = y1.

o The system (1) is said to be output to output controllable
if for all (vo,y1) € R? x R, there exist a time T > 0,
(xg,ug)" € Ty, and a control u € C°([0,T];R™) such
that uw(0) = ug and the solution of (1) with w as input
and xo as initial state data satisfies y,(x0,T) = y1
Remark 6.1 We could have introduced the notion of
state to output controllability in time T in paragraph 2.1.
This was not necessary since the notion of state to output
controllability is time-independent. But in the present
framework, we need to introduce the notion of output to
output controllability in time T > 0. Indeed, we will see
that system (1) is OOC'in time T > 0 does not imply that
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it is OOC in any time T > 0. This fact will be illustrated
by Exzample 6.1. Moreover, the OOC of system (1) does
not imply its OOC'in some timeT. An example illustrates
this fact in the Appendiz section.

6.1.1 Output to output controllability in time T

In this paragraph, we propose, both in continuous
and discrete time framework, criteria for the output
to output controllability in time 7. We also propose a
control allowing us to steer an initial output towards a
final output, both arbitrarily chosen.

The theorem below gives necessary and sufficient
conditions for output to output controllability in time T’
of system (1).

Theorem 6.1 The following properties are equivalent:

(oocy) The system (1) is OOC in time T > 0.

(ooc1) The output endpoints map
Eg° : Rrep xCO([0, T); R™) — RY, defined for every
(Cw) € RFe® x ([0, T R™) by

2(C,w) = (Ce™ | Ho(T,0))(C|D)*¢

T
Jr/ CeT="ABw(r)dr 4+ Dw(T)
0

is surjective, where we have set kcp = dimker(C|D),
and where, H,(T,0) is given in (socg).

(0ocz) tkC° (A, B,C, [D | (CeT#|02,)(C|D)*]) = q.
Remark 6.2 The analogues of (socs), (socs), (socs)
and (socg) are obtained by replacing D by Ar
[D | (CeT(04,)(C|D)*] and m by m + k with
dim ker (C|Ar).

PrOOF (THEOREM 6.1) Notice that for any (x],uj )"
in Iy, there exists a vector ( € R"¢? such that

(x0.u5)" = (CID)'yo + (C|D)*¢ (24)

It follows that for any (xJ,uj)’ € Ty,, the solution
of (1) evaluated at time T can be written as

)T
yu (T, x0) = (Ce™|H,(T,0))(C|D) yo + D(u(T) — o),
+(Ce™ | H,o(T,0))(C|D)*¢
T
+ / CeT=DAB(u(t) — up)dt,
0

(25)
with H,(T,0) given in (socg).

Let w(t) € R®°P be a continuous-time function such
that w(0) = 0"¢? and w(T) = (. Set now u(t) =
(u(®)" w(t)")" e RmFrer,

CeTA|H,(T,0))(C|D)! € R,

(
= (CeT4|H,(T,0))(C|D)* eRe_, (26)
B = (B IQCD) € RerI{c[)?
Dy = (D|Dr) €RY ... .



Equation (25) leads to

T
yu (T, x0) :FTy0+/ CeT=YABG(t)dt+Dypa(T)- (27)
0

From this observation, we deduce that the output
to output controllability in time T' of system (1) is
equivalent to the state to output controllability of

Z(t) = AZ(t) + Bu(t), (28a)
y(t) = CZ(t) + Dyu(t) (28D)
Theorem 6.1 is then obtained by applying Theorem 3.1
to (28).
Set Ar = [D|(CeT|02,)(C|D)*], and observe

that the analogue of the Kalman extended rank
condition (socy) in this case is rk(A, B,C,Dr) = ¢
which is equivalent to rk(A4, B,C,Ar) = q. Indeed,
assuming by contradiction that rk(A, B,C,Ar) < gq,
we get the existence of a vector np € R?\{07} such
that (9, Ce”4)0,,)(C|D)* = 0xpp, 1D = 0,, and
npCA'B = 0y, for all i € N. Since n, D = 0,
and 1. CA'B = 0,,, for all i € N, we deduce that
03 Ho(T,0) = 0,,. This implies that there exists nr €
R9\{07} such that (n;CeT4n} H,(T,0))(C|D)*+ =
Okeps 77—T'—D = 0,, and n—TrCAiB = 0,,, for all i € N.
Therefore, we have rk(A, B, C, ET) < q. The reverse
implication is obtained by arguing in the same way. O

From equation (27), one can apply Theorem 3.2 to
build a control u transferring any yo to y; in time 7.
The control u for the primal system (1) is obtained
by extracting the m first components of u. The last
ko p components being used to determine the adequate
(xg ug) given by (24). One can also proceed as in
Remark 3.6 and build a piecewise continuous control,
having jumps at t = 0 ant t = T steering yo to y; in a
time T of OOC.

Even if these two methods lead to controls that allow
us to transfer any initial output yo to any final output
y1 in a time T of OOC, it is more natural to separate
¢ from u, i.e., to look for a constant vector {( € RFc¢D
and a continuous control u € C°([0, T]; R™) that allow
us to achieve the same goal. This leads to the following
theorem.

Theorem 6.2 Assume that system (1) is OOC in time
T > 0. Then for any (yo,y1) € RIxR?, a control steering
vo toyy in time T is given by

u(t) = ug +/Ot H,(T,7)"pdr, t€[0,T], (29)

1
where 1s given by = (ggl + DTDTT) (y1 — Fryo),
H,, G$ are defined in (socg) and Fr, D defined in (26).
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The appropriate (xq,u) )" € Ty, is given by

(xg,ug)" = (CID)'yo + (C|D)* Dr " (30)

Furthermore, this control is the unique minimizer of

N 1o
min 5 0 |u(t)|mdt+ §|§|HOD
u € Hl([OaT],Rm>a ’LL(O) = uo;,
C S RHCD) yu(Ta XO) =Y1,
with (X, up) given by :
(xg,u9)" = (C|D)Tyo + (C|D)*¢-
PROOF Setting, as in the proof of Theorem 3.2,
t
u(t) = ug +/ v(r)dr, wve L*([0,T;R™), (32)
0

problem (31) becomes

: 1 r 2 1 2
min = [ [v(#)[;,dt + S [Clke,
2/, 2
ve L*([0,T;;R™), ¢ e RFep,
y1 — Fryo = ®(v) + Dr(,

where @ is defined in the proof of Theorem 3.2.

The optimization problem (33) being strictly convex
under non-empty affine constraints, we have the
existence and uniqueness of a solution (v,{) €
L2([0,T};R™) x RFcr for (33). Taking v € RY as
the Lagrange multiplier associated to the equality
constraint, the Lagrangian of (33) is given by

T
L) = 5 [ OB+ 5ICE,
+ (¥, y1 — Fryo — ®(v) — Dr()-

The first order optimality conditions lead to
v(t) = Ho(T,t) "¢, ¥t € [0,T] and ¢ = Dr'¢, (34)

where 1) is solution of y; — Fpryg = (gg + DTDTT) .
Thanks to the output to output controllability of
system (1) in time T, G% + DrDr " is invertible. Hence,
(g% + DTDTT) (y1 — Fryo). We

recover v and ¢ from (34), and deduce the expressions
of u and (xo, up) respectively from (32) and (24). O

we have Y =

Let us make short example on this concept.



Example 6.1 Consider the system (1) with

0-10 0

010 0
A=[1 00|, B=|0]|.C= D=
001 1

000 1

e Condition (oocg).
10 00

00-11
extended matrixz given in (oocz) becomes

0000 sin(T) 0

oo11 0 -1
One can readily see that this matrix is of rank 2 if and only
if T # 0[rn]. Here, we can go further in the explanation.
Indeed, for every (yo,y1) € R? x R4, (xJ,ug)" € Ty,
and u € C°([0, T];R™), the first component y; and the

second component yo at any time T of the output of this
system obey to

-
Choosing (C|D)* = ( ) , the Kalman

Y1 (T) = y(),l COS(T) —+ X011 SiH(T),

T 35
y2(T) = x0,3 +/0 u(t)dt + u(T), (35)

where yoi, © € {1,2} are the first and the second
component of yo, Xo.i, @ € {1,2,3} are the components
of xo. From (35), we deduce that

sin(T) 0 ((xo01) [ () = vorcos(T)
0 1 X0,3 y2(T) — / u(t)dt — u(T)
0
Hence, to require that xg exist independently of the choice
of the final value y(T) = y1 is equivalent to require that

T # 0[n].

e Control computation.

Taking yo = (0 1) as initial output, y; = (1 2)7 as
target and T = 7/2 as output to output controllability
time, we have from Theorem 6.2,

Xo = (1 0 —ﬂ-(ﬂ-—i_ 12) )T
2(m2+ 97 +12) )
72 + 67 + 24
-~ 2(n2 49w +12)°
u(t) = g — (3w — 212)(2 +m—1t)t
m(7m2 + 97 + 12)

, vt € [0, 5]

Solving (1) with u, as input and (x},uy)" € Ty, as
wmitial data, we get the time trajectories depicted on
Figure 2.

Control States Output

2
Y2
1.5
15
1 1 .
e
7
7
/7
L — ’
05 05 ’
/
/
/
/

Fig. 2. Control, state and output given by Theorem 6.2
for the system considered in Example 6.1, yo = (0 1)T7
yi=12)"T and T = 7/2.

6.1.2  Output to output controllability for discrete LTI
systems

The notion of output to output controllability in time T’
applies to discrete-time system (18). Indeed, we give the
following definition.

Definition 6.2 The system (18) is said to be OOC in
N € N iterations if for any (yo,y1) € RY x RY there
exist (XE,'—, u(—)'—)T € I'y,, and controls ug = ug, u1, -+ - ,un
in R™ such that the solution (19) of (18) with x¢ as
initial state data and ug, w1, - -+, un as inputs, satisfies

YN = Yy1-

The theorem below gives some criteria for system (18)
to be output to output controllable in IV iterations.
Theorem 6.3 Let N > 0. The following properties are
equivalent.

(0ocd) System (18) is output to output controllable in N
iterations.

(0oct) The discrete-time output endpoint map E? : RRCD x
(R™N — RY defined for every ( € R%°P and

u= (u1, - ,un) € (R™N by
N—1
B (¢u) = ) CANT " Buy + An(uy ¢1) 7,
k=1
with Ay = [D|(CAN|CAN=IB)(CD)*], is
surjective, B
(oocd) rk Ry = q, where Ry = (CAN72B|---|CB|Ay).

N-—-2

(ooct) Gy ==Y  CA'BBT(A")TCT + AyAY > 0L

=0
Remark 6.3 In the framework of the state to output
controllability of the discrete-time system (18), the
extension of the Hautus test, as it was presented in
paragraph 4.1, was possible because we had an equivalence
between the state to output controllability of (1) and
tkC°(A,B,C,D) = q. In the current context, this
argument no longer holds since there is no equivalence
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between: there exists N < n such that tk Ry = q and
there exists N > n+ 1 such that rk Ry = q. One can get
convinced by considering the following system:

0-10 1
010 0
A:OOl,BZO,C: , D= .
000 1

0 0O 0

For this system, we have CA*B = 0, for all k € N, and
CAF =0, for all k > 2. Choosing for instance (C| D)+ =

7
1000 , 001

, we infer that A1 = . It follows
0010 100

thattk Ry =2 =q and for N > 1,tkRy =1 < ¢ =2.
Remark 6.4 Note that if system (18) is OOC in N
iterations with N > n + 1, the analogues of (socs)
and (socy ) are obtained by replacing the matriz D by Ay .
PROOF (THEOREM 6.3) The analogue of (25) for the
discrete-time system (18) is given by

N-—1

Yn = FNyD + Z CAN_k_lBuk + A1\7(’['[1\;) CT)Ta
k=1

Fy = (CAN|CAN-1B)(C|D)!

(36)
Equivalence between (oocd) and (ooct).
If E? is surjective for some N € N, then for
every (yo,y1) € R? x RY, there exist ¢ € R"°P and
= (u1,u2, - ,uy) € (R™)N such that EL4(¢,u) =
y1 — Fnyo. Using (36), it is straightforward that
yn = y1 and that the system is OOC in N iterations.
Conversely, if we assume that ES?? is not surjective for
some N € N, then there exists a vector ny € R?2\{07}
such that nyE{Y(¢, 1) = 0 for all ( € R%¢P and all
U= (u1,u2, - ,un) € (R™)N. This shows that the set
of all admissible outputs that can be reached from yg in
N iterations is a subspace of { Fxyo} +span(nx)* which
is a proper affine subspace of R?. We then deduce that
system (18) is not OOC in N iterations. This proves
equivalence between (oocd) and (oocf).
The equivalence between (oocf) and (oocd) goes the
same way and the equivalence between (0ocg) and (oocg)
is straightforward since Gy = R NRL. O
Remark 6.5 Note that from (36), one may be tempted
to say, as it was the case for the continuous-time
system (1), that the output to output controllability
of (18) in N iterations is equivalent to the state to output
controllability of

Tr1 = ATy, + Bug,
Yk = CTp + AN,

(37a)
(37D)

where Uy, = (u ¢T)T. This is not true if N < n + 1.
Indeed, observe that the state to output controllability
of (37) is equivalent tork C°(A, B,C, An) = q. This rank
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condition is not equivalent to condition (ooc}). Indeed,
consider, for example, the matrices

10 1
11 0

A= ,B=| |, c=]o1|, D=1
01 1

11 1

For this system, one can see that ker(C|D) = {03}.

010
We have tk Ry = tk(CB|A2) =1k |110]| =2 <
110
q = 3, and tkC°(A, B,C,Ay) = tk(CAB|CB|A,) =
100010
tk[101010] =3=gq.
201010

Remark 6.6 Observe that contrary to the notion of
state to output controllability discussed in Section 5, if
N* is the smallest integer such that (oocd) holds, then
we do not have necessarily (oocd) for any N > N*. One
can get convinced by considering Example 6.1. With this
example, it can be seen that system (18) is OOC in N
iterations if and only if N is odd.

The following theorem, whose proof follows the same
pattern as the one of Theorem 5.2 and is omitted here,
gives, if the system (18) is OOC in N € N iterations, a
control steering yg to y; in NN iterations.

Theorem 6.4 Let N € N and assume that the
system (18) is OOC'in N iterations, i.e., Gy > 0. Then
for every (vo,v1) € R x RY, we set

) . 7uL7§T)T = RJT/Z/},

() ug ,
(xg.ug)" = (CID)'yo + (C|D)*C,

u

(38)

with ¢ = (QN)” (y1 — Fnyo)- The controls uy =
Ug, Ut, Uz, - ,un given by (38) steers yo to y1 in N
iterations with xg as initial state data.

Furthermore, (u1,- - ,un, () is the unique minimizer of

1 1
. 2 2
min 5 leul|m + §|£|I{CD
= (39)

Juy)T € RN ¢ ¢ RRep

au—]\r[a gT)T’

T ,T
(u17u2a"' )

vi = Fnyo+ Ry(uf ,ug -
and (xg,ug) given by (24).
6.2  Globally output to output controllability

The idea behind the notion of GOOC is to build, for all
(v0,y1) € RZXxRY, a control independent of the choice of



(xg,ug )" €Ty, sending yo ony;. In the case D # 09, it
is not possible to construct a continuous control for this
purpose since it has to take the value ug at time t = 0.
One way to handle this problem is to look for controls
that are continuous on (0,7) and admit discontinuities
depending on (xJ ,uq )" at times ¢ = 0 and ¢t = T For
this purpose, we consider the following definition.
Definition 6.3 The system (1) is GOOC if for every
(v0,v1) € RYxRY, there exist a timeT > 0 and a control
u € CO([0, T]; R™) such that

v1— Cxy(T,x0) € Im D, (40)
for all xg € R™, so that there exists ug € R™ such that
(xJ ) €Ty,

Let P € Rg_d be a full rank matrix such that ker P =
Im D, where d = rk D. From (40), we deduce that

T
Py, = PCeT4%q + / PCeT=DABy(t)dt.  (41)
0

Taking any (X(%T,ucl)T)—r and any (X%T,U%T)T in Ty,
we have x}%f x§ € ker(PC) and by linearity in (41), we
have PCe’4(x} —x3) = 0. From the above observation,
we deduce that a necessary condition for system (1) to
be GOOC is

Aker(PC) C ker(PC). (42)
We deduce criteria for globally output to output
controllability of system (1) by applying Theorem 3.1
with D = 0%, C replaced by PC and adding to each
item the condition (42). Also, ¢ must be replaced by
q — d. From the above, one can apply Theorem 3.2 to
build a control w steering y to y1 in time 7" in the sense
of globally output to output controllability or observe,
from Remarque 3.6, that the control given by

Y, (43)

u(t) = BTeT=947(PC)T (PCGH(PC)T)~

for t € [0,T], where vy = (Py; — PCeTA(PC)TPy)
and G% defined in (sc) works.
Note that if D # 0%, this control does not steer, in
general, exactly yo to y; in time 7. However, in the
case of globally output to output controllability, we can
construct, as mentioned at the beginning of this section,
a piecewise control sending exactly yo on yp in time 7.
Take for instance for any given (xJ,uj)" € Ty, the
control u satisfying

vt € (0,7T),

(44)
and  a(T) = D' (y1 — Cxyu(xo,T)):
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Remark 6.7 For the matrix P, one can take, for
instance, the ¢ — d independent columns of the matriz
I, — DD".

Let us consider the following example.
Example 6.2 Consider the system (1) with matrices

110 0
010 0
A= 020, B=|1|,C= , D= .
001 1

001 0

For this evample, we have DT = (0 1), D* = 0
and P = (1 0). We deduce that PC = (0 1 0) and
ker(PC') = span (e1,e3). The necessary condition (42)
is then satisfied. This system is GOOC since the
extended Kalman matriz (PCA?B|PCAB|PCB) s
equal to (4)2|1), and is of rank ¢ — d = 1. Let us now
choose yo = (0 1) as initial output, y; = (1 2)T
as target and T = 1. After some computations, we
get u(t) = 4e®>72t/(e* — 1), for all t € (0,1). For
xo = (001/2)7 and ug = 1/2, we have u(t) = u(t)
on (0,1), w(0) = 1/2 and a(l) = (4 — e)/2. For
x0=(103/2)T andug = —1/2, we get u(t) = u(t) on
(0,1), @(0) = —=1/2 and u(1) = (4 — 3e)/2- The time
trajectories of this system are depicted on Figure 3.
Remark 6.8 Note that when D = 0%, the matriz P can
be taken equals to the I} matriz and there is no more
discontinuity neither on the control nor on the output.
Remark 6.9 Observe that the globally output to output
controllability of system (1) is time-independent.

6.2.1 Globally output to output controllability for

discrete-time invariant systems

For the discrete-time system (18), the notion of globally
output to output controllability can be formulated as
follows:

Definition 6.4 The system (18) is GOOC if for every
(yo,y1) € RIXRY, there exist a time N € N and controls
U, U1, -+ ,un n R™ such that

yv1 —Czxy € Im D,

for all xg € R™, so that there exists ug € R™ such that
(xg,ug)" €Ty, and xn the solution at time N of (18)
with xo as initial state and ug, uy, - -+, Uy as inputs.

From the discussion we had in the continuous-time case,
we deduce that a necessary condition for global output to
output controllability is given by (42). Also, the criteria
of globally output to output controllability are obtained
by applying Theorem 5.1 with D = 04,, C' replaced by
PC and adding to each item the condition (42). Also, ¢
must be replaced by ¢ — d. For the control computation,
let N be the smallest integer, if it exists, such that
condition (socg) is satisfied with D = 0Z,, C replaced by



Controls @, uy =0.5 Controls @, ug = —0.5
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State, xg = (00 0.5)7 State, xg = (1 0 1.5)7

Output
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0¢-——===~""""
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Fig. 3. Time trajectories of the controls transferring
yo=(01)"T ony; = (12)" in time 7' = 1 for the system
given in Example 6.2. The control @ is computed for two
different values of (xJ,ug )" in Ty,.

PC and g by ¢ — d. From Theorem 5.2, we deduce that,
for N > N, the controls ug, u1,- -+ ,uny in R™ given by

(ug,uf, o uf ) = é;\rﬂ/}, uy € R™, with
~ o~ —1
o= (Bwi) " (Py1 - POAY(PO) Pyo)  45)
and Ry = P(CAN-'B|...|CAB|CB)-

steer yg to y1 in IV iterations in the sense of Definition 6.4.
Also, for any given (x ,ug )" in I'y,, the analogue of ,
constructed in (44), is given by (Go, u1, -+ ,un—1,UN),

where 7y = ug and 4y = D' (y; — Czy).
7 Conclusion

In this work, we have extended, to the output framework,
the famous Popov-Hautus-Belevich criteria. Also, we
propose a criterion based on the positive definiteness
of a Gramian matrix, and this matrix allows us to
build a continuous control to achieve any desired
transfer. A characterization of two other notions of
output controllability, namely, the output to output
controllability and the globally output to output
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controllability is also given.

Our future research will include the investigation of
output controllability and its characterization for more
generic classes of systems, as linear time-varying ones.

Appendix

The goal of this Appendix is to show that the OOC of
system (1) does not imply its OOC in some time T > 0.
Note that from (25), the output to output controllability
of system (1) is equivalent to

Y(yo,y1) € R? x RY, there exists a time T > 0

such that y; € ImC°(A, B,C,Ar) + {Fryo}- (46)

where Ap = [D | (CeT#104,)(C|D)*], and Fr is defined
in (26). It is then straightforward that the reachable set
from a given yq, R(yo), is

R(vo) = |J (ImC°(A, B,C, Ar) + {Fryo}), (47)
T>0
and the OOC of system (1) is equivalent to
R(yo) =RY, Vyo € RY, (48)

To achieve our goal, we take B =07}, D = 0%, and

1 1.1 0 O
-1 1 0 1 0 1 0-1 0 1
A= 0 01 2 0,C=f0 0 1 1-1
0 0-2 1 0 0 1 0-1 1

0 0 0 0 O

Note that for B = 07, and D = 0%, criterion (48)

becomes "
U (Im(Ce™CH) + {Ce™Clyo}) =R?,  Vyo € R*
T>0
(49)

We chose C+ as follows, and we have CT given by

5 4 1 1 0

X 1 4 5 1 -1
Cng -1 4 3|, ¢ct=|-1 1
3 4 -1 1 0

2 0 2 0 1



Setting (v (T),vo(T)) = CeTAC+ € R3, we get after
some computations

—2¢eT'(sin(2T) — sin(T))

v (T) = 2¢eT sin(27) )
2eT(cos(T') — cos(2T))
el (sin(2T") — cos(2T) — 2sin(T)) + 1
va(T) = el (cos(2T) —sin(27)) — 1

el (cos(2T) — 2cos(T) + sin(2T)) + 1

One can check that the cross product v1(T') A v2(T)
vanishes if and only if 7" = 0[27]. This is confirmed by
Figure 4. Thus, to show that the considered system is

Norm of (v; A vg)e™

12

10

L L L L L
0 ™ 2r 3 47 57 6mr 7w 8m 97 107 1llnm

Fig. 4. Figure of the norm of (v1 A v2)672T

OO0C, we have to show that for every (yp,y1) € R? x RY,
there exists a time T € Ry \{2k7, k € N} such that

d(T) := det(v1(T),v2(T),y1 — o(T)) =0,
where 7, (T) = CeTACTyq.

Setting yo = (yo1,yo2,y03) " and y1 = (y11,y12,y13
we get after some computations

)’

d(T) = =237 (a1 hi (T) + azha(T) +71(t)) . (50)

Writing s = sin(T") and ¢ = cos(T"), we have set in (50)
a1 = yo1+Yoz2, a2 = Yoz +¥o3, h(T) = 25> —2sc4c—1,
hao(T) = s, and 71 (T) = e 2T f1(T) + e~ T fo(T), with

f1(T) = (y11 +y12)(1 — ¢ = 25% — 25¢) + 5(y12 + ¥13),
J2(T) = yo1r +yo2 — y11 — Y12
+ 5(2yo01 + yo2 — o3 + 2y11 + y12 — y13)
+25°(—=yo1 + Yo3 — y11 + y13)
+c(y11 — yo2 — yor + y12)
+ 2¢s*(yo1 + Yo3s — ¥11 — ¥13)-

In order to show that d(-) admits a zeroon Ry \{2k7, k €
N}, we use the following lemma.

Lemma 7.1 Let f, g be 2mw-periodic real continuous
functions and v a continuous real function, defined on
R4, such that

Tl_l}r_{_loor(T) =0 (51)
Assume that there exist Th, To, T, Ty on (0,27) such
tha’tf(Tl) < 0; f(TQ) > 07 g(Tl) = g(TQ) = 0; g(T3) <0
and g(Ty) > 0. Let (a1, a2)" € R2\{0%} and set

H(T) = oo f(T) + aag(T) +7(T), T €Ry-

Then, there exist T € Ri\{2kw, k € N} such that
H(T)=0-
PROOF e If a; # 0, without loss of generality, we can
also assume that @; = 1 and 77 < T5». Since g(T1) =
g9(T>) = 0, we have, for every k € N, and every i € {1, 2},
H(Tl + 2kﬂ') = f(Tl) + T(TZ + Qkﬂ').
Since by assumption f(T1) < 0, f(T2) > 0 and r(7T)
goes to zero as T' — oo, there exists k € N, large enough
such that H(Ty + 2kn) < 0 < H(Tz + 2kw). It follows
from the intermediate value theorem that H vanishes on
(Tl + 2k7T,T2 + 2kﬂ')
e If a; = 0 and as # 0, one get the result by replacing
Ty and T5 respectively by T3 and Ty in the preceding
arguments. O

Taking f = hy, g = he and r = r; in Lemma 7.1, we
have that these functions satisfy the assumptions of this
lemma (see e.g. Figure 5). Hence, unless a; = ay = 0,
d(-) vanishes on Ry \{2km, k € N}. Let us now assume
that a1 = Qg = 0, i.e.,

yo1 + Yoz = yoz2 + yo3 = 0. (52)

Substituting yo2 by —yo1 and yo3 by yo1 in (50), we
obtain

A1) = =27 (RT) +7a(T)),  (53)
where

fo(T) = —y11 — y12 + s(2y11 + y12 — y13)

+253(y13 — y11) + c(y11 + y12) (54)

+2¢s%(2y01 — y11 — Y13),
ro(T) = e~ T f1(T)-

Observe that fg is a 2m-periodic and derivable function
that satisfies, fg(O) =0 and fé(O) = 2y11 + y12 — y13.
It follows that if f}(0) # 0, there exist T} and Tb in
(0,27) such that fg(Tl) < 0 and fQ(Tg) > 0. Applying
Lemma 7.1 with oy =1, ag =0, f = fg, g=0andr =
ro, we deduce that d(-) vanishes on R\ {2k, k € N}.
Assume that (52) holds and that f}(0) = 0, i.e.,

Yoz = —Yo1, yo3 = yor and y13 = 2y11 +y12.  (55)



Substituting y13 by 2y11 + y12 in (54), we get

J2(T) = (y11 +y12)hs3(T) + (yor — y11)ha(T),

where we have set h3(T) = 253 — 2¢s2 + ¢ — 1 and
ha(T) = —4cs?. Replacing f2 by this expression in (53),
(53) takes the form of (50) and again, by Lemma 7.1 (it
can be checked that h3 and h,4 satisfy the assumptions
of Lemma 7.1, see e.g. Figure 5), we see that d(-) admits
a zero on R \{2k7, k € N} unless

yir +yiz2 =yor —yu =0- (56)
Finally, if we assume that (55) and (56) hold, then
d(T) =0 for all T > 0.
All in all, we have shown that for every (yo,y1) €
RY x RY, there exists a time T' € Ry \{2k~, k € N} such
that d(T") = 0.
From the above, we deduce that the considered
system is OOC. But, for every T' > 0, this system
is not OOC in time T. Indeed, for every T > 0,
tk(CeTACH) <2< 3 =¢

o 12 B 3nf2 2n

Fig. 5. On the first figure, we have the curves of the functions
h1 and h2 and on the second figure, the curves of hs and hg.

Remark 7.1 We have shown that for continuous time
systems, OOC does not in general implies OOC in some
time T > 0. For discrete time systems, we do not know
if OOC implies its OOC in N iterations. Note that for
the continuous time systems, the key argument is the
intermediate value Theorem. This Theorem cannot be
used any more in the discrete time case.
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