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Quantization and martingale couplings

BENJAMIN JOURDAIN * GILLES PagEs

Abstract

Quantization provides a very natural way to preserve the convex order when approximating
two ordered probability measures by two finitely supported ones. Indeed, when the convex order
dominating original probability measure is compactly supported, it is smaller than any of its
dual quantizations while the dominated original measure is greater than any of its stationary
(and therefore any of its optimal) quadratic primal quantization. Moreover, the quantization
errors then correspond to martingale couplings between each original probability measure and
its quantization. This permits to prove that any martingale coupling between the original prob-
ability measures can be approximated by a martingale coupling between their quantizations in
Wassertein distance with a rate given by the quantization errors but also in the much finer
adapted Wassertein distance. As a consequence, while the stability of (Weak) Martingale Op-
timal Transport problems with respect to the marginal distributions has only been established
in dimension 1 so far, their value function computed numerically for the quantized marginals
converges in any dimension to the value for the original probability measures as the numbers of
quantization points go to oco.

AMS Subject Classification (2010): 60F15, 65C50, 65D32, 60J22, 60G42.

Introduction

For d€ N* and pu,v in the set P(R?) of probability measures on R?, we say that p is smaller
than v in the convex order and denote p <., v if

Vo : RY - R convex , /
Rd

P < [ el (0.1)
when the integrals make sense (since any real valued convex function is bounded from below by
an affine function [p, p(2)p(dz) makes sense in R U {400} as soon as [pa |z|p(dr) < +00). For
p > 1, we denote by P,(R?) = {p € P(RY) : [pa|z|Pu(dz) < 4+oo} the Wasserstein space with
index p over RY. When y,v € P;(R?), according to the Strassen theorem [50], pt <eps v if and only
if there exists a martingale coupling between p and v that is a probability measure 7(dz,dy) on
R x R? with marginals Jyera ™(dz, dy) and [, pa 7(dz, dy) equal to p(dz) and v(dy) respectively
such that 7(dz,dy) = p(dz)m,(dy) for some Markov kernel 7, (dy) with the martingale property:
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vze R 7, € P1(R?) and [pq yms(dy) = x. We denote by P(u, v) the set of probability measures
on R? x R? with respective marginals y and v and by M(u,v) the subset of P(u,v) consisting of
martingale couplings.

Let (u,v) belong to the set P< x P,(RY) of couples of elements of P,(R?%) with the first one
smaller than the second in the convex order. In its simplest form, the Martingale Optimal Transport
problem consists in computing

Viur) = inf / o(z, y)m(de, dy)
TEM(p,v) JRA xR

and the optimal martingale couplings achieving this infimum for some measurable cost function
c:R?x R?Y - R. When the interest rate is zero, for an exotic option written on d traded assets
with payoff given by the function ¢ of their prices at times s and ¢, then V,.(u,v) (resp. —V_.(u,v))
provides a robust lower (resp. upper) price bound when p and v are the respective joint laws of
these d assets at times s and t (for instance obtained by calibration of a model to vanilla option
prices). Since its introduction in [9], this MOT problem has received recently a great attention in
the financial mathematics literature. In particular, the structure of martingale optimal transport
couplings [11, 13, 15, 22, 28], continuous time formulations [16, 21, 27], links with the Skorokhod
embedding problem [8], numerical methods [2, 1, 14, 25, 26] and stability properties [6, 33, 52] have
been investigated. The MOT problem is a particular instance where the measurable cost function
C : R?x P;(R?) — R is linear in the measure component (C(z,n) = [pa c(z,y)n(dy)) of the Weak
Martingale Optimal Transport problem

inf Clx, 7)) pu(dx
el e (@, 72) p(de)

introduced in [6] by adding the martingale constraint to the Weak Optimal Transport problem
introduced in [23].

To devise a numerical procedure devoted to the computation of the value and of the optimal
couplings in the MOT and WMOT problems, a first natural step consists in approximating u
and v by finitely supported probability measures which are still in the convex order. To our best
knowledge, few studies consider the problem of preserving the convex order while approximating a
sequence of probability measures. We mention the thesis of Baker [7] who proposes the following
construction in dimension d = 1. Let for n € P(R) and u € (0,1), F; ' (u) = inf{z € R :
n((—oo,x]) > u} be the quantile of n of order u. For (u,v) € P< x P1(R) and N, K € N* with
N/K € N*, one has

1 1 &
— 0 4 <oz — 0 4 .
N; Nfi]XTlF;l(u)du e K; Kfi}leFlfl(u)du
Dual (or Delaunay) quantization introduced by Pages and Wilbertz [43] and further studied in [44,
45, 46] gives another way to preserve the convex order in dimension d = 1 when using the same
grid to quantize both probability measures.

In two recent papers [1, 2], Alfonsi, Corbetta and Jourdain propose to restore for (u,v) €
P< x P1(R?) the convex ordering from any finitely supported approximations fi and ¥ of y and
v. In dimension d = 1, one may define the increasing (resp. decreasing) convex order by adding



the constraint that the test function ¢ is non-decreasing (resp. non-increasing) in (0.1). According
to [1], the convex order restauration can be achieved by keeping [ (resp. 7) and replacing v
(resp. f1) by the supremum (resp. infimum) between fi and 7 for the increasing convex order when
Jg 2(dz) < [ zfi(dr) and the decreasing convex order when [p 20(dx) > [p zji(dx). The convex,
increasing convex and decreasing convex orders are nicely characterized in terms of the potential
function obtained as the anti-derivative of the cumulative distribution function (or of the quantile
function). The supremum and infimum of two probability measures for one of these orders can be
computed using their potential functions. For a general dimension d, [2] suggests to keep 7 and
replace [i by its projection on the set of probability measures dominated by & for the quadratic
Wasserstein distance Wy (see (0.2) below for the definition of this distance). This projection can
be computed by solving a quadratic optimization problem with linear constraints.

In the present paper, when v is compactly supported, we investigate the combined approxi-
mation of p by some quadratic-optimal primal quantization and of v by some dual quantization.
By construction, any quadratic-optimal primal quantization of p satisfies a stationarity property
which implies that it is smaller than u in the convex order. On the other hand, any dual quan-
tization of v is greater than this probability measure in the convex order. Therefore the convex
order between p and v is preserved by this combined approximation. Notice that, in contrast with
the previous approaches, it cannot be generalized to the convex order preserving approximation of
more than two probability measures. Moreover the dual quantization approximation is only possi-
ble for compactly supported probability measures. In contrast with these restrictions, we will see
that the studied approach proves to provide robust approximations of (Weak) Martingale Optimal
Transport problems even in dimension d > 2.

The first section of the paper is devoted to primal (or Voronoi) quantization. For p € Pp(Rd)
with p > 1, we show that an element of the set P(R? N) of probability measures on R? whose
support contains at most N points is an Ly-optimal N-quantization of p iff it is a W),-projection
of u on P(R?, N) where the Wasserstein distance W, is defined by

WP = it [ o yPr(de.dy) (0:2)
T€P(p,v) JRIXRY

In the quadratic p = 2 case, any stationary and therefore any optimal N-quantization iV of the

measure g is smaller than x in the convex order. Moreover Wa (Y, 1) = Mo(4N, 1) where

My(n,v) = inf / |z — y|Pr(dz, dy) for (n,v) € P< x P1(RY). (0.3)
TeEM(n,v) JRdx R

This enables us to check that any quadratic-optimal primal quantizer for p remains quadratic-

optimal for each probability measure smaller than p and greater than its associated quantization

for the convex order.

The second section deals with the dual quantization of a compactly supported probability
measure £ which is obtained by minimizing M, (u,n) over the subset P>, (R N) of P(R?, N)
consisting in probability measures greater than p in the convex order. Since M (u,n) C P(u,n),
My(p,m) > Wy(p,m) and, in general, the inequality is strict. It turns out, that, even in the
quadratic p = 2 case, L,-optimal dual quantizations of p are not necessarily W)y-projections of
on PEH(Rd,N ). Nevertheless, we check that any quadratic-optimal dual quantizer of u remains
quadratic-optimal for each probability measure greater than i and smaller than its associated dual
quantization in the convex order.



In the third section, we consider two probability measures p,v € P(RY) such that u <cpr v
with v compactly supported. Since the quantization errors between p and any of its quadratic-
optimal primal N-quantization i and between v and any of its L,-optimal dual K-quantization
% correspond to martingale couplings, we are able to approximate in Wasserstein distance on
P(RY x R%) any martingale coupling 7 € M(u,v) by a martingale coupling 7% ¢ M(a, o)
with a rate given by the quantization errors. We also check that, as N, K — oo, 7% converges to 7
for the much finer adapted Wasserstein distance defined in (0.5) below which captures the temporal
structure of probability distributions with two time marginals. Numerous financial applications of
this adapted Wasserstein distance have been investigated in [3]. According to [4], the topology
induced by this distance is equal to the other adapted topologies which had been introduced in
particular in view of financial applications.

The adapted Wasserstein is particularly well suited to deal with Weak Martingale Optimal
Transport problems. While their stability with respect to the marginal distributions has only been
established in dimension 1 so far [10], this enables us to check in Section 4 that their value function
computed numerically for the quantized marginals converge in any dimension to the value for the
original probability measures as the numbers of quantization points go to co.

For the reader’s convenience, we now list the notations and basic properties that have been
introduced in the above text.

DEFINITIONS AND NOTATIONS.
Let de N*
e | - | denotes the canonical Euclidean norm on R¢.
e conv(A) denotes the (closed) convex hull of A C R% and card(A) or |A| its cardinality (depending
on the context).
e Let P(RY) denote the set of probability measures on R? endowed with its Borel sigma-field B(R?).
e For p > 1, let Pp(R?) = {p € P(R?) : [pa |z|Pp(dz) < oo}
e For p > 1, let P< x Pp(RY) = {(11,v) € Pp(R?) x Pp(RY) : pp <ppr v}
e For every integer N > 1, we denote by P(R?, N) the set of distributions on R¢ whose support
contains at most N points.
e For p1,v € P(R?), let

Plu,v) = {7r e P(RY x RY) : VA € B(RY), m(A x RY) = p(A) and 7(R? x A) = V(A)}
denote the set of couplings between p and v. For m € P(u,v), we denote by m,(dy) the (u(dx) a.e.

unique) Markov kernel such that 7(dz, dy) = p(dz)m,(dy).
o For p1,v € Py (RY) with p <epp v, let

M(p,v) = {ﬂ €Puy): pldz) ace. /R yra(dy) = m}

denote the (non empty according to the Strassen theorem) set of martingale couplings between p
and v.
e For p> 1 and pu,v € P(RY), let

1/p
W)= inf ([ fo—ylPaldsdy)) <o
TEP(p,v) Réx R4



denote the Wasserstein distance with index p. This is a complete metric on P,(R?).
e For p > 1 and (p,v) € P< x P1(R?), let

1/p
M, = inf —y|Pr(dz,d < 00.
=t ([ e rnanan) < o0

Since M(u,v) C P(u,v), we clearly have, Wy,(u,v) < Mp(p,v). In the quadratic p = 2 case, when
JUSZAS Py <Rd>7

— X 271' X = 2V — xX. T X o 2 X
v € M(p,v), /Rded ly — z|*n(dz, dy) /Rd ly|“v(dy) 2/11@ /Rdy 2(dy)u(d )+/Rd |“p(d)
=/ IyIQV(dy)—/ |2 |?u(dz)
Rd Rd

M) = [ Pvidy) = [ lePutdo) (04)

e For m € P(u,v) and 7 € P(ji,7) we consider the adapted Wasserstein distance with index p > 1
between 7(dz, dy) = p(dx)m,(dy) and 7(dz, dy) = ji(dz)7z(dy) :

so that

1/p
AWp(m,7) =  inf / (|lx — 2P + WP(ry, 7z))m(dz, dT) . (0.5)
meP(u,ii) \JRdxRd b

1 Primal (Voronoi) quantization and Wasserstein projection

In this subsection, we make a connection between primal quantization and various projections
(in the Wasserstein sense), including, in the quadratic case, with the one mentioned above in the
introduction. Let us first recall the following basic facts about the (primal) Voronoi quantization
of u € Pp(R?) with p > 1 (see [24, 41, 37] among others):

~ Let T' = {21,...,2,} C R? denote a finite subset of size N. The LP-quantization error
modulus e, (I, 1) satisfies

oD = [ o = Projp (@) Puda) (1.6)

where Projr denotes a Borel nearest neighbour projection on I' satisfying |z —Projp(z)| = dist(z, I').
If X ~ p, the random variable Projp(X) with law p o Proj;l is called I'-quantization of X.

— For any level N > 1, there exists an optimal grid or N-quantizer I') y such that

ep, N (@) := inf {ep(F,u) T cRY T < N} =ep(Tpn, ).

When card(supp(p)) < N then I', y = supp(u) and when card(supp(p)) > N, then I', y has
exactly N pairwise distinct elements. Moreover, Theorem 4.2 in [24] ensures that

u({r €R:3y#§ € Ty, o —y| = [z — 3] = dist(x, Tpn)} ) =0, (L.7)



so that ,uoProj;plN does not depend on the choice of the Borel nearest neighbour projection Pro Jr,
onI', . We denote this probability measure by 47N In the same way, when X ~ pu, ProjF% +(X)
a.s. does not depend on the Borel nearest neighbour projection Projrp y and is denoted X Ty,

— In the quadratic case (p = 2), any optimal quantization grid I'y 5 (possibly not unique) and
its induced quantization X2~ = PrOJF2 (X) with distribution a2~ satisfy a stationarity (or
self-consistency) property (see e.g. [24], [41] or [37], Proposition 5.1 among others) that is

E(X| XF2vN) = X228 50 that ">V <, g (1.8)

Indeed, the support of the distribution of (X | XT2 N) is equal to Ty v == {E(X| X2V =),z €
Ty v} (when card(supp(u)) < N, XT2¥ = X and Ty y = Ty v = supp(y)), contains at most N
points and ez (T2 v, )% = E(dist(X,To n)?) < E(|X - E(X | X', N)[?). As a consequence,

ean(1)? < ea(Donv, p)® S E(IX — E(X | XT2V) ) = E(IX — XT2V%) — E(IXT2Y —E(X | XT2V) )
= ean(n)? —E( X2 —E(X | X"2V) ),

so that the second term in the right-hand side vanishes. Therefore the distribution of (X Fov X))
belongs to M ("2~ 1) and

es n() = E[|X — X2V %) = E[IX "] - E[|XT2V !] = MZ(A">", ). (1.9)

Proposition 1.1 Let p€ [1,+00) and p€ Py(RY).
(a) Let T' C R? be a finite set and P(T') denote the subset of T-supported distributions. Then

Wy(p, P(D)) == inf W,(p,v) = ep(T, p) := ||dist(.,T

veP(D) )HLP(M)

and for any Borel nearest neighbour projection Projr on I', po Projf1 is a Wy-projection of u on
P(T).
(b) The probability measure v € P(RY, N) is a W,-projection of  on P(RY, N) iff v = gt~ for
some Ly-optimal N -quantizer Uy of . Moreover, Wy(u, P(R%, N)) = e, n(11).
(¢) Quadratic case (p = 2). A subset T' of R? with cardinality at most N is a quadratic optimal
N-quantizer of u iff there exists a probability measure v € P<,(R% N) such that v(I') = 1 and one
of the following equivalent conditions is satisfied

— v is a Wa-projection of i on PSM(R‘[,N) i.e.

Wolu,v) = Wolu, P<, (R, N)) := inf  Wa(u,n),
2(p,v) = Wa(p, P<p( ) wer it 21, 1)

 Jya loP(de) = supyep_ g ) Jia loP0(de).
Moreover, we then have Wa(v, u) = Ma(v, 1) and v = it

Apart from the interpretation in terms of W)-projection, the first statement can be found in
Lemma 3.4 p.33 [24]. Before proving the proposition, let us state and check some easy conse-
quence of the necessary and sufficient condition in (b).



Corollary 1.2 Let 'y 5 be a quadratic optimal N-quantizer of pn € P2(R®). Then for any proba-

bility measure v such that i'2N <. v <cow [ 'y v is a quadratic optimal N-quantizer of v and
plaNn — IELFQ,N.

Proof of Corollary 1.2. Since 2V € P<,(RY,N) C P<,(R%N) and [pq 224528 (dz) =
SUDpep_, (R4, N) Jga |z[*n(dz) by the necessary condition in Proposition 1.1 (c), one has

/ @i (dr) = sup / 2|?n(da).
Rd nGPSV(Rd,N) Ra

Therefore, by the sufficient condition in Proposition 1.1 (¢), 'z x is a quadratic optimal N-quantizer
of v and pr2N = pl2n, O

Proof of Proposition 1.1. (a) Let v€ P(T') and 7 € P(u,v). Then u(dz) a.e., 7, (I') = 1 so that
z(dy) a.e. |x —y| > dist(x,I"). Therefore

L e =sla(dedy) > [ dist(eT)n(dn) = e, (T
X

Taking the infimum over m € P(p,v) and v € P(T), we deduce that W, (p, P(I'))" > e,(T, )P
Now let Proji denote a Borel nearest neighbour projection on I'. Since p o Projn e P(I') and
pro (Ig,Projp) =t € P(u, o Projp '), we have

W2 (u, P(T)) < WE(u, o Projit) < /Rd |z — Projp(2)[Ppu(dz) = ep(T', w)?,

where the equality follows from (1.6). Therefore the inequalities are equalities and p o Projp lisa
Wy-projection of p on P(T).
(b) Let I', y be an LP-optimal N-quantizer of . Then, for any subset I' of R? with at most N
points, e,(I'p n, 1) = ep (1) < ep(T, p). With (a), we deduce that

Wp(/ia /lFP’N) < Wp(:uv P(F))

By taking the infimum over I', we deduce that W, (u, i'»¥) < W,(u, P(R?, N)) and agtr¥ is a
W,-projection of 1 on P(R% N) so that
epv (1) = €9t Ty) = Wy(ju, A7) = Wy (1, PR, N)).

Conversely, let v be a projection of y on P(R% N) and let Ty = {z € R?: v({z}) > 0}. The
cardinality of I'y is at most N. For any subset I' of R with at most N points,
Wy (1. P(T)) < Wilp, v) = Wi, P(RY, N)) < Wy (1, P(D)). (1.10)

Therefore, by (a), e,(I'n, 1) < ep(I', ) and since I' is arbitrary, we deduce that I'y is an LP-optimal
N-quantizer of p. Moreover, the choice I' = I'y in (1.10) implies that the first inequality is an
equality so that, with (a), W} (u,v) = [ga dist(z, Tx)Pu(dz). Hence, for any Wy-optimal coupling
T € P(p,v),

/Rd Rd(|y — z|P — dist(x, T n)P)mw(dz, dy) = 0.
X

7



Since 1 = v(I'y) = [ga Te(Tn)p(dz), w(dx, dy) a.e., |y — [P > dist(z,Tx)P. Therefore, m(dz, dy)
a.e. y € 'y and |y — x| = dist(z,I'x). With (1.7), we conclude that p(dz) a.e. there is a unique
point 2"~ € I'y such that [#'V — z| = dist(z,Ty) and 7,(dy) = §;ry (dy). Therefore the second
marginal v of 7 is equal to N,

(¢) In the quadratic case (p = 2), by (b), (1.8) and (1.9), any Wa-projection v of y on P(R?, N)
is characterized by the existence of a quadratic optimal N-quantizer I's 5 of p such that v =
fi'2~ | belongs to the smaller set P<,(R%, N) and satisfies e%N(,u) = M3 (v, j1). Therefore the Wa-
projections of x on P(R?, N) and on P<,(R?, N) coincide. To conclude the proof, let us check that
v is such a projection iff [pq |z[*v(dz) = SUDpep_, (R4, N) Jga |2|?n(dz). If n € P<,(RY, N), then, by
the comparison between Wy and My given in the introduction and (0.4), one has

W3 (u,n) < M3(n, 1) = /Rd ly|*u(dy) — /Rd || (da). (1.11)

Let v be a Wa-projection of p on P<, (R4, N). Using (b) for the third equality then (1.11) for the
last inequality and the last equality, we obtain that

/ 2 u(dy) - / 2Pu(da) = ME(v, ) = ea,n()? = W2 (1, P(RY, V)
Rd Rd

= W3 (1, P<u(R?, N)) < pep s ) M2 010

— / ylPu(dy) —  sup /|x|2n<dx>.
Rd UG’PSu(Rd,N) R4

Since v e PSM(Rd, N), the two inequalities are equalities. Therefore

/|:c|2u<d:c>= sup /|x2n<dx>
Rd nEP<,(R4,N) JR

and since Wi (p, P(RY, N)) < Wi(u,v) < MZ(v,p), these two inequalities are equalities and
W3(p,v) = M3(v, p). Moreover,

o (? = W3 Pen(REN)) = [ oPutay) = oup [ [efPotae)
neP<u 5

If v € P<,(R% N) is such that [pa |z|?v(dz) = SUD,cp_, (RY,N) Jga lz*n(dz), the last equality
combined with (1.11) written for = v ensures that v is a Wa-projection of p on P<,, (R¢, N). O

Remark about uniqueness. As a consequence of Proposition 1.1 (b), it turns out that the unique-
ness of W)-projections of z on P(R?, N), that of distributions iV of LP-optimal N-quantizations
and that of LP-optimal N-quantizers are equivalent. In dimension d = 1, for p = 2, distributions
with log-concave densities have a unique optimal N-quantizer (see Kiefer [35]) hence this projec-
tion is unique. In higher dimension, a general result seems difficult to reach: indeed, the N (0; I)
distribution, being invariant under the action of O(d, R) (orthogonal transforms), so are the (hence
infinite) sets of its optimal quantizers at levels N > 2.

Let us recall the sharp rate of convergence of the LP-quantization error stated for instance in
Theorem 5.2 [37].



Theorem 1.3 (Pierce Lemma for primal quantization) Let p > 1 and n > 0. For every

dimension d > 1, there exists a real constant CgonTp > 0 such that, for every random vector X :

(Q,AP) - R,

.

epn(X) < O N7 i0y1(X) (1.12)

where, for every r > 0, 0,(X) = inf cga [| X — al|, < +o0.

1j0,11(2)
[20], by checking that the distortion function has a unique critical point, Fort and Pages prove

uniqueness and derive semi-closed forms for optimal quantizers of three families of one-dimensional
distributions indexed by p > 0 : the exponential distributions 1(0700)(33) pe P*dx, the power distri-

Example. Let us explicit the quadratic optimal primal N-quantizer of u(dr) = In

butions pl(ovl)(x)wpfldm on the interval (0, 1) which include p for p = % and the power distributions
P1(1,00) (z)z~(+P)dz on the interval (1,+00). For u(dz) and p = 2, their semi-closed form relies
on the inductive solution of third degree equations. Working with a different parametrization,
we will end up with much simpler second degree equations. We have F,(z) = 1{120}\/5 and
Fy Y(u) = u? for u € (0,1). We parametrize the boundaries of the optimal quadratic Voronoi cells
by Tppl = Fgl(qk) =q} for k € {0,...,N} where 0 = qo < 1 < q2 < ... < gn—1 < qn = L.

In particular z,, 1 = 0 and x5, 1 = 1. By the stationarity property (1.8), for k € {1,..., N},
2 2

z, 1
Tp = Qk_}lk—l x:_? zp(dx) (by (1.7), u({a:kfé}) = ,u({kar%}) = 0 and we do not need to
worry about the inclusion of the boundary points in the integration interval). The equality
Ty 1= L;’““ valid for k € {1,..., N — 1} also writes

2

7 1( ) 1 1 /Qk 7 1( )d 1 9k+1 7 1( )d
“gp) == —— “u)du + / “u)du | .
wo 2\ —ar—1 g, " Q1 — Gk Jg, .

For the above choice of p, we obtain

1
ai = 6 (4% + qrar—1 + @21 + Giyr + qre1dr + ax) so that gi ) + grr1ar + qegr-1 + Giy — 4 = 0.

We deduce that qxy1 = ck+1q1, where Ci+1 + Ck+i1Ck + CcrCr—1 + ci_l — 4c% = 0 so that cpy1 =

\/1702—4%%—1—40%,1—0
2

L Starting from ¢y = 0 and ¢; = 1, we easily compute inductively the factors

¢ (for instance ¢y = @) To ensure gy = 1, we need ¢; = % Therefore ¢ = CC—]’; for
k €{0,...,N} and the optimal quadratic primal grid is given by
1 o b1 4E G4 R
= ——— [ F(w)du= ETBB TR G TRRATR ooy N,
k. — qk—1 Jg,_, 3 3cy

C2 CrCl— C2
Of course for a < b, when pu(dz) = %dw, then z, = a+ (b — a)%{rk‘l and when
C2 CLCE— C2
plda) = —HD gy gy g = b — (b— a) ST

2v/(b—a)(b—z) 3c%



2 Dual (Delaunay) quantization

We assume throughout this section that u is compactly supported. Let X : (Q, 4,P) — R% be
a random vector lying in L°°(IP) with distribution p. Optimal dual (or Delaunay) quantization as
introduced in [44] relies on the best approximation which can be achieved by a discrete random
vector X that satisfies a certain stationarity assumption on the extended probability space (€ x
[0,1], A ® B([0,1]),P® \) where B([0,1]) and A respectively denote the Borel sigma field and the
Lebesgue measure on the interval [0, 1]. To be more precise, we define, for p€ [1, +00),

dyn(X) = i?(f{HX ~ X, X (@x 0,1, A0 B(0,1),P®A) » RY,
card (X(Q x [0,1])) < N and E(X|X) = X}.

For every level N > d+1, the set of such X is not empty. Indeed, one may choose d+1 points whose
convex hull has a non empty interior and includes the support of u. Then the unique probability
measure supported on these points with the same expectation as p belongs to the set P> H(]Rd, d+1)
of distributions dominating u for the convex order and supported by at most d + 1 elements. By
Lemma 2.22 in [34], we see that for each v € P>, (R%, N) and each martingale coupling 7 € M (pu, ),
there exists on (Q x [0,1],.4 ® B([0,1]),P ® \) a random vector X such that (X, X) is distributed
according to 7 and therefore satisfies E(X|X) = X. Hence

d, N(X)P = inf inf / — z|Pr(dx, dy) = inf MP(u,v). 2.13
p,N( ) veP>, (RE,N) meEM(p,v) JRA xR |y | ( y) veP>,(RE,N) p(M ) ( )

As a consequence, dj, y(X) only depends on the distribution p of X and can subsequently also be
denoted d;, n(). Next, one easily checks that P>, (R% N) = Upeg, P>u(I') where

Gy = {I' ¢ R? with cardinality < N and such that supp(x) C conv(T')},
and P>, (0) = {v € P(RY) : pt <y v and v(T) = 1},

For I' € Gy, there exists a dual projection Proj%d : conv(F) x [0,1] — T, also called a splitting

operator, which satisfies, beyond measurability, the following stationarity property

1
Vyée conv (), / Proj (y, u)du = v, (2.14)
0
from which one derives the dual stationarity property
E (Projgel(X, U) | X) = X when U ~ U([0,1]) is independent of X. (2.15)

The stationarity property remains valid as soon as X is conv(I')-valued and implies that the dis-
tribution of Projf¢' (X, U) belongs to Ps,(T") which is therefore non empty.
For I € Gy, let
dp(p, TY? = inf  MP(u,v),
P(lu’ ) VEPZu(F) P (:u )

so that d, y(p)P = infreg, dp(p, T).

10



In dimension d = 1, when I' = {x1,29,...,2x} with 21 < 29 < ... < xy, the probability
measure minimizing v +— M} (u,v) over Ps,(T) is the distribution i of Proj®(X,U) for the
splitting operator

N-1
Proji—i\d(l" u) = Z 1[$i’zi+1)(:ﬂ) <1{u< T 1w }$z + 1{u> T 41— }.qurl) + l{zsz}LL’N.

i=1 T P41 T Ti+1— %4

Moreover, the coupling minimizing [ g |# — y[P7(dz,dy) over M(u, i) is the distribution of
(X, Proj? (X, U)). Last, according to the remark after Proposition 10 in [44], when y <., 1 with
n compactly supported in [z, zx], then i' <., 7i'. This can be seen using the affine interpolation
onTI

N-1
.T L Ti+1 — T T — X
¥ (x) = 1(—oo,x1)U[xN,+oo) (.’L’)QO(JJ) + z_; 1[xi,:ci+1)(x) <$i+1 — xch(wZ) =+ Tit1 — (L’Z‘(P(xﬂ_l))

of a convex function ¢ : R — R. Indeed @' is still convex and one has

/R () (dr) = /R & (@) u(d) < /R & ()n(de) = /R o (@)il ().

According to the introduction in [2], this convex order preservation does not generalize to higher
dimensions where the minimizers are not so easy to express.
Whatever the dimension d € N*, for every level N > d + 1, there exists an LP-optimal dual
quantization grid Fﬁf}v and a splitting operator Projl‘filellv (see [44]) such that
p,

dp.v (1) = dp(, TN = | X — Projie, (X, U)llp

ok
e
dual projepétion, see [44, 45] where this notion has been developed and analyzed. We will see
in the examples that even in dimension one, the convex order is not preserved by optimal dual
quantization.
Notice that by Proposition 1.1 (b), the inequality W} (1, v) < M} (u,v) valid for v € P, (R%, N)
and (2.13),

and Pro (X,U) takes each value in I’gejl\, with positive probability. For more details on this

epn (1) = Wy, PR, N)) < Wy (g, Pou(RY, N)) < €P>in(fRd ¥ My(v, p) = dpn(p).  (2.16)
vEP>, s

We may wonder whether the last inequality is an equality. Combining the tightness of any sequence
of probability measures in P> M(Rd, N) minimizing the W),-distance to 1 deduced from the inequality

Vv € P(RY), /R Py(dz) < 2r~1 < /R lelPu(dz) + Wi (u, v)) 7

the closedness of PZM(RCI, N) for the weak convergence topology and the lower semi-continuity of
the Wasserstein distance for this topology (see for instance Remark 6.12 p97 [51]), we obtain the

11



existence of a Wj-projection fi of  on P>, (R%, N). The last inequality in (2.16) is an equality iff
the set

{repumyswun = [ - sentan.an}

of Wy-optimal couplings between p and some W)j-projection fi of p on PZM(Rd,N ) intersects
M, i1). Moreover, i is then the distribution of an LP-optimal dual N-quantization of pu. But
there is no reason why the intersection should be non empty. We also may wonder whether, by a
somewhat naive symmetry with the situation described in Proposition 1.1 (b) for the Voronoi quan-
tization, the distribution of an LP-optimal dual N-quantization of u coincides with a W),-projection
fi of ppon P>, (R?, N). According to the examples below, this property holds when y is the uniform
distribution on the interval [0, 1] (nevertheless W, (U0, 1], P>y0,1) (R4, N)) < dp y(U[0,1])) but is
not true in general.

Note that, in the quadratic case p = 2, for v € PE”(Rd,N), since M2 (u,v) = fRd ly|?v(dy) —
S I 2 (),

d 2= 'f/Qd—/Qd. 2.17
2.8 (1) ver B ) Jo lyl"v(dy) 5 |z p(de) (2.17)

Proposition 2.1 In the quadratic case p = 2, any optimal dual quantization grid Fgf]lv remains

optimal for each probability measure n such that p <cpz N <cve fin where iy denotes the distribution
of Projl‘fej&l (X,0).

2 N
Proof. Let n be such that u <.z 7 <cpz fin. Since infyefp>#(Rd’N) fRd ly|?v(dy) is attained for
v =[N, soisinf ep  (rd N Jga ly|?v(dy). Therefore, (2.17) written with 7 replacing p implies that

dan(? = [ oPitdy) = [ lafn(da) = M3 ji).

With the definition of da(n, Fgf]l\,), we deduce that da n(1)? > dg(n,FgffV)Q. Therefore I’gf}v is an
optimal dual quadratic quantization grid for 7. O

Examples. (a) Let p = U[0, 1] where, for two real numbers a < b, U[a,b] denotes the uniform

distribution on [a,b] with density 1“%]5:) with respect to the Lebesgue measure. We consider its

approximation by probability measures in P(R, N). A generic element of P(R, N) writes

N
vN =Y prln,
k=1

with 71 < 29 < ... < xy and (p1,...,pn) € [0,1]V satisfying Zﬁ[:l pr = 1. We will consider the

particular choices iy = %Zszl 52%1 and fiy = 2(]\,1_1)50 + N£1 Zsz_gl 5% + mél of the

respective distributions of the optimal primal and dual quantizations of ;1 on N points. For p > 1,
let us recover that /iy is the Wj-projection of U[0,1] on P(IR, N) (consequence of Proposition 1.1
(b)) and check that jiy is the Wj-projection of U[0,1] on Psyo (R, N). The image of p by
(0,1) 3 u~— F, (u) — u is equal to

NN = pild[z1 — p1,x1] + palh [z — (p1 + p2), 22 —p1] + ... +pnU[eN — Loy — (p1 + ...+ pN—1)].

12



When vy = fiy (resp. vy = jin) then ny = iy = U[— 57, 5] (resp. ny = 1in = U[—ﬁa 2(71)])
Since iy = N 1[ ]( x)dx and ny has a density with respect to the Lebesgue measure with val-

ues in {0,1,2,... ,N}, (ny — fin) T is supported on the complement of [2N> 2N] where (ix —nn) T
is supported. Since both measures share the same mass, we deduce that for p > 1,

/R 2l (i — i)™ (de) > /R 2P (A — 1v)* (dz) ie. /R jafP(dz) > /R (efPin(dz).

Using that in dimension d = 1, the comonotonous coupling is W,-optimal, we conclude that
Vuy € P(R,N), WU, 1], vx) = / P (dar) > / (&P (de) = WIUID, 1], o),
R R

with strict inequality unless ny = fn. When ny is supported on [—ﬁ, ﬁ] (which is clearly

equivalent to ny = 7y), then for each k € {1,...,N}, % <z — (p1 + ...+ pr) and xp —

(p1+ ...+ pp—1) < ﬁ so that pp < % With the normalisation, we deduce that py, = 1 for

each ¢ € {1,..., N}, which plugged in the two last inequalities implies that xj = QSN for each
ke {1,...,N} so that vy = fin. Therefore, for all p > 1, iy is the Wy-projection of [0, 1] on

P(R,N) and

A R 1/p 1
Wyu0,1]. PR V) = Wyul0. 1] ) = ( [ labin(an)) = S

If vy > U[0,1], then z; < 0and xy > 1so that [z1—p1, z1]N[zy—1, 2y —(p1+...+pN-1)] C
{0} and ny has a density with respect to the Lebesgue measure with values in {0,1,..., N — 1}.
By repeating the previous argument with 7y replaced by 7y, we obtain that

Vin € Poagon)® N). WU, U,v) = [ [alPindn) = [ JolPi(de) = WH@(0.1) i),
R R

with strict inequality unless ny = fy. When vy > U[0, 1] and ny is supported on [— m, m]
(which is clearly equivalent to nx = 7n), then for each k € {1,..., N}, 5= y < ok (m+...+pr)

and xp — (p1+ ... + pr—1) < m so that pk < Nl 7 and with the relnforced inequalities z1 < 0
and xy > 1 due to the convex order, p; < ﬁ and py < ﬁ With the normalisation, we
deduce that p; = py = (Nl i and py = Nl—l for each £ € {2,..., N — 1}, which plugged in the two

(reinforced) inequalities implies that z; = 0, zx = % for each k € {2,...,N — 1} and 21 = 1 so
that vy = finy. Therefore, for all p > 1, fiy is the Wy-projection of U[0, 1] on Pxy01(R, N) and

1/p 1
Wy U0, 1), Poyy0,) (R, N)) = W (U[0,1], fiv) = (/R |x‘pﬁN(dx)> T2+ 1)/P(N 1)

= ((p+ 1)2(p+2)>1/pN1—1

Notice that when vy >¢y. U[0,1], then the measures (ny — 75)" supported on [—
1 1

IN=T) 1)= 3N

each convex function ¢ : R = R, [ o(z)(ny—in) T (dz) > [ ¢(z)(in—nn) T (dz) and ny >cos 18-

= da N (U[0,1]).

1 1 ]c
2(N-1)’ 2(N-1)

and (fy — nn)" supported on [— )] share the same mass and barycenter so that for
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The probability distribution |0,
He 1= 1(504— 370(52 + 1557 + 1568

is smaller in the convex order than its dual quantization

1]
1
5% =01 on the grid {0, £ 15, 15, % 1} Note that ug is not

1

30

+d2 + (53 + (54) + 15 L 5, for the convex order. Indeed, we have
5

53) + 2 (153 + 151)
5 5
51>

SC’U$

15
comparable with fig = 15 L5+ 1 (

2/1. 1 1/1
/%—5<2%+2%>+5<a%

i} L
6

. 2 /1 1 1 1 1 2
fig = = (450—1—25;—#455) —1-3 <52—|—5§> +g
+ -0

4] 02 + =0

lw

3 2
5 5 5

g
. 1 1 1 1 1
with *60 + *52 Z v 150 + 55% + 6

DO | =

1

2
1

and (55-}- (51 > v 5%-1-55%-1— -0

so that [p p(z)us(dr) > [p o(x)is(dr) (resp. [p@(x)pe(dr) < [ @(x)fic(dz)) when the convex

function ¢ : R — R is strictly convex on [0, 2] and affine on [2,1] (resp. affine on [0, 2], strictly

5
convex on [2, 2] and affine on [£,1]). Since pg is clearly equal to its LP-optimal dual 6-quantization,

this shows that the convex order is not preserved by optimal dual quantization.

(b) Let now p(dz) = 2x1jgq)(x)dz. We look for v € P>, (R,3) minimizing either [ y*v(dy) to
compute the law of the optimal quadratic dual quantization of u on N = 3 points or Wg(u, v) to
compute ji. Since d = 1, Wi (u,v) is equal to the integral fol(FM_I(u) — F;Y(u))?du of the squared
difference between the quantile functions of p and v. For the first criterion, we are going to check
that it is equivalent to minimize over the following parametric subset of P>, (IR, 3)

1+ u 2—\vu—u
3\F5ﬁ(dy)+\3f

{vuta) = Sy + ) ue (0.0)

One has [ y2v,(dy) = M and the infimum is attained for u =1/3 so that Fge?f = {0, ig, 1},

do3(1)? dQ(M,F% fy v13(dy) — [ 2*p(de) = § — W On the other hand,
u/3 (14++/u+u)/3 1
W)= [ 0= vordo (fﬁmw/' (1= Vo)2dv
0 u/3 (1+/a+u) /3
R R A 4(1—f)(1+f+u)3/2+u
=76 3 + 35/2

One easily checks that W2 (14 V) lu=1/3 > 0 and that W3 (, v,) is minimal for u ~ 0.326 so that
fi # v1/3. Moreover, since PZM(F%) = {ovy3+ (1 =)o : v € [0,1]} contains v 3,

W3 (1, P> (T94)) < W3, v13) = 0.0199758 < 0.0383666 ~ da (s, 1'5%)°.

Let us finally check that inf,cp_ (v 3) Jr v?v(dy) > inf e 01) [g ¥*vu(dy) and that v, € P>, (R, 3)
for each v € (0,1). First note that for each u € (0,1), the mean 2/3 of v, is equal to the one of
i. According to the characterization of the convex order in terms of potential functions, we have
V >epr o iff fR zv(dx) = % and

T 16'3
v eR )i [ r(oody 2 o) = Loy + ey (2-3) . @18)
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If v weights at most three points, then the convex function ¢, is piecewise affine with at most three
changes of slope, the left-most slope being equal to 0 and the right-most equal to 1. Therefore
if v € P>,(R,3) then v({a}) > 0 for some a < 0 and v({b}) > 0 for some b > 1. If, moreover,
v({y/u}) > 0 for some u € (0, 1), then since the slope of ¢, is constant on (0, v/u) and on (y/u, 1),
for all z € R,

x u3/? 1—x 1 z—vu 2
pu(z) > 1(0,@(1’)?Xﬁ+1(\/ﬂ,1](x) (3 T va +3 X e i1y <93 - 3> = v, (2),

so that, by convexity of the square function, [ y?v(dy) > [ y*vu(dy). If, on the other hand,
v((0,1)) = 0, then ¢, has a constant slope on (0,1) and we even have

/RyZV(dy)Z sup /RyQVu(dy)-

u€(0,1)

Therefore inf,cp. (r3) Jp y*v(dy) > inf,e01) [ ¥*vu(dy). To conclude that this inequality is an
equality, it is enough to check that v, € P>,(R,3) for each u € (0,1). This follows from the
inequality ¢, (z) > @u(x) valid for all z € R and all u € [0, 1] since the graph of the convex
function ¢, is under its chords.

We finally recall the main result on convergence rate of dual quantization for bounded random
vectors established in [46].

Theorem 2.2 (Pierce Lemma for dual quantization) Let p > 1 and n > 0. For every di-
mension d > 1, there exists a real constant C% > 0 such that, for every random vector X :

d,n,p
(Q, A,P) = RY, L>®(P)-bounded,

~ 1
dp,n(X) < Cccli,erf,pN 10p1n(X) (2.19)

where, for every r >0, 0,(X) = inf cga [| X — al|, < +o00.

Remark. Note that this claim and the one in Theorem 1.3 remain true if the support of P, does
not span R? as an affine space, but A,, with dimension d’ < d. However, if such is the case, then
(1.12) and (2.19) hold with factor N=1/¢" so that N~/ is suboptimal.

3 Quantized approximations of martingale couplings

Let v € P(R?) be compactly supported and g € Po(R?). For K, N > 1, let #¥ be an LP-optimal
dual K-quantization of v with grid Fgfll{ and 1"V be a quadratic optimal primal N-quantization of p
with grid I'y ;. The two quantization errors correspond to martingale quasi-metrics (in comparison
to Wasserstein metrics (0.2), only martingale couplings are considered in the minimization defining
(0.3)) between v (resp. jin) and 7% (resp. p) :

dy (V) = ME(v, /™) and €3 v (1) = MF(A™, p). (3.20)

In contrast with dual quantization where the martingale quasi-metric appears from the very be-
ginning of the construction, the optimization in primal quantization relies on Wasserstein metrics.
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But in the quadratic p = 2 case, the stationarity property (1.8) satisfied at optimality implies that

Wa(jin, p) = Ma(fin, 1)
Let U ~ U[0,1] and ¢y(dy) denote the law of PI"OJFdel (y,U) when y € Conv(I‘geIl() and d,(dy)

otherwise. When p <., v, we are now going to exploit (3 20) to approximate any m € M(u,v) by
ﬁN,K(d‘%v dﬂ) - / 5Projp () (di‘)ﬂ(da}, dy)Qy(dg) (321)
(z,y)€RIxR4 »N

For (X,Y) ~ 7 independent from the random variable U uniformly distributed on [0, 1], the random
vector (Projr,  (X), XY, Proﬁfﬁil (Y, U)) is distributed according to 5projr2 L@ (dz)7(dz, dy)q,(dy)
and therefore (Projr, (X)), Proﬁfﬁlel (Y,U)) is distributed according to 7% . Therefore, the first

marginal of 7V is the d1str1but10n i of Projp, . (X) and its second marginal is the law 7

of PrOJFdEl (Y,U). Moreover, using that U is independent from (X,Y) and (2.14) for the second

equahty, then that 7 is a martingale coupling for the fourth equality and the stationarity property
(1.8) for the last one, we obtain

E[Proﬁ%ﬁ, (Y, U))[Projr, , (X)] = E[E[Proﬂiiﬁl (Y, U)X, Y)][Projr,  (X)] = E[Y|[Projp,  (X)]
= E[E[Y|X][Projr, , (X)] = E[X|Projr,  (X)] = Projr, , (X).
so that #VK € M(p, o).

Theorem 3.1 Let p > 1, p,v € P(RY) be such that p <epe v with v compactly supported and for
N, K >1, let iV be a quadratic optimal primal N -quantization of p and v be an LP-optimal dual
K -quantization of v. Then, for each m € M(u,v), the couplings a5 € M(aN,v%) defined in
(3.21) are such that

WV ) < e5 v (1 )+de( )ifp<2
CN-P/d ()forC’<oonotdependmgonNKzf2<p<2—|—d

Moreover, when p > 2,

W3 (7N ) < eg,N(M) + d;%,K(V)'
Last, for anyp > 1,

lim sup AWp(ﬁN’K, ) < dp g (V).

N—o0
According to Theorems 1.3 and 2.2, supy>; NVdey n (1) < oo and SUPK>1 K'Y, e (v) < o0.
Proof. We have

_ N . 2 o .
Wh(ENE, ) < / (17— 2 + y = 512" Sproge, (o) (d)m(d, dy)gy (d)
RixRIxRI xR ’

(p=2)F
2

<2 / (& — 2P + Iy — ") 6pmjr o (di)m(da, dy)g, (d7)
RexRIx R x R4

[ Proir, (@) =~ aPu(do)

/]Rd |ProjF2,N (z) — z|Pu(de) + 2

(-2t

=2

HY PTOJFdEl (Y, U)‘ }

(p=2)F
2

=2 diK( V).
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When p < 2, [pa [Projr, () — zPu(dz) < (f]Rd |Projr, () — x\Q/,L(dx)>p/2 = e’iN(u). On the
other hand, when 2 < p < 2 + d, since u is compactly supported, we may apply the L? — LP-
distortion mismatch Theorem 4.3 [38] to obtain that supy > NP/d Jra [Projr, () —z|Pu(dz) < oo,
which completes the proof of the first inequality. In a similar way, when p > 2

w3 (e </ b — 22 + |y — §1) Oprog dit) p(da)mo (dy) gy (di
e Y (12 =2 + |y = 91°) projr, () (d2) () (dy) gy (d5)
2 del p 2/p

= 3w +E||[v — Projfid, (v, U)‘ < w(w) +E [y — Projitly (v.U)|]

=e3 n(p) + dp N (V).

Let now

) = [ ol (@) = [ty ()

We have 75 € M(u, 7%). Using the identity coupling ju(dx)d,(dZ) between p and p in the definition
of the adapted Wasserstein distance then the coupling 7, (dy)q,(dy) between 7 (dy) and 7, (dy) in
the definition of the usual Wasserstein distance, we obtain that

AW;’(er7 ) < Wp(fr w(dx) /d/d/ |PI‘OJFd€l y,u) — yPdur, (dy)u(dx)
R4 JIR
/ [ o= Prosty (vl duvta) = Bl — Projfty (v.0)P = ).
R K p, K

With the triangle inequality, we deduce that to check the last statement in the theorem, it is enough
to prove that limy_,oc AW (7 NE 7K = 0.

To do so, we denote by ($2)1§Z§|F27N‘ the [T'g, x| < N points in I'; ; and by (yj)lgjs\l“gfgl the
I8 Z‘}l(\ < K points in Fgfll( (as soon as the support of p (resp. v) is not restricted to less than N (resp.
K) points, [I'y x| = N (resp. |Fg§l{] =K)). Let C; = {z e R : [z —u4| < MiN << Ty v kot 1T~ Tk}
ie{l,...,]I'yn|}, denote the open Voronoi cells induced by I's . Using (1.7) for the equality, we
have

? I

AWP(ENK 75K < / (1 — 2 + WG ) prag, o (d2)n(d)

RaxRd

T2,

Z / (i — 2P + WIENE 2K)) p(d). (3.22)

del
Since DK(FZfl ) =1, p(dz) ae. 7X(dy) = E |qJ( 7)dy,(dy) for some measurable functions g;
del
with values in [0, 1] and such that E | q; = 1. Moreover, for i € {1,..., |2 n|},
Fdel
NK q] dE y]( )
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As a consequence, we have

TV(#YE 75 =

z; 'z

With Theorem 6.15 p.103 [51], we deduce that

Tk
WL A =2 e WPTVGRA) 207 e il D o) - 65 L wons].
Plugging this inequality in (3.22), we deduce that
e D2, 1 il o x| )
AWPENH R < 3 /C ) £ Z > /C @) - /C | qj'(é“)u(dﬁ)‘u(daf)-

(3.23)

Using Jensen’s inequality in the case p € [1,2], the L? — LP- distortion mismatch Theorem 4.3 [38]
when 2 < p < 2+ d and Holder’s inequality when p > 2 4+ d, we get

- & () ifpe1,2]
2,N _ .
: CNPe if2<p<2+d
2 — afPpu(de) = / Projr, . () — alPu(dz) < 4 i
; /Cl Z Rd o 2(r 3)vomax1gjg|rgf;<\|?/j‘p 26%,1\/(#)

if p>24d

)

where the constant C' does not depend on N. With Theorem 1.3, we deduce that the first term in
the right-hand side of (3.23) goes to 0 as N — oo. Since [pa|g;(z)|p(dr) < 1, by Theorem 3.14
p.69 [49], there exists a sequence (q?)neN of continuous and compactly supported functions on R¢
such that limy, e [pa ¢} (z) — g;(x)|p(dx) = 0. Since g; takes its values in the interval [0, 1], we
suppose that so do the functions qjﬂ up to replacing them by 0V q;? A 1 which affects neither the
continuity and compact support property nor the convergence. We have

T2, | T2 n|

> ) = 5 | w©n(a) i) - >/,

T2, |

G- | | qy<5>u<d5>] u(dr)

fi;éf“@ﬁ@);@mﬂ&”gﬁ@W“%MW>
T2, n| ITo.n|
<:2;uéj%u»—¢%wmu@+-gg AJ%@N—#@NMMOM<%éﬁ%ug_%m@mww,

where the right-hand side goes to 0 as n — oo. We deduce that to prove that the second
term in the right-hand side of (3.23) goes to 0 as N — oo, it is enough to check that so does

r X
ZL:ZiN‘fCi ‘qj(x) — ﬁfcl q}‘({)u(dﬁ)’u(dw) for any fixed n € N. For X ~ p and XV =
PrOjFQ’N(X)7
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1(X) — Elg) (X) | X]|

G0 - [ ()| uan) -

<2 | (g0 -Bg001£)"] <2 | (500 -5 ]

where, for the last inequality, we used that the conditional expectation given XN s the best
quadratic approximation of a random variable by a measurable function of X*V. Let ¢ > 0. Since
qg" is continuous and compactly supported, this function is uniformly continuous. Since it takes
its values in the interval [0,1], we deduce that there exists 7 > 0 such that for all z,y € RY,
147 (2) = G ()] < €lgjo—yi<n} + L{jo—yi>ny- Therefore

E [(qy(X) - q]’»L(XN)> ] <24 P(X - XN >p) <+ w =% %
n n
With Theorem 1.3, we deduce that the left-hand side goes to 0 as N — oo and conclude that so
does AW, (MK, K) o

4 Application to weak martingale optimal transport problems

We endow P< x Pi(R?) = {(1,v) : p,v € P1(R?) and p <cpp v} with the metric Wi(u, i) +
Wi (v, 7) between (p,v) and (ji,7) and R? x P;(R?) with the metric obtained as the sum of the
Euclidean distance on R? and the Wasserstein distance Wj on P;(R?). For a cost function C :
R? x P (R%) — R Borel measurable, the Weak Martingale Optimal Transport problem introduced
in [6] consists in computing for (u,v) € P< x P1(R%)

V(p,v) = inf C(z,my)p(dx) (4.24)
TeM(p,v) JRd

and the minimal couplings m € M(u, v). For the choice

~ C if dy) =
Clan) = { (z,n) i fgd ynldy) =z (4.25)
400 otherwise
it can be seen as a particular case of the Weak Optimal Transport problem
V(p,v) = inf C(x, mp)u(dx) for (u,v) € Pi(R?) x P;(RY) (4.26)
TeP(p,v) JRA

introduced by Gozlan, Roberto, Samson and Tetali in [23] and studied by Backhoff-Veraguas, Bei-
glbéck and Pammer in [5]. Indeed, when (u,v) € 73< X Py (Rd) then for each E P(M, v)\ M(u,v),
Jga C(z, 7)) p(dx) = 400 and for each 7 € M (1, ), Jga O, me) 1 = Jga C(@, 7)) pu(dz), which
implies that V(,u, v)=V(u,v).

The martingale optimal transport problem corresponds to the particular case of the WMOT
problem when the cost function is linear in the measure component : C(x,n) = [gpa c(z, y)n(dy) for
a Borel measurable function ¢ : R? x R? — R with at most linear growth in its second variable.

The existence of minimal couplings in the WMOT problem (4.24) and the lower semi-continuity
of the value function V' are deduced from Theorem 2.6 and Proposition 5.8 (b) [10].
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Proposition 4.1 Assume that C : R x P1(R?) — R is lower semi-continuous, convex in the
measure argument (for all v € R%, P1(RY) 3 n s C(x,n) is convex) and such that

sup |C(x,n)
(z.m)eRdx Py (Rd) L+ |2+ [ra lyIn(dy)

< +00.

Then for each (u1,v) € P< x P1(R?), there evists 7 € M(u,v), unique if C is strictly convex
in the measure argument, such that V(pu,v) = [pa C(x, m))u(dz) and (p,v) — V(u,v) is lower
semi-continuous on P< x Py (RY).

Theorem 2.6 [10] also ensures convergence of the optimal couplings under convergence of the
value function, a property which holds in dimension d = 1.

Proposition 4.2 Assume that C : R? x Pi(R?) — R is lower semi-continuous, convex in the
measure argument and such that

C(z,n)]

sup < Ho00.

(e.)eRix Py (Rd) 1+ [2] + [ga [yIn(dy)
Let for each k € N, (ug,vr) € P< x P1(RY) and 7} be an optimal coupling for V (u,vy), the
existence of which is a consequence of Theorem 4.1. If ((fuk, Vk))keN converges to (u,v) in P< X
Pi(RY) as k — oo and V(u,v) = limg_eo V (1, Vi), then all the accumulation points of (7})ken
for the weak convergence topology are minimizers for V(u,v). If C' is moreover strictly convez in
the measure arqument, then the sequence (7})ren converges in AWy to the unique optimal coupling
T between u and v.
If d =1 and either C is continuous or C is continuous in its second argument and for each Borel
subset A of R, (up(A))ren converges to pu(A) as k — oo, then V(p,v) = limp_oo V (11, Vi)

When (ur, vx) = (¥, 5% with 4V% a quadratic optimal primal Nj-quantization of  and %% an
LP-optimal dual Kj-quantization of v, then Theorem 3.1 ensures that it is possible to approximate
in AW distance any optimal martingale coupling 7* between p and v by martingale couplings
between ik and ©%* and we deduce the upper-semicontinuity of the value function along this
sequence, whatever the dimension d.

Lemma 4.3 Letp > 1, pu,v € P(Rd) be such that p <.y v with v compactly supported and for
N,K > 1, i be a quadratic optimal primal N-quantization of p and v an LP-optimal dual K -

quantization of v. If C : RY x Pi(RY) — R is continuous, then V(u,v) is finite. If moreover,

T > SUPpcp, (RY) % is locally bounded on RY, then

limsup V (2, %) < V(u,v).
N,K—o0

If O : R x P (RY) — R is Lipschitz continuous with constant Lip(C), then

lim sup V(,&N, DK) < V(w,v) + Lip(C)dp i (V).

N—oo

With Propositions 4.1 and 4.2, we easily deduce the following corollary.
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Corollary 4.4 Let p > 1, u,v € P(R?) be such that p <epp v with v compactly supported and
for N,K > 1, iV be a quadratic optimal primal N-quantization of u and 0¥ an LP-optimal dual
K -quantization of v. If C : R? x P1(R?) — R is continuous, convex in the measure argument and

such that o
sup |C(x,n)|
(e eRdx Py (RD) L+ 2] + [ga [yln(dy)

then limpy, ko0 VN, o%) = V(u,v). Moreover, all accumulation points as N, K — oo of se-
quences (1% i )n.x of minimizers for V (i, v%) are minimizers for V(u,v). If C is also strictly
convez in the measure argument, then imy x— oo AW7 (W}*V’K,W*) = 0, where 7 is the unique opti-
mal coupling between p and v.

< +00,

Proof of Lemma 4.3. We first suppose that C : R? x P;(R?) — R is continuous. Let B
be some closed ball centered at the origin with sufficiently large radius so that v(B) = 1 and
Pp(RY) = {n € P(R?) : n(B) = 1}. The set P5(R?) is a compact subset of P;(R?) and therefore
the continuous cost function C' is bounded on the compact subset B x Pz (R?) of R? x P; (R?). Since
N <evw b Sevw v, iV (B) = p(B) = 1. Moreover for m € P(u,v), [ga ma(B)p(dz) = v(B) =1 so
that (x,7,) € B x Pg(R?) u(dz) a.e.. Therefore

inf C(z,n) <V(p,v) < sup C(z,m)
(zmeBxPg(RY) (z,n)€EBXxPg(RY)

and V (u,v) is finite. Let € > 0. By the continuity and the growth assumption satisfied by the cost
function C' and the compactness of B x Pg(R%) ,

Jo >0, V(2,7 7) € B x Pp(RY) x RTx PL(RY) s.t. o — & + Wi (n,7) < o, [Cla,n) — C(3,7)| < e
_ _ 1
and Y(x,n,%,7) € B x Pg(RY) x B x P1(RY), |C(z,n)| + |C(Z,7)] < - <1 —i—/ ]y|77(dy)> .
Rd
Let m € M(u, v) be such that [pq C(z, mp)u(dz) < V(u,v)+e. By Theorem 3.1, there exists 75 €

M(aN, 75 such that lim supy_, ., AWy (7Y, 1) < dp k(v) and limpy g 00 AW (7K 1) = 0. Let
m™NE € P(u, 1Y) be an optimal coupling for AW, (m, #VK). We have

Cla,mo)p(de) — | O(@,73" )N ()| < / Cla,m) = C@, 7)) m™K (dw, di)
R4 Rd R xRd
<e+ /Rded C(x,m) — C(z, ﬁgvK)‘ 1{|x—5:|+wl(m,ﬁg’K)za}mN’K(dx’ di)
1 VK NK -
<e+ a/Rded <1 + /Rd Y75 (dy)) Ll W (e YKy oy (). (4.27)

_N,K
By Markov inequality, [pa, pal NE(dg,dx) < %. Moreover, since

(=& |+ Wi (70,7 Ky >a} T
/ A dym ¥ () = [ R an) = [ w (s dy) = ),
(z,7)ERIXRA zeRd zeRd

there is a Markov kernel g, (dz, dZ) such that frév’K(dy)mN’K(dx, dz) = % (dy)q,(dz,dT) and

_N,K N,K o K
J O e S T D R I )
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where the function 3(y) := [pa, gal dx,dz) is [0, 1]-valued and such that

{le—2|+W1 (7 ,ﬁg‘K)Za}qy<

AW (7’[‘, ﬁ'N’K)

K _ N,K ~
R ﬂ(y)y (dy) - /Rdx]Rd 1{|z_j|+Wl(ﬂx7ﬁéV’K)Za}m (d.’IZ‘, de’) S o

Since limy, g 00 AW1 (7, 7V E) = 0 = limg 00 Wi (v, 7X), with Lemma.. BJMP, we deduce that
the second term in the right-hand side of (4.27) tends to 0 as N, K — oco. Hence

limsup V (i, 7€) < lim sup C(z, 72" N (di)
N,K—00 N,K—00 JRA

&

Cla, mp)p(da) — | C(&, 73" )i (d)
Rd Rd

< C(z, mz)p(dx) + lim sup
Rd N,K—oc0

<V(u,v)+ 2e.

Since € is arbitrary, we conclude that imsupy x_, o V (N, %) <V(u,v).
We now suppose that C' : R? x P;(R?) — R is Lipschitz continuous with constant Lip(C). We

then have
Cla, m)p(dz) — [ C(&, 72" (di)| < / Clx,mp) — C (&, 7p ™) | m™N K (dz, di)
Rd Rd Rd xRd
< Lip(C) / <]m — & + W (s, ﬁg’K)> m(dz, d7) = Lip(C) AW, (r, 7V,
Rd x R4
Therefore

VN, of) < | c@ )N di) < | Cla, m)u(de) + Lip(C) AW (r, 7V K)
Rd Rd
< V(u,v) + € + Lip(C) AW (mr, 7M.

Since ¢ is arbitrary, we deduce that limsupy_,., V (2", 75%) < V(u,v) + Lip(C)d, i (v). o
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