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TOPOLOGICALLY INTEGRABLE DERIVATIONS AND

ADDITIVE GROUP ACTIONS ON AFFINE IND-SCHEMES

ROBERTO DÍAZ, ADRIEN DUBOULOZ, AND ALVARO LIENDO

ABSTRACT. Affine ind-varieties are infinite dimensional generalizations of algebraic varieties which ap-
pear naturally in many different contexts, in particular in the study of automorphism groups of affine spaces.
In this article we introduce and develop the basic algebraic theory of topologically integrable derivations
of complete topological rings. We establish a bijective algebro-geometric correspondence between additive
group actions on affine ind-varieties and topologically integrable derivations of their coordinate pro-rings
which extends the classical fruitful correspondence between additive group actions on affine varieties and
locally nilpotent derivations of their coordinate rings.

INTRODUCTION

Motivated by the study of algebro-geometric properties of some "infinite dimensional" groups which
appear naturally in algebraic geometry, such as for instance the group of algebraic automorphisms of
the affine n-space An

k over a field k, n ≥ 2, Shafarevich [20, 21] introduced and developed some no-
tions of infinite-dimensional affine algebraic variety and infinite-dimensional affine algebraic group. In
Shafarevich’s sense, an affine ind-variety over an algebraically closed field k is a topological space X
which is homeomorphic to the colimit lim

−→n∈N
Xn of a countable inductive system of closed embeddings

X0 →֒ X1 →֒ X2 →֒ · · · of ordinary affine algebraic k-varieties, endowed with the final topology. One
declares that a morphism between two such ind-varieties lim−→n∈N

Xn and lim−→n∈N
Yn consists of a collec-

tion of compatible morphisms of ordinary affine algebraic varieties between the corresponding inductive
systems, and a group object in the so-defined category is then called an affine ind-group. Since Shafare-
vich pioneering work, this notion has been developed further by many authors [16, 15, 22, 17, 9, 6] driven
mainly by its numerous applications to the study of algebraic automorphism groups of affine varieties.

A different approach to affine ind-varieties, closer to the Grothendieck theory of ind-representable
functors and formal schemes [10, 1], was proposed by Kambayashi [12, 13, 14] in the form of a category
of locally ringed spaces anti-equivalent to the category whose objects are linearly topologized complete
k-algebras A which admit fundamental systems of open neighborhoods of 0 consisting of a countable
families of ideals (an)n∈N, with the property that all the quotients An = A/an are integral finitely gen-
erated k-algebras. The underlying topological space of an affine ind-k-variety in Kambayashi’s sense is
defined as the set Spf(A) of open prime ideals ofA, endowed with the subspace topology inherited from
the Zariski topology on the usual prime spectrum Spec(A). Morphisms between such ind-k-varieties
are in turn simply determined by continuous homomorphisms between the corresponding topological
algebras, see Section 2.

It is known that these two notions of ind-k-varieties are not equivalent, even already at the topological
level (see [22] for an in-depth comparison). Despite its natural definition and its algebraic flavor which
allows to easily extend it to more general complete topological algebras, leading to a natural theory of
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affine ind-schemes, so far, the applications of Kambayashi’s notion of affine ind-varieties have not been
researched as much as those of Shafarevich’s version.

The main goal of this paper is to develop the basic tools to extend the existing rich algebro-geometric
theory of additive group actions on affine varieties and schemes to Kambayashi’s affine ind-varieties and
ind-schemes. To explain our results and put them into context, we restrict ourselves in this introduction to
affine schemes and ind-schemes defined over an algebraically closed field k of characteristic zero. Every
algebraic action of the additive group Ga,k = Spec(k[T ]) on an affine k-scheme is uniquely determined
by its comorphism µ : A → A ⊗k k[T ] = A[T ]. The fact that µ is the comorphism of a Ga,k-action
implies that the map which associates to every f ∈ A the element d

dT (µ(f))|T=0 is a k-derivation ∂
of A, which corresponds geometrically to the velocity vector field along the orbits of the action on X.
Conversely, an algebraic vector field ∂ on X determines an algebraic action of Ga,k on X if and only if
its formal flow is algebraic, that is, if and only if the formal exponential homomorphism

exp(T∂) : A→ A[[T ]], f 7→
∑

n

∂n(f)

n!
T n

factors through the polynomial ring A[T ] ⊂ A[[T ]]. Clearly, a k-derivation ∂ of A satisfies this poly-
nomial integrability property if and only if for every f ∈ A, there exists n ∈ N such that ∂n(f) = 0.
Derivations with this property are called locally nilpotent, and we obtain the well-known correspondence
between Ga,k-actions on an affine k-variety X = Spec(A) and locally nilpotent k-derivations of A.

Let now A be linearly topologized complete k-algebra which admits a fundamental system of open
neighborhoods of 0 consisting of a countable family (an)n∈N of ideals of A. We call a continuous
k-derivation ∂ of A topologically integrable if the sequence of k-linear endomorphisms (∂n)i∈N of A
converges continuously to the zero homomorphism, that is, if for every f ∈ A and every i ∈ N, there
exist an indices n0, j ∈ N such that ∂n(f + aj) ⊂ ai for every integer n ≥ n0 (see Definition 1.8).
Note that in the case where the topology on A is the discrete one, a k-derivation of A is topologically
integrable precisely when it is locally nilpotent. Our main result is the following extension of the classical
correspondence for affine k-varieties to the case of affine ind-k-schemes (see Theorem 3.6 for the general
version which applies to arbitrary relative affine ind-schemes over a base affine ind-scheme).

Theorem. Let X = Spf(A) be the affine ind-k-scheme associated to a linearly topologized complete
k-algebra A which admits a fundamental system of open neighborhoods of 0 consisting of a countable
family of ideals. Then there exists a one-to-one correspondence between Ga,k-actions on X and topolog-
ically integrable k-derivations of A.

This correspondence is made explicit as follows. The topological integrability of a continuous k-
derivation ∂ of A is equivalent to the property that its associated formal exponential homomomorphism
exp(T∂) factors through a continuous homomorphism with values in the subring A{T} ⊂ A[[T ]] of
restricted power series, consisting of formal power series

∑
i∈N aiT

i whose coefficients ai tend to 0 for
the topology on A when n tends to infinity. The topological ring A{T} is isomorphic to the completed
tensor product A⊗̂kk[T ] with respect to the given topology onA and the discrete topology on k[T ]. The
resulting continuous homomorphism

exp(T∂) : A → A{T} ∼= A⊗̂kk[T ]

determines through Kambayashi’s definition a morphism of affine ind-k-schemes

Ga,k ×k Spf(A) ∼= Spf(A{T})→ Spf(A)

which satisfies the axioms of an action of the additive group Ga,k on the affine ind-k-scheme Spf(A).
We show conversely that every continuous homomorphism e: A → A{T} which satisfies the axioms
of a comorphism of a Ga,k-action on an affine ind-k-scheme Spf(A) is the restricted exponential homo-
morphism exp(T∂) associated to a topologically integrable k-derivation ∂ of A (see Theorem 2.26.)

One of the cornerstones of the algebraic theory of locally nilpotent derivations is the existence for
every nonzero such derivation ∂ of a k-algebra A of a so-called local slice, that is, an element s ∈ A
such that ∂(s) ∈ ker(∂) \ {0}. Not every nonzero topologically integrable derivation k-derivation ∂ of a
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linearly topologized complete k-algebra A admits a local slice (see Example 2.13 for a counterexample).
On the other hand, we establish that the theory of topologically integrable derivations with local slices
closely resembles the usual finite-dimensional case: after an appropriate localization, these derivations
admit a Dixmier-Reynolds operator (see Definition 2.15) which provides a retraction of A onto their
kernels. In particular, we have the following result (see Proposition 2.16 and Corollary 2.18 for the
general case).

Theorem. Let A be linearly topologized complete k-algebra and let ∂ : A → A be a topologically
integrable derivation admitting a slice s such that ∂(s) = 1. Then A ∼= (ker ∂){s} and exp(T∂)
coincides with the homomorphism of topological (ker ∂)-algebras

(ker ∂){s} → (ker ∂){s}{T} ∼= (ker ∂){s, T}, s 7→ s+ T.

The paper is organized as follows. In Section 1 we collect and review essential definitions and results
on the classes of topological groups, rings and modules which are relevant in the context of Kambayashi’s
definition of affine ind-schemes. In Section 2, we develop the basic algebraic theory of restricted expo-
nential homomorphisms and their correspondence with topologically integrable iterated higher deriva-
tions. Section 3 is devoted to the geometric side of the picture: there, for the convenience of the reader,
we first review the main steps of the construction of the affine ind-scheme associated to a linearly topolo-
gized complete ring, and then, we illustrate the resulting anti-equivalence between restricted exponential
homomorphisms and additive group actions on affine ind-schemes.
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1. PRELIMINARIES ON TOPOLOGICAL GROUPS AND RINGS

In this section we recall and gather general results on topological groups, rings and modules. Standard
references for theses topics are for instance Bourbaki [3, Chapter III], [4, Chapter III] and Northcott [19].

Recall that a topological abelian group is an abelian group G endowed with a topology for which
the map G × G → G, (x, y) 7→ x − y is continuous. The topology on G is called linear if G has a
fundamental system of open neighborhoods of its neutral element 0 consisting of open subgroups. In
what follows, we only consider topological abelian groups G endowed with a linear topology which
satisfy the following additional condition:

(⋆) There exists a fundamental system of open neighborhoods of the neutral element 0 consisting
of a countable family of open subgroups.
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A topological group satisfying this property is in particular a first-countable topological space. For
simplicity, we refer them simply to as topological groups and we refer those fundamental systems of open
neighborhoods of the neutral element simply to as fundamental systems of open subgroups of G. Given
such a fundamental system (Hn)n∈N parametrized by the set N of non-negative integers, we henceforth
also always assume in addition that H0 = G and that Hm ⊆ Hn whenever m ≥ n.

A continuous homomorphism f : G → G′ between topological groups is refered to as a homomor-
phism of topological groups. Note that such a homomorphism is automatically uniformly continuous in
the sense of [3, II.2.1].

1.1. Separated completions of topological groups. A topological groupG is separated as a topological
space if and only if the intersection of all open subgroups of G consists of the neutral element 0 only,
hence, since every open subgroup of a topological group is also closed [3, III.2.1 Corollary to Proposition
4], if and only if {0} is a closed subset of G.

Given a topological group G, the collection of topological groups G/H , where H ranges through the
set Γ of open subgroups of G, together with the canonical surjective homomorphisms pH′,H : G/H ′ →
G/H whenever H ′ ⊆ H form an inverse system of topological groups when each G/H is endowed
with the quotient topology, which is the discrete one as H is open. Note that with respect to these
topologies, the canonical homomorphisms pH : G→ G/H , H ∈ Γ, are homomorphisms of topological
groups. The limit Ĝ = lim

←−H∈Γ
G/H of this system endowed with the inverse limit topology is a linearly

topologized abelian group. We denote by p̂H : Ĝ → G/H , H ∈ Γ, the associated canonical continuous
homomorphisms and by c : G → Ĝ the continuous homomorphism induced by the homomorphisms
pH : G→ G/H , H ∈ Γ.

Proposition 1.1. LetG be a topological group and let (Hn)n∈N be a fundamental system open subgroups
of G. Then the following hold:

1) The group Ĝ is a separated topological group canonically isomorphic to the group lim←−n∈N
G/Hn

endowed with the inverse limit topology,
2) The canonical projections p̂H : Ĝ→ G/H are surjective homomorphisms of topological groups,
3) The canonical map c : G → Ĝ is a homomorphism of topological groups whose image is a dense

subgroup of Ĝ and whose kernel is equal to the closure of {0} in G. Furthermore, the induced morphism
of topological groups c : G→ c(G) is open.

Proof. Since all the G/H are endowed with the discrete topology, {0} is closed in G/H and so, {0} is
closed in Ĝ by definition of the inverse limit topology. This yields that Ĝ is separated. Since (Hn)n∈N
is a cofinal subset of Γ, the canonical homomorphism Ĝ → lim

←−n∈N
G/Hn is an isomorphism of topo-

logical groups. A countable fundamental system of open subgroups of Ĝ is given by the kernels of
the projections p̂Hn , n ∈ N. This shows that Ĝ is a topological group in our sense. Since each
pH′,H : G/H ′ → G/H , H,H ′ ∈ Γ, is surjective and (Hn)n∈N is a countable cofinal subset of Γ,
by Mittag-Leffler theorem [3, II.3.5 Corollary I], the canonical homomorphisms p̂H : Ĝ→ G/H are all
surjective. Assertion 3) is [3, III.7.3 Proposition 2]. �

Definition 1.2. The topological group Ĝ is called the separated completion of the topological group
G. We say that a topological group is complete if the canonical homomorphism c : G → Ĝ is an
isomorphism of topological groups.

The separated separated completion c : G → Ĝ is characterized by the following universal property
[3, III.3.4 Proposotion 8]: For every homomorphism of topological groups f : G → G′′ where G′′ is
complete, there exists a unique homomorphism of topological groups f̂ : Ĝ→ G′′ such that f = f̂ ◦ c.
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Remark 1.3. A separated topological group G is metrizable. Indeed, given a countable fundamental
system of open subgroups (Hn)n∈N, a metric d inducing the topology on G is for instance defined by

d(x, y) =

{
0 if x = y
1
2n if x− y ∈ Hn \Hn+1.

For such a group, the notion of completeness of Definition 1.2 is equivalent to the fact that the metric
space (G, d) is a complete in the usual sense, see also Remark 1.7 below.

Proposition 1.4. Let G and G′ be topological groups with respective separated completions c : G→ Ĝ

and c′ : G′ → Ĝ′. Then for every homomorphism of topological groups h : G→ G′ there exists a unique
homomorphism of topological groups ĥ : Ĝ→ Ĝ′ such that c′ ◦ h = ĥ ◦ c.

Conversely, every homomorphism of topological groups ĥ : Ĝ → Ĝ′ is uniquely determined by its
restriction ĥ ◦ c : G→ Ĝ′ to G.

Proof. The first assertion is an immediate consequence of the universal property of separated completion.
The second assertion follows from the fact that the image of the separated completion homomorphism
c : G→ Ĝ is dense. �

Lemma 1.5. Let (Gn)n∈N be an inverse system of complete topological groups with surjective transition
homomorphisms pm,n : Gm → Gn for every m ≥ n ≥ 0. Then the limit G = lim←−n∈N

Gn endowed with
the inverse limit topology is a complete topological group and each canonical projection p̂n : G → Gn

is a surjective homomorphism of topological groups.

Proof. The fact that G endowed with the inverse limit topology is a linearly topologized abelian group
and the fact that the canonical projections p̂n : G → Gn are continous homomorphisms are clear. The
surjectivity of p̂n follows again from Mittag-Leffler theorem [3, II.3.5 Corollary I]. A countable fun-
damental system of open subgroups of G is given for instance by the collection of inverse images of
such fundamental systems of each Gn by the homomorphisms p̂n. Finally, since each Gn is complete, it
follows from [3, II.3.5 Corollary to Proposition 10] that G is complete. �

1.2. Convergence and summability in topological groups.

Definition 1.6. Let G be a topological group and let (xi)i∈I be a family of elements of G parametrized
by a countable infinite index set I . For every finite subset J ⊂ I , set sJ = sJ((xi)i∈I) =

∑
j∈J xj ∈ G.

a) The family (xi)i∈I is said to be Cauchy if for every open subgroup H of G there exists a finite
subset J(H) of I such that xi − xj ∈ H for all i, j ∈ I \ J(H).

b) The family (xi)i∈I is said to converge to an element x ∈ G if for every open subgroup H of G
there exists a finite subset J(H) such that xi − x ∈ H for all i ∈ I \ J(n).

c) The family (xi)i∈I is said to be summable of sum s ∈ G if for every open subgroup H of G there
exists a finite subset J(H) ⊂ I such that sJ − s ∈ H for every every finite subset J ⊃ J(H) of I .

If G is separated then an element x ∈ G to which a family (xi)i∈I converges is unique if it exists,
we call it the limit of the family (xi)i∈I . We say that a family (xi)i∈I is convergent if it converges to an
element x ∈ G. Similarly, an element s ∈ G such that (xi)i∈I is summable of sum s ∈ G is unique if it
exists. We call it the sum of the family (xi)i∈I and we write s =

∑
i∈I xi.

Proposition 1.7. ([4, III.2.6 Proposition 5] For a separated topological groupG, the following conditions
are equivalent:

a) G is a complete topological group,
b) Every Cauchy family (xi)i∈I of elements of G is convergent in G,
c) Every family (xi)i∈I of element of G which converges to 0 is summable in G.

Definition 1.8. Let G and G′ be topological groups, let fn : G → G′, n ∈ N, be a sequence of homo-
momorphisms of groups and let f : G→ G′ be a homomorphism of groups.
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a) The sequence (fn)n∈N is said to converge pointwise to f if for every g ∈ G and every open subgroup
H ′ of G′, there exists an index n0 such that fn(g)− f(g) ∈ H ′ for every integer n ≥ n0,

b) The sequence (fn)n∈N is said to converge continuously to f if every fn, n ∈ N, is continuous and
for every g ∈ G and every open subgroup H ′ of G′, there exists an open subgroup H of G and an index
n0 such that fn(g + x)− f(g + x) ∈ H ′ for every element x ∈ H and every integer n ≥ n0.

Clearly, a sequence (fn)n∈N which converges continuously to a homomorphism f converges point-
wise to this homomorphism.

Lemma 1.9. Let G be a topological group, let G′ be separated topological group and let fn : G → G′,
n ∈ N, be a sequence of homomorphisms of topological groups. Then the following properties are
equivalent:

a) The sequence (fn)n∈N converges continuously to a homomorphism f : G→ G′,
b) There exists a homomorphism of topological groups f : G → G′ such that the sequence fn − f

converges continuously to the zero homomorphism,
c) The sequence (fn)n∈N is pointwise convergent to a homomorphism of topological groups f : G→

G′, and for every open subgroup H ′ of G′, there exists an open subgroup H of G and an integer n0 ≥ 0
such that (fn − f)(H) ⊂ H ′ for every n ≥ n0.

In particular, if a sequence (fn)n∈N of homomorphisms of topological groups converges continuously
to a homomorphism f : G→ G′, then f is continuous.

Proof. Denote by (hn)n∈N the sequence of group homomorphisms defined by hn = fn − f for every
n ∈ N. The implication b) ⇒ a) is clear. Conversely, assume that the sequence (fn)n∈N converges
continuously to a homomorphism f : G→ G′. Applying the definition of continuous convergence to the
point 0 of G, it follows that for every open subgroup H ′ of G′, there exists an open subgroup H1 of G
such that (fn − f)(H1) ⊂ H ′ for all sufficiently large n. On the other hand, since fn is continuous for
every n, there exists an open subgroup H2(n) of G such that fn(H2(n)) ⊂ H ′. Choosing n sufficiently
large, we have−f(x) = (fn(x)−f(x))−fn(x) ∈ H

′ for every x ∈ H = H1∩H2(n). Thus f(H) ⊂ H ′

which shows that f is continuous at 0, hence continuous since it is a homomorphism of groups. Then
(hn)n∈N is a sequence of homomorphisms of topological groups which converges continuously to the
zero homomorphism. Thus, a) implies b).

Now assume that for some homomorphism of topological groups f the sequence hn = fn−f , n ∈ N,
converges continuously to the zero homomorphism. Applying the definition of continuous convergence
to the element 0 ∈ G, we conclude that there exist an open subgroup H of G and an integer n0 such that
hn(H) ⊂ H ′ for every n ≥ n0. So b) implies c). Conversely, assume that c) holds, let H ′ be an open
subgroup of G′ and let g be an element of G. Since by hypothesis the sequence (fn(g))n∈N converges to
an element g′ of G, there exists an integer n1 ≥ 0 such that fn(g)− g′ ∈ H ′ for every n ≥ n1. It follows
that f(g)− g′ = f(g)− fn(g) + fn(g) − g

′ belongs to H ′, hence that g′ = f(g) since G′ is separated.
This implies in turn that the sequence (hn(g))n∈N converges to 0 in G′, so that there exists an integer
n2 ≥ 0 such that hn(g) ∈ H ′ for every n ≥ n2. Since on the other hand there exists by hypothesis an
open subgroup H of G and an integer n3 ≥ 0 such that hn(H) ⊂ H ′ for every n ≥ n3, we conclude
that hn(g +H) ⊂ H ′ for every n ≥ max(n2, n3). So the sequence (hn)n∈N converges continuously to
0, which shows that c) implies b). �

Lemma 1.10. Let G be a topological group and let G′ be a separated topological group with respective
separated completions c : G → Ĝ and c′ : G′ → Ĝ′. Let fn : G → G′, n ∈ N, be a sequence of
homomorphisms of topological groups, let f̃n = c′ ◦ fn : G → Ĝ′, n ∈ N, and let f̂n : Ĝ→ Ĝ′, n ∈ N,
be the sequence of homomorphisms of topological groups deduced from the sequence (f̃n)n∈N by the
universal property of the separated completion.

If the sequence (fn)n∈N converges continuously to a homomorphism f : G → G′ then the sequences
(f̃n)n∈N and (f̂n)n∈N converges continuously respectively to the homomorphism of topological groups

f̃ = c′ ◦ f and to the homomorphism of topological groups f̂ : Ĝ→ Ĝ′ deduced from f̃ by the universal
property of the separated completion.
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Proof. Note that f̃n and f̂n are homomorphisms of topological groups for every n ∈ N. By Lemma
1.9, f is a homomorphism of topological groups so that f̃ and f̂ are homomorphisms of topological
groups as well. Let g ∈ G and let Ĥ ′ be an open subgroup of Ĝ′. Then H ′ = c′−1(Ĥ ′) is an open
subgroup of G′. Since (fn)n∈N converges continuously to f , there exists an open subgroup H of G and
an index n0 such that fn(g + x)− f(g + x) ∈ H ′ for every element x ∈ H and every integer n > n0.
Since c′(H ′) ⊂ Ĥ ′, this implies that f̃n(g + x)− f̃(g + x) ∈ Ĥ ′, which shows that (f̃n)n∈N converges
continuously to f̃ . Replacing G′ by Ĝ′, the sequence fn by the sequence f̃n and the homomorphism f by
f̃ we can now assume that G′ is complete. By Lemma 1.9, it remains to show that the sequence of group
homomorphisms (ĥn)n∈N defined by ĥn = f̂n− f̂ converges continuously to the zero homomorphism on
Ĝ. By definition of (ĥn)n∈N, continuous convergence holds in restriction to the subgroup G0 = c(G) of
Ĝ. Since ĥn is uniformly continuous and G0 is dense in Ĝ, it follows that (ĥn)n∈N converges pointwise
to the zero homomorphism on Ĝ. Let H ′ be an open subgroup of G′. Then there exist an integer n0 and
open subgroup H of Ĝ such that ĥn(z) ∈ H ′ for every z ∈ H0 = G0 ∩ H and every n ≥ n0. Since
H0 is dense in H and H is a first-countable topological space, for every x ∈ H , there exists a sequence
(xn)n∈N of elements of H0 which converges to x. Setting yn = x − xn, the sequence (ĥi(yj))(i,j)∈N2

converges to 0 in Ĝ′. This implies in particular that there exists a strictly increasing map ϕ : N→ N and
an integer n1 ≥ 0 such that ĥn(yϕ(n)) ∈ H

′ for every n ≥ n1. It follows that for every n ≥ max(n0, n1),

ĥn(x) = ĥn(xϕ(n))+ĥn(yϕ(n)) belong toH ′, which shows, by Lemma 1.9 c), that the sequence (ĥn)n∈N
converges continuously to the zero homomorphism on G. �

Corollary 1.11. Let G be a topological group and let G′ be separated topological group with separated
completion c′ : G′ → Ĝ′. Let hn : G → G′, n ∈ N, be a sequence of homomorphisms of topological
groups which converges continuously to the zero homomorphism. Then the sequence of homomorphisms
sN =

∑N
n=0 c

′ ◦ hn, N ∈ N, converges continuously to the homomorphism

s =
∑

n∈N

c′ ◦ hn : G→ Ĝ′, g 7→
∑

n∈N

c′(hn(g)).

Proof. Let h̃n = c′ ◦ hn : G → Ĝ′. First note that since for every g ∈ G the sequence (hn(g))n∈N
converges to 0 in G′, it follows from Proposition 1.7 that the family (h̃n(g))n∈N of elements of Ĝ′ is
summable, so that the map s is indeed well defined. Since every h̃n is a homomorphism of groups, for
every g1, g2 ∈ G and every integer N ∈ N, we have sN (g1 + g2) = sN (g1) + sN (g2). Since Ĝ′ is
separated, this implies that s(g1 + g2) = s(g1) + s(g2), showing that s : G → Ĝ′ is a homomorphism.
Let Ĥ ′ be an open subgroup of Ĝ′. Since the sequence (h̃n)n∈N converges continuously to the zero
homomorphism, Lemma 1.9 implies that there exists an integer n0 ≥ 0 and an open subgroup H1 of G
such that h̃n(H1) ⊂ Ĥ ′ for every n ≥ n0. Since for every n ∈ N, h̃n is continuous, hence in particular
continuous at 0, there exists an open subgroup H2 of G such that h̃n(H2) ⊂ Ĥ ′ for every n = 0, . . . , n0.
Putting H = H1 ∩H2, we have h̃n(H) ⊂ Ĥ ′ for every n ∈ N, which implies in turn that sN (H) ⊂ Ĥ ′

for every N ∈ N. Since Ĥ ′ is an open subgroup of Ĝ, it also closed. It follows that for every g ∈ H , the
limit s(g) of the sequence (sn(g))n∈N belong to Ĥ ′, so that s(H) ⊂ Ĥ ′. This shows that s is continuous
at 0, hence continuous since it is a homomorphism. �

1.3. Recollection on topological rings and modules. Recall that a commutative topological ring A is
a topological abelian group endowed with a ring structure for which the multiplication A × A → A
is continuous. A module M over a topological ring A is a called a topological A-module if it is a
topological abelian group and the scalar multiplication A ×M → M is continuous, where A ×M is
endowed with product topology. In the sequel, unless otherwise specified, the term topological ring (resp.
topological module) will refer to a commutative topological ring A (resp. topological module M over
some topological ringA) endowed with a linear topology for which there exists a fundamental system of
neighbourhoods of 0 consisting of a countable family (an)n∈N of ideals ofA (resp. endowed with a linear
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topology with a fundamental system of neighbourhoods of 0 consisting of a countable family of open
submodules (Mn)n∈N). We also always assume that a0 = A and that am ⊆ an whenever m ≥ m and
similarly that M0 = M and Mm ⊆ Mn for whenever m ≥ n. A continuous homomorphism f : A →
A′ between topological rings is refered to as a homomorphism of topological rings. We denote by
CHom(A,B) the subgroup of the abelian group Hom(A,B) consisting of continuous homomorphisms.
Similarly, a continuous homomorphism of topological modules f : M → N over a topological ring
A is refered to as a homomorphism of topological A-modules and we denote by CHomA(M,N) the
A-module of such continuous homomorphisms.

Given a topological ring A (resp. a topological module M over a topological ring A) the separated
completion Â of A (resp. M̂ of M ) as a topological group carries the structure of a topological ring
(resp.of a topological A-module) and the canonical homomorphism of topological groups c : A → Â
(resp. c : M → M̂ ) is a homomorphism of topological rings (resp. of topological A-modules). We say
that A (resp. M ) is a complete topological ring (resp. a complete topological A-module) if c : A → Â
(resp. c : M → M̂ ) is an isomorphism.

For every complete topological ring B the composition with c : A → Â induces an isomorphism

c∗ : CHom(Â,B)→ CHom(A,B), f̂ 7→ f̂ ◦ c.

LetA be a topological ring and let B be a complete topological ring, with fundamental systems (an)n∈N
and (bn)n∈N of open neighborhoods of 0, respectively. Set An = A/an and Bm = B/bm so that we
have Â ∼= lim←−n∈N

An and B ∼= lim←−m∈N
Bm. Every homomorphism of topological rings f : Â → B is

equivalently described by an inverse system of continuous homomorphisms fm : Â → Bm. The kernel
of each such fm being an open ideal of Â, it contains some open ideal an and so, fm factors through a
homomorphism fn,m : An → Bm. Summing up, we have:

CHom(Â,B) = CHom(lim←−n∈N
An, lim←−m∈N

Bm) ∼= lim←−m∈N
(CHom(lim←−n∈N

An, Bm))
∼= lim←−m∈N

(lim−→n∈N
Hom(An, Bm)).

1.3.1. Completed tensor product. We recall basic properties of completed tensor products of topological
modules, see [4, III] and [10, 0.7.7].

Definition 1.12. ([4, III Exercise 28]) Let M and N be topological modules over a topological ring A.

The completed tensor product M⊗̂AN of M and N overA is the separated completion M̂ ⊗A N of the
tensor product M ⊗AN with respect to the linear topology generated by open neighborhoods of 0 of the
form U ⊗ N +M ⊗ V , where U and V run respectively through the set of open A-submodules of M
and N .

We denote by τ : M ×N →M⊗̂AN the composition of the canonical homomorphism of topological
A-modules M×N →M⊗AN , whereM×N is endowed with the product topology, with the separated
completion homomorphism c : M ⊗A N →M⊗̂AN

It follows from the universal properties of the tensor product and of the separated completion that
the canonical homomorphism of topological A-modules τ : M ×N → M⊗̂AN satisfies the following
universal property: For every continuous A-bilinear homomorphism Φ: M × N → E into a complete
topological A-module E, there exists a unique homomorphism of topological A-modules ϕ̂ : M⊗̂AN →
E such that Φ = ϕ̂ ◦ τ . As for the usual tensor product, this universal property implies the following
associativity result whose proof is a direct adaptation of that of [5, II.3.8, Proposition 8]:

Lemma 1.13. Let A be a topological ring, let M and B be respectively a topological A-module and a
topological A-algebra and let N and P be topological B-modules. Then there is a canonical isomor-
phism of complete topological B-modules

(M⊗̂AN)⊗̂BP ∼=M⊗̂A(N⊗̂BP )

where M⊗̂AN is viewed as topological B-module via the B-module structure of N .
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In the case where M = B1 and N = B2 are topological A-algebras, the completed tensor prod-
uct B1⊗̂AB2 is a complete topological A-algebra and the composition σ1 : B1 → B1⊗̂AB2 (resp.
σ2 : B2 → B1⊗̂AB2) of idB1 ⊗ 1: B1 → B1 ⊗A B2 (resp. 1 ⊗ idB2 : B2 → B1 ⊗A B2) with the sepa-
rated completion homomorphism B1⊗A B2 → B1⊗̂AB2 is a homomorphism of topological A-algebras.
The A-algebra B1⊗̂AB2 satisfies the following universal property: For every complete topological A-
algebra C and every pair of homomorphisms of topological A-algebras fi : Bi → C there exists a unique
homomorphism of topological A-algebras f : B1⊗̂AB2 → C such that fi = f ◦ σi, i = 1, 2.

In general, given a finitely generated algebra R over the field k, the covariant functor R ⊗k − which
associates to a k-algebra A the k-algebra R⊗k A is not representable in the category of k-algebras. The
following example shows in contrast that the natural extension of R⊗̂k− of R ⊗k − to the category of
complete topological k-algebras is representable.

Example 1.14. Let R be a finitely generated algebra over a field k. Then the covariant functor

R⊗̂k− : (CTop/k)→ (Sets)

associating to a complete topological k-algebra A the completed tensor product R⊗̂kA is representable.

Proof. SinceR is finitely generated, it is a countable k-vector space. We can thus writeR = lim
−→n∈N

Vn =⋃
n∈N Vn where the Vn are an increasing sequence of finite dimensional k-vector spaces V0 ⊂ · · · ⊂

Vn ⊂ Vn+1 ⊂ · · · which form an exhaustion of R. For every n ≤ n′, the inclusion Vn ⊂ Vn′ induces
a dual surjection V ∨

n′ → V ∨
n between the duals of Vn′ and Vn respectively, hence a surjective k-algebra

homomorphism Sym·(V ∨
n′ ) → Sym·(V ∨

n ) between the symmetric k-algebras of V ∨
n′ and V ∨

n , respec-
tively. Viewing each Rn = Sym·(V ∨

n ) as endowed with the discrete topology, the ring R = lim←−n∈N
Rn

endowed with the initial topology is a complete topological k-algebra whose isomorphism type is inde-
pendent on the choice of a particular exhaustion {Vn}n∈N of R by finite dimensional k-vector subspaces.

Now let A = lim
←−m∈N

Am be a complete topological k-algebra. Since tensor product commutes with
colimits and the k-vector spaces Vn are finite dimensional, we have natural isomorphisms

R⊗̂kA = lim
←−m∈N

(R⊗k Am) = lim
←−m∈N

((lim
−→n∈N

Vn)⊗k Am)
∼= lim←−m∈N

(lim−→n∈N
(Vn ⊗k Am))

∼= lim
←−m∈N

(lim
−→n∈N

(Homk−mod(V
∨
n , Am)).

The universal property of symmetric algebras provides in turn natural isomorphisms

Homk−mod(V
∨
n , Am) ∼= Homk−alg(Sym

·(V ∨
n ), Am) = Homk−alg(Rn, Am).

Summing up, we obtain for every A a natural isomorphism

ΦA : CHomk(R,A) = lim
←−
m∈N

(lim
−→
n∈N

(Homk−alg(Rn, Am))
∼=
−→ R⊗̂kA.

These isomorphisms are easily seen from the construction to be functorial inA, defining an isomorphism
of covariant functors Φ: CHom(−,R)→ R⊗̂k− which shows that R represents the functor R⊗̂k−.

The universal element u = ΦR(idR) ∈ R⊗̂kR can be described as follows. For every n ∈ N, let
un ∈ R⊗k Rn = R⊗k Sym

·(V ∨
n ) be the image by the natural homomorphism

Vn ⊗k V
∨
n → R⊗k Sym

·(V ∨
n )

of the element corresponding to idVn via the isomorphism Homk(Vn, Vn) ∼= Vn ⊗k V
∨
n . The collection

of elements un ∈ R ⊗k Rn is an inverse system with the respect to the projection homomorphisms
R⊗k Rn′ → R⊗k Rn, n ≤ n′ and we have u = lim←−n∈N

un ∈ lim←−n∈N
R⊗k Rn = R⊗̂kR. �

1.3.2. Separated completed localization. In what follows by a multiplicatively closed subset of a ring
A, we mean a subset S of A containing 1 and stable under multiplication. We now recall basic results on
separated completed localizations of topological rings and modules, see [10, 0.7.6].
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Definition 1.15. Let A be a be a topological ring and let S ⊂ A be a multiplicatively closed subset of

A. The separated completed localization Ŝ−1A of A with respect to S is the separated completion of
the usual localization S−1A endowed with the topology co-induced by the localization homomorphism
j : A → S−1A. The composition

j̃ = c ◦ j : A
j
→ S−1A

c
→ Ŝ−1A

of the usual localization homomorphism with the separated completion homomorphism is a homomor-
phism topological ring which we call separated completed localization homomorphism ofAwith respect
to S.

Notation 1.16. Given a topological ring A and element f ∈ A (resp. a prime ideal p of A), we denote
by Âf (resp. Âp) the separated completed localization of A with respect to the multiplicatively closed
subset S = {fn}n≥0 (resp. S = A \ p).

The separated completed localization enjoys the following universal property:

Proposition 1.17. With the notation above, let B be a complete topological ring and let ϕ : A → B be a
homomorphism of topological rings such that ϕ(S) ⊂ B∗. Then there exists a unique homomorphism of

topological rings Ŝ−1ϕ : Ŝ−1A → B such that ϕ = Ŝ−1ϕ ◦ j̃.

Proof. By the universal property of the usual localization j : A → S−1A, the exists a unique homomor-
phism S−1ϕ : S−1A → B such that ϕ = S−1ϕ ◦ j. The homomorphism S−1ϕ is continuous for the
topology on S−1A co-induced by that onA, and since B is complete, it follows that there exists a unique

homomorphism of topological rings Ŝ−1ϕ : Ŝ−1A → B such that S−1ϕ = Ŝ−1ϕ ◦ c. We then have

ϕ = S−1ϕ ◦ j = Ŝ−1ϕ ◦ c ◦ j = Ŝ−1ϕ ◦ j̃. �

Lemma 1.18. Let A be a topological ring with separated completion c : A → Â, let S ⊂ A be a
multiplicatively closed subset and let Ŝ ⊂ Â be the closure of c(S) in Â. Then there exists a canonical

isomorphism Ŝ−1A ∼=
̂̂
S−1Â of complete topological rings.

Proof. Let (an)n∈N be a fundamental system of open ideal in A, let pn : A → An = A/an, n ∈ N, be
the quotient homomorphisms and let Sn = pn(S) ⊂ An. Then Ŝ = lim

←−n∈N
Sn ⊂ lim

←−n∈N
An = Â so

that, by definition,

Ŝ−1A ∼= lim
←−
n∈N

S−1
n An

∼=
̂̂
S−1Â.

�

Corollary 1.19. Let A be a topological ring, let c : A → Â be its separated completion and let S ⊂ A

be a multiplicatively closed subset. Then Ŝ−1A is the zero ring if an only if 0 belongs to the closure Ŝ of
c(S) in Â.

Proof. In view of Lemma 1.18, we are reduced to the case where A is complete and S is closed in A.

Now if 0 ∈ S then S−1A is the zero ring, and so Ŝ−1A is the zero ring as well. Conversely, using

the notation of the proof of Lemma 1.18, if Ŝ−1A = lim
←−n∈N

S−1
n An is the zero ring, then S−1

n An is
the zero ring for every n ∈ N, which implies that 0 ∈ Sn for every n ∈ N. It follows that 0 belongs
lim←−n∈N

Sn = S as S is closed. �

Example 1.20. LetA = C[u] endowed with the u-adic topology, with fundamental system of neighbour-
hoods of 0 given by the ideals an = unC[u], n ≥ 0, and let S = {um}m≥0. We have then Â ∼= C[[u]]

endowed with the u-adic topology and Ŝ = c(S) = {um}m≥0. Since An = C[u]/(un) = C[[u]]/(un)

the images Sn = πn(S) = πn(Ŝ), n ≥ 1, all contain the element 0. Thus S−1
n An = {0} for every

n ≥ 0 from which it follows that Ŝ−1A is the zero ring. On the other hand, we have S−1A = C[u±1]

and Ŝ−1Â = C[[u±1]] = C((u)) and the images of the ideal an and c(an) by the respective localization
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homomorphisms are all equal to the unit ideals in C[u±1] and C((u)) respectively. The induced topolo-
gies on S−1A and Ŝ−1Â are thus the trivial ones, which implies that the separated completions of these
rings are both isomorphic to the zero ring.

Lemma 1.21. Let i : A → B be an injective closed homomorphism of complete topological rings and let

S be a multiplicatively closed subset ofA. Then Ŝ−1i : Ŝ−1A→ ̂i(S)−1B is an injective homomorphism
of topological rings.

Proof. SinceA (resp. B) is complete, the kernel of the separated completed localization homomorphism

A → Ŝ−1A (resp. B → ̂i(S)−1B) consists of elements of A (resp. B) which are anihilated by the
multiplication by an element of the closure of S in A (resp. of the closure of i(S) in B). On the other
hand, since i is a closed homomorphism of topological rings, i(A) is complete subspace of B, hence a
closed subspace, so that the closures of i(S) in i(A) and B coincide. �

Remark 1.22. Note that the conclusion of Lemma 1.21 does not hold if i : A→ B is not a closed homo-
morphism. For instance, the inclusion C[u] → C[[u]] where C[u] and C[[u]] are endowed respectively
with the discrete topology and the u-adic topology is continuous but not closed. The separated completed
localizations of these topological rings with respect to the multiplicatively closed subset S = {um}m≥0

are respectively isomorphic to C[u, u−1] endowed with the discrete topology and to the zero ring, so that

Ŝ−1i is not injective in this case.

Definition 1.23. Let A be a be a topological ring, let M be a topological A-module and let S ⊂ A

multiplicatively closed subset of A. The separated completed localization Ŝ−1M of M with respect to
S is the separated completion of the S−1A-module S−1M = S−1A⊗AM with respect to the topology
co-induced by the localization homomorphism jM : M → S−1M

The natural structure of topological S−1A-module on S−1M induces a structure of complete topo-

logical Ŝ−1A-module on Ŝ−1M . The composition

j̃M = c ◦ jM : M
j
→ S−1M

c
→ Ŝ−1M

of the usual localization homomorphism with the separated completion homomorphism is a homomor-
phism of topological modules which we call the separated completed localization homomorphism of M
with respect to S.

For every homomorphism of topolgical A-modules f : M → N , we denote by Ŝ−1f : Ŝ−1M →

Ŝ−1N the homomorphism of topological Ŝ−1A-modules induced by the universal properties of usual
localization and separated completion.

1.4. Restricted power series. We recall properties of restricted power series rings with coefficients in
a topological ring following [4, III.4.2], see also [10, 0.7.5].

Definition 1.24. LetA be a topological ring with separated completion c : A → Â and let T1, . . . , Tr be
a collection of indeterminates.

The ring of restricted power series with coefficients in Â is the separated completion Â{T1, . . . , Tr}
of the polynomial ring A[T1, . . . , Tr] endowed with the topology generated by the ideals a[T1, . . . , Tr],
where a runs throught the set of open ideals of A.

We denote by i0 : Â → Â{T1, . . . , Tr} the homomorphism of topological rings deduced by the uni-
versal property of c : A → Â from the composition of the inclusionA →֒ A[T1, . . . , Tr] as the subring of
constant polynomials with the separated completion homomorphism A[T1, . . . , Tr] → Â{T1, . . . , Tr}.
The elements in the image of i0 are said to be constant restricted power series.

Letting (an)n∈N be a fundamental system of open ideals of A, it follows from the definition that

Â{T1, . . . , Tr} ∼= lim←−
n∈N

(A/an)[T1, . . . , Tr].
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Identifying a polynomial in Â[T1, . . . , Tr] with the family (aI)I∈Nr of its coefficients, we see that the
elements of Â{T1, . . . , Tr} are represented by families (aI)I∈Nr of elements of Â which converge to 0

in the sense of Definition 1.6, namely, a family of elements (aI)I∈Nr of Â represents a restricted power
series if and only if for every open ideal a of Â, all but finitely many of the aI belong to a.

Following [4, III.4.2], we henceforth identify Â{T1, . . . , Tr} with the Â-subalgebra of the algebra of
formal power series with coefficients in Â consisting of formal power series

∑

I=(i1,...,ir)∈Nr

aIT
i1
1 · · ·T

ir
r

such that the family (aI)I∈Nr converges to 0. Note that such a family is summable in Â by Proposi-
tion 1.7, so that with our identification, the family (aIT

i1
1 · · ·T

ir
r )I∈Nr of elements of Â{T1, . . . , Tr}

is summable, with sum
∑

I∈Nr aIT
i1
1 · · ·T

ir
r . Recall [3, 5.3 Proposition 2 and Theorem 2] that for ev-

ery partition (Jλ)λ∈L of Nr, the subfamily (aI)I∈Jλ is summable, say of sum sλ ∈ Â, and the family
(sλ)λ∈L is summable, with the same sum as the family (aI)I∈Nr , so that, with our identification, we have

∑

I∈Nr

aIT
i1
1 · · ·T

ir
r =

∑

λ∈L

∑

I∈Jλ

aIT
i1
1 · · ·T

ir
r .

Proposition 1.25. The ring Â{T1, . . . , Tr} satisfies the following universal property: for every contin-
uous ring homomorphism f : A → B to a complete topological ring B and every choice of r elements
b1, . . . , br of B, there exists a unique continuous ring homomorphism f : Â{T1, . . . , Tr} → B such that
f |c(A) = f̂ and such that f(Ti) = bi for every i = 1, . . . , r.

Proof. This follows from [4, III.4.2 Proposition 4] and the universal property of the separated completion
homomorphism c : A → Â. �

Corollary 1.26. Let A be a complete topological ring and let B be a complete topological A-algebra.
Then for every r ≥ 1, there are canonical isomorphisms

CHomA−alg(A{T1, . . . , Tr},B) ∼= CHomA−mod(A
⊕r,B) ∼= B⊕r.

Notation 1.27. Given a complete topological ring A and a subset J ⊂ {1, . . . , r}, we denote by

π(1,J) : A{Ti}i∈{1,...,r} → A{Ti}i 6∈J

the unique homomorphism of topologicalA-algebras defined by π(1,J)(Ti) = 1 if i ∈ J and π(1,J)(Ti) =
Ti otherwise. For J = {1, . . . , r}, we denote the corresponding homomorphism A{T1, . . . , Tr} → A
simply by π(1,...,1).

For every collection a1, . . . , ar of elements of A, we denote by λ(a1, . . . , ar) the unique endomor-
phisms of topological A-algebras of A{T1, . . . , Tr} defined by Ti 7→ aiTi, i = 1, . . . , r.

Finally, we denote by ∆: A{T1, . . . , Tr} → A{T} the unique homomorphism of topological A-
algebras that maps Ti to T for every i = 1, . . . , r.

It follows from the definition of the completed tensor product that we have canonical isomorphisms

Â{T1, . . . , Tr} ∼= A⊗̂ZZ[T1, . . . , Tr] ∼= Â⊗̂ZZ[T1, . . . , Tr]

where Z[T1, . . . , Tr] is endowed with the discrete topology. The following lemma is then a straightfor-
ward consequence of Lemma 1.13.

Lemma 1.28. For every complete topological ringA and every set of variables T1, . . . , Ts, Ts+1, . . . , Tr,
there exist canonical isomorphisms of complete topological A-algebras

A{T1, . . . , Ts, Ts+1, . . . Tr} ∼= A{T1, . . . , Tr}⊗̂AA{Ts+1, . . . , Tr} ∼= A{T1, . . . , Ts}{Ts+1, . . . Tr}.
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Lemma 1.29. Let B be the limit of a countable inverse system (Bn)n∈N of complete topological rings
with surjective continuous transition homomorphisms pm,n : Bm → Bn for every m ≥ n ≥ 0 and let
T1, . . . , Tr be indeterminates. Then the canonical homomorphism of complete topological rings

B{T1, . . . , Tr} ∼= (lim←−
n∈N

Bn)⊗̂ZZ[T1, . . . , Tr]→ lim←−
n∈N

(Bn⊗̂ZZ[T1, . . . Tr]) ∼= lim←−
n∈N

(Bn{T1, . . . , Tr})

is an isomorphism.

Proof. Let pn : B → Bn, n ∈ N be the canonical projection homomorphisms. By definition, elements of
B{T1, . . . , Tr} are represented by families (bI)I∈Nr of elements of B which converge to 0 in B. Since
the projection homomorphisms pn are surjective, it follows from the definition of the topology on B that
these families are in one-to-one correspondence with collections of families (bn,I)I∈Nr of elements of
Bn, n ∈ N, such that (bn,I)I∈Nr converges to 0 in Bn for every n ∈ N and such that bn,I = pm,n(bm,I)
for every m ≥ n ≥ 0 and every I ∈ Nr. �

Lemma 1.30. Let A be a topological ring, let B be a separated topological ring with separated com-
pletion c : B → B̂ and let hn : A → B be a sequence of homomorphisms of groups which converges
pointwise to the zero homomorphism. Then the map

s : A→ B̂{T}, a 7→
∑

n∈N

c(hn(a))T
n

is a well-defined homomorphism of groups and the following assertions are equivalent:
a) The homomorphism s : A → B̂{T} is continuous,
b) Every hn, n ∈ N, is continuous and the sequence (hn)n∈N converges continuously to the zero

homomorphism.

Proof. Let un : A → B̂{T}, n ∈ N, be the sequence of homomorphisms of groups defined by un(a) =
c(hn(a))T

n. Since the sequence (hn)n∈N converges pointwise to the zero homomorphism, it follows
from the definition of the topology on B̂{T} that the sequence (un)n∈N converges pointwise to the
zero homomorphism. Arguing as in the proof of Corollary 1.11, we conclude that the map s is a well-
defined homomorphism of groups, and that the sequence of homomorphisms (sN )N∈N defined by sN =∑N

n=0 un converges pointwise to s.
If each hn, n ∈ N, is continuous and the sequence (hn)n∈N converges continuously to the zero

homomorphism, then s is a homomorphism of topological groups by Corollary 1.11. Conversely, assume
that s is continuous. By definition of the topology on

B̂{T} ⊂ B̂[[T ]] =
∏

n∈N

B̂,

every projection pn : B̂{T} → B̂, (bn)n∈N 7→ bn, n ∈ N, is a homomorphism of topological groups. It
follows that pn ◦s = c◦hn is continuous for every n ∈ N, which implies in turn since c : B → B̂ is open
onto its image that hn is continuous. Furthermore, for every open ideal b̂ of B̂, there exists an index n ≥ 0

such that c(hn(a)) ∈ b̂ for every a ∈ A and every n ≥ n0. This implies that the sequence (c ◦ hn)n∈N
converges continuously to the zero homomorphism, hence that the sequence (hn)n∈N converges to the
zero homomorphism. �

Lemma 1.31. Let A be topological ring with separated completion c : A → Â and let S ⊂ A be a
multiplicatively closed subset. Let T1, . . . , Tr be a set of indeterminates and let Ŝ0 ⊂ Â{T1, . . . , Tr} be
the image of S by the composition of c with the inclusion i0 : Â →֒ Â{T1, . . . , Tr}. Then there exists a

canonical isomorphism of complete topological Ŝ−1A-algebras

Ŝ−1A{T1, . . . , Tr} ∼=
̂

(Ŝ−1
0 (Â{T1, . . . , Tr})),
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where ̂
(Ŝ−1

0 (Â{T1, . . . , Tr})) is viewed as an Ŝ−1A-algebra via the unique homomorphism of topolog-
ical rings deduced from the homomorphism of topological rings

A
i0◦c→ Â{T1, . . . , Tr} →

̂
(Ŝ−1

0 (Â{T1, . . . , Tr}))

by the universal property of separated completed localization.

Proof. Indeed, it follows from the definition of the separated completed localization and the definition of

the restricted power series rings that these topological rings are both isomorphic, as topological Ŝ−1A-
algebras, to the separated completion of the ring S−1A[T1, . . . , Tr] = S−1A ⊗Z Z[T1, . . . , Tr] with
respect to the topology generated by the open ideals S−1a[T1, . . . , Tr], where a ranges through the set of
open ideals of A. �

Notation 1.32. Given a multiplicatively closed subset S of a topological ring A, we denote by

j̃T1,...,Tr : Â{T1, . . . , Tr} → Ŝ−1A{T1, . . . , Tr}

the homomorphism of topological Â-algebras such j̃T1,...,Tr(Ti) = Ti for every i = 1, . . . , r.

2. RESTRICTED EXPONENTIAL HOMOMORPHISMS AND TOPOLOGICALLY INTEGRABLE

DERIVATIONS

In this section, we develop the basic algebraic theory of restricted exponential homomorphisms, which
are the counterpart for topological rings of the co-action homomorphisms e : B → B ⊗Z Z[T ] of the
Hopf algebra Z[T ] of the additive group scheme Ga,Z in the category of rings. We establish a one-to-
one correspondence between restricted exponential homomorphisms and suitable systems of continuous
iterated higher derivations which extends the classical correspondence between algebraic exponential
homomorphisms e : B → B⊗ZZ[T ] and locally finite iterative higher derivations of the ringB [18, 2, 8].

2.1. Restricted exponential homomorphisms. Recall that the ring Z[T ], where T is an indeterminate,
carries the structure of a cocommutative Hopf algebra whose comuliplication, coinverse and counit are
given respectively by the following Z-algebra homomorphisms:

m : Z[T ]→ Z[T ]⊗Z Z[T ] ∼= Z[T, T ′], T 7→ T + T ′

ι : Z[T ]→ Z[T ], T 7→ −T
ǫ : Z[T ]→ Z, T 7→ 0.

Given any complete topological ring A, the complete topological ring A{T} = A⊗̂Z[T ] inherits
the structure of a cocommutative topological Hopf A-algebra with comultiplication idA⊗̂m, coinverse
idA⊗̂ι and counit idA⊗̂ǫ.

Definition 2.1. Let A be a complete topological ring and let B be a complete topological A-algebra. A
restricted exponential A-homomorphism is a homomorphism of topological A-algebras

e: B → B{T} = B⊗̂ZZ[T ]

which defines a coaction of the Hopf A-algebra A{T} on B. This means equivalently that the following
diagrams of A-algebra homomorphisms are commutative:

B
e //

e

��

B{T}

idB⊗̂m
��

B{T}
e⊗̂idZ[T ]// B{T ′}{T} = B{T ′, T}

B
e //

idB

''◆◆
◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

◆

B{T}

q=idB⊗̂ǫ
��

B = B{T}/TB{T}.
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Let pi : B[[T ]] =
∏

i∈N B → B denote the i-th projection. Then by definition of the topology on
B{T}, the composition ei = pi ◦ e: B → B is a homomorphism of topological A-modules for every
i ∈ N for which we can write

e =
∑

i∈N

eiT
i.

The commutativity of the right hand side diagram of Definition 2.1 means that e0 = idB. On the other
hand, with the identifications made, the homomorphisms e⊗̂idZ[T ] and idB⊗̂m are given by

e⊗̂idZ[T ] : B{T} → B{T
′, T},

∑

i∈N

biT
i 7→

∑

i∈N

e(bi)T
i =

∑

(i,j)∈N2

ej(bi)T
′jT i

idB⊗̂m : B{T} → B{T ′, T},
∑

i∈N

biT
i 7→

∑

i∈N

bi(T
′ + T )i.

The commutativity of the left hand side diagram in Definition 2.1 says that in B{T, T ′}, we have
∑

(i,j)∈N2

(ej ◦ ei)T
′jT i =

∑

ℓ∈N

eℓ(T
′ + T )ℓ. (2.1)

In the next subsections, we first establish general properties of restricted exponential homomorphisms
e. Then we discuss in more detail the properties of their associated collections (ei)i∈N of homomor-
phisms of topological modules. In what follows, unless otherwise specified all topological modules and
rings and are assumed to be modules and algebras over a fixed topological ring A, and homomorphisms
between these are assumed to be homomorphisms of A-modules and A-algebras respectively.

2.2. Basic properties of restricted exponential automorphisms.

2.2.1. Rings of invariants and associated restricted exponential homomorphisms.

Definition 2.2. Let B be a complete topological ring and let e: B → B{T} be a restricted exponential
homomorphism. We say that en element b ∈ B is e-invariant if e(b) = i0(b). We denote by

Be = Ker(e− i0) ⊆ B

the subset of all e-invariant elements of B, endowed with the induced topology.

Proposition 2.3. Let B be a complete topological ring and let e =
∑

i∈N eiT
i : B → B{T} be a

restricted exponential homomorphism. Then the following hold:
a) The set Be is a complete topological subring of B.
b) For every i ≥ 1, the homomorphism ei : B → B is a homomorphism of topological Be-modules.
c) If B admits a fundamental system (bn)n∈N of open ideals consisting of prime ideals of B then Be is

factorially closed in B. In particular, every invertible element of B is contained in Be.

Proof. The fact that Be is a subgring of B is clear. Since B{T} is complete, hence separated, {0} is a
closed subset of B{T}. Since e − i0 : B → B{T} is a homomorphism of topological groups, Be is a
closed subgroup of B, hence a complete topological group since B is complete. Assertion b) is clear
from the definition of Be and the homomorphisms ei.

Now let (bn)n∈N be fundamental system of open ideal of B consisting of prime ideals of B and let

πn : B{T} = lim←−
n∈N

(B/bn)[T ]→ (B/bn)[T ], n ∈ N,

be the canonical projections. Write e =
∑

i∈N eiT
i, where e0 = idB, and b, b′ ∈ B. Assume that

e(bb′) = e(b)e(b′) = bb′ then for every n ≥ 0, we have

πn(e(b)e(b
′)) = (

∑

i∈N

πn(ei(b))T
i)(

∑

i∈N

πn(ei(b
′))T i) = πn(bb

′) = πn(b)πn(b
′)

in the integral domain (B/bn)[T ]. It follows that πn(ei(b)) = πn(ei(b
′)) = 0 for every i ≥ 1. This

implies that for every i ≥ 1, ei(b) and ei(b)
′ belong to

⋂
n≥1 bn = {0} as B is separated. Thus e(b) = b

and e(b′) = b′. Finally, if b ∈ B is invertible, then bb−1 = 1 ∈ Be and so, b and b−1 belong to Be. �
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Example 2.4. If the topology on B is the discrete one, the existence of a fundamental system of open
prime ideals of B is equivalent to the property that B is an integral domain. This is no longer true in
general, and the conclusion of assertion b) in Proposition 2.3 does not hold under the weaker assumption
that B is integral. Indeed, let B = lim

←−n∈N
C[u]/(un) ∼= C[[u]] be the completion of C[u] for the u-adic

topology. The homomorphism of C-algebras C[u]→ C[[u]]{T} defined by

u 7→ u
∑

i∈N

(uT )i =
∑

i∈N

ui+1T i

induces a uniquely determined continuous homomorphism e: B → B{T} which satisfies the axioms of
a restricted exponential C-homomorphism. The ring of invariants Be is equal to the subring of constant
formal power series. In particular, the invertible element 1− u of B does not belong to Be, so that Be is
not factorially closed in B.

Proposition 2.5. Let B be a complete topological ring and let e: B → B{T} be a restricted exponential
homomorphism. Then for every element a ∈ Be, the homomorphism

eλ(a) := λ(a) ◦ e: B
e
→ B{T}

T 7→aT
−→ B{T}

is a restricted exponential homomorphism.

Proof. Since the homomorphisms e and λ(a) are continuous, so is eλ(a). The commutativity of the right
hand side diagram in Definition 2.1 for eλ(a) is clear. Writing e =

∑
i∈N eiT

i, we have

eλ(a) =
∑

i∈N

ei(aT )
i =

∑

i∈N

(aiei)T
i,

where aiei is the homomorphism defined by b 7→ aiei(b) for every b ∈ B. Since a ∈ Be, ai ∈ Be for
every i ≥ 0. Since by Proposition 2.3 b) each ei, i ≥ 1, is a homomorphism of topological Be-module,
applying (2.1), we obtain

(eλ(a)⊗̂idZ[T ]) ◦ eλ(a) =
∑

i∈N(eλ(a) ◦ (a
iei))T

i

=
∑

(i,j)∈N2(ej ◦ (a
iei))(aT

′)jT i

=
∑

(i,j)∈N2(ej ◦ ei)(aT
′)j(aT )i

=
∑

ℓ∈N eℓ(aT
′ + aT )ℓ = (idB⊗̂m) ◦ eλ(a).

This shows that the commutativity of left hand side diagram in Definition 2.1 is satisfied for eλ(a). �

Proposition 2.6. Let B be a complete topological ring and let e: B → B{T} be a restricted exponential

homomorphism. Let S ⊂ Be be a multiplicatively closed subset, let j̃ : B → Ŝ−1B be the separated

completed localization homomorphism and let j̃T : B{T} → Ŝ−1B{T} be the induced homomorphism.

Then there exists a unique restricted exponential homomorphism Ŝ−1e : Ŝ−1B → Ŝ−1B{T} such

that j̃T ◦ e = Ŝ−1e ◦ j̃

Proof. We identify S ⊂ B with i0(S) ⊂ B{T} and ̂S−1(B{T}) with Ŝ−1B{T} by the canonical
isomorphism of Lemma 1.31. Since S ⊂ Be,we have e(S) = S ⊂ B{T} so that by the universal
property of separated completed localization, there exists a unique homomorphism of topological rings

Ŝ−1e : Ŝ−1B → Ŝ−1B{T}

such that j̃T ◦ e = Ŝ−1e ◦ j̃. Write e =
∑

i∈N eiT
i. Since S ⊂ Be and since ei is a homomorphism of

topological Be-module for every i ≥ 0 by Proposition 2.3 b), it follows that each ei, i ∈ N, induces a
uniquely determined homomorphism of topological S−1Be-modules S−1ei : S

−1B → S−1B, hence by

the universal property of separated completed localization, a homomorphism Ŝ−1ei : Ŝ−1B → Ŝ−1B of

topological Ŝ−1Be-modules. By construction, we then have

Ŝ−1e =
∑

i∈N

Ŝ−1eiT
i.
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To show that Ŝ−1e is a restricted exponential homomorphism, it is enough to check the commutativity of

the two diagrams of Definition 2.1 in restriction to the dense image of S−1B in Ŝ−1B by the separated

completion morphism c : S−1B → Ŝ−1B. Let x = s−1b ∈ S−1B, where b ∈ B. Then by definition of

Ŝ−1e, we have

Ŝ−1e(c(x)) =
∑

i∈N

Ŝ−1ei(c(x))T
i = cT

(∑

i∈N

(S−1ei)(x)T
i
)
= cT

(∑

i∈N

s−1ei(b)T
i
)
,

where cT : S−1B{T} → Ŝ−1B{T} denotes the separated completion homomorphism. This immediately
implies the commutativity of the right hand side diagram of Definition 2.1. On the other hand, letting

cT,T ′ : S−1B{T, T ′} → Ŝ−1B{T, T ′} be the separated completion homomorphism, we have

(Ŝ−1e⊗̂idZ[T ])(Ŝ−1e(c(x)) =
∑

i∈N Ŝ
−1e(c(s−1ei(b)))T

i

=
∑

(i,j)∈N Ŝ
−1ej(c(s

−1ei(b)))T
′jT i

= cT,T ′(
∑

(i,j)∈N2 S−1ej((s
−1ei(b)))T

′jT i)

= cT,T ′(
∑

(i,j)∈N2 s−1ej(ei(b))T
′jT i)

= cT,T ′(
∑

ℓ∈N s
−1eℓ(b)(T

′ + T )ℓ)
= cT,T ′(

∑
ℓ∈N S

−1eℓ(x)(T
′ + T )ℓ)

= (
∑

ℓ∈N Ŝ
−1eℓ(c(x))(T

′ + T )ℓ) = (idB⊗̂m)(Ŝ−1e(c(x)),

which shows the commutativity of the left hand side diagram. �

Proposition 2.7. Let π : B → C be a surjective open homomorphism of complete topological rings. Let
I = Ker(π) and let e: B → B{T} be a restricted exponential homomorphism. Assume that e(I) ⊂
i0(I)B{T}. Then there exists a unique restricted exponential homomorphism e : C → C{T} such that
πT ◦e = e◦π, where πT : B{T} → C{T} is the unique homomorphism of topological B-algebras which
maps T to T .

Proof. The assumptions imply that e induces a unique homomorphism of rings

ẽ : C = B/I → B{T}/i0(I)B{T} ∼= B/I ⊗ B{T} ∼= C ⊗ B{T}

such that (π ⊗ idB{T}) ◦ e = ẽ ◦ π. Since π is open, ẽ is continuous when we endow the ring C ⊗ B{T}
with the linear topology generated by open ideals of the form UC ⊗ B{T} + C ⊗ VB{T} where UC and
VB{T} run through the sets of open ideals of C and B{T} respectively. Note also that π ⊗ idB{T} is an
open homomorphism of topological rings. The composition

e: C → C⊗̂B{T} ∼= C{T}

of ẽ with the separated completion homomorphism c : C ⊗ B{T} → C⊗̂B{T} is then a homomorphism
of topological rings. The commutativity of the two diagrams in Definition 2.1 is straightforward to
check. �

2.2.2. Operations on restricted exponential homomorphism.
Recall Notation 1.27 that for a complete topological ring B, ∆: B{T, T ′} → B{T ′′} denotes the unique
continuous B-algebra homomorphism which maps T and T ′ to T ′′.

Proposition 2.8. Let B be a complete topological ring and let e: B → B{T} and e′ : B → B{T ′} be
restricted exponential homomorphisms such that the following diagram commutes
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B

e′

��✷
✷

✷

✷

✷

✷

✷

✷

✷

✷

✷

✷

✷

✷

✷

✷

e

))❚❚❚
❚

❚

❚

❚

❚

❚

❚

❚

❚

❚

❚

❚

❚

❚

❚

❚

❚

33

��

B{T}

e′⊗̂idZ[T ]

��
B{T ′}

e⊗̂id
Z[T ′]

// B{T, T ′}

∆ %%▲▲
▲

▲

▲

▲

▲

▲

▲

▲

B{T ′′}.

Then the map e′′ : B → B{T ′′} defined by

e′′ = ∆ ◦ (e⊗̂idZ[T ′]) ◦ e
′ = ∆ ◦ (e′⊗̂idZ[T ]) ◦ e

is a restricted exponential homomorphism.

Proof. Being the composition of homomorphisms of topological rings, e′′ is a homomorphism of topo-
logical rings. Denoting T ′′ by T0, we have, by definition of e′′,

e′′ =
∑

n∈N

e′′nT
n
0 =

∑

(i,j)∈N2

(e′j ◦ ej)T
i+j
0 =

∑

(i,j)∈N2

(ej ◦ e
′
i)T

i+j
0 . (2.2)

This implies in particular that e′′0 = e′0 ◦ e0 = idB, hence that the commutativity of the right hand side
diagram of Definition 2.1 holds for e′′. Combining Equation (2.2) above with Equation (2.1) for e and
e′, we obtain on the other hand that

(idB⊗̂m) ◦ e′′ =
∑

(i,j)∈N2(e′j ◦ ei)(T0 + T ′
0)

i+j

=
∑

(i,k,ℓ)∈N3(e′ℓ ◦ e
′
k ◦ ei)T

′
0
ℓT k

0 (T0 + T ′
0)

i

=
∑

(i,k,ℓ)∈N3(ei ◦ e
′
ℓ ◦ e

′
k)(T0 + T ′

0)
iT ′

0T
k
0

=
∑

(m,n,k,ℓ)∈N4(en ◦ em ◦ e
′
ℓ ◦ e

′
k)T

′
0
nTm

0 T
′
0
ℓT k

0

=
∑

(m,n,k,ℓ)∈N4(en ◦ e
′
ℓ ◦ em ◦ e

′
k)T

′
0
n+ℓT k+m

0

=
∑

(i,n,ℓ)∈N3(en ◦ e
′
ℓ ◦ e

′′
i )T

′
0
n+ℓT i

0

=
∑

(i,j)∈N2(e′′j ◦ e
′′
i )T

′
0
jT i

0

= (e′′⊗̂idZ[T0]) ◦ e
′′,

which shows that e′′ is a restricted exponential homomorphism. �

Proposition 2.9. Let (Bn)n∈N be a countable inverse system of complete topological rings with contin-
uous and surjective transition homomorphisms pm,n : Bm → Bn for every m ≥ n ≥ 0. Let B be its limit
and let pn : B → Bn, n ∈ N, be the canonical continuous projections. Let en : Bn → Bn{T}, n ∈ N, be
a collection of restricted exponential homomorphisms such that

en ◦ pm,n = (pn,m⊗̂idZ[T ]) ◦ en ∀m ≥ n ≥ 0.

Then there exists a unique restricted exponential homomorphism e = lim
←−n∈N

en : B → B{T} such that

en ◦ pn = (pn⊗̂idZ[T ]) ◦ e for every n ∈ N.

Proof. The hypothesis combined with Lemma 1.28 implies the existence of a unique homomorphism of
topological rings

e = lim
←−
n∈N

en : B = lim
←−
n∈N

Bn → lim
←−
n∈N

Bn{T} ∼= B{T}

such that en ◦ pn = (pn⊗̂idZ[T ]) ◦ e for every n ∈ N. The equality en,0 = idB for every n ∈ N implies
that e0 = idB. Similarly, since (idB⊗̂m) ◦ en = (en⊗̂idZ[T ]) ◦ en for every n ∈ N, it follows that
(idB⊗̂m) ◦ e = (e⊗̂idZ[T ]) ◦ e, showing that e is a restricted exponential homomorphism. �
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2.2.3. Restricted exponential homomorphisms and automorphisms.

Proposition 2.10. Let B be a complete topological ring and let e: B → B{T} be a restricted exponential
homomorphism. Then for every continuous ring automorphism α of B, the composition

αe := (α⊗̂idZ[T ]) ◦ e ◦ α
−1 : B → B{T}

is a restricted exponential homomorphism.

Proof. It is clear that αe is homomorphism of topological rings. By definition, we have

αe =
∑

i∈N

αeiT
i =

∑

i∈N

(α ◦ ei ◦ α
−1)T i.

Since e0 = idB, we have αe0 = idB showing that commutativity of the right hand side diagram of
Definition 2.1 holds for αe(b). On the other hand, applying Equation (2.1), we have

(idB⊗̂m) ◦ αe =
∑

ℓ∈N(α ◦ eℓ ◦ α
−1)(T + T ′)ℓ

=
∑

(i,j)∈N2(α ◦ ei ◦ ej ◦ α
−1)T ′jT i

=
∑

(i,j)∈N2

(
(α ◦ ei ◦ α

−1) ◦ (α ◦ ej ◦ α
−1)

)
T ′jT i

= (αe⊗̂idZ[T ]) ◦
αe,

which shows that αe is a restricted exponential homomorphism. �

Proposition 2.11. Let B be a complete topological ring and let e: B → B{T} be a restricted exponential
homomorphism. Then the compositions

ϕ = π(1) ◦ e : B
e
→ B{T}

T 7→1
−→ B and ψ = π(−1) ◦ e : B

e
→ B{T}

T 7→−1
−→ B

are continuous ring automorphisms of B inverse to each other.

Proof. The homomorphisms ϕ and ψ are clearly continuous. Note that by definition, ψ = π(1) ◦ eλ(−1).
Furthermore, letting π(1,1) = π(1) ◦∆: B{T, T ′} → B be the unique continuous B-algebra homomor-
phism that maps T and T ′ to 1, we have

ψ ◦ ϕ = π(1,1) ◦ (eλ(−1)⊗̂idZ[T ]) ◦ e and ϕ ◦ ψ = π(1,1) ◦ (e⊗̂idZ[T ′]) ◦ eλ(−1).

Let f : B → B{T, T ′} be the composition of e with the unique continuous B-algebra homomorphism
B{T} → B{T, T ′} that maps T to T − T ′. Since e is a restricted exponential homomorphism, Equation
(2.1) implies that

(eλ(−1)⊗̂idZ[T ]) ◦ e = f = (e⊗̂idZ[T ′]) ◦ eλ(−1)(b).

Since π(1,1) ◦ f = idB , the assertion follows. �

2.3. Sliced restricted exponential homomorphisms.

Definition 2.12. Let B be a complete topological ring and let e: B → B{T} be a restricted exponential
homomorphism. A local slice for e is element s ∈ B such that e(s) ∈ B{T} is a polynomial of degree 1.

Example 2.13. Let B = C[u] endowed with the discrete topology, so that B{T} = C[u][T ]. Then
e: C[u]→ C[u][T ] defined by P (u) 7→ P (u+ T ) is a restricted exponential homomorphism which has
the element s = u as a slice. On the other hand, letting B = C[[u]] endowed with the u-adic topology,
the restricted exponential homomorphism

e: C[[u]]→ C[[u]]{T}, u 7→ u
∑

i∈N

(uT )i =
∑

i∈N

ui+1T i

of Example 2.4 does not admit a local slice.
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Let e =
∑

i∈N eiT
i : B → B{T} be a restricted exponential homomorphism and let s be a local slice.

Then, by definition, we have e(s) = e0(s) + e1(s)T = s + e1(s)T . Applying e⊗̂idZ[T ] to this last
equation we obtain

s+e1(s)(T+T
′) = ((idB⊗̂m)◦e)(s) = ((e⊗̂idZ[T ])◦e)(s) = e(s)+e(e1(s))T = s+e1(s)T

′+e(e1(s))T

in B{T, T ′}. It follows that s1 := e1(s) belong to Be.
Let

j̃s1 : B → B̂s1 = Ŝ−1B and j̄s1 : B
e → B̂es1 = Ŝ−1Be

be the separated completed localization homomorphisms of B and Be with respect to the multiplicative
subset S = {sn1}n≥0 of Be ⊆ B. Since Be is closed in B by Proposition 2.3, the homomorphism of
topological rings îs1 : B̂es1 → B̂s1 induced by the inclusion i : Be →֒ B is injective by Lemma 1.21.

We henceforth consider B̂s1 as a B̂es1-algebra via this homomorphism. By Proposition 2.6, there exists

a unique restricted exponential homomorphism ês1 := Ŝ−1e : B̂s1 → B̂s1{T} such that the following
diagram commutes

B
e //

j̃s1 ��

B⊗̂ZZ[T ]

j̃s1⊗̂id
��

B̂s1
ês1 // B̂s1⊗̂ZZ[T ].

Let σ be the image of the element s−1
1 s ∈ Bs1 in B̂s1 by the separated completion homomorphism.

Lemma 2.14. The image σ ∈ B̂s1 of the element s−1
1 s ∈ Bs1 by the separated completion homomor-

phism is a regular element of B̂s1 . Furthermore, if B̂s1 is not the zero ring, then ês1(σ) = σ + T .

Proof. If B̂s1 is the zero ring, there is nothing to prove. We can thus assume that B̂s1 6= {0}. By
Corollary 1.19, 0 does not belong to the closure of S in B, so that the image of s1 in B̂s1 is a nonzero
invertible element. By definition of ês1 , we have ês1(σ) = σ + T , so that σ is a local slice for ês1 . Now
let b ∈ B̂s1 be an element such that σb = 0. Then we have

0 = ês1(σb) = ês1(σ)ês1(b) = (σ + T )
∑

i∈N

ês1 i(b)T
i = σb+

∑

i≥1

(σês1 i(b) + ês1 i−1(b))T
i,

from which we infer by induction that

b = ês10(b) = (−1)iês1 i(b)σ
i for every i ∈ N.

Since ês1(b) ∈ B̂s1{T}, the sequence (ês1 i(b))i∈N converges to 0 in B̂s1 by definition of the topology

on B̂s1{T}. This implies in turn that the sequence((−1)i ês1 i(b)σ
i)i∈N also converges to 0, hence that

b = 0. So σ is a regular element of B̂s1 . �

We let
υ−σ : B̂s1{T} → B̂s1 and υσ : B̂s1{T} → B̂s1

be the unique homomorphisms of topological B̂s1-algebras mapping T to −σ and σ respectively.

Definition 2.15. With the notation above, we call the topological ring homomorphisms

Rs = υ−σ ◦ ês1 : B̂s1 → B̂s1 and θs = υσ ◦ (îs1⊗̂id) : B̂
e
s1{T} → B̂s1

the Dixmier-Reynolds homomomorphism and the cylinder homomorphism associated to the local slice s.

Proposition 2.16. Let B be a complete topological ring, let e: B → B{T} be a restricted exponential
homomorphism and let s be a local slice for e. Then the following hold:

a) The homomorphism Rs : B̂s1 → B̂s1 is a homomorphism of topological B̂es1-algebras with image

equal to B̂es1 and such that Rs(Rs(b)b
′) = Rs(b)Rs(b

′) for every b, b′ ∈ B̂s1 .
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b) The homomorphism θs : B̂es1{T} → B̂s1 is an isomorphism of topological B̂es1-algebras.

Proof. Since by Proposition 2.3 Be is closed in B, it follows that 0 belongs to closure of S = {sn1}n≥0

in Be if and only if it belongs to the closure S of S in B. This implies that B̂es1 and B̂s1 are equal to the
zero ring if and only if 0 ∈ S. If 0 ∈ S then assertions a) and b) hold trivially. We thus assume from now
on that 0 6∈ S so that the images of s1 in B̂es1 and B̂s1 are non-zero invertible elements. By Lemma 2.14,

σ is a local slice for ês1 . Replacing B by B̂s1 , e by ês1 and s by σ, we may thus assume without loss of
generality from the very beginning that e(s) = s+ T .

To prove assertion a), we first observe that since Be = Ker(e − i0), where i0 : B → B{T} is the
inclusion of B as the subring of constant restricted power series, we have Rs|Be = idBe so that Rs is
indeed a Be-algebra homomorphism. Now given an element b ∈ B, we have Rs(b) =

∑
i∈N ei(b)(−s)

i

and then
(e ◦Rs)(b) = e(

∑
i∈N ei(b)(−s)

i)
=

∑
i∈N e(ei(b))(−e(s))

i

=
∑

i∈N e(ei(b))(−s − T )
i

=
∑

(i,j)∈N(ei ◦ ej)(b)T
j(s− T )i

=
∑

ℓ∈N eℓ(b)(T − s− T )
ℓ = Rs(b).

This show that e ◦ Rs = Rs hence that the image of Rs is contained in Be ⊂ B. Finally, since Rs|Be =
idBe , we have for every b, b′ ∈ B, Rs(Rs(b)b

′) = Rs(Rs(b))Rs(b
′) = Rs(b)Rs(b

′). This shows a).
To prove assertion b), we observe that the composition

(
(idZ[T ′]⊗̂υs) ◦ (idZ[T ]⊗̂υ−s)

)
◦ (id⊗̂m) ◦ e: B → B{T} → B{T, T ′} → B

is equal to the identity. Writing for (idZ[T ′]⊗̂υs) ◦ (idZ[T ]⊗̂υ−s) = υs⊗̂υ−s for simplicity, it follows that
for every element b ∈ B, we have

b = ((υs⊗̂υ−s) ◦ (id⊗̂m) ◦ e)(b) = ((υs⊗̂υ−s) ◦ (e⊗̂id) ◦ e)(b)

= (υs⊗̂υ−s)(
∑

(i,j)∈N2(ej ◦ ei)(b)T
′jT i)

=
∑

i∈N(υ−s ◦ e)(ei(b))s
i

=
∑

i∈NRs(ei(b))s
i

Since Rs(bi) ∈ B
e for every i ∈ N, this implies that θ is surjective. Suppose that θ is not injective

and let a =
∑

i∈N aiT
i ∈ Be{T} be a nonzero element of minimal order ord0(a) = min{i, ai 6= 0}

such that θ(a) =
∑

i∈N ais
i = 0. Since by Lemma 2.14 s is a regular element of B, the minimality of

ord0(a) implies that that a0 6= 0. On the other hand, since Rs(s) = 0, we have

a0 =
∑

i∈N

aiRs(s)
i = Rs(θ(a)) = 0,

a contradiction. This shows that θ is injective, hence an isomorphism. �

Remark 2.17. For a restricted exponential homomorphism e: B → B{T} with a local slice s such that
e(s) = s+ s1T , assertion a) in Proposition 2.16 says that the homomorphism of topological rings

Rs = υ−s−1
1 s ◦ ês1 : B̂s1 → B̂s1

of Definition 2.15 is an idempotent endomorphism that satisfies the property of a Reynolds operator
with values in the subalgebra of ês1-invariant elements of B̂s1 . The composition πs : B → B̂s1 of the
separated completed localization homomorphism B → B̂s1 with Rs is the analog in the context of
restricted exponential homomorphisms of the Dixmier map introduced in [8, 1.1.9].

Corollary 2.18. Let B be a complete topological ring and let e: B → B{T} be a restricted exponential
homomorphism. Assume that e has a local slice s ∈ B such that e(s) = s+ T . Then B ∼= Be{s} and e
coincides with the homomorphism of topological Be-algebras

Be{s} → Be{s}{T} ∼= Be{s, T}, s 7→ s+ T.
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2.4. Topologically integrable iterated higher derivations. In the subsection, we extend to arbitrary
complete topological rings the correspondence between locally finite iterative higher derivations and
exponential homomorphisms which classically holds for discretely topologized rings.

2.4.1. Continuous iterated higher derivations.

Definition 2.19. LetA be a topological ring, let B be a topological A-algebra and M be a topological B-
module. A continuous A-derivation of B into M is a homomorphism of topological A-modules ∂ : B →
M which satisfies the Leibniz rule ∂(bb′) = b · ∂(b′) + ∂(b) · b′ for all b, b′ ∈ B.

Lemma 2.20. With the notation of Definition 2.19, let cB : B → B̂ and cM : M → M̂ be the separated
completions of B and M respectively. Then for every continuous A-derivation ∂ : B →M there exists a
unique continuous A-derivation ∂̂ : B̂ → M̂ such that ∂ ◦ cM = ∂̂ ◦ cB .

Proof. The existence of a unique homomorphism of topological A-modules ∂̂ : B̂ → M̂ such that cM ◦
∂ = ∂̂◦cB follows from Lemma 1.4. By construction, ∂̂ is the homomorphism obtained from ∂̃ = cM ◦∂

by the universal property of the separated completion homomorphism cB. Since ∂̃ satisfies the Leibniz
rule, it follows that ∂̂ satisfies the Leibniz rule in restriction to the image of cB, hence on B̂ because ∂̂ is
uniformly continuous and cB(B) is dense in B. �

Definition 2.21. LetA be a topological ring and let B be a topological A-algebra. A continuous iterated
higher A-derivation of B is a collection D =

{
D(i)

}
i≥0

of homomorphisms of topological A-modules

D(i) : B → B which satisfy the following properties:

(1) The homomorphism D(0) is the identity homomorphism of B,
(2) For every i ≥ 0, the Leibniz rule D(i)(bb′) =

∑i
j=0D

(j)(b)D(i−j)(b′) holds for every pair of
elements b, b′ ∈ B,

(3) For every i, j ≥ 0, D(i) ◦D(j) =
(i+j

i

)
D(i+j).

Note that the first two properties imply in particular that ∂ = D(1) : B → B is a continuous A-
derivation of B into itself. If A contains the field Q then the third property implies that D(i) = 1

i!∂
i

for every i ≥ 0, where ∂i denotes the i-th iterate of ∂. In this case, a continuous iterated higher A-
derivation is then uniquely determined by a continuous A-derivation ∂ of B into itself. The notion of
higher derivation was first introduced by Hasse and Schmidt in [11].

Definition 2.22. Let A be a topological ring and let B be a topological A-algebra. A topologically
integrable iterated higher A-derivation of B (an A-TIIHD for short) is a continuous iterated higher
A-derivation D =

{
D(i)

}
i≥0

such that the sequence of homomorphims of topological A-modules

(D(i))n∈N converges continuously to the zero endomorphism of B.
When A contains the field Q, we say that a continuous A-derivation ∂ is topologically integrable if

its associated continuous iterated higher A-derivation D =
{

1
i!∂

i
}
i≥0

is topologically integrable, equiv-

alently, if the sequence of homomorphims of topological A-modules (∂i)i∈N converges continuously to
the zero endomorphism of B.

Remark 2.23. When A and B are topological rings endowed with the discrete topology, the condition
that the sequence (D(i))n∈N is continuously convergent to the zero map means equivalently that for
every element b ∈ B there exists an integer i0 such that D(i)(b) = 0 for every i ≥ i0. We thus recover
in this case the classical notions of locally finite iterated higher A-derivation of B ([18], [2]) and locally
nilpotent A-derivation of B ([8]).

Lemma 2.24. With the notation of Definition 2.21, let c : B → B̂ be the separated completion of B.
Then for every iterated higher A-derivation D =

{
D(i)

}
i≥0

of B, there exists a unique iterated higher

A-derivation D̂ =
{
D̂(i)

}
i≥0

of B̂ such that D̂(i) ◦ c = c ◦D(i) for every i ≥ 0.

Furthermore, if D is topologically integrable, then so is D̂.



TOPOLOGICALLY INTEGRABLE DERIVATIONS AND ADDITIVE GROUP ACTIONS ON AFFINE IND-SCHEMES 23

Proof. The existence of a unique collection of homomorphism of topological A-modules D̂(i) such that
D̂(i) ◦ c = c ◦D(i) for every i ≥ 0 follows from the universal property of the separated completion. The
fact that D̂ =

{
D̂(i)

}
i≥0

satisfies the properties of an iterated higherA-derivation follows from the same
argument as in the proof of Lemma 2.20. The second assertion follows from Lemma 1.10. �

Example 2.25. Let A be a complete topological and let A[T ] be endowed with the topology generated
by the ideals a[T ], where a runs throught the set of open ideals of A. Let ∆: A[T ] → A[T, S] be the
homomorphism of topological A-algebras T 7→ T + S and let for every i ≥ 0,

D(i) = (
1

i!

∂i

∂Si
|S=0) ◦∆: A[T ]→ A[T ]

be the homomorphism ofA-modules which associates to a polynomial P (T ) ∈ A[T ] the i-th coefficient
of the Taylor expansion at 0 of P (T + S) with respect to the variable S. In particular, D(1) is simply the
A-derivation ∂

∂T of A[T ].
It is straightforward to check that D = {D(i)}i≥0 is a continuous locally finite iterated higher A-

derivation of A[T ]. In particular, the sequence (D(i))i∈N is pointwise convergent to the zero homomor-
phism. Since on the other hand D(i)(aA[T ]) ⊆ aA[T ] for every i ≥ 0 and every open ideal a of A, it
follows from Lemma 1.9 that the sequence (D(i))i∈N converges continuously to the zero map (see Ex-
emple 1.9). The collection D = {D(i)}i≥0 is thus a topologically integrable iterated higher A-derivation
of A[T ]. By Lemma 2.24, its canonical extension D̂ = {D̂(i)}i≥0 to the separated completion A{T} of
A[T ] is a topologically integrable iterated higher A-derivation of A{T}.

2.4.2. The correspondence between restricted exponential homomorphisms and topologically integrable
iterated higher derivations.

Theorem 2.26. Let A be complete topological ring let B be a complete topological A-algebra. Then
there exists a one-to-one correspondence between restricted exponential A-homomorphisms B → B{T}
and topologically integrable iterated higher A-derivations of B.

The correspondence is defined as follows:
1) Given a restricted exponential homomorphism e =

∑
i∈N eiT

i : B → B{T}, it follows from the
identities (2.1) expressing the commutativity of the two diagrams in Definition 2.1 that the collection of
homomorphisms of topologicalA-modulesD(i) = ei, i ∈ N, is a continuous iterated higherA-derivation
of B. Since e is continuous, it follows in turn from Lemma 1.30 that the so-defined sequence (D(i))i∈N
converges continuously to the zero homomorphism. This shows that D =

{
D(i)

}
i∈N

is a topologically
integrable iterated higher A-derivation of B.

2) Conversely, given a topologically integrable iterated higher A-derivation D =
{
D(i)

}
i∈N

of B,
it follows from Lemma 1.30 again that the A-module homomorphism

e = exp(TD) :=
∑

i∈N

D(i)T i : B → B{T}

is well-defined and continuous. The properties of an iterated higherA-derivation listed in Definition 2.21
guarantee precisely that e satisfies the axioms of a restricted exponential homomorphism.

In the case where the base topological ring A contains the field Q, the fact that a continuous iterated
higher A-derivation D =

{
D(i)

}
i∈N

, is uniquely determined by the continuous A-derivation ∂ = D(1)

of B implies in turn that a restricted exponential A-homomorphism e =
∑

i∈N eiT
i : B → B{T} is

uniquely determined by the topologically integrable A-derivation

∂ = e1 =
∂
∂T |T=0 ◦ e.

The following example illustrates the importance of continuous convergence in the correspondence
between topologically integrable A-derivation and restricted exponential homomorphisms.
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Example 2.27. Let A be complete topological ring containing Q, with fundamental system of open
ideals (an)n∈N, and let A[(Xi)i∈N] = A ⊗Z Z[(Xi)i∈N] be the polynomial ring in countably many
variables Xi, i ∈ N. Let B be the separated completion of A[(Xi)i∈N] with respect to the topology
induced by the fundamental system of open ideals

an = an ⊗Z Z[(Xi)i∈N] +A⊗Z (Xi)i≥n, n ∈ N.

Note that since A is separated and
⋂

i∈N(Xi)i≥n = {0}, A[(Xi)i∈N] is a separated topological ring so
that the separated completion homomorphism c : A[(Xi)i∈N]→ B is injective.

Let ∂ be the A-derivation of A[(Xi)i∈N] defined by

∂(X0) = X1, ∂(X2i−1) = X2i+1, and ∂(X2i) = X2i−2 ∀i ≥ 1.

It is easily seen that ∂ is continuous and that the sequence of homomorphisms (∂i)i∈N converges
pointwise to the zero homomorphism. However, it does not converge continuously to the zero homomor-
phism. Indeed, since ∂ℓ(X2ℓ) = X0, it follows that for any given i ∈ N there cannot exist any integer n0
such that ∂n(ai) ⊆ a1 for every n ≥ n0. Since c : A[(Xi)i∈N] → B is injective, this implies in turn that
the associated A-derivation ∂̂ of B is not topologically integrable. The associated A-algebra homomor-
phism exp(T ∂̂) : B → B{T} is well-defined but not continuous, hence is not a restricted exponential
homomorphism.

We now briefly translate some of the main basic properties of restricted exponential homomorphisms
established in subsection 2.2 in the language of topologically integrable derivations. We first observe
that the ring of invariants Be of the restricted exponential homomorphism associated to topologically
integrable A-derivation ∂ of B is equal to the kernel of ∂.

Proposition 2.28. LetA be a topological ring containing Q, let B be a complete topological A-algebra
and let ∂ be a topologically integrable A-derivation of B. Then the following hold :

a) For every element f ∈ Ker(∂), the A-derivation f∂ of B is topologically integrable.

b) For every multiplicatively closed subset S of Ker(∂), the A-derivation Ŝ−1∂ of Ŝ−1B is topologi-
cally integrable.

c) For every surjective open homomorphism of complete topological rings π : B → C such that
∂(Kerπ) ⊂ Kerπ, the induced A-derivation ∂ of C ∼= B/Kerπ is topologically integrable.

d) For every topologically integrable A-derivation ∂′ of B such ∂ ◦ ∂′ = ∂′ ◦ ∂, the A-derivation
∂′′ = ∂ + ∂′ of B is topologically integrable.

Proof. The assertions follow respectively from Propositions 2.5, 2.6, 2.7 and 2.8 �

Similarly, the following proposition is a consequence of Proposition 1.29:

Proposition 2.29. Let A be a topological ring containing Q and let (Bn)n∈N be a countable inverse
system of complete topological A-algebras with continuous and surjective transition homomorphisms
pm,n : Bm → Bn for every m ≥ n ≥ 0. Let B be its limit and let pn : B → Bn, n ∈ N, be the
canonical continuous projections. Let ∂n : Bn → Bn, n ∈ N, be a sequence of topologically integrable
A-derivations such that ∂n ◦ pm,n = pm,n ◦ ∂m for all m ≥ n ≥ 0. Then there exists a unique
topologically integrable A-derivation ∂ = lim

←−n∈N
∂n of B such that ∂n ◦ pn = pn ◦ ∂ for every n ∈ N.

Proposition 2.16 can be translated as follows:

Proposition 2.30. LetA be a topological ring containing Q, let B be a complete topological A-algebra
and let ∂ be a topologically integrable A-derivation of B. If Ker ∂2 \ Ker ∂ is not empty then for every

s ∈ Ker ∂2 \ Ker ∂ with ∂(s) = s1 ∈ Ker ∂, there exists an isomorphism of topological ̂(Ker ∂)s1-
algebras

B̂s1
∼=
→ ̂(Ker ∂)s1{S}

which maps the induced topologically integrable ̂(Ker ∂)s1 -derivation ∂̂s1 of B̂s1 onto the topologically

integrable ̂(Ker ∂)s1-derivation ∂
∂S of ̂(Ker ∂)s1{S}.
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In contrast with the case of usual locally nilpotent derivations of discrete topological rings contain-
ing Q, there exist topologically integrable derivations ∂ of complete topological rings containing Q for
which Ker ∂n = Ker∂ for every n ≥ 1 so that in particular Ker ∂2 \ Ker ∂ = ∅. This is the case for
instance for the topologically integrable derivation u2 ∂

∂u of C[[u]] corresponding to the restricted expo-
nential homomorphism of Example 2.13. The following example provides another illustration of this
phenomenon.

Example 2.31. As in Example 2.27, let A be a complete topological ring containing Q with funda-
mental system of open ideals (an)n∈N and let B be the separated completion of the polynomial ring
A[(Xi)i∈N] = A ⊗Z Z[(Xi)i∈N] in countably many variables with respect to the topology induced by
the fundamental system of open ideals

an = an ⊗Z Z[(Xi)i∈N] +A⊗Z (Xi)i≥n, n ∈ N.

Then the A-derivation ∂̂+ of B induced by the A-derivation of A[(Xi)i∈N] defined by

∂+(Xi) = (i+ 1)Xi+1, ∀i ≥ 0,

is topologically integrable with Ker ∂̂n+ = A for all n ≥ 1.

Proof. For every n ≥ 1, let B̂n = A{X0, . . . ,Xn−1} be the separated completion of

A[X0, . . . ,Xn−1] = A⊗̂ZZ[X0, . . . ,Xn−1]

with respect to the topology generated by the ideals aiA[X0, . . . ,Xn−1], i ∈ N. The topological rings
B̂0 = A and B̂n, n ≥ 1, form an inverse system of complete topological A-algebras for the collection of
continuous and surjective transition homomorphisms pm,n : B̂m → B̂n with kernels (Xn, . . . ,Xm−1)B̂m,
m ≥ n ≥ 0, whose limit is canonically isomorphic to B. We denote by

pn : B = lim
←−
n∈N

B̂n → B̂n, n ∈ N

the canonical continuous surjective homomorphisms. For every n ≥ 1, theA-derivation δ̂n : B̂n → B̂n+1

induced by the A-derivation

δn =
n−1∑

i=0

(i+ 1)Xi+1
∂

∂Xi
: A[X0, . . . ,Xn−1]→ A[X0, . . . ,Xn]

is continuous and the composition of δ̂n with the projection pn+1,n : B̂n+1 → B̂n is a topologically
integrable A-derivation ∂̂+,n of B̂n. Since by construction pn ◦ ∂̂+ = ∂̂+,n ◦ pn for every n ∈ N, it
follows from Proposition 2.29 that ∂̂+ is topologically integrable.

Using the canonical isomorphisms A{X0, . . . ,Xn−1} ∼= A{X0, . . . ,Xn−2}{Xn−1} of Lemma 1.28,
it is straightforward to check by induction on n that for every n ≥ 1, the kernel of the A-derivation δ̂n
is equal to A. Since pn+1 ◦ ∂+ = δ̂n ◦ pn for every n ∈ N, this implies that Ker ∂̂+ = A. Finally, if
Ker ∂̂n+ \ Ker ∂̂+ 6= ∅ for some n ≥ 2, then there would exist an element s ∈ Ker ∂̂2+ \Ker ∂̂+. Letting

s1 = ∂+(s), it would follows from Proposition 2.30 that B̂s1 ∼= Âs1{S}, which is impossible. Thus
Ker ∂̂n+ = A for every n ≥ 1, which completes the proof. �

3. GEOMETRIC INTERPRETATION: ADDITIVE GROUP ACTIONS ON AFFINE IND-SCHEMES

In this section, we recall a construction due to Kambayashi which associates to every complete topo-
logical ring A a locally topologically ringed space (Spf(A),OSpf(A)) called the affine ind-scheme of A.
We then establish that restricted exponential homomorphisms correspond through this construction to
actions of the additive group ind-scheme on affine ind-schemes.

As in the previous sections, we use the term topological ring to refer to a linearly topologized ring A
which admits a fundamental system of open neighborhoods of 0 consisting of a countable family (an)n∈N
of ideals of A.
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3.1. Recollection on affine ind-schemes. We review the basic steps of the construction of the affine
ind-scheme associated to a complete topological ring A following Kambayashi [12, 13].

Definition 3.1. A topologically ringed space is a ringed space (X,OX) such that for every open subset
V of X, OX(V ) is a topological ring and such that for every pair of open subsets V ′ ⊆ V of X, the
restriction homomorphism OX(V )→ OX(V

′) is a continuous homomorphism of topological rings.
A morphism of topologically ringed spaces from (X,OX) to (Y,OY) is a pair (f, f ♯) consisting of

a continuous map f : X → Y and a homomorphism f ♯ : OY → f∗OX of sheaves of rings on Y such
that for every open subset V of Y the homomorphism f ♯(V ) : OY(V ) → f∗OX(V ) = OX(f

−1(V )) is
a continuous homomorphism of topological rings.

Let A be a complete topological ring with a fundamental system (an)n∈N of open neighborhoods of
0. For every m ≥ n ≥ 0, let πn : A → An = A/an and πm,n : Am → An be the quotient morphisms
and let (jn, j

♯
n) : Xn = (Spec(An),OSpec(An))→ X = (Spec(A),OSpec(A)) and

(jm,n, j
♯
m,n) : Xn = (Spec(An),OSpec(An))→ Xm = (Spec(Am),OSpec(Am))

be the corresponding closed immersion of schemes.
We let Spf(A) be the subset of Spec(A) consisting of open prime ideals of A, endowed with the

subspace topology induced by the usual Zariski topology on Spec(A). For every n ≥ 0, the structure
sheaf of Xn induces a sheaf of rings OSpf(A),n = (jn,∗OSpec(An))|Spf(A) on Spf(A). Since jn =
jm ◦ jm,n for every m ≥ n, the collection of homomorphisms

j♯m,n : OSpec(Am) → (jm,n)∗OSpec(An)

induces an inverse system of homomorphisms of sheaves of rings ϕm,n : OSpf(A),m → OSpf(A),n. Con-
sidering each of the sheavesOSpf(A),n as sheaves of discrete topological rings on Spf(A), we letOSpf(A)

be the limit of this inverse system in the category of sheaves of topological rings. So, for every open sub-
set V = U ∩ Spf(A) of Spf(A), where U is a Zariski open subset of Spec(A), we have

OSpf(A)(V ) = (lim
←−
n∈N

OSpf(A),n)(V ) = lim
←−
n∈N

OSpec(An)(j
−1
n (U))

endowed with the initial topology.

Definition 3.2. The affine ind-scheme of a complete topological ring A is the topologically ringed space
(Spf(A),OSpf(A)).

LetA and B be complete topological rings with respective fundamental systems (an)n∈N and (bn)n∈N
of open neighborhoods of 0, and let ϕ : A → B be a homomorphism of topological rings. The continuity
of ϕ implies that the image of the restriction to Spf(B) ⊆ Spec(B) of the continuous map Spec(B) →
Spec(A) is contained in the subset Spf(A) ⊆ Spec(A). Furthermore, for every ideal bn ⊆ B, there
exists an index n′ = n′(n) such that an′ ⊆ ϕ−1(bn). It follows that ϕ induces a morphism of schemes
αn,n′ : Spec(B/bn) → Spec(A/an′) and that, letting α : Spf(B) → Spf(A) be the continuous map
induced by ϕ, the following diagram of continuous maps of topological spaces commutes

Spf(B)
α // Spf(A)

Spec(B/bn)

jB,n

OO

αn,n′

// Spec(A/a′n).

jA,n′

OO

Pushing forward the homomorphism α♯
n,n′ : OSpec(A/an′ ) → (αn,n′)∗OSpec(B/bn) by jA,n′ gives a ho-

momorphism of sheaves of rings

OSpf(A),n′ = (jA,n′)∗OSpec(A/an′ ) → α∗(jB,n)∗OSpec(B/bn) = α∗OSpf(B),n

on Spf(A). The homomorphism of sheaves of topological rings

OSpf(A) = lim
←−
n′∈N

OSpf(A),n′ → OSpf(A),n′ → α∗OSpf(B),n
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is continuous and independent on the choice of an index n′ such that an′ ⊆ ϕ−1(bn). This yields in turn
a canonical continuous homomorphism of sheaves of topological rings

α♯ : OSpf(A) → lim←−
n∈N

α∗OSpf(B),n = α∗OSpf(B).

The morphism topologically ringed spaces

(α,α♯) : (Spf(B),OSpf(B))→ (Spf(A),OSpf(A))

is called the morphism of affine ind-schemes associated to ϕ. We henceforth denote it simply by Spf(ϕ).

Remark 3.3. Let A be a complete topological ring with a fundamental system (an)n∈N of open neigh-
borhoods of 0. Since a prime ideal p ∈ Spec(A) is open if and only it is equal to π−1

n (πn(p)) for
some n ≥ 0, the set Spf(A) ⊂ Spec(A) is equal to the union of the images of the closed immer-
sions jn : Spec(An) →֒ Spec(A), n ≥ 0. Furthermore the induced canonical map lim−→n∈N

Spec(An)→

Spf(A) is bijective and continuous with respect to the final topology on lim
−→n∈N

Spec(An) and the Zariski
topology on Spf(A). Note however that this canonical map is in general not a homeomorphism, i.e. the
final topology on lim−→n∈N

Spec(An) is strictly finer than the Zariski topology, see [22].

For every f ∈ A, we let

D(f) = Spf(A) ∩D(f) = {p ∈ Spf(A) | f 6∈ p}

where D(f) is the usual principal open subset {p ∈ Spec(A) | f 6∈ p} of Spec(A). These open subsets
D(f) form a basis of the Zariski topology on Spf(A). Let Âf = lim←−n∈N

(An)πn(f) be the separated
completed localization ofA with respect to the multiplicatively closed {fn}n∈N (see Definition 1.15 and
Notation 1.16). Then the collection of canonical projections

Âf → (An)πn(f) = OSpec(An)(D(πn(f))) = OSpf(A),n(D(f)), n ≥ 0

induces a canonical isomorphism of topological rings Âf → lim←−n∈N
OSpf(A),n(D(f)) = OSpf(A)(D(f)).

Since the canonical homomorphism A → Â1 = lim
←−n∈N

An is an isomorphism because A is complete,
we have in particular A ∼= OSpf(A)(Spf(A)) and the restriction homomorphism

A ∼= OSpf(A)(Spf(A))→ OSpf(A)(D(f)) = Âf

coincides with the separated completed localization homomorphism j̃f : A → Âf . The morphism of

affine ind-schemes Spf(j̃f ) = (α,α♯) : Spf(Âf ) → Spf(A) is an open immersion with image equal to
D(f).

Given a point p ∈ Spf(A), the stalk OSpf(A),p of OSpf(A) at p can be described as follows. Let S
be the multiplicatively closed subset of A consisting of elements f such that p ∈ D(f). Then S is
a directed set under the relation f ≤ g if and only if D(g) ⊆ D(f), equivalently, if and only if the
separated completed localization homomorphism j̃g : A → Âg factors through j̃f : Â → Âf . Since by
definition of the Zariski topology on Spf(A), the open subsets D(f), f ∈ S, form a cofinal subset of the
set of all open neighborhoods of p in Spf(A), we have a canonical isomorphism of rings

OSpf(A),p = lim
−→
U∋p

OSpf(A)(U) ∼= lim
−→
f∈S

OSpf(A)(D(f)) ∼= lim
−→
f∈S

Âf .

By [13, Theorem 2.2.3.], the ring OSpf(A),p is local and the canonical homomorphism h : OSpf(A),p →

Âp induced by the collection of compatible canonical homomorphisms Âf → Âp has dense image

in the local topological ring Âp. Moreover, the image in OSpf(A),p by the canonical homomorphism

Âf → OSpf(A),p of an element af = (af,n) ∈ Âf = lim←−n∈N
(An)πn(f) belongs to the kernel of h if and
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only for every n ≥ 0 then exists g = g(n, f) ≥ f such that af,n belongs to the kernel of the restriction
homomorphism

(An)πn(f) = OSpec(An)(D(πn(f)))→ OSpec(An)(D(πn(g))) = (An)πn(g)

corresponding to the inclusion of principal open subsets D(πn(g)) ⊂ D(πn(f)) of Spec(An).
It follows in particular that the affine ind-scheme Spf(A) = (Spf(A),OSpf(A)) of a complete topolog-

ical ringA is a locally topologically ringed space. One can also check that the morphism of topologically
ringed spaces Spf(ϕ) : Spf(B)→ Spf(A) associated to a continuous homomorphism of complete topo-
logical rings ϕ : A → B is a morphism of locally topologically ringed spaces.

Definition 3.4. An affine ind-scheme is a locally topologically ringed space (X,OX) isomorphic to the
affine ind-scheme (Spf(A),OSpf(A)) of a complete topological ring A.

A morphism between affine ind-schemes (Y,OY) and (X,OX) is a morphism of locally topologically
ringed spaces

(f, f ♯) : (Y,OY) ∼= (Spf(B),OSpf(B))→ (Spf(A),OSpf(A)) ∼= (X,OX)

which is induced by a continuous homomorphism of complete topological rings ϕ : A → B.

Given an affine ind-scheme S = Spf(A), an affine ind-S-scheme is an affine ind-scheme X ∼= Spf(B)
with a morphism of affine ind-schemes f : X→ S. A morphism between affine ind-S-schemes g : Y→
S and f : X → S is a morphism of affine-ind-scheme h : Y → X such that g = f ◦ h. The category
(AffInd/S) of affine ind-S-schemes is by construction anti-equivalent to the category of complete topo-
logical A-algebras ϕ : A → B. Given two such affine ind-S-schemes X ∼= Spf(B) and X′ ∼= Spf(B′)
corresponding to complete topological A-algebras ϕ : A → B and ϕ′ : A → B′ respectively, it fol-
lows from the universal property of the completed tensor product (see subsection 1.3.1) that the affine
ind-S-scheme Spf(B⊗̂AB

′) together with the projections morphisms p1 : Spf(B⊗̂AB
′) → Spf(B) and

p2 : Spf(B⊗̂AB
′) → Spf(B′) induced respectively by the canonical homomorphisms σ1 : B → B⊗̂AB

′

and σ2 : B → B⊗̂AB
′ is the fibered product of X and X′ in the category of affine ind-S-schemes. We

denote it by X×̂SX
′.

Example 3.5. LetR be a finitely generated algebra over a field k and let X = Spec(R) be the associated
affine k-scheme of finite type. Then the functor

F̂ = Mor(X,A1
k) : (AffIndSch/k)

◦ → (Sets)

which associates to every affine ind-k-scheme S the set of morphisms of affine ind-S-schemes from
X×̂kS to A1

k×̂kS is representable.

Proof. Indeed, given an affine ind-k-scheme S = Spf(A), we have

F̂ (S) = HomS(X×̂kS,Ak×̂kS) ∼= CHomA−alg(A{T}, R⊗̂kA) ∼= R⊗̂kA,

where the last isomorphism follows from Corollary 1.26. So F̂ coincides via the anti-equivalence be-
tween the category of affine ind-k-schemes and the category of complete topological k-algebras to the
covariant functor R⊗̂k−. By Example 1.14 and its proof, the latter is represented by the complete topo-
logical k-algebra R = lim

←−n∈N
Sym·(V ∨

n ), where {Vn}n∈N is any exhaustion of R by finite dimensional

k-vector subspaces. It follows that F̂ is represented by the affine ind-k-scheme X = Spf(R). The uni-
versal element u ∈ R⊗̂kR defined in the proof of Example 1.14 corresponds in turn to a morphism of
affine ind-k-schemes υ : X×̂kX→ A1

k.
By construction, the set X(k) = Mork(Spec(k),X) of k-rational points of X is equal to the union

of the sets of k-rational points of the schemes Spec(Sym·(V ∨
n )), hence to

⋃
n∈N Vn = R. The map

υ(k) : (X×̂kX)(k) = X(k) × X(k) → A1
k(k) = k is the universal evaluation map which associates

to pair (x, f) consisting of a k-rational point x of X and a k-rational point f ∈ R of X the element
υ(x, f) = f(x) of k. �
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3.2. Additive group ind-scheme actions. We now give the geometric interpretation of restricted ex-
ponential homomorphisms as comorphisms of actions of the additive group ind-scheme on affine ind-
schemes.

Let A be a complete topological ring and let S = Spf(A) be its associated affine ind-scheme. Let
A{T} ∼= A⊗̂ZZ[T ] be the ring of restricted power series in one variable over A, let i0 : A → A{T}
be the canonical inclusion homomorphism of A as the subring of constants restricted power series (see
subsection 1.4). Recall subsection 2.1 that (A{T},m, ι, ǫ), where m : A{T} → A{T, T ′} is the unique
continuous homomorphism of topological A-algebras that maps T to T + T ′, ι : A{T} → A{T} is the
unique continuous homomorphism of topological A-algebras that maps T to −T and ǫ : A{T} → A is
the unique continuous homomorphism of topological A-algebras that maps T to 0 ∈ A is a cocommuta-
tive topological Hopf A-algebra.

The affine ind-S-scheme Spf(i0) : Spf(A{T}) → S is then an abelian group object in the category
of affine ind-S-schemes, with respective group law and neutral section given by the morphisms

Spf(m) : Spf(A{T})×̂SSpf(A{T}) ∼= Spf(A{T, T ′})→ Spf(A{T})

and Spf(ǫ) : S = Spf(A) → Spf(A{T}), which is isomorphic to the affine ind-S-group scheme
Ga,Z×̂ZS, where Ga,Z = Spec(Z[T ]) is the usual additive group scheme. We henceforth denote this
affine ind-S-group scheme by Ga,S and call it the additive group ind-scheme over S.

Given any complete topological A-algebra ϕ : A → B, it follows from Proposition 1.25 that the
map B → HomB-alg(A{T},B), b 7→ ϕb, where ϕb is the unique continuous A-algebra homomorphism
ϕ̄b : A{T} → B such ϕ̄b(T ) = b, is an isomorphism of topological abelian groups. This implies in turn
that the affine ind-S-group scheme Ga,S represents the covariant functor

Γ: (AffInd/S)
opp → (TopAbGrps)

(Spf(B),OSpf(B)) 7→ Γ(Spf(B),OSpf(B)) = OSpf(B)(Spf(B)) = B

from the opposite category of affine ind-S-schemes to the category of topological abelian groups.
Now let ϕ : A → B be a complete topological A-algebra and let X = Spf(B) be the affine ind-

S-scheme of B. Since B is complete we have a canonical isomorphism B{T} ∼= B⊗̂AA{T}. Let
e : B → B{T} ∼= B⊗̂AA{T} be a restricted exponential A-homomorphism as in Definition 2.1. Then
Spf(B{T}) ∼= Ga,S×̂SX and the morphism of ind-S-schemes Spf(e) : Ga,S×̂SX → X satisfies the
axioms of an action of the ind-S-group scheme Ga,S on X, namely, the commutativity of the following
two diagrams

Ga,S×̂SGa,S×̂SX
id×µ //

m×id
��

Ga,S×̂SX

µ

��
Ga,S×̂SX

µ // X

S×̂SX

∼=
&&▲▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

▲

Spf(ǫ)×id// Ga,S×̂SX

µ

��
X

Conversely, given an action µ : Ga,S×̂SX → X of Ga,S on X = Spf(B), the homomorphism of
complete topological A-algebras

e = µ♯(Spf(B)) : B = OSpf(B)(Spf(B))→ µ∗OGa,S×̂SX(Spf(B))
∼= µ∗OSpf(B{T})(Spf(B)) ∼= B{T}

satisfies the axioms of a restricted exponentialA-homomorphism. In other words, via the anti-equivalence
between the category of affine ind-Sschemes f : X → S and the category of complete topological A-
algebras ϕ : A → B, restricted exponential A-homomorphisms e : B → B{T} correspond to Ga,S-
actions on the affine ind-S-scheme Spf(B).

Combined with Theorem 2.26, this yields the following extension of the classical correspondence
between Ga,S-actions on an affine scheme X = Spec(B) over an affine scheme S = Spec(A) and
locally finite higher iterative A-derivations (A-LFHID) of B:
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Theorem 3.6. Let A be a complete topological ring and let ϕ : A → B be a complete topological A-
algebra. Let S = Spf(A) and let f : X = Spf(B) → S be the corresponding affine ind-scheme and
affine ind-S-scheme respectively.

Then actions Ga,S×̂SX → X of the additive group ind-scheme Ga,S on X are in one-to-one corre-
spondence with topologically integrable iterated higher A-derivations D = {D(i)}i≥0 of B.

We now consider examples of affine ind-schemes with actions of the additive group ind-scheme. A
first natural example is given by the affine ind-scheme Mor(X,A1

k) associated to an affine k-scheme of
finite type X endowed with a non-trivial Ga,k-action.

Example 3.7. Let X = Spec(R) be an affine scheme of finite type over a field k of characteristic zero
endowed with a non-trivial Ga,k-action µ : Ga,k ×k X → X. Let X = Mor(X,A1

k) be the ind-scheme
of Example 3.5 and let µ̂ : Ga,k×̂kX → X be the morphism of functors given by the composition at the
source by the k-automorphisms of X associated to the Ga,k-action µ. Then µ̂ is a morphism of affine
ind-schemes which defines a Ga,k-action on X.

Proof. The assertion is an immediate consequence of Yoneda embedding lemma. Nevertheless, let us
give a constructive argument following the lines of that of Example 3.5. Let δ be the non-zero locally
nilpotent k-derivation corresponding the Ga,k-action µ. Then R admits an exhaustion by a countable
familyW = {Wn}n∈N of finite dimensional δ-stable k-vector subspaces. Indeed, given any exhaustion
of R by a countable family V = {Vn}n∈N of finite dimensional k-vector subspaces, the fact that δ is
locally nilpotent implies that for every n ∈ N, the k-vector subspace Wn generated by the elements
δm(f), m ≥ 0, where the elements f run through a k-basis of Vn is finite dimensional and δ-stable.
Furthermore, since Vn ⊆ Vm for every m ≥ n and Vn ⊆Wn, we have Vn ⊆ Wn ⊆Wm so that the Wm

form an increasing exhaustion of R by δ-stable finite dimensional k-vector subspaces.
LetW = {Wm} be a δ-stable exhaustion of R as above. Then, for every m ∈ N, the restriction of δ to

Wm is a nilpotent linear endomorphism δm of Wm. The dual endomorphism δ∨m of W∨
m defines a unique

k-derivation ∂m of the symmetric algebra Sym·(W∨
m) of W∨

m, which is locally nilpotent. The collection
of so-defined locally nilpotent k-derivations ∂m of the k-algebras Sym·(W∨

m) form an inverse system
with respect to the surjective projection homomorphisms pm,n : Sym

·(W∨
m) → Sym·(W∨

n ) associated
to the inclusions Wn ⊆Wm, m ≥ n. By Proposition 2.30, there exists a unique topologically integrable
k-derivation ∂ of the topological k-algebra R = lim

←−n∈N
Sym·(W∨

n ) such that for every n ∈ N, we have
∂n ◦ pn = pn ◦ ∂, where pn : R→ Sym·(W∨

n ) is the canonical continuous projection.
By Example 3.5, the affine ind-scheme X = Spf(R) of R represents the functor Mor(X,A1

k). The
Ga,k-action µ̂ : Ga,k×̂kX → X is then that associated to the topologically integrable k-derivations ∂ of
R. Note that the k-derivation ∆ = −δ⊗̂kidR + idR⊗̂k∂ of R⊗̂kR is also topologically integrable. It
defines a Ga,k-action on the affine ind-k-scheme X×̂kX = Spf(R⊗̂kR) for which, by construction, the
universal evaluation morphism υ : X×̂kX→ A1

k of Example 3.5 is Ga,k-invariant. �

Remark 3.8. With the notation of Examples 3.5 and 3.7, the restriction to the set X(k) = R of k-rational
points of X of the Ga,k-action µ̂ : Ga,k×̂kX → X coincides with the contragredient representation of
(k,+) on R defined for every f in R by

t · f = exp((−t)δ)(f) =
∑

n≥0

(−1)n
tn

n!
δn(f).

In particular, for every k-rational point x of X, we have (t · f)(x) = f((−t) · x) and hence

υ(t · (x, f)) = (t · f)(t · x) = f(x) = υ(x, f).

Example 3.9. As a concrete illustration of Example 3.7, consider the locally nilpotent k-derivation
δ = ∂/∂x of R = k[x] corresponding to the action of Ga,k on A1

k by translations and the exhaustion of
R by the δ-stable subspaces

Wn = k[x]≤n = k〈x0, . . . , xn〉, n ∈ N,
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consisting of polynomials of degree less than or equal to n. For every n ∈ N, the algebra Sym·(W∨
n )

is isomorphic to the polynomial ring k[X0, . . . ,Xn], where (X0, . . . ,Xn, . . .) is the family of elements
of the dual R∨ of R as a k-vector space defined by Xi(xj) = δi,j for every i, j ∈ N. The complete
topological k-algebra R = lim

←−n∈N
Sym·(W∨

n ) is isomorphic to the separated completion of the poly-
nomial ring k[(Xi)i∈N] with respect to the topology induced by the fundamental system of open ideals
an = (Xi)i≥nk[(Xi)i∈N]. The universal element u ∈ R⊗̂kR of the proof of Example 1.14 can be
represented by the formal power series

∑
n∈N x

nXn ∈ k[x][[(Xi)i∈N]].
On the other hand, the k-derivation ∂n of Sym·(W∨

n ) is given by ∂n(Xi) = (i+1)Xi+1, if i ≤ n− 1
and ∂n(Xn) = 0. The corresponding topologically integrable k-derivation ∂ = lim

←−n∈N
∂n ofR induced

by the inverse system of locally nilpotent k-derivations ∂n, n ∈ N, coincides with the topologically
integrable k-derivation with trivial kernel k of Example 2.31. Note that in contrast, for the topologically
integrable k-derivation ∆ = −δ⊗̂kidA + idR⊗̂k∂ of R⊗̂kR, we have

∆(u) =
∑

n∈N

∆(xnXn) =
∑

n∈N

(−nxn−1Xn + (n+ 1)xnXn+1) = 0.

For an affine scheme X of finite over a field k, there are many natural affine ind-k-schemes that can
be constructed from the ind-k-scheme X = Mor(X,A1

k) (see e.g. [9]). These include for instance
the ind-k-scheme Mork(X,Y ) where Y is any affine k-scheme and the ind-k-scheme Autk(X) of k-
automorphisms of X. Since every non-trivial Ga,k-action on X gives rise to a non-trivial Ga,k-action on
these affine ind-k-schemes, this provides a large supply of natural affine ind-k-schemes with interesting
natural Ga,k-actions.

Another family of examples is given by the following ind-scheme counterpart of Danielewski hyper-
surfaces.

Example 3.10. Let A be an integral complete topological algebra over a field k of characteristic zero.
LetA{y, z} be the restricted power series ring in two variables overA. Let x ∈ A be a non-zero element
and let P (y) ∈ A{y} be a non-zero restricted power series. Then there exists a unique continuous A-
derivation ∂ of A{y, z} such that, ∂(y) = x and ∂(z) = P ′(y), where P ′(y) ∈ A{y} denote the
derivative of the restricted power series P (y). The so defined A-derivation ∂ is topologically integrable.
Indeed, let (an)n∈N be a fundamental system of open ideals ofA so that we have by definitionA{y, z} =
lim
←−n∈N

An[y, z], where An = A/an. Let xn ∈ An and Pn(y) ∈ An[y] denote the respective residue
classes of x ∈ A and P (y) ∈ A{y}, n ≥ 0. Then we have ∂ = lim←−n∈N

∂n, where ∂n is the triangular,
hence locally nilpotent, An-derivation of An[y, z] defined by ∂n(y) = xn and ∂n(z) = P ′

n(y). Thus ∂ is
topologically integrable by Proposition 2.29. Note that the element xz−P (y) belong to the kernel Ker∂
of ∂, in particular, in contrast with the example considered in Example 2.31, A is a proper sub-algebra
of Ker∂.

Now assume in addition that x and P (y) are chosen so that the principal ideal I = (xz − P (y)) of
A{y, z} is prime and closed. Then B = A{y, z}/I is a topological A-algebra when endowed with the
quotient topology, and the quotient homomorphism q : A{y, z} → B is continuous. Since ∂(I) ⊂ I ,
∂ induces a topologically integrable A-derivation ∂ of B. Letting X = Spf(A), the homomorphism
A{y, z} → B corresponds to a closed embedding of affine ind-X-schemes

Y = Spf(B) →֒ A2
X = Spf(A{y, z})

which is equivariant for the Ga,X-actions on Y and A2
X associated to ∂ and ∂ respectively.

For a concrete illustration, consider the completion A of the polynomial ring k[(Xi)i∈N] in countably
many variables with respect to the topology generated by the ideals an = (Xi − 1)i>n. Let x ∈ A be
the element represented by the Cauchy sequence xn =

∏n
i=0Xi ∈ k[X0, . . . ,Xn]. Choosing for the

restricted power series P (y) a non-constant polynomial P (y) ∈ k[y] ⊂ A{y}, we obtain an associated
affine ind-X-scheme Y ⊂ A2

X which is a colimit of so-called Danielewski varieties in An+3
k defined by

equations of the form
∏n

i=0Xiz = P (y) (see e.g. [7]). One can also choose non-polynomial restricted
power-series P (y) ∈ A{y}, for instance, the one P (y) =

∑∞
i=0(Xi − 1)iyi+1.
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