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Carleman estimate and null controllability of a fourth order
parabolic equation in dimension N > 2

S.Guerrero® K.Kassab'

Abstract

In this paper, we consider a fourth order parabolic equation in a bounded smooth domain Q with
homogeneous Dirichlet boundary conditions on the solution and the laplacian of the solution. The main
result we establish is a Carleman inequatity with observation in an arbitrarily small open set w included
in 2, which leads to a null controllability result at any time 7" > 0 for the associated control system with
a control function acting through w.

Résumé

Dans ce papier, on considere une équation parabolique de quatrieme ordre dans un domaine borné régulier
Q avec des conditions aux limites de type Dirichlet homogenes sur la solution et le laplacien de la solution.
Le résultat principal concerne une inégalité de Carleman avec une observation dans un petit ouvert w inclus
dans €2, ce qui conduit a la controlabilité a zéro pour tout 7 > 0 du systéme de controle associé avec un
controle agissant sur w.

MSC : 35K35, 93B05, 93B07.

Keywords: Fourth order parabolic equation, global Carleman estimate, controllability, observability.

1 Introduction

In the present paper, we consider Q@ € RY with (N > 2) a bounded connected open set whose boundary
R is regular enough. Let w C € be a (small) nonempty open subset and let T > 0. We will use the notation
Q=(0,T)xQand ¥ = (0,T) x 92 and we will denote by 7i(x) the outward unit normal vector to 2 at the
point z € 9Q. On the other hand, we will denote by Cy a generic positive constant which may depend on €
and w but not on 7.

Let us introduce the following control system :

oy +Ay=x,v inQ,
y=Ay=0 on¥, (1)
y(07 ) = yO() in Q )

where o € L?(f) is the initial condition and v € L?(Q) is the control function. Let us notice that y may
represent a scaled film height and the term A®y represents the capillarity-driven surface diffusion. Our
objective is to establish the null controllability for the above system by means of a Carleman inequality for
the associated adjoint problem.
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Let us present some interesting results about the existence and uniqueness of solutions for systems which
are related to the system under view.

In [22], the authors studied the epitaxial growth of nanoscale thin films, which is modeled by the following
system :
Ou+ A*u—V.(f(Vu) =g inQ,
ou 0Au ~
o7~ on " on 2,
U(O, ) = UO() in Q )

where Q = (0,L)%, Q = (0,T) x Q, ¥ = (0,T) x 9Q, ug € L*(Q), f € CLRY;RY) and g € L*((0,T) x Q).
The authors showed the existence, uniqueness and regularity of solutions in an appropriate functional space.

As long as degenerate fourth order parabolic equations are concerned, some results on the existence,
(non) uniqueness, positivity and asymptotic behavior of weak solutions are presented in [9]. The system
under view is

Ou+ V. (mu)VAu) =0 in @,

ou  0Au o

—= = = on Y,

on on

u(0,) = uo(+) in Q,
where m is a specific function and ug is an initial data. Many related results have been proved concerning
this kind of systems : see, for instance, [2], [17], [13], [1], [24] and [3]. Moreover, in [26] the authors present

a unifying method to prove the existence and uniqueness of weak solutions for such initial-boundary value
problems.

Furthermore, in [18] the authors prove the existence of a weak solution of the following system :

Owu+ V. (\VAUV’(I)*QVAU) = f(z,u) in@,

u=Au=0 on XY,

u(0,) = uo(+) in Q,
where p and f are specific functions and ug is an initial data. The previous model may describe some prop-
erties of medical magnetic resonance images in space and time. In the particular case where the nonlinear
source is given by f(z,u) = u(x,t) — a(z), the functions u(x,t) and a(z) represent, respectively, a digital
image and its observation. Furthermore, for p = 2 the problem becomes the classical Cahn-Hilliard problem,

which has been extendedly studied (for more details see [25]). Moreover, in [28] the authors worked on a
similar system for which they proved the existence of a weak solution.

Now, let us start talking about the null controllability.

Definition 1.1. System (1) is null controllable at any T > 0 if for every initial data yo € L*(), there exists
a control v € L*((0,T) x w) such that the solution y, € L*(0,T; H*(Q)) N C°([0,T]; L*(Q)) of (1) satisfies

yo(T,-) =0 in Q.
Let us introduce the non-homogeneous adjoint system associated to (1) :

—Op+Np=f inQ,
p=~Np=0 on X% , (2)
SD(T7 ) = (»00(') in 2,

where g € L*(Q) and f € L*(Q). Tt is very well-known by now that the null controllability (and continuous
dependence of ||v]|Lz2((0,7)xw) With respect to ||yollz2()) is equivalent to the observability inequality :

iC > 0: / (0, z)|2dx < C// lo|2dx dt, Vo € L2 (),
Q (0,T) xw



where ¢ is the solution of (2) with f = 0. This estimate can be obtained from a so-called Carleman inequality
and the dissipation of energy :

—i/ lp(t,z)|?dz <0, Vt € (0,T).
dt Jo

Let us now present some interesting results concerning the null controllability of fourth order parabolic
equations. There is an extended literature in dimension 1. The first Carleman inequality for a fourth
order parabolic equation was proved in [7], where the local exact controllability to the trajectories of the
Kuramoto-Sivashinsky equation with boundary controls was established. Then, the author in [29] proved
a Carleman inequality with interior observation and deduced a null controllability result for the semilinear
system

Ot + Opzazt + f(u) = xoh in (0,7) x (0,1) ,

U(,O) :u(vl) =0 in (OvT) )

Ozu(-,0) = Opu(-,1) =0 in (0,7) ,

u(0,) = uo(+) in (0,1) ,

where uy € L?(0,1) and f is a globally Lipschitz continuous function. Using the Carleman inequality proved
in [29], the existence of insensitizing controls for a fourth order parabolic equation is established in [16].
The local controllability to the trajectories of the stabilized Kuramoto-Sivashinsky system with an interior
control acting on the heat equation is proved in [5]. In the recent work [6] the authors analyze the behavior
of the cost of the null controllability of a fourth order parabolic equation through boundary controls with
vanishing diffusion coefficient and a transport term. All the previous works used a Carleman inequality,
nevertheless the first null controllability result concerning a fourth order parabolic equation was established
in [19] without proving a Carleman inequality (see also [3] for a semilinear equation).

)

In higher dimensions, there has been limited publications on the controllability of fourth order parabolic
equations. Among them, the approximate controllability and non-approximate controllability of higher order
parabolic equations were studied in [11]. In addition, in [27] the author proved the null controllability of
system (1) by using the ideas of [23]. Consequently, as far as we now, a Carleman inequality for a fourth
order parabolic equation was an open problem whenever N > 2.

In order to state our Carleman inequality, we will need some weight functions :

eMnlles — oAClNlloo+n()) . A 2lInlloo+n(2))
t1/2(T—t)1/2  &(@,1) = tl/Q(T—t)l/Q ’
e2MInlles eAMInlloe _ g2MInlls

Eulx,t) = f|an($,f) = ma a(z,t) = O‘lan(x?t) = t1/2(T— t)1/2 )

a(z,t) =

where 7 satisfies: - o
neCHQ), My, =0, [Vn|>Co>0inQ\,

with w’ C w an open set. For the existence of 7, see [15].

The main objective of this paper is to prove the following theorem :

Theorem 1.2. There exists a positive constant Co = C’O(Q,w) such that

// 6—23(1 (56)\8§6|<p|2 +S4)\6§4‘VQP|2 +53)\4§3|A§0|2
Q

3
2N 20 V22 1 N2V AP + s ([0l + |A2w2)>dxdt )

< Cy (87)\8 // e 2507 || 2 dxdt + // 6_23“|f2d:cdt>
wx (0,T) Q



for any X > Co and any s > Co(TY? +1T).
Remark 1.3. Let us denote

Py N oo N
V3 _(> and V* _<) .
4 0x;0x 0z}, ijk=1 14 0x;0x ;071,01 igki=1

Then, we can add the terms

A2 // e 253 dedt and 52 // e 250 2| Vip| 2 dxdt
Q Q

to the left-hand side of (3).
Proof. Since ¢ = 0 on %, in order to add

A? / /Q e V3P dadt (4)

to the left-hand side of (3), it suffices to estimate
1AM **O) 120 7,11 (2))
by the terms in the left-hand side of (3). Then, we estimate
IA(s™ e ¢ ) Z2 0 71202
in terms of (4) and the terms in the left-hand side of (3). This implies that

872 // 6*2”‘5*2|V4<p|2dxdt
Q

can be added to the left-hand side of (3).
O

Lemma 1.4. Let ag, a1 € L°(Q;R), By, By € L®(Q;RY), D € L¥(Q;RY") and E € L=(Q;RN’). We
define the following differential operator

N
93
P3(p) == aop+ Bo - Vo +D: Vo +a1Ap+ By - VAp + Z EijkWS_paxk-
i,j,k=1 v
Then, the solution of the following system
O+ A%+ Pi(p)=f inQ,

(T, ) = o) n

satisfies the Carleman inequality (3) whenever X > Co(1 + ||E|ls) and s > Co(TY? + T(1 + |laol|}/® +
1Bolls? + llax |22 + D]l + | BulIZ))-

Proof. Let us denote f = f — Ps(¢). Let us notice that

// e 25| fl2dadt < // 6728("|f|2d:vdt—|—// 6723a|a0g0\2dxdt—|—// e"2%| By - V| dadt
Q Q Q Q

+// e 2% D : V2<,0|2dxdt—|—// e 25 ay Ap|*dxdt
Q Q (6)
N

3
+// e*2m|31.vm|2dxdt+// e 25 0%
Q Q

2
dxdt.

Ejp—t
Z ]kaxiaxjaa?k

ij,k=1



Now, we can absorb all the terms in the right-hand side of (6) ( except for the first one), with the help of
inequality (3). We are going to give the details for the last two terms. The first one gives

// e 25| By - VAy|*dxdt || B1l2, // e~ 25V Ap|Adadt
Q Q

s// eV Al drdt
Q

for s > T||By||%,. This term is absorbed by the fifth term in the left-hand side of (3) by taking A > Cj. On
the other hand, we have

IN

IN

// 2 - Py ? 2 2 Py ?

e o E Eijh=——F——F—| dzdt < ||EHOO// e —————| dxdt,

Q ikl J 8ﬂci8xj8:ck Q 8:518%8%

which is absorbed by (4) by taking A > Cy||E||c. The same can be done for the other terms in (6). O

One of the main consequences of the Carleman inequality (3) is the null controllability of system (1) :

Theorem 1.5. System (1) is null controllable at any time T > 0. Moreover, there exists a positive constant
_ — A 1/2
CQ(Q,LU) such that ||U||L2((O,T)><w) < Ooeoo/T ||y0||L2(Q)

Lemma 1.6. Let ag, a1 € L¥(Q;R), By € L¥(Q;RY), D ¢ LOO(Q;]RNz), B, € CYHQ;RY) and E €
cH(Q; ]RNS), We define the following differential operator

N N
Py (y) :=aoy —V - (Boy) + > 0i;(Dijy) + Alary) = AV - (Bry) — Y uu(Eijy)-

ij=1 ijk=1

Then the following system is null controllable at any time T > 0

By + A%y + P (y) = xwv inQ ,
y=0 on Y,
N Jy (7)
Ay— (Z Eijkninjnk—i-Bl ’ﬁ:) % =0 onX B
ijk=1
y(0,-) = wo(") m .
Proof. Let us notice that by multiplying (7); by ¢ solution of (5) with f = 0 and integrating by parts we
find
/ y(T') o dz — / Yo p(T) d = // P VUXw-
Q Q Q
By using Lemma 1.4, one can prove the null controllability of (7) is a classical way. O

The rest of the paper is devoted to the proof of the Carleman inequality (3).

2 Proof of the Carleman inequality

In this section we are going to prove Theorem 1.2. Before we start the proof we will introduce some
remarks and lemmas.
We start with some essential properties on the weight functions :

Remark 2.1. We have

VE= XV inQ, &1 gg in Q, Vn:%ﬁ on Y,
n

B0 + || < 7€ in Q. s)



Now, we present a result for the Cauchy problem with right-hand sides in L?(Q) and initial conditions
in H*(Q) N H(Q) :

Lemma 2.2. Assume ug € H*(Q) N HY(Q) and f € L*(Q) and let u be the solution of

—Ou+ANu=f inQ,
u=~Au=0 on Y, (9)
w(T, ) = ug(+) in Q.

Then u € L*(0,T; H*(Q)) N H(0,T; L*(Q)) and there exists C > 0 (independent of u) such that

[ullp2 0,152 @))nE (0,7:22(2)) < CUIfllL2(Q) + llwollm2(0))-

Next, we use the previous result to estimate some weighted regular norms of ¢ (solution of (2)) in terms
of the right-hand side f and the L?(Q) weighted norm of ¢ :

Lemma 2.3. There exists a positive constant Co such that for all f € L*(Q) and all o € L*(Q) the
associated solution to (2) satisfies

T
/ 6—2304*
0

T 3
it + 59 [ 2500l it + 51 [ 240 [0l i

< Cy ( 68 // e~ 2552 dxdt—i—// e 25| fI? dmdt)

for all \ > Cy and all s > C'O(Tl/2 +T).

(10)

Proof. Using interpolation results between the Hilbert spaces L(0,T; H"(Q)) (r € [0,4]), (10) is a direct
consequence of the classical trace inequality

IV @l2200) < Cllollms@lellai@ (G =2,3)

and the following estimate :

T
/ =% [|op|[ 311yt < Co (56// e*zwg6|<p|2dmdt+// eQSO‘f|2dxdt>, (11)
0 Q Q

for all A > Cp and all s > Co(T + T/?).
To prove (11), we set ¢, = e ***¢. This function satisfies

Orps — AQ@* =f. mn@,
e =D, =0 on Y,
(T, ) = 0 inQ,

where f, = e "% f — 0,(e”***)p. Using Lemma 2.2 and (8) we deduce that

T
lesllZ2 0,384 () (0,7522(52)) < Co (86/0 e”“ﬁflls@l%wﬂ“//g) G_QSalflzdxdt>,

for all s > CoT'/2. In particular, we find (11). O

The next result is a Carleman inequality for the Laplace operator with homogeneous Dirichlet boundary
conditions.



Lemma 2.4. There exists a constant Cy(Q,w) such that, for any A\, 7 > Cy, the following inequality holds:

7_6)\8/ eGAn(:r)62're“’(m)‘q|2dxdt+7_4)\6/ e4>\?7(:1:)62're“7(””) |vq‘2 dxdt
< (7_6)\8/ 66)\77($)627‘€)\77(I) \q|2d:cdt +73)\4/ 63>\77(w)e2752*’\"(1) |Aq\2 d:vdt),
w’ Q

for all ¢ € C*(Q) with ¢ =0 on X.

The proof of (12) follows the steps of the proof of the Carleman inequality for the heat equation presented
in [15] (Lemma 1.2).

exp(2A[1]loo )

Remark 2.5. By takmg T = SW

4
in (12), multiplying (12) by exp (—QSGXP(AMHW)> and

t1/2(T _ t)1/2
integrating in (0,T), we deduce

s5)8 // e 25¢0 g2 dadt + s*\° // e 25¢ V| ? dxdt
Q Q

<Cy <56)\8 // e 259¢8 g2 dadt + 53\ // e_2so‘§3|Aq|2dxdt>,
w’x(0,T) Q

for X\ > Cy and s > CyT.

Observe that (13) is a Carleman inequality for the Laplace operator with weight functions depending on
x and t. However, the classical Carleman inequality for the heat equation (see [15], Lemma 1.2) is not true
for these weight functions since the power of ¢(T — t) in the definitions of £ and « is lower than 1.

Proof of Theorem 1.2. We divide it in several steps.

Step 1. A change of variable and first computations.

Let us set
Yt ) = e Dot x), Y(t,x) € Q. (14)
Then, using the boundary conditions satisfied by ¢ (see (2)), it is not difficult to see that
_ on 0y
Aw = 28)\5%% on Z, (15)
and 0%y on 0 oY
n . C
5 = 25)\5%% + H% on ¥ with H = div(7). (16)

By replacing ¢ in the equation —d;p + A%p = f (see (2)) by e**¢), we have
P(Y) & —sauh — Oytp + e 5 (A2 + AV A - Vi + 2065 A\
+4V2e5 : V2 +4Ve® - VAY + 5 A%)) = e*“f in Q,
so that
P(4h) = —saytp — 9yp + s* N V' — 65N V|t + 752 A1 V| M — sATE [ V[t
—4s* X33 (VP Vn)y + 128° N (VPnVn V) — 4sN°E(V2nVnVn)y — 25 X€3 V> Any
+652N3E2 |2 Ay — 28 N3¢ Vn2Any + 252 \2E2div (V2 Vn)y

—2sX*¢div(VPnVn)y 4 25° X2 (VAR - V) — 2sX*E(V A - V) + s X2 APy — sA*E| Anl*yp



—SAEA Y — 45PN V|2 (V- Vi) + 1252 X33 V2 (V- V) + 85 M€ (V2 Vn V) — 4sX>€ V| * (V- Vi)
—8sA2E (V2 VnVY) — 4sX*EAN(Vn - V) + 45 N2 An(Vn - Vi) — 4sAE(V AR - V) + 25 X2E2| V2 Ay
—25A%E| V|2 A — 2sANEADAY + 452 N2E2(V2pVnVn) — 4sA2E(V2VnVn)
—4sAEV? V2 — 4sAE(VV AY) + A% in Q.
Let us consider the following functionals
Pi(¢) £ —4s° N33 VPV - Vi — Oyp — AsAE(V - VAY) — 65° A3 V|
—2s\*E| V|2 A — 125° N €3 (VPnVnVn)y — 25° N3¢ Vn|* Ay (17)
—2sAEANAY + 4SNEV) = V21 — 4s02E(V2pVn V) in Q,

Pa() £ SN VM + A% + 452 N2 (VP VnVn) + 282N VP Ay + 1282 X382 |V * (Vi - Vi)

+85%N\2E2(V2nVnVap) + 452 \2E2An(Vey - V) in Q
and
R() 2 (P =P — P)(¥) = e f — (Py + P2)(¢) in Q. (18)
Step 2. Computation of the product (P1v, Pat))r2(q)-
0 7
In this step, we will compute // Py (¢)Py(¢)dxdt under the form ZZIM where I;; is the scalar
Q i=1 j=1

product in L*(Q) of the i-th term of Py (1)) with the j-th term of Py(v)).
In order to shorten the formulas used below, we define

A = A+ A+ 4,
B = B+ Bs+ B3+ By,

A

3\5 // E3(\ + s8)| V| 2dadt,
Q

where
AL 25\ // EN+ s)Pdadt, Ag 2 s
Q
A 13 2112 A 44 4 N ?
Q =
£ 2\° // £2e7 25 | V2|2 dadt
)
(20)

2
6A¢ > dO’dt, Bg

B, &
By £ 81/2)\// ¢L/2 =20 1730 2 dpdt
by

and
For the calculation of the I{js we will be using integration by parts in space and time. First, we have

Iy = —4s'\7 / / V|5V - Vipdadt
Q
= 1457)\8// \Vn|8§7\w\2dxdt+237/\7// 7| Vn|S An|y|2ddt
Q Q

+125"\7 // 7|V (V2VnVn) |2 dadt
Q



and

Iy = —s*\* //Q ENVn 0 drdt > —CoAy,
for s > CoT'/2. In the last estimate we have used (8). Moreover,
I3; = —4s°)° //Q |Vt (Vn - VAY)Ydrdt > —20s5\° //Q VY|V - V2 dadt
—165°\° / /Q E5|\Vn2(V2VnVy) (Vn - Vip)dodt — 45°\5 / /Q VY (VA V) dadt

—10s°\° //Q &5\ V|8 |V |2dadt — 85° N\ //Q &5\ V|2 (V2nVnVn)| V|2 dxdt

5 2
—255)\° // 5|Vt An| V|2 dedt + 255 \° // ¢ <g;’i> <g:§) dodt — CyAy,
Q =

for A > Cp. On the other hand, we have

Iy = 657A8//Qg7vn|8|¢|2dxdt

and

I51 = —25°\° // EIVn*Y Ay drdt > 25°\° // &5 |Vn|®| V| dadt — Co Ay,
Q Q
for A > Cy. Furthermore, we find

Isy = 1257>\7//Q§7|V77|4(V2nvnvn)|z/;|2d:cdt,

It —25"\7 //Q E7|Vn|® Anly|?dxdt

and

Igy = —25°X\° //Q &5\ V|t Amp Ay dzdt > 255 NP //Q 5| Vn|* An|Vy|2dedt — Co Ay,
for A > Cy. Next, we get
Iy = 4s°X\° //Q EIVn* V3P : Vindadt > —4s5\° //Q 5|V (V2 V) dadt — Co Ay,
for A > Cy. Moreover, we have

Loy = —45°)\° // E\Vn[*(V2pVnVn) dedt > 45°\6 // E5|\Vn|*|Vn - V|2 dzdt — CoAy,
Q Q

for A > Cy. As long as I o is concerned, we use the definition of By and Bj (see (19)) in order to estimate 3



boundary terms and we obtain

L, > 3)\3/ 5322‘96%:” <a:_7i> do dt+453)\3// §3<8”> V2 77| 2dodt

—253)\3 // 53( ) \V21/1|2dxdt—2453)\4/ &3|Vn|?| V2V 2dadt
~16503 | /Q VTV (Vo n)ldeds - 85°%° [ /Q &V n[20undsy b0 bdadt
+653\ / /Q V" V2P dadt + 453\ / Q§3(V2nV77Vn)|V21/J|2d:cdt
+25%\3 / g E3Vn|? An|V3p|Pdedt — Cy <A2 + B + Bg>,
for any A > Cy and s > Co(T"/? 4+ T). Next, we find
Ly = - / / A2y dadt = / / VA - Vi dadt = / / MO Aipdadt + / Aw%d dt
= _7// A L) dxdt+/ Aw%d dt = // Aw8¢tdadt> —CyBy,
for s > Co(T*/? + T). Here, we have used (8) and (15). Next, we get

I3y = —4s A//g (%Af”) do dt+2s/\// g—|vmp\ dadt+4s/\2/ EIVAY - Vn|Pdadt
Q

+4s>\//Q E(VAV APV Avp)dadt — 2502 //Q §|Vn|2|VAz/J|2dxdt2$)\//Q EAN|V Y|P dadt.

For the next 5 terms, we use (15) and we obtain, for any A > Cy and any s > CoT
Ly = —65°\* / /Q &|Vn|* A% dwdt > —65°X* / /Q &Vl ApPdadt — Co (Az + Bl),
Isy = —25\? //Q EIVNPAYA?Y drdt > 25\? / Qg|vn\2|VAw|2dxdt -Gy <A3 + B+ Bz),
Igo = —1253X3 / /Q (V2 nVnVn) Y A drdt
> 125373 / ; £ (VznVnVn) |AY|2dxdt — Cy <A2 + A1 + B1>7

Iy = —25°\3 // V|2 Anp A%y dedt > 253\ // &3 An|Vn 2| A Pdzdt — C <A1 + Ay + B1>
Q Q

and

Iso = —25\ / / EANAYA®Y dzdt > 25\ / / EAN|V AYPdrdt — Cy (A3 + By + Bg>.
Q Q

For the next 2 terms, we use the definition of B3 and By (see (19)) and we obtain, for A > Cy and s > CyT,

Iogo = 4s\ / / EV2 : VEnAR) dedt > —4s\ / / E(VEV AYV AY)ddt — Cy <A3 + Bs + B4>
Q Q

10



and
Toa = —43)\2/ g E(V2OVNVN) A% dadt > 4s)\? / g E|VAY - VnPdedt — Cy (Ag, + Bs + B4>.
Furthermore,
Lis > 5»’)// §5< ) (%) dadt+4os5A6//Qg5|vn|4|w-vn|2dxdt
+165°\° / Q§5(V2nvnvn)|vw-V77|2da:dt+1655>\5 / Q§5|V77|2(V2nvnv¢)(vw-Vn)da:dt

+85°\° / , V2 AV - V| dadt

and

Iy > 8s°)\3 / /Q 2V |20:(Vap - V) dadt + 45* N\ / /Q E2(V2nVnVip)0ppdxdt,
+452)\2 / Qg%n(w; - Vn)Opbdzdt — CyAs.
Then, by using (16) we find
I3 > —645°\° // 55( ) (‘99 dodt + 853 \3 // IS (877) V2.2 dodt
44853\ / /Q 3| V2V 2dedt + 165323 / /Q E(V2YVnVn) (V3 : V2n)dzdt
+3253)\3 / Q53[V277(V2an)(V2an)}dxdt— 165°X3 / Q53[v%(v?nvn)(v%vn)]dxdt
—8s3\3 //Q gSAnv2wvn|2dxdt—2453A4/Q§3|vn|2v2¢vn2dxdt—c(]31,
for A > Cp. Next,
Iys = —2435/\6/ g EVn*Y(V2pVnVn)dadt > 245°\° / g V'V - V> — CoAy
and
Is3 = —8s3)\* / Q§3|Vn|2Aw(V2anV77)dxdt > —8s3\1 / Q§3|vn|2|v2wn|2dxdt —Cy <A2 + Bl),
for A > Cy. Here, we have used (16). Next, we have

Iz = 485°\° / E5(V2nVnVn) (V2 nVn)dedt > 4855 \° / E5(V2nVnVn) |V - Vn|?dzdt — CyAy,
Q Q

I73 = —855\° // VN2 Ay (V3N nVn)dodt > 8s°\5 // E5|\Vnl2An| VY - Vil?dzdt — Co Ay
Q Q

and

g3 = —8s°\3 / EANAY(V2VnVn)dedt > —8s3)\3 / &3 An| V2|2 dzdt — Cy (A2 + Bl>,
Q Q

11



for A > Cy. Here, we have used again (16). From the definition of B; and Bs, we deduce for A > Cjy and
S Z CO(T1/2 + T)

03 = 165°\3 / (V3 - V2 (V2 Vn)dedt
Q
> 165523 / & [VPn(V2yYVn)(V2Vn)] dzdt — Co <A2 + By + Bg)
Q

Then, we find
Ios = —16s3)\* // 3|2y VnVn|2dxdt
Q

and
Ly = 435)\5// §5< ) (a:g) dodt+4035)\6/Q§5Vn|4|vw-vn|2dxdt
+325°\° / Q§5|Vn\2(v2nV77Vz/))(Vw~Vn)dxdt+855)\5 / Q£5|Vn|4(V2an/)Vz/J)dxdt
—205°\ //Q §5|Vn6|Vw|2da:dt—16s5A5/Q£5|Vn|2(V2nVnVn)Vz/)|2d3:dt

—45°)\° // V| An|Vy|2dadt.
Q

Furthermore, we get

Iy > 452\ / 0 (Vap - V)| Vn|?dedt + 45> \? / E(V2nVnVn)owpdadt — CoAs,
Q Q

for A > Cy. Next, we have from (15)

Iy = —1655/\5// §3< ) (81;) dadt+1233/\4/ V|| AP drdt
Q

+85%\3 / (V2 V)| Av2dudt + 453X / V2 An| Av|2dzdt,
Q Q
Furthermore, we find
Iy = —125°)\8 // &E|Vn|®p Ay dadt > 125° X6 // &5|Vn|®| VY| dedt — CoAy,
Q Q

for A > Cy. Next, we have
Iy = —483)\4/ &3\ V|| Ay|dxdt,
Q

for A > Cy. Moreover, we have

Ty = —245°)\5 / 5|V (V2nVnVn) YA dadt > 2455 \° / E5|Vn|2(V2nVnVn) |V |2dedt — Co Ay
Q Q

and

I7y = —45°)\° // 5| Vn|* Anp Ay dadt 2455)\5/ E5|Vn|* An| V|2 dzdt — CoAy,
Q Q

12



for A > Cy. Furthermore, we obtain

Iyy = —433)\3// E3|Vn|? An| A 2dadt
Q

and

Ig4 = 853)\3 // £3|VT]|26ik778ijZ/}8jk1/)d$dt - C()(AQ + Bl + Bg),
Q
for A > Cy. Next, we have from (16)
Ip4 = —8s°\ // EIVn2Ay(V2VnVn) dedt > —8s3\4 // &3|\Vn|2| V3V 2dedt — C <A2 + Bl>,
Q Q

for A > Cy. On the other hand, we have

Lis = 74855)\6// &5\t - V| 2dadt
Q

and

Iy = —1252)\3 // V2 (Vn - V) owpdadt.
Q
By using (16), we can deduce

I35 = —48s3)\1 // VA (Vn- Vi) (Vn-VAY) dedt > 4853 \* // V2| V2 V|2 dedt — Cy <A2+Bl>,
Q Q

for A > Cy. Next, we have

9
me > —Cy (A1 + A + B1)7

=4

for A > Cy. On the other hand, we can deduce
Lo s = —4853\° / / E\VnA(Vn - V) (V2VnVn) dedt > —Cy (A2 + B1>,
Q
for A > Cy. Also, we have

Iig = —325°)\° / /Q VA (VAVnVy) (Ve - V) dodt

and

Ing = 8s2)\2 / / (Vi) 0ppdzdt.
Q
By using (16), we have
I3 = —3253)\3 / / E(VAVnVap)(Vn - VAY)ddt
Q

> 325303 / / [V (V2 Vn) (V3 Vn)]dzdt — Cy (Az + Bl),
Q

13



for A > Cy. Furthermore, we have
10
ZIiG > —Cy (A1 + As + 31)7
i=4

for A > Cy. Also, we have

Li; = —1655)\5// V2 An| VY - V|2 dadt
Q

and

Iy, = —45°)\? // E2 /o (Vn - V)dadt,
Q
for A > Cy. By using (16), we deduce
I37 = —1653)\3 // E3AN(Vn - V) (Vn - VAY)dzdt > 1653\ // &3 An|V3Vn|?dzdt — Cy (A2 + Bl),
Q Q

for A > Cy. Also, we have
10

an > —Cy (A1 + As + Bz)-

i=4

Step 8. Simplifications in the computation of (P1v), Pat)r2(q) and first main estimate.
In this step, we put together all the I{js, we do some simplifications and we find an estimate for
(P1ap, Pytp) 2@y First, we have

(I11)1 + Iy = 8s"A® //Q E7\Vn|®|e |2 dxdt,
(I14)5 + (Is1)4 + (Is1)1 + (Laa)1 = —165°\° //Q €| Vn|® |V 2dadt,
(Ii2)7 + (I3a)2 + Isg + (I42)1 = 8s\* //Q |Vt V3| dadt,
(Is1)1 + (Tioa)1 + (I13)2 + (I13)1 + (T14)2 + I15 = 40s° X\ //Q €2Vt Ve - Vi 2dadt,

(I33)3 + T10,3 = 325°A* / / £3|V2pVnVn|2dadt.
Q

By using (16), we find

(112)4 + (Igg)g + (I53)1 + (110,4)1 + (135)1 = 71683>\4 // §3|Vn|2\v2wvn\2dzdt
Q

Y

—45)\? // E|\VAY - Vn|2dadt
Q

—~165°\° //Q &5\ Vn|*|Vy - V| 2dadt

—Cy <A2 + B1>7
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for A > Cy. Next, we have

(I32)3 + (I10.2)1 = 85)\? // EIV A - Vn|2dxdt,
Q

(Lis)s + (Iss) = 64s°N° / / € (V2nVin) [V - Vin|2dudt
Q

—Cps®\° // VY| dadt
w’x(0,T)

=X [[ @it Tt
Q

Y]

for A > Cy. Moreover, we have

(Is1)7 + (T1s)1 + (Is3)1 + (J1a)1 + (I34)2 = —90s°A° // g5< ) <2>2dadt,

(I12)1 = —4s3)\3 // £ <8n) 8§q¢%d dt,
(Ii2)2 + (I33)2 = 125°\° //E £ (gg,)g V24 |2 dodt,
(t)a = 2% [[ ¢ (33)3 V2 0f2dodt,
(Is2)1 :—43)\//5 (Mf/’) dodt,

(I32)2 725A// E— |VA1/;|2d dt.

Then, we also observe the simplifications

(I1)2+Ir1 =0, (In)s+1I61 =0, (I31)2+ (I13)a+ ([14)3 + 16 =0,

(I31)3 + lo1 + (T14)a = 0,  (I31)5 + ([1a)6 + (Lea)1 = 0, (I31)6 + Is1 =0,
(112)5 + (I33)6 + (I36)1 = 0,  ([12)6 + loa =0, (I12)s + (Is2)1 + (I34)3 = —Co (Bl + A2>-
For this last estimate, we have used the fact that
8s°\? / Qg3 (V2nVnVn) |Ay|Pdadt > —Cy (A2 + Bl> + 85323 / Qg3 (V2nVnVn) [V2|*dadt.
Here, we used (15) and took A > Cy and s > CyT'. Using this same argument, we find

(I2)o 4+ Ir2 4+ (I34)4 + Iss > —Cp <B1 + A2>~
Moreover,

(I32)4 + (Io2)1 =0, (I32)5 + (Is2)1 =0, (I32)6 + (Is2)1 = 0.

Next,
(I3)s + (Ir3)1 + Lir =0,  (Lia)7+ (I7a)1 =0,  (L23)1 + (J2a)1 + L25 = 0,

(Ing)2 + (Iaa)2 + Io6 = 0,  (Ia3)3 + Iar =0,  (I33)7 + (Is3)1 + (I37)1 = 0.
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Arguing as before, we find

(Is3)a = 16s°X° / & (V2VnVn) (V2 : V21) dadt
Q

v

—Cy (Bl + A2> + 165373 / / E3[V2n(V2pVn) (V2 Vn)]dzdt
Q

v

—Cy <31 +A2> — 0033)\3/ VAP - V||V - V|dadt,
Q

so that

(I33)a + (I33)5 + (Lo3)1

Y

—Co <31 +A2> — Cos3>\3/ EINVAY - V||V - Vi|ddt
Q

v

—Co (Bl + A2> - S)\Z/ €|VA1ZJ : V17|2dxdt
Q

—s9\O // |Vn|* |V - V|2 dxdt — Cos® A5 // 5| Vo2 dadt,
Q w’ % (0,T)

for A > Cy. At the end, we can deduce that
(Pi(¥), P2(¥) o) = 85'A° // 8| Vn|®| P dodt — 1635)\6/ £5|Vn|®| V| dzdt
Q Q
+853)\4// §3|Vn\4|A¢|2da:dt+2255/\6/ 5|Vt - V| 2dadt
Q Q

(21)
+32532\4 / / &3\ V2pVnVn2drdt + 3s)\? / / E\VAY - VnPdadt
Q Q

+B - Cy <A+B+s5)\5 // §5|V1/)|2dxdt>,
w’ x(0,T)

where B is given by

B = —9035)\5// I <an) (aﬁ) dodt — 433)\3// 5322/:88&;& (an) dodt
+125°\3 // ¢ <8’7) | V2 i) ? dodt—2s3)\3// §3< ) |V2y|?dodt
—45)\//5 (W) dodt+23)\//§ LIV A |2dodt.

Step 4. Estimate of the boundary terms. -
In this step, we are going to prove the following estimate for the boundary term B :

T
B> - 5»”// §5< ) (‘92’) dodt — )\//5 <8Afp) dodt—C’o/O e 2 el a(ydt, (22)

for A > Cy and s > CoT.
Let’s denote

3 2
J = 1233)\3// IS (871> |V2wﬁ|2dadt—233>\3// ¢ (gg) V24| 2dodt
b
_4s )\//f (M?) do dt+23/\// §%|VA¢|2dadt.
b))
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By using (15), (16) and the fact that any vector can be decomposed uniquely as a sum of two vectors, one
tangent to the curve (called the tangential component of the vector) and another one perpendicular to the
curve (called the normal component of the vector), we can deduce

J > 4055)\5//§5< ) (a:g) dodt — 2s A//g (Mﬂ‘b) dodt
+1653)\3 // §3< ) (fg) dodt — CyBy.

Let’s estimate the last term. We use the interpolation inequality

oy
oit

and we deduce, from Young’s inequality,

3/5 2/5

o
on

=z

‘ oy

H1(0Q) L2(99) H5/2(8Q)

2 2
oo e () () sl [ 3] .
o70n on H(6Q)
T
S_55>\5// 55( > (1&) dadt+Co/ % dt
n 0 871 H5/2(9Q)
T
s—sw// 55< ) (@ df’dt+Co/ e Il
on 0

For the last estimate, we have used the continuity of the trace operator.
We deduce

A T
J>42s5)\5// §5< ) (a@ dodt — 25/\//5 (a f/’) do dt—Co/ e s <p||§{4(mdt.
0
Finally, from
op DY o |? // on oLy |?
34,3 3 > 455\ 5 oy
43)\/ & (an) dodt 43)\//5 (an> 55| dodt+s\ || oo =] dodt,
we deduce the desired inequality (22).
Coming back to (21), we find
(PL(), Pa(¥)) 12(q) > 85" / / VP |y P dwdt — 165°\° / &IVn|°|Vy Pdadt
Q Q
+833)\4// §3|Vn\4|A¢\2dxdt+22s5)\6/ E5\Vn|*|Vn - V| 2dadt
5 (23)
+35)\2// £|Vn - VAY|2dedt — W// I <a > aif dodt
n

~ColAt Bat Buot e el + 8 [ @Ivu ),

w’x(0,T)

for A > Cy andsZC’o(Tl/2+T).

Step 5. Last arrangements and conclusion.
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Note that the first three terms in the right-hand side of (23) are positive up to a residual term:

8s7\8 //Q§G|V77|8|1/)2dxdt16s5>\6 //ngwmﬁvw|2dxdt+833/\4//Q§3|vn|4szd;pdt

(24)
285t [[ et (e valte 4 2@ ITnPav)” - oo [ Sluasa,
Q Q

for A > Cy. Then, coming back to ¢, we can prove that some term in |A<,0|2 is bounded by the first four
terms in the right-hand side of (23). Indeed, from

=Y = DN = e (A + NE VP — 257EV - Vi — sX’E[ V2 — sAEA) |

we deduce that

33>\4// e3e=250| Uyt Ap[2dedt = 57! // ¢! (e’sa52A2§2|V7]|2Agp)2d$dt
Q Q
_ 3—1// 5—1(fﬁgﬂvm%w+s4A4£4IVn4w
Q

2
2@ NE TP Vi — SXE ity - s3A3s3|Vn|2An¢) drdt

IA

8s ! // E (SN2 VP A + sV ) dadt
Q
+85°\0 // 5|Vt |V - V|2 dzdt + Cos®\® // 5[y dadt.
Q Q
Here we used (a + b+ ¢)? < 8a® + 2b* + 3¢%. Combining this and (24) with (23), we obtain

(Pu(), Pa()) 12 > $°A1 / / €3¢0 V! | A Pdudt + 145°A° / / &5Vl - Vipl2dadt
Q Q

5
3522 // £V - VA Rdwdt — 5N // ¢ (‘971)
Q » 871

—Co <A +Bs+ By + He_sa*@H%Z(O,T;H‘l(Q)) + 55)\5 //

2

o dodt (25)

on

£ vyl dmdt) ,
’x(0,T)
for A\ > Cy and s > Co(T + T*/?). From the definition of P14 (see (17)), we find
s [ towiani < co(IRvlig + 530 [ €1ava - voPdaar
Q Q
+5)\2 // £V - VA Pdedt + Ay + A3>,
Q
for s > CoT. Using here the definition of ¢ (see (14)) and the equation A%p = d,p + f, we have
s [ erertont +a%asar < Co(IAlfag + 5 [[ €19 Tn- Vs
Q Q
He™ fl72g) + 53? // €|V - VAY|2dadt + Ay + A3>.
Q

We use now the fact that

I1PullZ2 () + 1 P2l 320y + 2(Prtd, Patb) 2y = I1RY — e fl|72
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(see (18)) and we find from (25)

2

s34 // e Y ApPdadt + s // E71e25(10,0|* 4 | A% p|?)dxdt + 5N\ // Eoem 25 579_0» dodt
Q Q » on
<Co (A + B+ By + ||e 7 fllZ2(q) + le™** @l 220,150
s [ @A AT st dndt).
w’ % (0,T)
(26)

for A > Cp and s > C'O(Tl/ 21 T). The next step will be to add lower and higher order terms in the left-hand
side of (26).
First, we apply Remark 2.5 and we use the definition of ¢ (see (14)), A; and Ag (see (19)) :

sO\8 // E8e 2 |2 dadt + s*\° // e 2V 2 dadt + s \* // 3725 Ap| dadt
Q Q Q

L oe]?
+3—1// E e 2510, + | A% p[?)dxdt + 5N\ // £5g—230 a;f o
Q g 2

(27)
< Gy (A / / E(ApP + PARIVP + N of?)dad
w’x(0,T)

+A43 4+ By + Ba+ e ¢l 720 7.1y + |€_Saf||%2(Q)>7

for A\ > Cy and s > C'O(Tl/2 + T). Next, we use Lemma 2.3 (see estimate (11)) to absorb Bs, By and
||e*m*<p||2LQ(O7T;H4(Q)) (see (19) and (20) for the definition of Bz and By) :

sO\8 // ESe™ 25 o2 dadt + s*\° // eV 2dadt 4 s \* // 372 Al dadt
Q Q Q

2
dodt (28)

—

515 5 3
+871 // 5716725(1(‘8“”2 + |A2<p|2)d$dt+sd)\d // 50672801 8£
Q p>

< C (33)\4 // E(|Ap* + $2AE2|Vp|* + s* M e p|P) dwdt + As + ||e—saf||i2(Q)>,
w’ % (0,T)
for A > Cy and s > C’O(Tl/2 + 7).

Let us now set ¢ := sA\%e **¢p. We observe that ||A<,5H%2(Q) is bounded by the left-hand side of (28),
which means that [|@]|72(o 7. 52 (q)) also is, since @ = 0 on . This allows us to add the term

s2A? // e 252 V2 o2 dadt (29)
Q

to the left-hand side of (28) and absorb As.
Furthermore, by integration par parts we deduce that

sA? //Q e UV Ap|Pdedt < C <53A4 //Q e 53| Np|Pdxdt + s //Q 6_250‘5_1|A2g02da:dt>, (30)
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for s > Co(T + T*?) and X > Cy. Plugging (29)-(30) into (28), we obtain

sO)\8 // e 250 o2 dxdt + s*\O // e 25 ¢ VpPdadt + s>\ // e Ap|dadt
Q Q Q

+52A* // e 252 V2o 2dadt + s\? // e*25ag|VA¢|2dxdt+s*1// e 2 (|9,0)? + | A2p|?)dwdt
Q Q Q

SCO(83>\4 [ eael + AVl + statetoPduar + [ [ e‘mlfIdedt),
w'x(0,T) Q

(31)
for s > Co(T + T1/2) and A > Cj.
We are now ready to estimate the local terms on V¢ and Ay. To this end, let us introduce a function
0 = 6(x), with
0cC?w), f=1inw and 0<H<1

and let us make some computations :

3t / / e 2% | Apl® dwdt + s°\° / / e 2eg?
W’ x(0,T) W’ x(0,T)

< 53\ // e 2302 | Ap|? dadt + s°N\° // e~ 252650 |Vop|? dudt
wx(0,T) wx(0,T)

<esdA\ / / e 25| Np|?dxdt + esA? / / e 25|V Ap|2dadt
Q Q

Vol dedt

+Cps°\6 / / o e 250 Y|V |2 ddt
wx (0,

<esdA? // e 2593 | Ap|?drdt + es\? // e 25|V Ap|Adadt
Q Q

+Cos™ A8 / / o e 2T P dxdt
wx (0,

for a small enough constant € = €(£2,w) > 0 and where we have used the fact that A > 1 and s > CyT. From
(31) and this estimate, we deduce the desired estimate (3). O

3 Open problems

In this section, we are going to talk about some open problems. The first open problem concerns the
study of the controllability of system (1) with different boundary conditions.

Open problem 3.1. From the proof of Theorem 1.2, we will see that the Carleman inequality (3) also holds
when ¢ satisfies the boundary conditions

0
p= a—g =0 on X.
Nevertheless, the situation where
dp  0Ayp
—= = =0 by
on  on on

is an more complicated. This case will be studied in a forthcoming paper.

The next open problem concerns the study of semi-linear fourth order parabolic equations.
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Open problem 3.2. A challenging problem is the study of the controllability of the following system
Oy + A%y + [y, Vy, Viy) = xov in Q
y=Ay=0 on %, (32)
y(0,-) = o(*) in

where [ wverifies the following conditions:
f(s,p,9) = 9(5,p,q)s + G(s,p,q) - p+ E(s5,p,q) : ¢, s € R, pe RN, g e RV x RV,

with g€ L2 (R xRY x RYN*),G € L2 (R x RY x RV )N F e L (R x RY x RV)V*,

loc

) lg(s,p,q)] _
1im ] =
IsLIpl.lal o0 log? (1 + |s| + |p| + |q|)

o G(s,p,9)]
Isl,Ipllal =00 1og?¢ (1 + |s| + |p| + |q|)

and
|E(s,p,9)|

lim 7 =
Isl,Ipl,lal =00 log"Z (1 + |s| + |p| + |q])

K

for some positive 04, 0c and 0g. This kind of problems has already been studied for systems associated to
heat equations : for more details, see for instance [1/] and [12]. This open problem will be studied in [20)].

The next open problem concerns the study of the existence of insensitizing controls for fourth order
parabolic equations with N > 2.

Open problem 3.3. Let O C Q be a (small) nonempty open subset such that O Nw # 0. Let us introduce
the functional

_1 2
o) = 2 / /O g (33)

and the following control system :

é)tw—l-AQw:th in @,
w=Aw=0 onY (34)
w(0,) =yo(-) + 780 in 2,

where wy € L*(Q) is the initial condition, h € L*(Q) is the control function and 7 € R and jjo € L*(Q) are
unknown but T is small enough and fo satisfies ||Go||r2(q) = 1. The objective is to establish the existence of
insensitizing controls for this equation. In other words, the goal is to find a control h which insensitizes ¢,
i.e.,
9¢ (w(z,t,h, 7))
or

For more details about insentisizing controls for the heat equation, see for instance [10] and [/]. This open
problem will be studied in [21].

o] = 0. (35)

The next open problem concerns the study of boundary controllability.

Open problem 3.4. An interesting open problem is the study of the boundary controllability. Let us consider
the following system:

aty—i—AQy:O mQ ,
Y= Xy V1 on X,
Ay = X~,02 on %,
y(0,-) =yo(-) inQ.
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The case where 1 N~y # O can be treated directly from Theorem 1.5 by extending the domain (see page
28-29 in [15] for more details). When 1 N~y = 0, the idea would be to establish the following observability
inequality for the solutions of system (2) with f =0 :

Ay

Oy
on i

on

2
dadt) .

2
()220 < c( /I doar+ [
[0,T]xv1 [0,T] X2

This estimate seems hard to prove.
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