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Abstract

In this paper, we consider a fourth order parabolic equation in a bounded smooth domain Q with
homogeneous Dirichlet boundary conditions on the solution and the laplacian of the solution. The first
main result we establish is the existence of insensitizing controls for this equation in an arbitrarily small
open set w included in 2. The second main result we establish is the existence of many coupled systems
of second and fourth order parabolic equations where the approximate controllability is not satisfied.

Keywords: Fourth order parabolic equation, global Carleman estimate, insensitizing controls.

1 Introduction

In the present paper, we consider Q € RY with (N > 2) a bounded connected open set whose boundary
00 is regular enough. Let w C Q be a (small) nonempty open subset and O C Q be a (small) nonempty
open subset. We will use the notation @ = (0,7) x Q and ¥ = (0,T) x 9Q and we will denote by 7i(x) the
outward unit normal vector to  at the point x € 9§2. On the other hand, we will denote by Cy a generic
positive constant which depends on 2 and w but not on 7.

Let us introduce the following control system :

Ow 4+ A*w + f(w, Vw, Vw) =+ xov inQ,
w=Aw=0 on Y , (1)
w(0,-) = yo() + 70 in

where 3o € L?(f) is the initial condition, 7 € R unknown and small enough, f is a C* globally Lipschitz-

continuous function defined on R x RV x RNQ, Jo € L*(Q) is unknown, [|follr2() = 1, v € L*(Q) is the
control function and ¢ € LQ(Q). In this paper we suppose that

wnNO # 0. 2)

Our objective is to establish the existence of insensitizing controls for this equation. Let us introduce the
following two functionals :

_1 5
d1(w) = 5 //(O,T)xo |w|*dzdt (3)

1 2
= — d d .
@2 (w) 2//(07T)XO|VU)| rdt (4)
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and




Definition 1.1. Let yo € L*(Q) and ¢ € L*(Q). We say that the control v insensitizes ¢1, respectively ¢,
if for all §jo € L*(Q) such that l[Fol|L2() = 1, we have

01 (w(z, t,v, 7))
r=0| =0 5
ol )

respectively
O¢o (w(z,t,v,7))
‘TZO = 0.

or (6)
In fact, the original problem was introduced by Jacques Louis Lions in [19] for the heat equation. In

order to guarantee the insensitivity for all yo € L?(f), the authors in [3] introduced the e-insensitivity.

Definition 1.2. Let € > 0, yo € L*(Q) and {( € L*(Q). We say that the control v. e-insensitizes ¢
respectively ¢, if for all jo € L*(Q) such that |[Fol|L2() = 1, we have

‘&bl (w(g’t’”E’T»|T=o <e (7)
-
respectively
O (w(m,t,vs,r))| <
g r=0| < €. (8)

Before presenting our results, we will cite some physical motivations which are related to the system
under view.

In [16], the authors studied the epitaxial growth of nanoscale thin films, which is modeled by the following
system :
Owu+ A%u —V.(f(Vu)) =g inQ,
Oou 0Au -
 — = )y 9
oi ~ o o ©)
u(0,-) = uo(") inQ,

where Q = (0,L)%, Q = (0,T) x Q, ¥ = (0,T) x 9Q, ug € L*(Q), f € CHRY,RN) and g € L?((0,T) x Q).
In this context, u is the scaled film height, the term AZu represents the capillarity-driven surface diffusion
and g denotes the deposition flux, while V - (f(Vu)) describes the upward hopping of atoms.

Furthermore, in [14] the authors studied the following system :

Oiu+ V. (|VAu|p(z)72VAu> = f(z,u) in @,
u=Au=0 on X , (10)
u(0,+) = wuo(+) inQ,

where p and f are specific functions and wg is an initial data. The previous model may describe some
properties of medical magnetic resonance images in space and time. When the nonlinear source f(z,u) is
equal to 7(x,t), then the functions u(x,t) and n(z,t), respectively, represent the pixel intensity value of a
digital image and a random noise. On the other hand, the author in [17] studied a fourth order parabolic
system similar to (1) that models the long range effect of insects dispersal. Moreover, the authors in [6] were
interested by a fourth order parabolic system where the solution describes the height of a viscous droplet
spreading on a plain. For more details about this subject, see for instance [18], [9], [1], [2], [20], [21].



Before presenting our main results let us introduce the following space :

2@ ={se @ [ | e llPdadt < o0}, (11)

for v > 0. Let us now introduce the first main result :

Theorem 1.3. Assume that yo = 0, f is a O globally Lipschitz function such that f(0,0,0) = 0 and (2)

holds. Then, there exists a constant Cy = C(Q,w, O, T, f) such that for any ¢ € 202 (Q), there exists a
control v € L*((0,T) x w) such that (5) is satisfied. Moreover, the control v satisfies the following estimate :

— 1/2
Yol C2
||UHL2((0,T)><w) S 602 (// eVt |<2d$dt) s (12)
Q

where
Ca=Colst) (14 =+ L+ D+ 1T i~
Concerning ¢o, we will suppose that f satisfies
f(w, Vw, V?w) = aw+ B - Vw + E : Vw, (14)
where
a€L®0,T), BeL>0,T)N, EeL>0,T)N. (15)

Then, the second main result is the following one :

Theorem 1.4. Assume that yo =0, f is given by (1/) and (2) and (15) hold. Then, there exists a constant

C3=C(w,0,T, f) such that for any ¢ € L*“*(Q), there exists a control v € L*((0,T) x w) such that (6)
is satisfied. Moreover, the control v satisfies the following estimate :

= 1/2
- C3
ol (0.0 xw) < €8 ( / /Q eﬂ|C2d:vdt> . )

Concerning our third main result, we are going to present some negative results related to the heat and
fourth order parabolic equation. Before we continue, let us suppose that :

aeL®(Q) and B e L=(Q)V. (17)

e Let us start by the heat operator. Let us introduce the following coupled system :

Oy — Ay +a(t,z)y+ B(t,z) - Vy=x,v inQ,
y=20 on X, (18)
y(0,) = yo inQ,

-0 — Au+ a(t,z)u —V - (B(t,z)u) =V - (Vylp) inQ,
u=0 on Y, (19)
u(T,-) =up in Q,

where yo, ur € L?(Q). Before we continue let us present the definition of the approximate controllability of
the previous coupled system :

Definition 1.5. Let yo, ur € L*(2) and (17) holds true. We say that system (18)-(19) is approzimately
controllable, if for alle > 0, there exists v. € L*(Q) such that the corresponding solution (ye,u.) of (18)-(19)
for v = v, satisfies

l[ue (0, )l L2@) < e (20)



On the other hand, the approximate controllability of (18)-(19) holds true if and only if for all ¢y € L?(9),
the solution (1, ¢) of the following system :

—3t1/J - A¢ + a(t,x)¢ -V (B(tvx)¢) =V (V(p le) in Q )
oo — Ap+alt,z)p+ B(t,z) - Ve =0 inQ,
=0 on X , (21)
=0 on Y,
Y(T,-) =0, ¢(0,-) = ¢o(") inQ,

satisfies the following Unique Continuation Principle :
Yp=01in (0,T)Xw = Yv=¢p=01in Q. (22)

When we started our study, we expected that the Unique Continuation Principle holds true for all Q ¢ R,
w CC Q, O cC Q such that (2) holds, a € L®(Q) and B € L*°(Q)". We tried to prove a Carleman estimate
of the form

T T
/ / P2t 2) ([ (1) + [t 2))dtde < C / / P2 (1, 2) [ (t, ) Pt
0JQ 0 Jw

for C > 0 and where ‘B is a weight function. We tried several tracks but none succeeded. Then, we were
convinced that this Carleman does not hold in all cases. So, we present the following result :

Lemma 1.6. Let T > 0. Then, there exist a bounded connected set @ C RN, an open non empty subset
O cC Q, g € L3(Q), a € L>(Q) and B € L=®(Q)Y such that the corresponding solution (v, @) of (21) does
not satisfies the Unique Continuation Principle given in (22) for any w C Q.

From what we said above and Lemma 1.6, we deduce the following Theorem :

Theorem 1.7. There exist a bounded connected set @ C RY, an open non empty subset O cC Q, a € L™ (@)
and B € L=(Q)N, yo, ur € L*(Q) such that for any open w C Q, the coupled system (18)-(19) is not ap-
prozimately controllable.

Moreover, we can extend our result as follows :

Remark 1.8. Let us replace (20) by
19 (T )l L2 (@) + ue(0, )2 (@) < e (23)

Then, Theorem 1.7 holds true.

e Let us now present our result concerning the fourth order parabolic equation. Let us introduce following
coupled system :

Oy + A%y +V - -AVy+E:V?y+B-Vy+ay=x,v inQ,
y=Ay=0 on X, (24)
y(07) =%Yo in Qa

—Ou+ A% —V-A(Vu)+V?: (Bu) = V- (Bu) +au=V-(Vylp) inQ,

u=Au=0 on Y, (25)
w(T,-) = up in 2,

where o, ur € L2(Q), a € L®(Q), E € L®(Q)" and B,V € L=(Q)".



Definition 1.9. Let yo, ur € L*(Q). We say that system (24)-(25) is approzimately controllable, if for all
£ > 0, there exists v. € L*(Q) such that the corresponding solution (ye,u:) of (24)-(25) for v = v. satisfies

l|ue (0, ) z2() <e. (26)

It is well known that the approximate controllability of (24)-(25) holds true if and only if for all ¢y €
L*(Q), the solution (1, ¢) of the following system :

0+ A% = V- A(VY) + V2 (BY) = V- (BY) +ap =V - (Vo lo) inQ,
Do+ A2+ V -VAp+E:V>0+B-Vo+ap=0 inQ,
Y=AYp=0 on ¥ , (27)
p=Ap=0 on X,
Y(T,) =0, ¢(0,) = po() in Q,

satisfies the following Unique Continuation Principle :
p=0in (0,T)xw = ¢p=¢=0in Q. (28)
So, we present the following result :

Lemma 1.10. Let N € {1,2} and T > 0. Then, there exist a bounded connected set Q C RN, an open

non empty subset O CC Q, ¢y € L*(Q), a € L¥(Q), B,V € L¥(Q)N and E € LC’O(Q)N2 such that the
corresponding solution (v, p) of (27) does not satisfy the Unique Continuation Principle given in (28) for
any open non empty subset w CC €.

From what we said above and Lemma 1.10, we deduce the following Theorem :

Theorem 1.11. Let N € {1,2}. Then, there exist a bounded connected set Q C RN, an open non empty

subset O CC Q, a € L>(Q), B,V € L®(Q)" and E € L°°(Q)N2 such that for any open non empty subset
w C Q, the coupled system (24)-(25) is not approzimately controllable.

Moreover, we can extend our result as follows:

Remark 1.12. Let us replace (26) by
e (7, oy + e 0, 20y < = (29)

Then, Theorem 1.11 holds true.

Let us now present some results concerning the existence of insensitizing controls for parabolic equations.

e We start by the heat equation. In order to guarantee the insensitivity for all yo € L*(Q), the authors in
[3] introduced the e-insensitivity and studied the following system :

Oy —Ay+ fly) =&+ xwv iInQ,
y=g+m7g onX, (30)
y(0,-) = yo(-) + 7080 in Q,

where yo € L*(Q2), g € L*(X) are given, 7o € R and 7, € R are unknown and small enough, f is a C*
globally Lipschitz-continuous function defined on R, gy € L*(Q) and § € L*(X) are unknown such that
lgoll o) = llgl2xy = 1, v € L*(Q) is the control function and ¢ belongs to a specific space. On the other
hand, author in [19] studied this system where f was also a C* globally Lipschitz-continuous function defined



on R . Furthermore, the author in [7] studied the existence of controls that e-insensitize the norm of the
solution of (30) for g = 0, 71 = 0 and where Q is an open unbounded domain set of class C2. On the other
hand, author in [3] studied also the system (30) for yo = 0, g = 0, 71 = 0 and f(0) = 0 and proved the
existence of an initial data yo € L*(Q) where Q\@ # () such that the insensitivity does not hold. Moreover,
the authors in [5] studied the system (30) for yo =0, g =0, 71 = 0 and f = f(y, Vy) where f is a C* globally
Lipschitz-continuous function defined on R x R and f(0,0) = 0. Also in this article, authors studied the
insensitivity for the same system with Fourier boundary condition. Furthermore, the authors in [1] studied
the existence of insensitizing controls for system (30) where yo =0, g =0, 7, =0, f € C*(R) and f(0) =0
with a super-linear nonlinearity of the form

: [/ (s)]
lim ———— =0.
55 log(1 4+ |s]) (31)
Concerning the functional ¢ defined in (4), the author in [12] proved the existence of controls that insensitize

the functional ¢o for the following heat equation :
dy—Ay+ay+B-Vy=E&+xov inQ,
y=0 on Y, (32)
y(0,-) = yo(-) + 700 inQ,

where yo = 0, §o € L*(Q) is unknown such that l9ollz2(@) = 1, 70 € R is unknown and small enough,
a € L>®(0,T), Be L>*(0,T)" ,ve L*Q) is the control function and ¢ belongs to a specific space.

e Concerning fourth order parabolic equations, there has been limited publication on this subject. In
fact, the only previous insensitivity result is [11], where the case of N = 1 and a non-linear term f(y) is
treated (only depending on y). On other words, the author in [11] studied the following system :

Y + Orwaay + f(y) =+ Xov in (0,T) x(0,1)
y(70) = y('7 1) =0 in (OvT) )
azy(70) = amy(, 1) =0 in (OvT) )
y(0,-) = yo() + 720 in (0,1) ,

where yo = 0, ¢ € L*((0,T) x (0, 1)) are given, 79 € R is unknown and small enough, zo € L*(0, 1) is unknown
such that [|zo[|r2(0,1) = 1, v € L*((0,T) x (0,1)) is the control function and where f is a C* function defined
2

af o

on R such that Tz € Ly (R) and o
S
lim ————— =0.
5300 log(1 + |3]) (33)
For N € N, authors in [13] proved a Carleman estimate to study the null controllability of a fourth order
parabolic equation in the linear case. Later, improvements have been done in [15] for the semi-linear case.

Concerning the new tools used in this paper, first we prove a new Carleman inequality for a coupled
fourth-order parabolic system. Secondly, we study the existence of insensitizing controls for (4) where f is
linear and where the coefficients depend only on time. At the end, we prove the existence of some systems
where the functional ¢o given in (4) cannot be e-insenstized (see (8)). This result, obliged us to treat only
the case where the coefficients depend only on time (for more details see Section 4).

The rest of this paper is organised as follows. The next section is devoted for technical and previous
results. In the third section, we prove Theorem 1.3. The fourth one concerns the proof of Theorem 1.4. At
the end, in the last section, we introduce some systems where where the functional ¢ given in (4) cannot
be e-insenstized.



2 Technical results
Before we start let us introduce the following linear system :

Oz+ AN z24a2+B-Vz+D:V?’2=F inQ,
z2=Az=0 on Y, (34)
2(0,-) = 2o(") in Q.

with a € L>=(Q), B € L=(Q)" and D € LOO(Q)NQ. Let us denote :

Xo = L2(Q)a X1 = Lz(O’T; Hil(Q))a Xo = Lz(O,T; (Hz(Q) N H(}(Q))I)a (35)

Yy = H'(0,T; L*(Q)) N L*(0,T; H'(Q)),
Yy =L*0,T; H*(Q) N H' (0, T; H1(Q)), (36)
Yo = H'(0,T; (H*(Q) N Hg(R))") N L*(0,T; H*(2)),

nd
: Zy=H*Q)NHy(Q), Zi=Hs(Q), Zo=L*Q). (37)

Let us now present a first result :

Lemma 2.1. Let A be the map which associates z, the solution of (34) to each (F,zy). Then, A is continuous
from X; x Z; to Y; fori=0,1,2.

Moreover, there exists Co(S2) such that
ol < < (Fx, + oz, (39)
for all (F,zp) € X; x Z; (1 =0,1,2) and where
Cr=1+T(llalloe + 1B + I1DI3) + llall% + 1BI% + [ DI (39)
Proof. Let us start our proof for i = 0. Let (F, z9) € Xo X Zp and let us prove the following estimate :
supseforl|2(8)l| 20y < exp[Co(1+T(|lalloo + | B +1D]1%)] (IIFIIX0 + ||Zo||Zo>~ (40)

By multiplying (34); by z, integrating by parts, we obtain

1
1d / 2(t)? da + / A0 dz — ]2
2dt Jg o
(41)

< Co,e (||F<t>%Hz<mmH5<m), + (lalloe + I1BIZ2 + 1DI%) / 2(8) dx),
for € > 0. In fact, we have used Young’s inequality in order to deduce

‘/B-szdac
Q

Let us notice that there exists A > 0 such that for any u € H?() N H3(Q), we have

3/2 1/2
< Bllsollzlan @Izl < 1Bllaclzlg 12l ) < CocIBIZ N3, + ellzl3 -

/Q A dz > AJule ). (42)



Combining this with (41) , we deduce
d

— | eapl=tCo(llalloe + IBIE® + DI [ 12(6)*dz ) < CollFOF a2 (0ynas oy -

dt Q 0
Integrating in (0,t), we have

12172y < explCo(1 + T([lallee + I BIIL* + |1DII3))] (||F||§(O + ||Zo||220>' (43)

So, we deduce (40) by taking supsepo,r)- On the other hand, combining (41) with (40) and (42), we deduce

1211220, 7s2(2)) < exp[Co(1+T(1 + [lalloe + 1 BIXL* + |1DII3))] <|F||X0 + ||ZOZ0>' (44)

By using the last estimate with the fact that for any u € C°(Q) such that « = 0 on 9, we have Au €
(H*(Q) N H(Q))', we can deduce that

12l o 15 nm@yy < eaplCo(l +T(1 + lall + [ BIZ + [ DIZ)] (|F|Xo + |zO||zo)- (45)

Indeed, it suffices to remark that
Orz=F—(A2+az+B-Vz+D:V?%) in Q

and
F—(A*z2+az+B-Vz+D:V?2) € L*(0,T; (H*(Q) N H(Q))").

This finishes the proof for i = 0.

Concerning i = 2, let (F, 29) € Xo X Z5. By applying the case i = 0, we have

2l 0.z < explCo(l +T(L+ [lalloe + B + |1 DIZ))] (|F||x0 T ||zozo). (46)

To simplify our computations, let us denote F = F — (az + B - Vz+ D : V2z). By multiplying (34); by 8,2
and integrating by parts, we have

1d -
(1-9) [ 18P do+ 55 [ 80P do < Col FO . (47)
Q Q
Integrating in (0,7"), we deduce that
140050 < e (IR + ol ) (18)

Let us notice that

IFI%, < <||F|§(2 + (lall3 + 1BII% + IIDllio)IIZIIiz(o,T;Hz(Q)))- (49)

Combining the last estimate with (48) and (46), we deduce

400z < < (11, + Dol ) (50)



To finish the proof, from (34);, we have
A’2=F —(0yz+az+B-Vz+D:V?) in Q.

Combining this with (50) and (46), we deduce that

CoC
12llvs < € 1(||F||X2 " ||zO||ZQ).

Finally, to prove the case i = 1, it suffices to use an interpolation argument between the X, X5 spaces, Z,
Zy spaces and Yy, Yo spaces.
O

Remark 2.2. Let us notice that Lemma 2.1 holds true for forward systems. Indeed, it suffices to apply
Lemma 2.1 to 2(t,-) = z(T — t,-) for allt € [0,T] where z is the solution of (34).

Now, we will introduce some weight function:

eMnllee _ oAClM|loo+n()) e 2lInlloc+n(2))

az,t) = {1/2(T — 1)1/ (1) = 172(T — )1/2”

where 7 satisfies:

neCHQ), nu, =0, [Vnl>Co>0inQ\wy, (51)
with wgp CC w N O an open set. For the existence of 7, see [10]. Let us notice some essential properties on
the weight functions :

Remark 2.3. We have
T 0
VE=MVy inQ, <3 inQ Vn= 8477 on 3.
i

The second result was proved in [13] :

Lemma 2.4. Let @ such that wg CC @. There exists a positive constant Co = Co(Q2, D) such that

// 6_2sa(86)\8£6|g02+84>\6£4|VQ0|2+83)\4£3|A80|2
Q

52
LNV 4 s\ VAR + 516 (Dupl? + |A2@|2)>d$dt (52

< Cy <s7>\8 // 67250‘§7|<p|2dmdt+// 6250‘|f|2dxdt)
@x(0,T) Q

for any A > Cy and any s > C'O(Tl/2 + T) and where ¢ solution of

0o+ No=f inQ,
po=Ap=0 on X , (53)
SD(Tv ) = 900(') in €2,

where o € L*(Q) and f € L*(Q).

On the other hand, from [15], by doing some modifications on boundary conditions, we have the following
Lemma :



Lemma 2.5. Let @ such that wg CC @. There exists a positive constant Co = Co(Q2, D) such that

sO\8 // e 250¢8 g2 dadt < Cy (JAS // 6_23“57\q|2dxdt+// e 25 Fy |2 dadt
Q @wx(0,T) Q

v (54)
+52\2 // e~ 2502 Py |2 dedt + s\ // et N " | Fy P dadt
Q Q ij=1
+5303 // e 25083\ 1 Pdodt + s\ // 6_2“§7f0|2d0dt),
b b
for any A > Cy and any s > Co(TY? +T) and where q fulfills
N
3tq—A2q:F0—|—V~F1+Z&-jFij ZTLQ,
i,j=1
55
qg=1fo , Ag=f1 ony , (55)
a(T,+) = qo() in €.

Before we finish this section, we give the following remark :

Remark 2.6. Let us notice that, Lemmas 2.4 and 2.5 hold true for forward system. Indeed, it suffices to
apply Lemma 2./ (resp. Lemma 2.5) to @(t, ) = (T —t,-) (resp. q(t,-) =q(T —t,-)) for all t € [0,T].

3 Insensitizing controls for ¢;.

We know that the existence of a control v such that (5) holds true is equivalent to the null controllability
of a coupled system. This result is given in the following lemma :

Lemma 3.1. There exists a control v such that (5) holds true if and only if the following system :
Oy + A%+ f(y,Vy, Viy) =C+xwv inQ,

y=Ay=0 on %, (56)

—u+ Nu+ 0 f(y, Vy, V2 y)u—V -0, f(y, Vy,Vyu) inQ,
+V2 (04 fly, Vy, Vy)u) = xoy

(57)
u=Au=0 onY ,
w(T,)=0 inQ,
verifies
u(0,-) =0 in Q. (58)
Proof. Let us notice that
0 4 h,
Mh:o = / / Y-y dadt, (59)
T (0,T)x0O

where y, verifies
Oryr + A%y + 05 f(, Vu, V29 yr + 0, (4, V4, V2 y) - Vuyr + 94 f(y,Vy, VZy) : Vg, =0 inQ,
Yr = Ay, =0 on X,

yT(()? ) = Yo in Q.
(60)

10



By multiplying (57)1 by y. and integrating by parts, we deduce

a w .’,E,t,h,’r g
whzo - // yry dadt = (go,u(0,-)) L2 (0)-
T (0, T)xO

O
The next subsection is devoted to the study of the linear system.
3.1 The linear case.
In this section we are going to treat the linear case. So let us consider the following linear system :
Oy+Ay+ay+B-Vy+D :Viy=C(C+xov inQ,
y=Ay=0 on X, (61)
y(oa ) = Yo in Q R
~ N ~
—Ou+ Nu+au— V- (Bu)+ Y 9;(Diju) = xoy inQ,
i,j=1
u=Au=0 on X , (62)
u(T,)=0 in Q,
where 2
a€L¥(Q), BelL*(@Q", DelL=@"
. . 63
aeL*(Q), BelL*@Q", DeL*Q" o)
and yo € L*(). Before we start, let us denote Cy(£2,w) a constant which only depends on Q and w and
Cl é maX(CQ, 03), (64)
where
1 ~ - .
Cy = Co(Q,w) (1 +Ca+ 7T + T+ [lalloo + 1B + D113 + llallee + 1 BI% + ||D||§o)>7 (65)
Cs = Co(Q,w) <1 + \/:FC4) (66)
and 3 3
Cy =1+ [al|L® + IBIXL* + IDlloo + lla@ll* + 1B + 1Dl oo- (67)

The goal of this subsection is to prove the following approximate controllability result :

L2
eVi|(|“dzdt < oo,
Q

where Cy is given in (64). Then, for every T > 0 and & > 0, there exists a control v € L*((0,T) x w) such
that (ye, ue) the corresponding solution of (61)-(62) for v =v° satisfies

llue(0,)|lz2() < e. (68)

In addition, we have the following estimate :

1/2
Ca
%[ 20,1y xw) < ecl(//QeﬁKdedt) )

Proposition 3.2. Assume that

where Cy is given in (64).
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Remark 3.3. Let us notice that we can also prove that for every T > 0, there exists a control v €
L*((0,T) x w) such that (y,u) the corresponding solution of (61)-(62) for v = ¥ satisfies u(0,-) = 0 in
Q, but this result will not be useful for the rest of this section.

So, let us consider the following adjoint system :

N
—Oiz + A%’z 4+az— V- (B2) + Z 0:;(D;jz) = xop inQ,
i,j=1
z=Az=0 on X, (69)
z2(T,)=0 in Q,
op+A*p+ay+B-Vp+D:Vp=0 inQ,
p=Ap=0 on Y, (70)

p(Ov) = Do in O 3

where py € L*(R2). In order to prove Proposition 3.2, we are going to prove a Carleman estimate for the
solutions of (69)-(70) :

Proposition 3.4. Let (2) holds true. Then, there exists a positive constant Cy > 0 such that for every
solution (z,p) of (69)-(70) with initial data po € L*(Q) the following inequality holds true:

86)\8 // e—23a£6(|z|2 T |p|2)dxdt < 00816)\16 // 6_2$a€16‘z|2dl’dt, (71)
Q (0, T)xw
for A > Cy and s > Co(TCy + T1/2) and where Cy is given in (67).

From the previous Proposition, we can deduce a new estimate for the solutions of (69)-(70):

Proposition 3.5. Let (2) holds true. Then, there exists a constant Co(Q,w) > 0 such that every solution
(z,p) of (69)-(70) with initial data py € L*(2) satisfies

C
// 6771t|z‘2d$dt <e // |22 dadt,
Q (0, T)xw

where Cy is given in (64).

Proof. Let us denote

2 -2
I = e Vtlz|“dxdt
Q
cq C1
= // e Vi|z|*dxdt + // e Vi |z|Pdxdt (72)
(0,T/2)x Q2 (T/2,T)xQ
= L1+ L.

We will start by proving the following estimate :

I <& // |z|?dzxdt. (73)
(0, T)xw

12



At first let us notice that

C T
720 > CuT S expl-—=], Vi€ (0,5),

VTt 2
67280%'16 S Cv()zji16 eXP[Cl]» V(t,.’[) S Qa (74)
T 3T
e > T S exp[2C1], V(b w) € (7, %) Q.

Combining the last estimates with Proposition 3.4, we deduce

I, < CyT® // e 25065 22 dadt < 1 // |z dadt. (75)
(0,T)xQ (0,T)xw

Now we are going to treat I5. We will prove at first the following estimate on p the solution of (70) :

T 3T

o) (76)

/|pt+T/4)| dx<ecl/|p )|?dx, Wt € (=

By multiplying (70); by p and integrating by parts, we have

33 | Ipta)Pde+ [ |Apta)dz = clp(Ole ) < CEOO+all + 1B+ 1DIR) [ ot o) s,
for e > 0. By using the fact that there exists A > 0 such that for any p € H?*(Q) N HJ (), we have

/Q Apdr > Aple, (77)
we deduce

d
G (eon-Cal1 4l + 1B + 1D [ pte.)Paz) <o.

T 3T

11 —), we deduce (76). Now, we are going to prove the following

T
Then by integrating in (¢,t + 4) fort e (=

estimate on z the solution of (69) :

T
/|z(t,x)|2dx§00/ /|p(s,x)|2dtdx, vt € (0,7). (78)
Q t Jo
By multiplying (69); by z and integrating by parts, we have
2dt/ 2(t,)| dx+/ A 2(t,2) P — £]2(8) 2
< C(e)1 +laflo + I1B1% + ||D||<2>o)/Q |2(¢, )| dz + Co/o Ip(t)|*dz,
for € > 0. By using (77) for z, we deduce

d . - -
4t (ot il + 1B + 151200 [ 1stt00Pdz ) < €5 [ io)Pa

Then by integrating in (¢,T") for ¢t € (0,T"), we deduce (78). Now, from the definition of I, we have

T
123/ /|z|2dxdt.
T/2JQ

13



Using the last estimate with (76), we have

3T/4
I, < ecl/ / |p|*dadt.
T/4 Jo

Combining the last estimate with (74)3, we deduce
3T /4 T
I < e / e~ 2528 p |2 dadt < ecl/ / e 2520 p| 2 dadt.
T/a JQ o Ja

From the last estimate combined with Proposition 3.4 and (74)s, we deduce,

Iy < et // |z|?dzxdt. (79)
(0, T)xw
From (73) combined with (79), we deduce our aim result. O

Now, we give the proof of Proposition 3.4.

Proof of Proposition 3.4. Let us consider wy CC w' cC wNO. By applying Lemma 2.5 to z the solution
of (69) for ® =w, Fy =az, F1 = —Bz, F; ; = D, jz and fo = fi = go =0, we have

sO)\8 // e 25¢0 22 dadt < C (57)\8 // 6*25a57|z|2da;dt+// e~ 2% a 2|2 dadt
Q 0, T)xw Q

+52\2 // e 2592\ B 2|2 dadt + s*\* // e 2594 D 2|2 dxdt (80)
Q Q

+ // e 25 |p|2dxdt),
(0, T)xO

for any A > Cy and any s > C (Tl/2 +T). It is clear that

// e 25 <|a 2|2 + 5262 B z|? + s'¢Y D z|2> drdt < s° // e 2598 |22 dadt
Q Q

for A\ > Cp and s > Cj (T(||a||;g3 + | BIX? 4 |1 Do) +T1/2>. Then, we deduce

sON® // e~ 20 2P dadt < Co <S7/\8 // e e 2P dadt + // €_2m|p2d$dt>7 (81)
Q (0,T)Xw (0,T)xO

for A > Cy and s > Cy (T(||a||éé3 + || B||Y2 + ||D||OO)T1/2>. In order to estimate the last term in the
right-hand side of (81), we apply Lemma 2.4 (see Remark 2.6) to p the solution of (70) for @ = ', we have

// e—ZSa (86)\8£6|p|2 +84)\6§4|Vp|2 + 83)\4£3|Ap|2
Q

82
2NV 4 s\ VA + s~ ([0l + |A2p2>>dxdt (82)

<y (57/\8 // e 25¢T|p| 2 dxdt + // e 28 (|(~1p|2 +|B-Vp>+|D: V2p|2>>d$dt,
(0,T)xw’ Q
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for A > Cy and s > Co(T + T1/2). It is clear that
// e (Iépl2 +|B-Vp]*+|D: V2pl2) dxdt < s* // e g’ <s464|p|2 + 52| Vp|? + |V2pl2>dwdt,
Q Q

for s > Cj (T(||¢~1|C1X/>3 + | B|IX2 + || Dloo) + T1/2>. Combining the last estimate with (82), we deduce

// 6—2504 (86)\8§6|p|2 +S4)\6§4‘Vp‘2 +53>\4§3|Ap|2
Q

FS2NE2|V PP 4 sA2E|V AP + s~ 1¢ 1 (|aupl? + |A2p|2>)dxdt

< Cys™\8 / / e 2597 |p|2dadt,
(0,T) xw’

for s > Co(TCy + T/?) (Cy is given in (67)).
To treat the local term in the right-hand side of (83), let us introduce § € C§° () such that

0<60<1, fz)=1ifzew, Hz)=0ifxe QwnO.

By multiplying (69); by s"A%¢7e2%*¢® p and integrating par parts, we have

I 2 sT)\8 / / 03e=25°¢T|p|? dadt
(0, T)xw

= s')\8 // z(@t(e2m£798p) + A2(e7 252708 p) dadt
(0, T)xw

>

+e—2sa€798ap 1+ B- V(6_28a5798p) +D: V2(€—23a5798p)) dzdt.

By using the fact that

A2(672sa£798p) _ A2(€725a§798)p + 672sa§708A2p + 4VA(672SO‘§708) . vp + 4VAp . V(6728a§708)
+2A(6_28a£708)AP + 4v2(e—23a€798) . v2p

< o oo 1A%+ SINIE ] + SN Tl + 2T + AT,
combined with (83) and by applying Young’s inequality, we have
I < Cys'OAl0 // e 21022 dxat,
(0,T)xw
for A > Cj and s > Co(TCy + T*/?) and where Cy is given in (67). Combining the last estimate with (83),
// e—2sa (86/\8§6|p|2 +S4)\6§4‘Vp|2 + 53/\4£3|Ap|2
Q

we deduce

LNV 4 sXEVAPP + s (0P + |A2p|2>)dxdt
S 00816)\16 // 6_2sa£16|2|2d1}dt,
(0, T)xw

15



for A > Cy and s > Co(TCy + T1/2) and where Cj is given in (67). Combining the last estimate with (81),
we deduce our aim result. O

Now we give the proof of Proposition 3.2.

Proof of Proposition 3.2.
We give a sketch of the proof.

For £ > 0, we consider the following functional defined on L?(Q2) :

// |z|2dwdt + ||po| 120y + / Czdxdt, (85)
(0,T)xw

where (2, p) is the solution of (69)-(70) with initial data py € L*(£2). Tt is easy to see that J. is a continuous
and strictly convex functional. Moreover, from the fact that

lim inf Je (po)

_veVwr) o> g,
ol 20y —+o0 ([P0l L2(02

we deduce that J. is coercive. So, we deduce the existence of a unique minimum pj € L? (©2). By taking
€

v® = 2%x, where (2°,p°) is the corresponding solution of (69)-(70) with initial data py = pg, we deduce
easily (68).0

3.2 A null controllability result for the semi-linear system.

This section is devoted to the proof of Theorem 1.3.

At first, from the fact that f is C* globally Lipschitz function and f(0,0,0) = 0, we have the following
decomposition :

2
f(s,p.9) = 9(s,p,q)s + G(s,p,q) - p+ E(s,p,q) : q, V(s,p,q) € R x RN x RN,

where g : R x RY xRY" 5 R, G:RxRY x RV 5 RY and E: R x RY x RN’ — RY". Furthermore,

1
o(s,p,q) = / 9. f (A, Ap, M)A, G(s,p.q) / Opf (A, Ap, Ag)AA, E(s,p,q / 9,f (\s, Ap, Aq)dA.  (86)
0

Let us set Z = L*(0,T; H* N H}()). For each 3 € Z, we consider the following system :

Ays + A%y; + 9(3, V3, V33)y; + G5, V3, V33) - Vy; + E(3, V3, V%) : Vi, = C+ xwv; in Q)
y; =Ay; =0 on Y , (87)
y;(0,-) =0 in Q,

—Ouy + A%uy + 05 f(3, V3, V23)uy — V- (8, f(3, V3, VZ3)u;) in Q,
+V2(0, £(3, V3, V33)us) = x0U;

u; = Auy; =0 on X ,

uy(T,-) =0 in Q.
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Let us set for each 3 € Z
aé :g(j7v3av23) ELOO Q I

(Q)
By, =G(3,V3, V%) e L=(Q)N,
Dy =E(3,V3, V%) € L2(Q)N,
a, =05 f(5, V3, V%) € LX(Q),

(Q)

(Q)

(89)
B, =0,f(:V5, V%) €L*@Q",
Dy =0, f(5,V5, V%) € L=(QN.
From the definition of f, we have
lazlloo + 1Bz lloo + 1Dz lloo + lldzllo + 1Bz lloo + 1Dzl < M, Vz € Z, (90)
where M = || f|lws . Then, by applying Proposition 3.2, we deduce that there exists a control v* = v§ €

L*((0,T) x w) such that the corresponding solution (y5,u3) of (87)-(88) satisfies

[u5(0, )2 <€

= 1/2
Yol Ca
||v§||L2((07T)><w) S 602 <// evt |C|2d$dt> s (91)
Q

where Cy is given in (13). Here, we used (90).

and where

Now, the idea is to prove the existence of at least one fixed point y° of the following mapping :

3= AG) =y;,

where y; is the corresponding solution of (87) for v; = v;. Thus, let us recall the Schauder fixed point

theorem :

g
5
Theorem 3.6. Let Z be a Banach space and K C Z is a compact set. If A : K — K is continuous, then A
has a fized point.

Let us check that Schauder fixed point theorem can be applied to A. First, it is clear that Z is a Banach
space. On the other hand, by applying Lemma 2.1 to y; the solution of (87), for a = a;, B= B;, D = D,
and F' = ( + x,v; we have

L e [ P H S (92)
where C is given in (39) and Y = H'(0,T; L*(Q)) N L(0, T; H*(Q))NC°([0, T]; H*(R2)). So let us introduce

the subset K :
_ = 1/2
C; 2112
K= {yGY;IIyly <e (// eVt |(] dxdt) }
Q

where Cy is given in (13). Then, we deduce that A(Z) is embedded in K.

Now, let us prove that A is continuous. Let (3,,)nen be such that 3, — 3 in Z. We have
a;, — a, a;, — a, weakly * in L™°(Q),
B, — B;, B,, — B, weakly x in L>(Q)",

D, — D,, D, — D, weakly  in LOO(Q)NQ.
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Let us denote pj respectively pg ,, for n € N the unique minimizer of the functional J defined in (85) where
a=a;, B=DB;, D=D,,a=a,, B = Bz and D = Dz respectively a = a5, B=B; ,D =D, a=a,,,
B = B;, and D = D, . Using the fact that J. is uniformly coercive (by using (90)), we deduce that (g ,,)nen
is uniformly bounded. By extracting subsequences, we have

P — D weakly in L*(Q). (94)
Let us now denote (2°,p%) respectively (2;,p;,) for n € N the solution of (69)-(70) for a = a;, B = B;,
D =D,,a=a;, B=B;, D= D, and pg = pj respectively a = a;,, B=5B;,,D =D, a=a;,, B=D5;,
D = D;, and pg = pg,- From (93) and (94), we deduce that

P, — 1% in L*(Q) (95)

and
25— 2 in L*(Q). (96)

By denoting 0° = 2°x,, and 0, = 2 ., we deduce from the last two convergence
o5 — 0% in L*(Q). (97)

From the last convergence and (93), we deduce that A(3,) — A(3) in Z. This finishes the proof of the
continuity of A. So, we deduce that A has at least one fixed point. In other words, we proved that, for any
£ > 0, there exists v° € L?(Q) such that the solution (y°,u¢) of

Oy + A%y + f(y°, VY, V) =+ xv® inQ,

Yy =Ay* =0 on Y | (98)
y°(0,-)=0 in Q,
and
—0pu® + AU + 9, f(yF, VYT, V2 )us — V- (9, f(y°, Vi, VY )u®) inQ,
+V2: (0g f(y7, Vy©, VY us) = xoy° (99)
u® =Au® =0 on Y,
W (T,") =0 inQ,
satisfies E
[u=(0, )l L2) < e (100)

To finish the proof, it suffices to pass to the limit in (98), (99) and (100). First, let us notice that v*

satisfies 1o
— T
VL2 0,1y xw) < €02 e v |¢lPdxdt ) (101)
((0,T)xw) o

where O is given in (13). Combining this with (90), we deduce that the sequence (y°,u).~¢ is bounded in

Y x <L2(07 T; H*(Q)) N H* (0, T; H_Q(Q)) By extracting a subsequence, we deduce that

v — v weakly in L*(Q), (102)
Y =y in L*(0,T; H*(Q)), (103)
u® —u in L*(Q), (104)
and
u®(0,-) = u(0,-) in L*(Q). (105)

By passing to the limit in (98), (99) and (100), we deduce that there exists v € L?*(Q) such that the
corresponding solution of (56)-(57), satisfies (58). Moreover, we deduce that the control v satisfies (12).
This finish the proof of Theorem 1.3.
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4 Insensitizing controls for ¢,.

In this section, we are going to prove Theorem 1.4. We only prove a new Carleman estimate which leads
us to prove this Theorem by using the same ideas as in Section 3. Let us introduce the following control
system :

dw+ A w+aw+B-Vu+E:Viw=yx,v inQ,
w=Aw=0 on X , (106)
w(0,-) = yo(-) + 7o inQ,

where a € L>(0,T), B € L>=(0,T)" and E € L*(0, T)N2. As we said in the previous section, the existence
of a control v such that (1) holds is equivalent to the null controllability of a coupled system. So, we introduce
the following coupled system :

Oy+ A%y +ay+B-Vy+E:Viy=x,v inQ,

y=Ay=0 on X, (107)
y(0,) = yo(") in Q,

O+ A*utau—B-Vu+E:Vu=V-(Vylp) inQ,
u=Au=0 on Y, (108)
u(T,-)=0 inQ.

Let us consider the following adjoint parabolic system :

—Opp + A%+ ap) —B-Vip+E: V3=V -(Vplp) inQ,
Owp+A%p+ap+B-Vo+E:Vip=0 in Q,
Y=AY=0 on X, (109)
p=Ap=0 on X,
O(T,) =0, ¢(0,-) = @o(-) in 2,

where ¢o € L?(Q). Before we start our study, we introduce the following weight functions:

a(t) = mina, £(t) = max¢,

e e
* * . 110
o’ = aj,, =maxa, § = (§)),, =ming, (110)
€S e
7 is given in (51) and where wy CC O' Nw. In order to shorten the formulas , we define
T
g 25038 [ oy 30 [ et (€ 0B + 6E IVl
N ’ (111)
HIoysqo )
and
T
A —2sa™ *
o) 238 [ 2o (Pl + el + 00l )
(112)

+5908 // e 2595 | Ap|? drdt.
Q
In this section, let us denote C' a positive constant depending on Q, w, ||a]|sc; ||Blleo and || E||so-

We are going to prove the following Proposition :
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Proposition 4.1. There exists C = C(Q,w, ||a|loo, | Blloos | E|loc) such that

w1 < [ R (113)

for any X\ > C and any s > C(TY? +T), where (1, @) is the solution of (109).

We divide the proof in several subsections, the first one concerns the proof of a new Carleman estimate
for . In the second subsection we apply a Carleman estimate for ¢ and we conclude.

4.0.1 New Carleman estimate for .

Let us recall the system satisfied by ¢ :

o+ ANp+ap+B-Vo+E:Vie=0 inQ,
p=Ap=0 on X, (114)
(p(ov') :QOO(') n O,

where ¢q € Lz(Q). For this system we can prove the following Carleman estimate :

Lemma 4.2. There exists C > 0 such that for all po € L*(Q), we have

< 718 —2sa ¢7 2
I(p) < Cs'A //w’x(O,T)e ' Ap| dxdt, (115)

for any X\ > C, any s > C(TY? +T) and where wy CC w' cC wN O'.
Proof. We divide it in several steps. Before we start let us introduce the following remark :

Remark 4.3. In all this section, we prove Lemma 4.2 by using a density argument. Indeed, it suffices to
consider a,,, By, E, and ¢, are reqular enough and prove the following estimate :

< 748 —2sa ¢ T 2
Ipn) < Cos™® [ /w o ¢ A o (116)

where C,, = C(Q,w, ||an|loo, || Brlloos | Pnlleo) and ¢, is the corresponding solution of (114) for a = ay,
B=B,, E=E, and o = @on. Then, by passing to the limit in (116), we deduce our aim result.

Let us now start with the first step of the proof.

Step 1. Estimate for Ay .
Let us notice that Ay verifies

OAp + A*Ap+ Alap +B-Vo+ E:V3p) =0 inQ,
Ap =0 on Y, (117)
Ap(0,-) = Apo(:) in Q.
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Then by applying Lemma 2.5 to Ay with @ = ', Fy = —alAp, Fi = —B - Ay and FA'ij = —F; jAp and
taking into consideration Remark 2.6, we deduce

s5\8 // e 20| ApPdadt < 0(87)\8 // e 25| Ap|? dadt
Q w’ % (0,7)

+53/\3 // 672SQES|A29@|2dJEdt
P

(118)
+ [[[ ez (loapk + 2B A0
Q
+34A4§2|E|2|Aap|2d:ﬁdt>,
for any A > C and any s > C’(Tl/2 +T). By taking A > C and C’(Tl/2 +T), we deduce
sO\8 // e 25¢0 Al dadt < 0(57)\8 // e 25¢T Ap|? dadt
Q w'x(0,T)
(119)
+5°\3 // eQSO‘ESAQQQdedt).
b
Step 2. Treating the boundary term and adding other terms.
To treat the boundary term in the right-hand side of (119), let us prove the following Lemma :
Lemma 4.4. Let o fulfil (11/). Then, there exists C > 0 such that
I(p) < Cs®\® // e 2595 | Ap|? dadt, (120)
Q
for any X > C, any s > C(TY? +T), where I(p) was defined in (112).
Proof. Before we start, let us remark that
|De*| + 10,67 < CT(€)°. (121)
Let us set ¥ = e . It is easy to verify that ¢ fulfills
I+ A2+ ad+B-VI+E: VX =8¢ inQ,
9=AY=0 on Y, (122)

9(0,-) =0 in Q.

By using the fact that d;(e™>* ) € L?(Q), Lemma 2.1 for F = 8,(e™** )¢ and D = E and estimate (121),
we can easily deduce

T *
)\8 / e—23(x (
0

for any A > C, any s > C’(Tl/ yT ). Finally, by using interpolation inequalities, we can add the term

L | R (123

T
8 / €25 (£33 g

to the left-hand side of (123).
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Coming back to (119), we deduce

I(p) < c<57A8 / / e 25¢T| Ap|? dedt
W’ x(0,T)

+53\3 / / e2m53|A2<p|2dxdt>,
2

for A > C and s > C(T'/? +T). To absorb the boundary term in the right-hand side of (124), it suffices to
see that from (114) :

(124)

A2p=—-0ip—ap—B-Vo—E:V% inQ.

Then, we deduce that
A’p=—B.-Vo—F:V?% onX.

So, we have the following estimate :

573 // e 2 (PN dadt = 57N // e 2 (&)% = B- Vo — E : V¢|* dadt
% %
(125)

IN

T
053)\3/0 e 25 (5*)3”@”%{5/2+6(Q)dt’

for A > C and € > 0. So we can deduce that the boundary term in the right-hand side of (124) is absorbed
by a H?(Q) term that appears in the definition of I(¢) for A > C and & > 0 small enough. This finishes the
proof of Lemma 4.2. O

4.0.2 New Carleman estimate for .

Let us recall the system verified by v for a function ¢ given

—0p + A4+ a) —B-Vp+E: V=V -(Volp) inQ=(0,T)xQ,
Yv=AY=0 on X, (126)

By applying Lemma 2.5 to ¢ for & = w, Fy = ayp , F1 = Vyp — B and F = E ¢ with the small weight
e~ 2% we have

sOA8 // e—isa§6|w|2dxdtgc<s7A8 // e 35T 2 dadt
Q wx(0,T)

+// e~ (|ay 2 + 222 By ? + s* A€ E ¢]?)dudt (127)
Q

+52\2 // e_gso‘§2|V<p|2dxdt>,
Q

for A\ > C and s > C(T'? + T). To treat the last term in the right-hand side of (127), let us notice that

s2A? // e 252 |V |2 dudt s2\2 // e 252 |V |2 dudt
Q Q
T

—5sag
CSQX"/ e 20| Apl|72 g dt (128)

IN

IN

IN

0
Os?)\? /(26_25“§2|Ag0|2dt,
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for A > C and s > C(T"? 4+ T). We recall that @&(t) = mina and £(f) = maxa (see (110)). Here we used
z€Q reQ
that ¢ = 0 on 01.

Let us now prove some estimates on the first, second and third order derivatives of . Let us set w =
Megsa” . Tt is easy to verify that ¢ fulfills

O+ A +ap—B-VY+E:V%=Ff inQ,
v=Ap=0 onY, (129)
$(0,) =0 inQ,

where f = /\4V~(e*%5a*V<p]10)f)\48t (e*%a*)w. Let us notice that f € L2(0,T7; H~(Q)). Indeed, it suffices
to remark that

T
oo iy < A° / e~ 359" | V|2, 0t + 55N //Q 8 (690 | Pdadt

T
gcAg/ e 2 678 //Q e 2590 |2 ddt (130)
0

< CI(p) + sA3 // e 350 ¢0 N8|y |2t
Q

for A\ > C and s > C(T"/? +T). By applying Lemma 2.1, by taking in consideration Remark 2.2, we deduce

HJ’”%z(O,T;H?’(Q)) < CHf||L20TH 1(Q))

c( +56>\8// e~ 3sgb |1/12dzdt> (131)

IN

for A > C and s > C(TY? +T).

Here we proved an estimate for the third derivatives of 1. To add the first and second order derivatives
of 1), it suffices to use interpolation argument between H?3(Q) and L*(Q) spaces.

Combining the last inequality with (115), (127) and (128), we deduce

JW) +1I(p) < 0(57)\8 // e_%‘m£7|z/}|2da:dt + 578 // e 25| Apl? dxdt), (132)
wx(0,T) w’x(0,T)

for any A > C and any s > C(T*/2 4+ T).

4.0.3 Last arrangements and conclusion.
In this subsection, we treat the last term on the right-hand side of (132). Let us introduce a function 6
such that
0<0<1, fxz)=1lifzed, 0()=0ifz € Q\w.
Let us notice that from (109), we have
o)+ A%+ ap —B-Vip+ FE: V) =Ap in .

Recall that w’ was defined in Lemma 115. Then we deduce that

1A = Ap(—1p + A%+ ath — B-Vip+ E: V) in .
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So, we have

sTA8 // e BT ApPdedt < sTAS // e 25 TO Ap (=0 + A%
w'x(0,T) wx(0,T)

(133)
+a) — B -Vip + E : V) dxdt.
By integrating by parts and using the fact that e 2** < ¢72°% and ¢ < £, we deduce
sTA / / e B0 ApP dadt = TN / / 00, (e~ 2%(€)" Ap)hdadt
wx (0,T) wx(0,T)
+57\8 / / e~ 2% ()T A0 Ap) Ay dadt
wx (0,T)
+57\8 // e 20 Ap avp dadt
wx (0,T) (134)
—sT\8 / / e~ 2%(E)0*Ap B - Vip dadt
wx (0,T)
+57A\8 / / e B0 A E - V2 dudt
wx (0,T)
=h+L+I3+1,+Is.
To shorten the formulas below, let us denote
duw) =N [ e @ T 4 67V dadt.
wx(0,T)
We use the fact that
at(e—Qs&(é)7) < 0336_28d(é)10
for s > C(Tl/2 + T), we integrate by parts and we deduce
I, = 58 / / 040, (e~ 2% (6)") Appdadt + s\ / / e 25%9,0()T A(0*))|dxdt
wx(0,T) wx(0,T7)
< el(p) + C(E)du(¥),
fore >0, \>C and s > C’(Tl/2 + T). On the other hand, we have
I, = s'\8 / / e B T(ABY) Ap + 2V (%) - VA + 02 A20) Ay dadt
wx(0,T) (135)
< el(p) + C(e)Ju (V)
fore >0, A>C and s > C’(Tl/2 + T). Moreover, it is easy to see that
Li+1I,+1I; < el(p)+CE)Ju(),
fore >0, \> C and s > C(TY? 4+ T). Combining the last computations with (132), we deduce
J() +1(p) < CIu(¥), (136)
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for A > C and s > C’(Tl/2 + T). To finish the proof, it suffices to treat the term on the right-hand side
of (136). We will treat only the last term of J,(¢) because it is more complicated than the others. Let us
denote

Gao(w) 20 [ oy & T @ T dadt.
wx (0,

By integrating by parts, we have

e
=
3
E
AN

C<514A8 / / ( )e—4s@+2w*(5)1402|VA¢|\V¢|dmdt
wx(0,T

+Sl4)\8 // e—4s&+28a*(g)149|v2w||vwdmdt)
wx(0,T") (137)

IN

€J(¢) + 08528/\8 // 678s&+%sa* (5)280|v¢‘2d$dt
wx(0,T)

fore >0, A\ > C and s > C(TY?+T). To treat the last term on the right-hand side of (137), by integrating
by parts for the last time, we deduce

Buul) < eI0)+CS [[ e G P, (138)
wx (0,T)

fore >0, A\>C and s > C(T"/? + T). Combining this with (136), We deduce
J() + I(p) < CsP4)\8 // 6—165&-1—371504*(5)54|¢|2dxdt’ (139)
wx(0,T)

for A\ > C and s > C’(Tl/2 + T). Using the fact that for A > C and s > C’(Tl/2 +7),

S
)

Bl

165G+ 3L s /X _
554/\86 16sa+ 5 sa (5)54 S e
we deduce

w1 < [ & (140)

for A > C and s > C(T'/? +T). This finish the proof of Proposition 4.1

5 Negative controllability results for coupled systems of second
and fourth order parabolic equations in dimension N.

This section is devoted for the proof of Lemma 1.6 and Lemma 1.10. We divide the proofs of these two
Lemmas into several parts depending on the dimension N € N.

Proof of Lemma 1.6.

e Dimension N = 1.
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3
Let us denote Q =0, 27[, O :}g7 g[ and let us consider the following system :

d? d
Lgoz—d—mf—ka(x)w—I—B(:v)ﬁ:O in Q, 1)
141

©(0) =p(2m) =0,

where a € L*°(0,27) and B € L*(0,27). To find a counter example, the main idea is to take some functions
a and B vanishing in O. So let us define the function a as follows :

. T 3T
() -1 1f:r€[0,§]U[7,27r],
a\r) = T 3T
0 if -, —
i x€]2, 2[

and B = 0. It is not hard to see that a solution for this system is the following one :

™ 3T

sin(z) if z € [0, 5} U [7, 27]
. m 3w
plz) =41 if 6]5)?[7

—sin(z) ifze [3%,277]

and ¢ € H?(Q). By taking ¢y = @ in (21), we deduce that the corresponding solution (1, ) of (21) does not
satisfies Unique Continuation Principle given in (22). Indeed, let us remark that the corresponding solution
of (21) verifies ¥ = 0, p(t, x) = @(z) for (t,z) € Q and we have

=0 in (0,T) xw but ¢ #0 in Q, (142)

for any w C .

o Dimension N = 2 .

Let us denote O = {(z,y) € R%;j 22 +y® < e ™}, Q = {(x,y) € R* 2% +y* < 1} and let us consider the
following system :
Lo =—-Ap+a(z,y)p+ B(x,y) V=0 inQ,

B (143)
p=0 on Of)

where
1

RN
0 if (z,y) € O,

if (x,9) € Q\ O,
a‘(xvy):

and B = 0. So, we deduce a solution :

sin(log(v/a? +32)) i (z,y) € {(z,y) e R*%e™™ <a® +y* <1},
-1 if (z,y) € O
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and ¢ € H*(Q). By taking o = ¢ in (21), we deduce that the corresponding solution (1, ) of (21) verifies
Y =0, pt,z) = p(x) for (t,z) € Q and we have

=0 in (0,T) xw but ¢ #0 in Q, (144)

for any w C Q.

e Dimension N > 2 .

N
Let us denote O = {x = (z1,%2,...,2n) € RY;||z]]2 = me < e”}, Q= {x = (21,22, ..,TN) €
i=1
RV ||z]3 < 1} and let us consider the following system :

Lo=—-A¢p+a(x)p+B-Veo=0 inQ,
(145)
=0 on Of)
where a € L*°(Q) and B € L>(Q)". Let us denote

1

_ 1l remw,
_ ) =13
a(z) =
0 ifzeO
and N9
W ifreQ\w,
B(z) = 2
0 ifz e 0.

Then, we deduce the following solution :
sin(log(||z]l2)) ifzeQ\w,
-1 ifreO

and ¢ € H?(). As we did above it is not hard to see that the corresponding solution (v, ) = (0, @) of (21)
for po = ¢ does not satisfies Unique Continuation Principle given in (22) for any w C Q. O

Let us now give the proof of Lemma 1.10.

Proof of Lemma 1.10.
e Dimension N = 1.
3 97w . .
Let us denote 2 =|0, 67[, O :}7, ?[ and let us consider the following system

2

EWZO inQ,

d*p
Lo="*%
o= T2 1 a(a)p +b(x)

©(0) = p(6m) =0, (146)

(6m) =0,

d?¢ d*p
20 =52
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where a,b € L*°(0,67). As we did above, the same idea will be applied here. We consider some functions a
and b vanishing in O. So let us define two function a and b

3 97

. é itz e (0,5 0[50
a\r) = 3 9
0 1fxe]§,§[
e 1 i e0. 20T 6
b(x) = ! 37; 297r P
0 if x 6]7,7[

It is not hard to see that a solution for this system is the following one :

1
3 sin(z) + gsin(g) if z € [0, %T] )
. 31 9w
g(z) =41 itz €5, o[,
1
~3 sin(z) — =sin(z) if z € [—,67]

and ¢ € H*(Q). Let us notice that the corresponding solution (v, p) = (0,@) of (27) for ¢y = @ does not
satisfies Unique Continuation Principle given in (28) for any w C Q.

e Dimension N = 2.

In dimension N = 2, let us denote O = {(z,y) € R%; 2% +3? < e 3™}, Q = {(z,y) € R%; 2%+ < 1} and
let us consider the following system :

Lo =A%0 44V -VAp+BAp+a(z,y)p=0 inQ,

(147)
p=Ap=0 on 0} ,
where 1
f Q
9(332 +y2)2 1 (xay) € \O )
a(z,y) =
0 if (z,y) € O,
46
if (z,y) € Q\O,
9(x2 + o2
Blayy) ={ Y
0 if (z,y) € O
and " y
(o) @y em\o,
V(z,y) =
(0,0) if (z,y) € O
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We can deduce a solution of the previous system :

g sin(log(v/a 1 42)) + sin(3 log(v/a2 7)) if (r,) €D\ 0,

9 if (z,y) € O

and ¢ € H*(Q). At the end, we can deduce that for ¢y = @, the corresponding solution (¢, ) = (0, @) of
(27) does not satisfies Unique Continuation Principle given in (28) for any w C Q. O
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