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Spectrally Efficient Multiplexing of Chaotic Light

We numerically demonstrate multiplexing and demultiplexing of two distinct chaotic optical signals with strongly overlapped spectra, which are generated by mutually coupled external-cavity semiconductor lasers. Demultiplexing is performed by complete chaos synchronization, while the lasers at the receiving end are optically injected with the same multiplexed signal that couples the emitters together. Such a configuration could lead to spectrally efficient chaos-based optical encryption and decryption of multiple data streams.

Optical chaos-based communication between two users has attracted considerable attention since high-bit-rate physical layer security can be achieved [START_REF] Vanwiggeren | Communication with chaotic lasers[END_REF][START_REF] Argyris | Chaos-based communications at high bit rates using commercial fibre-optic links[END_REF]. When more than two users are involved, and a single optical channel is available, it is necessary to multiplex the chaotic signals of the different users. In conventional optical communications, time-and wavelength-division multiplexing (TDM and WDM) are well known protocols that make use of different time slots and wavelengths, respectively, to convey each user's signal. It has been proposed to apply WDM [START_REF] Uchida | Dual synchronization of chaos in microchip lasers[END_REF][START_REF] Matsuura | Chaotic wavelength division multiplexing for optical communication[END_REF][START_REF] Zhang | Wavelength division multiplexing of chaotic secure and fiber-optic communications[END_REF][START_REF] White | Multichannel communication using an infinite dimensional spatiotemporal chaotic system[END_REF][START_REF] Buldú | Multimode synchronization and communication using unidirectionally coupled semiconductor lasers[END_REF][START_REF] Lee | Two-mode chaos synchronisation using a multi-mode external-cavity laser diode and two single-mode laser diodes[END_REF] to optical chaotic communications. Chaotic WDM can be achieved using either multiple chaotic single-mode lasers operating at detuned wavelengths [START_REF] Uchida | Dual synchronization of chaos in microchip lasers[END_REF][START_REF] Matsuura | Chaotic wavelength division multiplexing for optical communication[END_REF][START_REF] Zhang | Wavelength division multiplexing of chaotic secure and fiber-optic communications[END_REF] or multi-mode lasers [START_REF] White | Multichannel communication using an infinite dimensional spatiotemporal chaotic system[END_REF][START_REF] Buldú | Multimode synchronization and communication using unidirectionally coupled semiconductor lasers[END_REF][START_REF] Lee | Two-mode chaos synchronisation using a multi-mode external-cavity laser diode and two single-mode laser diodes[END_REF]. Users on the receiving end synchronize their chaotic fluctuations with those of the same-frequency emitter. Though interesting, chaotic WDM has the disadvantage of requiring a large frequency separation between channels to avoid interference between each user's wide spectrum [START_REF] Zhang | Wavelength division multiplexing of chaotic secure and fiber-optic communications[END_REF]. The application of the other standard multiplexing approach, TDM, would not lead to any improvement of the spectral efficiency of the communication.

In this letter, we show how to use more efficiently the large bandwidth of optical chaos for multiplexed communications. For this purpose, we propose an optical analogy of active-passive decomposition (APD) [START_REF] Kocarev | General approach for chaotic synchronization with applications to communication[END_REF] to create a multiplexed signal that equally drives the dynamics of the master and slave lasers. The separation of each carrier is performed through complete synchronization of each master/slave laser pair. The synchronization properties are numerically investigated in the special case of two pairs of lasers.

Figure 1 shows a two-user setup composed of two mutually coupled master lasers (M 1 and M 2 ) unidirectionally coupled to two slave lasers (S 1 and S 2 ). Each master is subjected to delayed optical feedback from mirror M f and to delayed optical injection from the other master. A linear combination of the two masters' delayed complex optical fields is thus injected in each master, but with Fig. 1. (Color online) Multiplexing scheme based on optically coupled semiconductor lasers. LD: laser diode (labeled M1, M2 for the masters and S1, S2 for the slaves), CS: current source, M, M f : mirrors, VA 1 ,VA 2 : variable attenuators, BS: 50/50 beam splitter, OI: optical isolator. E T is the multiplexed field sent to the slave lasers. specific strength (different variable attenuators), phase, and delay (different optical paths) for each field. The same linear combinations are then optically injected, after propagation on a free-space optical channel, into the uncoupled slave semiconductor lasers (S 1 and S 2 ). As a result, the dynamics of each slave is driven by an identical, though time-shifted, copy of the signal that drives the corresponding master. This coupling architecture can be considered an application of APD to multi-user optical delayed systems.

We have investigated theoretically the synchronization properties of our setup based on the assumption of single-mode semiconductor lasers modeled by the Lang-Kobayashi equations [START_REF] Lang | External optical feedback effects on a semiconductor injection laser properties[END_REF]. The system of equations for n = 0 GHz. The internal parameters are:

β sp = 1000 s -1 ). The operational parameters are J m 1 = J s 1 = 2.75J th , J m 2 = J s 2 = 2.5J th , and η m 11 = η c 11 = 10 GHz, η m 22 = η c 22 = 15 GHz, η m 12 = η m 21 = η c 12 = η c 21 = η m 1 η m 2 ,
α m,s 1 = 5, α m,s 2 = 4, τ m,s p1 = 2 ps, τ m,s p2 = 1 ps, γ m,s s1 = 0.5 GHz, γ m,s s2 = 1 GHz, ε m,s 1 = 5 × 10 -7 , ε m,s 2 = 2.5 × 10 -7 , g m,s 1 = 1.5 × 10 -4 s -1 , g m,s 2 = 1 × 10 -4 s -1 , N m,s 01 = 1.5 × 10 8 , N m,s 02 = 2 × 10 8 .
emitter-receiver laser pairs reads

dE m k dt = 1 2 (1 + iα m k ) (G m k -1/τ m pk )E m k + F m k + n j=1 η m jk exp(-iω m 0j τ m jk + i∆ω m/m jk t)E m j t -τ m jk (1)
dE s k dt = 1 2 (1 + iα s k ) (G s k -1/τ s pk )E s k + F s k + n j=1 η c jk exp(-iω s 0j τ c jk + i∆ω m/s jk t)E m j t -τ c jk (2) dN m,s k dt = J m,s k -γ m,s sk N m,s k -G m,s k |E m,s k | 2 (3) 
where the subscript k denotes the kth lasers pair and superscripts m, s master or slave variables, respectively, independent Gaussian white noises with unitary variance. The geometry of our system leads, with the assumption of identical perfectly reflecting mirrors and identical optical coupling efficiencies in all laser cavities, to the following relations between flight times and coupling strengths:

E m,s k = |E m,s k |e iφ m,s k is the slowly varying complex elec- tric field, N m,s k the carrier number, G m,s k = g m,s k (N m,s k - N m,s 0k )/(1 + ε m,s k |E m,s k | 2 )
τ m jk = τ m kj = τ m jj + ∆τ m kj /2 with ∆τ m jk = -∆τ m kj = τ m jj -τ m kk and η m kj = η m jk = η m kk η m jj .
Additionally, our scheme has been devised in such a way that in each pair M k /S k is subjected to all the master chaotic optical fields E m j with identical relative time shifts. Mathematically, this means that τ m kk -τ m jk = τ c kk -τ c jk . Furthermore, it is necessary to set η m jk = η c jk to ensure that each coupling field has the same weight in the master and slave equations within a pair. This necessary condition naturally extends the coupling requirement for complete chaos synchronization between a single master and a single open-loop slave laser [START_REF] Locquet | Synchronization regimes of optical-feedback-induced chaos in unidirectionally coupled semiconductor lasers[END_REF]. Under the conditions above, a regime of complete synchronization exists in each pair M k /S k , in the absence of noise and of parameter mismatch between the lasers of a pair, and are mathematically described by the following equations:

E s k (t) = E m k (t -∆τ k ), φ s k (t) = φ m k (t -∆τ k ) -ω m 0k ∆τ k (mod 2π), and N s k = N m k (t -∆τ k )
, where ∆τ k is a time lag given by ∆τ k = τ c kk -τ m kk . Figure 2 presents theoretical synchronization diagrams of our system described by Eqs. ( 1)-( 3) with n = 2. They represent the evolution of the optical intensity, defined by

I m,s k = |E m,s k | 2
, of each master as a function of its respective slave. They are plotted without and with spontaneous noise emission in Fig. 2-case (a) and -case (b), respectively. Additionally, the synchronization quality is evaluated with the cross-correlation coefficient

C jk (τ ) = [I m j (t + τ ) -I m j ][I s k (t) -I s k ] I m j (t + τ ) -I m j I s k (t) -I s k 1/2 , ( 4 
)
where • is the time-averaging operator. In Figs. We find that the degree of decorrelation between each pair strongly depends on the value of coupling parameters, as will be detailed elsewhere. The introduction of noise destroys the perfect synchronization [C 11 (∆τ 1 ) ≈ C 22 (∆τ 2 ) ≈ 0.97 and C 12 (∆τ 1 -∆τ 2 ) ≈ 0.07], but the trajectories in the plane (I m k , I s k ) remain sufficiently close to the noiseless synchronization manifolds [Fig. 2(b1)-(b4)] for our scheme to be used for communication applications.

We determine that perfect synchronization remains robust to parameter mismatch between lasers in a pair as well if the mismatch level is comparable to that encountered in single emitter/receiver laser configurations [START_REF] Sánchez-Díaz | Encoded Gbit/s digital communications with synchronized chaotic semiconductor lasers[END_REF]. Additionally, it must be noted that our APD-based coupling configuration does not limit the amount of mismatch between two different pairs (so long as they remain in chaotic regimes). By way of illustration, the case of two laser pairs has been presented, but this number can be increased: if each new master laser shares the original external cavity, and each slave laser remains decoupled and properly injected. Simulations suggest that complete synchronization still exists for a large range of coupling parameters and remains stable as n is increased. This architecture has thus the potential to handle chaos-based communications between numerous users.

Finally, we investigate the spectral efficiency of the proposed multiplexing scheme by computing the optical spectrum of each master laser M k and of the optical field E T propagated on the transmission channel. Figure 3 shows the spectra of the two free-running master lasers (inset) and of the coupled external-cavity master lasers. The free-running spectra are centered at ∆f = 0 GHz. The mutual coupling and feedback induce chaotic behaviors of both M 1 and M 2 resulting in spectral broadening. The two chaotic spectra significantly overlap and have identical bandwidth (taken 20 dB below the spectrum's maximum) ∆f E m 1 ≈ ∆f E m 2 ≈ 25 GHz. Since the transmitted signal E T has a bandwidth ∆f E T ≈ 25 GHz, it presents similar spectral properties to each master chaotic optical field but with more optical power [Fig. 3]. Assuming each master signal E m k (k = 1, 2) encodes a different information-bearing message, the message bit rate will be double compared to the single-ECL emitter case, while using a similar bandwidth. Our scheme could thus lead to a dramatic increase of the spectral efficiency of chaotic communications. Additionally, the transmitted signal E T may also mislead an eavesdropper trying to attack the system, who could consider it is as resulting from a single chaotic external-cavity semiconductor laser.

In this letter, we have shown for the first time to our knowledge the possibility to multiplex and Fig. 3. (Color online) Optical spectrum of each master laser and of the transmitted signal, calculated using Welch's method. Free-running (inset) and chaotic spectra are represented. Parameters are the same than in Fig. 2.

demultiplex chaotic optical fields with a strong spectral overlap and produced by two semiconductor lasers with identical free-running wavelength using both a coupling architecture based on APD concepts and complete chaos synchronization. Our results pave the way toward spectrally efficient optical encryption of multiple datastreams using chaotic semiconductor lasers.
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 2 Fig. 2. (Color online) Synchronization diagrams in planes (I m k=1,2 (t -∆τ k ), I s j=1,2 (t)) without (in case (a)) and with spontaneous-emission noise (in case (b), β sp = 1000 s -1 ). The operational parameters are J m 1 = J s 1 = 2.75J th , J m 2 = J s 2 = 2.5J th , and η m 11 = η c 11 = 10 GHz, η m 22 = η c 22 = 15 GHz, η m 12 = η m 21 = η c 12 = η c 21 = η m 1 η m 2 , and τ m 11 = 1 ns, τ m 22 = 4 ns, τ c 11 = 10 ns, τ c 22 = 15 ns, and ∆ω
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 11 Fig. 2. (Color online) Synchronization diagrams in planes (I m k=1,2 (t -∆τ k ), I s j=1,2 (t)) without (in case (a)) and with spontaneous-emission noise (in case (b), β sp = 1000 s -1 ). The operational parameters are J m 1 = J s 1 = 2.75J th , J m 2 = J s 2 = 2.5J th , and η m 11 = η c 11 = 10 GHz, η m 22 = η c 22 = 15 GHz, η m 12 = η m 21 = η c 12 = η c 21 = η m 1 η m 2 , and τ m 11 = 1 ns, τ m 22 = 4 ns, τ c 11 = 10 ns, τ c 22 = 15 ns, and ∆ω m/s 11 = ∆ω m/s 22 = ∆ω m/m 12

  is the nonlinear gain with g m,s k the differential gain, N m,s 0k the carrier number at transparency, ε m,s k the gain saturation coefficient, τ m,s pk the photon lifetime, α m,s k is the linewidth enhancement factor, γ m,s sk is the carrier decay rate, J m,s k is the pumping current density, ω m,s 0k is the free-running laser frequency, τ m jk (τ c jk ), η m jk (η c jk ), ∆ω m/m jk = ω m 0j -ω m 0k (∆ω m/s jk = ω m 0j -ω s 0k ) are the flight time, injection strength, and detuning between the jth and the kth master laser (the jth master laser and the kth slave laser). Spontaneous emission noise is modeled by Langevin sources F m,s k = 2β m,s k N m,s k ξ m,s k with β sp the spontaneous emission rate and ξ m,s k
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 2 a1)-(a4), straight lines are observed and correspond to perfect chaos synchronization of each laser pair M 1 /S 1 and M 2 /S 2 [C 11 (∆τ 1 ) = C 22 (∆τ 2 ) = 1] with time lags ∆τ 1 = 9 ns and ∆τ 2 = 11 ns. Figures 2(a1)-(a4) display a cloud of points which reveals a low degree of correlation between each laser pair [C 12 (∆τ 1 -∆τ 2 ) ≈ 0.04].
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