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ABSTRACT

This paper focuses on the optimal sensor placement problem
with the purpose of signal extraction in an underdetermined
noisy setting. Assuming prior information on the spatial gain
of the measured signal and on the spatial noise correlation,
we propose a sensor placement criterion based on the maxi-
mization of the average signal to noise ratio of the estimated
signal. Our approach differs from classical Kriging based op-
timal sensor placement approaches, since the latter focus on
best reconstruction of the spatial measured field and not on
the estimation of an underlying signal. Performance analysis
of the proposed criterion is presented along with synthetic re-
sults. It is observed that sensor placement with our criterion
significantly outperforms other methods based on Kriging.

Index Terms— Optimal sensor placement, Kriging, Sig-
nal extraction.

1. INTRODUCTION

Optimal sensor placement plays an important role in a vari-
ety of domains such as industry, medicine, wireless commu-
nications, aerospace, biomedical and civil engineering, envi-
ronmental studies, and robotics [1–7]. In such applications,
one is usually dealing with data acquisition for the purpose
of monitoring a spatial phenomenon. Due to resource con-
straints, the number of sensors is usually limited and an im-
portant task is to find the best positions to install them, such
that the maximum information can be collected to provide the
best estimation of the phenomenon.

In this paper, we target the problem of optimal sensor
placement in the specific application of signal extraction from
recordings. In other words, the aim of this study is to choose
the sensor locations so that the estimation of a source sig-
nal of interest from the recordings leads to the best estima-
tion in the signal-to-noise ratio (SNR) sense. We assume
that the signal of interest is measured at each sensor with a
time-invariant spatially-variant gain plus an additive Gaus-
sian spatially-correlated noise. By using a stochastic spatial
model on the gain and on the noise, we propose a robust sen-
sor placement criterion based on the maximization of the av-
erage SNR. This criterion integrates not only the average gain
and noise correlation but also the uncertainty on the gain.

This work can be seen as a different twist on optimal
sensor placement using Kriging (spatial Gaussian processes),
here we focus on reducing the uncertainty on the signal source
to be extracted. This differs from the classical Kriging-based
methods [8–10], since these methods focus on reducing the
uncertainty directly on the spatial phenomenon, which would
correspond to reconstruct the gain and not the signal itself. In
the classical Kriging approach, sensor locations are selected
according to criteria such as entropy [8, 9] or mutual infor-
mation [10] on the gain, while in our case the criterion is the
average SNR of the signal itself.

Our work can also be seen as a problem of optimal source
extraction, thus being related to the domain of source separa-
tion [11]. We are here interested in extracting only a single
source signal from a linear mixture with many other sources
assuming the following: 1) prior information on the spatial
gain of the target source is available; 2) the effect of the other
sources on the sensors can be modelled by an additive spa-
tially correlated Gaussian noise. It is important to stress that
we do not focus on proposing a new algorithm for source
extraction itself, but on choosing the sensor positions such
that we obtain the best extraction performance with a given
source estimator (linear estimator). It is worth noting that
in the over-determined case (i.e. if the number of sensors is
larger than or equal to the number of sources to be retrieved),
there exist equivariant source separation methods [12], i.e. the
quality of source retrieval is independent of the spatial gains
and thus independent of the sensor positions. This property
justifies why previous studies focused on providing the best
algorithms to recover the sources but were not interested in
choosing the best sensor locations. In the problem studied
here, since the noise spatial correlation matrix is always full
rank, the number of underlying sources composing the noise
is always greater than the number of sensors. Therefore, such
nice equivariance property is lost and performance may be
dependent on the gain and on the noise, making the choice of
sensor locations of great concern.

The rest of this paper is organized as follows: in Section 2
the details of the proposed method will be presented and dis-
cussed. Section 3 presents the performance of the proposed
method and compares it with classical Kriging methods.



2. PROPOSED METHOD

This section details the proposed method to choose the best
sensor locations for source extraction.

2.1. Linear estimator for source extraction

Let us assume that the observation y(x, t) at location x and
time t is a mixture of a source of interest s(t) and a spatially
correlated additive noise n(x, t) as

y(x, t) = a(x)s(t) + n(x, t), (1)

where a(x) is the spatial gain of the signal of interest s(t) at
location x. The vector x ∈ RD represents the coordinates
of the sensor in the D-dimensional space. Typically, D ∈
{1, 2, 3}, i.e. if the sensor can be placed on a curve, on a
surface or in 3D space, respectively.

Considering that K sensors have been placed at locations
XK = {xk}k∈{1,···,K}, the aim of linear source extraction is
to design a vector f ∈ RK to estimate the source by

ŝ(t) = fTy(XK , t) = fTa(XK)s(t) + fTn(XK , t), (2)

where y(XK , t) = [y(x1, t), . . . , y(xK , t)]
T , a(XK) =

[a(x1), . . . , a(xK)]T and n(XK , t) = [n(x1, t), . . . , n(xK , t)]
T .

Classically, a criterion to choose the best f is the output
signal-to-noise ratio (SNR) defined by

SNR(f) = E[(fTaKs(t))2] / E[(fTnK(t))
2
], (3)

where for the sake of simplicity wK stands for w(XK)
for any spatial function w(·). Assuming that the signal
time samples are temporally zero-mean, independent and
identically distributed (iid) and denoting σ2

S = E[s(t)2]
and Rn

K = E[nK(t)nT
K(t)], then the SNR (3) resumes to

SNR(f) = σ2
s (f

TaKaTKf) / (fTRn
Kf). Maximizing it to

express the best extraction vector f∗ leads to1

f∗ = (Rn
K)
−1

aK , (4)

and the achieved output SNR is given by

SNR(f∗) = σ2
S aTK(Rn

K)
−1

aK . (5)

2.2. Optimal sensor location for source extraction

If M sensors are used, the aim of optimal sensor location for
source extraction is thus to find the best location X∗M so that
the output SNR (3) is maximum. According to (5), this prob-
lem resumes to choose XM such that

J(XM ) = aTM (Rn
M )
−1

aM (6)

is maximum: X∗M = argmaxXM
J(XM ).

1The scaling factor is here not tackled since in source extraction, the main
goal is to enhance the signal of interest. Additional prior information on the
signal amplitude can then be used to properly scale the extracted source.

A difficulty arises from this scheme: the optimal extrac-
tion vector f∗M (4) needs a perfect knowledge of the spatial
gain a(x) of the source of interest and of the spatial covari-
ance of the noise to express the criterion (6). To overcome
this, we assume that Rn

M can be modelled with a covariance
kernel function kn(x,x′) [13] that has been estimated almost
perfectly (for instance from previous recording without the
source of interest). On the contrary, the spatial gain a(x) of
the source of interest is imperfectly known and is modelled as
a stochastic Gaussian process:

â(x) ∼ GP(ma(x), ka(x,x′)), (7)

where ma(x) is the mean function and ka(x,x′) is the co-
variance function. From this modelling, ma(·) is the main
behaviour of the spatial gain and ka(·, ·) represents the un-
certainty that we have on it. In practice, these two functions
can be expressed either from some prior knowledge of the
physical recorded phenomenon, either from previous estima-
tion, such as the output of independent component analysis
applied on previously recorded data. Consequently, in prac-
tice the criterion to optimize is defined as the mean output
SNR

Ĵ(XM ) = E[âTM (Rn
M )
−1

âM ], (8)

where âM is an estimation of aM . Using uncertainty model (7),
Ĵ resumes to

Ĵ(XM ) = (ma
M )

T
(Rn

M )
−1

ma
M +Tr((Rn

M )
−1

Ra
M ), (9)

where Ra
M ∈ RM×M is the covariance matrix whose (i, j)th

element is ka(xi,xj) and Tr(·) is the trace operator. The op-
timal sensor locations are thus obtained as

X̂M = argmax
XM

Ĵ(XM ). (10)

However, directly maximizing (9) can lead to a high com-
putational cost since it needs to place M sensors in a D-
dimensional space simultaneously (i.e. it is an optimization
problem of size M ×D). To avoid this, one can use a greedy
approach that selects the M sensors by sequentially selecting
N < M sensors at a time. Assuming that K sensors have al-
ready been placed, to choose the locations of the N following
ones, criterion (8) will be recast as

Ĵ(XN |XK) = E[âTK+N (Rn
K+N )

−1
âK+N |XK ], (11)

where K+N means {XN

⋃
XK} and thus âK+N ∈ RK+N

can be divided as âK+N = [âTK , â
T
N ]T . The conditional

mean (11) means that âK and the upper diagonal block of
Rn

K+N are independent of the new sensor locations XN .
Once the sensor locations X̂M are obtained, one can ex-

tract the source of interest (2) using the separation vector

f̂M = (Rn
M )
−1

ma
M . (12)

It is important to note that the proposed approach gives
a direct criterion for sensor placement for source extraction
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(b) Kriging approach

Fig. 1. Comparison between Kriging and the proposed sensor se-
lection scheme for source extraction.

(Fig. 1(a)). This is in contrast to standard sensor placement
using Kriging which, in the case of source extraction, corre-
sponds to a two-step procedure: first, standard Kriging will
select the sensor locations so that information on the spatial
gain of the source is maximized and then using the selected
sensor positions and the predictions of their gains, one can
extract the source of interest from the mixtures (Fig. 1(b)).ge

2.3. Performance analysis

Assuming that the estimation of a(x) by the mean func-
tion m(x) can be written as ma(x) = a(x) + b(x), where
b(x) would represent the estimation error, it is worth noting
that the optimized criterion (9) can be expressed as

Ĵ(XM ) = J(XM ) + 2aTM (Rn
M )
−1

ba
M

+ (ba
M )

T
(Rn

M )
−1

ba
M +Tr((Rn

M )
−1

Ra
M ). (13)

In other words, the criterion Ĵ is equal to the true criterion
J (knowing perfectly a(x)) plus a term depending on the es-
timation error ba

M and on the uncertainty Ra
M on the spatial

gain. Consequently, this shows that depending on the par-
ticular realization of error term, the optimal selected sensor
locations X̂M are not necessarily the true optimal sensor lo-
cations X∗M . The larger the error and uncertainty are, the
more different the estimated SNR Ĵ to the optimal SNR J is.

For separation vector (12), the achieved SNR is given by

SNR(f̂M ) = σ2
S

(zTMma
M )

2
+ zTMRa

MzM

(ma
M )

T
(Rn

M )
−1

ma
M +Tr((Rn

M )
−1

Ra
M )

with zM = (Rn
M )
−1

aM , which can be rewritten as

SNR(f̂M ) = SNR(f∗M )α/β, (14)

where

β = 1 + [2 zTMba
M + (ba

M )
T
(Rn

M )
−1

ba
M

+Tr((Rn
M )
−1

Ra
M )] / (zTMaM ),

α = (1 + (zTMba
M )/(zTMaM ))

2
+ (zTMRa

MzM )/(zTMaM )
2
.

This means that the achieved SNR, SNR(f̂), is equal to the
oracle one, SNR(f∗), up to a multiplicative term that de-
pends both on the error ba

M of the estimation on aM and
on the uncertainty Ra

M of a(x). This multiplicative term is
lower than one (by the definition of f∗) indicating a loss of
performance due to the error of estimation and uncertainty
compared to the oracle SNR, SNR(f∗).

-2

-1

0

1

A
m

p
li

tu
d
e

y(x, t)
a(x)s(t)
n(x, t)

-1

0

1

2

A
m

p
li

tu
d
e
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Fig. 2. Illustration of the proposed method to select optimal sen-
sor location. From top to bottom: example of recordings y(x, t) =
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estimation â(x). Grey shadow is the uncertainty. 3rd plot: Oracle
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criterion [10]. In all plots, the circles represent the three pre-selected
sensors. The diamonds indicate the maximum of the proposed crite-
rion and the stars of the MI criterion.
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. (b): Comparing the
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greedy method.

3. NUMERICAL EXPERIMENTS

The proposed method to choose the location of the sensors
(Fig. 1(a)) will be compared to Kriging methods (Fig. 1(b))
based on entropy [8,9], referred to as ‘Entropy’ and on mutual
information [10], referred to as ‘MI’. The methods will be
compared according to the achieved output SNR (14) relying
on the extraction vector f̂M that depends on the chosen sensor
locations. The optimal SNR (5) will be denoted oracle SNR
since it assumes a perfect knowledge on the gain a(x).

3.1. Numerical setup

The data are generated synthetically, and D, the dimension of
the space, is equal to 1. The range of x is normalized lead-
ing to x ∈ [0, 1] in a grid of size 200 along with three initial
sensors to be located arbitrary at K = {33, 100, 167}. Both
signals a(x) and n(x) are produced from Gaussian processes
(GP) GP(m(x), C(x, x′)), with a square exponential covari-
ance function C(x, x′) = σ2 exp(−(x − x′)2/(2ρ2)). The
mean function mn(x) for the noise is 0 and ma(x) for the
gain a(x) is randomly generated by a GP with a zero-mean
function and ρ = 0.2. The length scale ρa (resp. ρn) related
to a(x) (resp. to n(x)) will be changed as described in the
next sections.



3.2. Accuracy of the proposed criterion

In the first part of the simulations, the accuracy of the pro-
posed method is evaluated and presented in Fig.2. To gen-
erate a(x), the smoothness and power parameters defining
the covariance function are ρa = 0.05 and σa = 0.5, re-
spectively. 20000 time samples of s(t) are randomly inde-
pendently drawn from a zero mean normal distribution with
σs = 1. The 20000 taps of noise n(x, t) are generated from
the GP with ρn = 0.5 and σn so that the average SNR on each
sensor is of -5dB.

To optimize (9), a grid search method is used: 1001 lin-
early spaced possible sensor locations were tested between 0
and 1, and 3 sensors are pre-located at 0.166, 0.5 and 0.833,
respectively. The results are shown in Fig. 2. In the third
sub-figure, it is seen that the proposed criterion Ĵ(x) (i.e. the
estimated SNR from imperfect knowledge on a(x)) plotted in
red has roughly the same behaviour than the oracle SNR (5)
which requires perfect knowledge of the gain. The differ-
ences are explained by (13) and come from the estimation
error b(x) and the uncertainty. Interestingly, the maximum
value of Ĵ (9) is located in a range of high value for the actual
SNR (14) leading thus to an output SNR of about 25dB with
4 sensors while the output SNR with only the 3 pre-located
sensors is equal to 9dB.

Moreover, it is worth noting that the achieved SNR with 4
sensors, SNR(f̂), in green, can be lower than the output SNR
with only the 3 pre-located sensors (e.g., for x ≥ 0.85). This
means that adding a sensor will not necessarily leads to a bet-
ter SNR but can deteriorate the quality of the extraction. This
counter intuitive result can be explained from the imperfect
estimation â(x). In this case, based on an inadequate model,
the extraction vector based on K + 1 sensors f̂K+1 leads to a
worse estimation ŝ(t) than using only K sensors using f̂K .

Finally, in the bottom sub-figure in Fig. 2, we can clearly
see that the MI criterion leads to a far from optimal choice of
sensor location with respect to SNR.

3.3. Comparison with state of the art

In this part, firstly, the sensitivity of the methods to the
smoothness of the noise relative to the smoothness of the
spatial gains are compared. In Fig.3(a) the actual SNRs
are plotted according to different ratios ρn/ρa. In this experi-
ment, all the simulation parameters are similar to the previous
experiment (Section 3.2) except that the average SNR on each
sensor is set to be 3dB. Also, ρa is set 0.05. For each ratio
ρn/ρa, 50 data sets were randomly generated. From this
figure, it can be concluded that the proposed method per-
forms better than the other methods in different smoothness
situations. It is noticeable that for the very small amounts of
ρn/ρa, the performance of none of the methods provide sig-
nificant improvement. For instance, consider the point where
ρn/ρa = 3; the resulted SNR after adding one new sensor
using the proposed method is about 80dB, while the value of

SNRs using MI and entropy are around 65dB, respectively.
Note that depending on the ratio ρn/ρa, the optimal location
of the new sensor varies.

In the second part of the simulations (Fig. 3(b)), the effi-
ciency of the proposed method to choose the sensor locations
is tested. The sensor locations were chosen with a greedy ap-
proach: at each iteration, a single new sensor is added to the
previous set of sensors, starting with an empty set. Three dif-
ferent criteria are compared to select the new sensor location:
the proposed method, MI and entropy. This figure shows the
actual output SNR (14) for each size of the set of sensors. In
this part, ρn/ρa is set to be 0.01, and 20 data sets were ran-
domly generated. The performance of our method is signifi-
cantly better than the other two methods, specially when the
number of sensors is very limited. For instance, if the maxi-
mum number of 10 sensors can be used, the results achieved
by the proposed method is about 11dB better than entropy
and also 6dB better than MI. To reach a SNR of 40dB, the
proposed criterion needs about 10 sensors, while more than
25 are required by the MI method and about 45 with the en-
tropy one, showing the efficiency of the proposed approach to
choose relevant sensor locations for source extraction.

4. CONCLUSIONS AND PERSPECTIVES

In this paper we have studied the problem of optimal sensor
placement for signal extraction from noisy underdetermined
measurements collected by a limited number of sensors. The
average output SNR of the linearly extracted signal has been
proposed as a quality criterion to select sensor locations. Such
a criterion includes the uncertainty on the spatial gain of the
source to be extracted, providing a suitable solution for the
optimal sensor placement problem. Numerical simulations
have shown the superior efficiency and accuracy of the pro-
posed method in the source extraction problem when com-
pared to classical sensor placement criteria such as entropy
and mutual information.

For future works, in addition to a more in-depth analysis
of the influence of modeling parameters, several other aspects
can be studied: first, we can obtain an analytic characteri-
zation of the regions where placing new sensors deteriorate
the extraction. Second, we can propose an extension of this
approach to the case where an imperfectly known noise co-
variance kernel is considered. Finally, the proposed method
is a model based approach, requiring knowledge on the spa-
tial gains and noise, the possibility to tackle the optimal sen-
sor placement problem in a data driven approach, for example
using independent component analysis, can also be studied.
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