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CAN A POPULATION SURVIVE IN A SHIFTING ENVIRONMENT USING
NON-LOCAL DISPERSION

JEROME COVILLE

ABSTRACT. In this article, we analyse the non-local model :
U (t,z) = JxU(t,z) —U(t,x) + f(z — ct,U(t,z)) fort >0, and z € R,

where J is a positive continuous dispersal kernel and f(z,s) is a heterogeneous KPP type non-linearity
describing the growth rate of the population. The ecological niche of the population is assumed to be
bounded (i.e. outside a compact set, the environment is assumed to be lethal for the population) and
shifted through time at a constant speed c. For compactly supported dispersal kernels J, assuming that
for ¢ = 0 the population survive, we prove that there exists a critical speeds ¢** and ¢*** such that for all
—c*7 < ¢ < ¢ then the population will survive and will perish when ¢ > ¢**% or ¢ < —¢**~. To derive
this results we first obtain an optimal persistence criteria depending of the speed ¢ for non local problem
with a drift term. Namely, we prove that for a positive speed ¢ the population persists if and only if the
generalized principal eigenvalue A, of the linear problem
Do)+ xp =@+ 0:f(2,00p+Xpp=0 in R,

is negative. A, is a spectral quantity that we defined in the spirit of the generalized first eigenvalue of an
elliptic operator. The speeds ¢~* and ¢*** are then obtained through a fine analysis of the properties of
Ap with respect to c¢. In particular, we establish its continuity with respect to the speed c. In addition,
for any continuous bounded non-negative initial data, we establish the long time behaviour of the solution
Ul(t,x).

1. INTRODUCTION

Environmental changes due to earth global warming are enforcing species to shift their ranges to more
favorable habitat region e.g. to the north or upward in elevation [39] [44] 46] 57]. The understanding
of this transition and its consequence on the global diversity is of prime interest and numerous type of
models have been considered to understand, evaluate and/or highlight this complex dynamical process
and its impact [2, 6l [13], 17, 36, [38], 48], [58].

In this article, we are interested in the influence of long range dispersal processes for species living in
a shifting environment caused by such environmental changes. For such a model species, we can think
of trees of which seeds and pollens are disseminated on a wide range and whose environment changes
through time as a consequence of a climate change. This possibility of a long range dispersal is well known
in ecology, where numerous data now available support this assumptions [19] 201 211 [51].

One way to model long range dispersal in the context of a shifting environment is to consider a
population described by a shifted integrodifference model, that is, modelling the population by a density
n(t, z) whose time evolution (growth and dispersal) is governed by the following discrete in time equation

%—l—ct
(11) me@) = [ ) Sl dy,
—%—l—ct
where J is a dispersal kernel describing the movement of individuals between the time t and t + 1, ¢ > 0
is the speed of the environmental changes and f is a growth function describing the demography of the
species.

In this setting, Zhou and its collaborators show in [58, 59] how the speed of change ¢ affects the
persistence of the population. Showing in particular that for too large speed of change ¢, the population
will then go extinct whereas for small value of ¢, the species will be able to adapt and survive. They also
suggest the existence of a critical speed ¢* > 0 for which for all speed ¢ < ¢* then the population survive
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2 JEROME COVILLE

and goes extinct if ¢ > ¢*. For particular kernels and growth function, they provide some heuristics to
compute this c*.

Another commonly used model that integrates such long range dispersal is the following nonlocal
reaction diffusion equation ([33] [35] 40, 43, [54]):

(1.2) U(t,x)=J*U(t,x) —U(t,z) + f(x — ct,U(t,z)) fort >0, and x € R.

Here also U(t,z) is the density of the considered population, J is a dispersal kernel, f(z,s) is a KPP
type non-linearity describing the growth rate of the population and c is the speed of the environmental
changes. Compare to (L)), the equation (L2)) is defined for all times ¢ and the movement and growth
processes are not any more entangled.
In this particular setting the tail of the kernel can be thought of as the range of dispersion or as a measure
of the frequency at which long dispersal events occur, reflecting at the population level some intrinsic
variability in the capacity of each individual to disperse [37) 47].

The aim of this article is to investigate, as for integrodifference models, how the speed of the environ-
mental change affects the survival of the population modelled by (I2]). Throughout this paper we will
always make the following assumptions on the dispersal kernel .J.

(H1) J € C(R) N L'(R)is nonnegative and of unit mass (i.e./ J(z)dz =1).
R

(H2) J(0) >0

There are many ways to model the impact of a changing environment. For example, Li, Wang and
Zhao [42] consider an habitat which gradually change from a bad environment to a good environment.
Namely, they consider f(x —ct,s) := s(r(x —ct) — s) with r(z) a continuous non decreasing function such
that Zli)gloor(z) <0< Zli)rlloor(z). For such shrinking environment and for thin tailed kernel (i.e. J such

that [ J (2)eM dz < +o0)the authors prove the existence of a critical speed ¢* defining the threshold
between persistence and extinction. That is for a speed of change ¢ > ¢* then the population will not
survive whereas a monotone front will exist when ¢ < ¢*. Moreover the critical speed is defined by the
following spectral formula :

(1.3) o e inf% </R J(z)eM — 1 —I—Supr(:v)> .

A>0 zeR

Here, instead of a monotone habitat whose favourable part shrinks through time, we focus our analysis
on species that have a bounded ecological niche that shift with speed ¢. A simple way to model such a
spatial repartition consists in considering that the environment is hostile to the species outside a bounded
set. For instance, biological populations that are sensitive to temperature thrive only in a limited latitude
zone. Thus, if x is the latitude, we get such dependence. This fact is translated in our model by assuming
that f satisfies:

(H3) f € C(R x [0,+00)) is smooth and of KPP type

that is

f is differentiable with respect to s,

Vs >0, f(-,s) € COYR),

f(-0) =0,

For all z € R, f(x,s)/s is decreasing with respect to s on (0, 400).

There exists S(z) € C(R) N L>®(R) such that f(z,S(x)) <0 for all z € R.

f(ZB,S) < O7

s

(H4) lim sup|,| 00 uniformly in s > 0.

and fs(z,-) satisfies this uniform Lipschitz condition
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(H5) Sllp< sup ’fs(xaso)_fs(xasl)’) < 400

z€R \ s0,51>0 ’SO - Sl’

A typical example of such a non linearity is given by f(x,s) := s(a(z) — b(z)s) with b(z) > 0,b € L™
and a(z) satisfying limsup|,|_, a(2z) < 0. This structure of the environment prohibits the existence of
monotone fronts and the analysis provided in [42] no longer holds true.

This type of moving environments were recently investigated in [32] for a very specific type of nonlin-
earity f(z,s) presenting some symmetry. Namely, assuming that f(z,s) satisfies the conditions:

([ fe C1(R?) and there are a,q, L, Lo > 0 and ¢+, ¢~ € C*(R) such that ,
Vs, Vx| > L+ Lo, f(z,s) = —gs,

Vs, Vel < L, f(z,5) = s(a— s),

NS 2 L3 T v o —av o+l ()

0

Vs,V—L—Lo<xz<-L, f(z,5) = —qs+sla—s+ql¢~ (IL_0L>’

where ¢+ and ¢~ are respectively smooth regularisation of the characteristic function of R~ and of R,
such that supp(¢t) C (—oo, 1)’(%_%* =1and ¢ (z) = ¢T(—2).

For such specific nonlinearities and assuming that .J is thin tailed and symmetric, the authors in [32]
prove the existence of critical speed ¢* > 0 determined by the maximal linearised growth rate (i.e. c*
defined by (L3) with sup,crr(z) = a) such that for all ¢ > ¢* the population go extinct whereas for
0 < ¢ < ¢*, the population persistence is dependant of the patch size habitat L, i.e., the population
survive if the patch size is greater that some critical value L* otherwise the population dies. To obtain
these results the authors rely on some notion of persistence for the solution u(t, z) of the Cauchy problem
(L2), namely the population is said to persist if for any initial datum ug such that i]IH%f ug > 0, then the

corresponding solution of the Cauchy problem (L2]) with initial data ug satisfies for all compact K C R,

liminf inf w(¢,z) > 0.
t—+00 z—cte K

Our main purpose here is to extend the above results to more general situations by finding more generic
conditions on J, ¢ and f that characterise the persistence of the species modelled by (L.2]).

In this task, as in [32] [42] we focus our analysis on the description of positive (I.2]) defined in a moving
frame of speed ¢. That is we look for solution U(t,z) := U(t,x + ct) that satisfies

(1.4)  0U(t,&) — cDe[U)(t,€) = /R JE=UE)dy — UL+ f(&URE) for t>0, ER,

where we set £ := x4 ct as a new variable and we use the Euler’s notation to denote differential operators
% f(x), ie. D.0f] = % (z). In particular, we look for stationary solutions u of (L4]) which are then
positive solutions of the equation below

(1.5) — D, u)(z) = J *u(z) —u(z) + f(z,u(r)) for xR,

Existence of such stationary solutions is naturally expected to provide the right persistence criterion. We
will see that this is indeed the case.
In the literature, such problem have been well studied for the local reaction diffusion version of (L.2])

(1.6) U (t,z) = AU(t,z) + f(z1 — ct,y,U(t,z)) fort >0, and z € Q,

where © is cylindrical domain of RY, possibly RY itself see for example [13] 6, 14, 56]. For such reaction
diffusion equations the persistence criteria are often derived from the sign of the first eigenvalue of the
linearised problem at the 0 solution. One is thus led to determine the sign of the first eigenvalue A;(A +
€Oz, + 0sf(x1,9,0),Q) of the spectral problem

(L.7) Ap + cOpyp + 0sf(71,9,0)p + M =0 in Q
associated with the proper boundary conditions (if Q # RY).
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In the above situation the existence of a positive stationary solution to (I.6]) is uniquely conditioned by
the sign of A1. More precisely, there exists a unique positive stationary solution if and only if A\ < 0. If
such type of criteria seems reasonable for problems defined on bounded set, it is less obvious for problems
in unbounded domains. In particular, in unbounded domains, one of the main difficulty concerns the
definition of A;. As shown in [12] 8, [I5], the notion of first eigenvalue in unbounded domain can be quite
delicate and several definitions of A; exist rendering the question of sharp persistence criteria already
quite involved. When such existence criteria is established, it is then possible to investigate its behaviour
with respect to the speed ¢ and for the above problem, using the Liouville transform, it is easy to make
explicit the dependence of A\; with respect to c. Indeed, in such situation we have

2

A (A D, + 0 f(@1,9,0)) = A (A + 0uf(@1,9,0)) +

From the above formula, it is then easy to derive the critical speed for which a species can survive.

Much less is known for the non-local equation (L5l and, persistence criteria have been essentially
investigated in some specific situations such as periodic media : [206] 28, 53| 49, [52] or for a version of the
problem (5] with no time dependence [3] 5], 24} 25| [34], 4T, 53] :

(1.8) oL, 7) = /Q Tz — Ut y) dy — Ult,2) + f(z,U(t,z)) fort>0, and z € Q.

Similarly to the local diffusion case, for K PP like non-linearities, the existence of a positive solution of the
non-local equation (L8] can be characterised by the sign of a spectral quantity A, called the generalised
principal eigenvalue or the spectral point of

(1.9) /Q (& —y)p)dy — o+ 0uf(2,00p + Ap=0 in Q.

In the spirit of [11], this generalised principal eigenvalue A, can be defined by :

Ap :=sup{A € R|Jp € C(Q),¢ >0, such that M[¢] + 0sf(z,0)p+Ap <0 in Q},
where M, [p] denotes

M) = /Q J(x —y)e(y)dy — .

This is only very recently that some progress have been made on the spectral theory of nonlocal operators
with a drift term, that is operators of the type ¢®, + M, + a see for example [I}, B, B30, B2 42| [55].
This new understanding of such spectral problems provide an adequate framework to the analysis of for
complex media such as those described in [42] or those we study in the present paper. As in [5 B11 [30],
for the operator ¢®, + M, + a let us define the quantity

Ap (Dy + M, +a) :=sup{A € R|Tp € C'(RY),p > 0 such that ¢D,[p] + M,[¢] + a(z)p + Ap < 0} .

Equipped with this notion, we can now state our main results. In the first one we establish a simple sharp
persistence criteria assuming that the dispersal kernel J has a compact support.

Theorem 1.1. Assume that J, f satisfy (HI))-(H4) and assume further that J is compactly supported
and ¢ > 0. Then, there exists a positive solution, u, of (LX) if and only if \p(cDy + M + 0sf(x,0)) < 0,
where M denotes the continuous operator Mp] = J x ¢ — ¢ and

A (D M+9£(x,0)) := sup{\ € R|Tp € C'(R), 0 > 0 such that D ,[p]+M][p]+0sf(x,0)p+ p < 0}.

When it exists, the solution is unique, that is, if v is another bounded solution, then u = v almost
everywhere. Moreover, for any non-negative initial data ug € C(R) N L>®(R) we have the following
asymptotic behaviour:

o If \p(c®y + M+ 05f(x,0)) > 0, then the solution satisfies ||U(t,-)||cc — 0 as t — oo,

o If \p(c®y + M+ 05f(x,0)) <0, then the solution satisfies ||U(t,-) — u(- — ct)|looc = 0 as t — oco.

Next, we establish some properties of the quantity A,(c¢®, + M + Jsf(x,0)) that will help to analyse
the dependence of A, with respect to the speed c. Namely,
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Theorem 1.2. Assume that J, f satisfy (HI)-H4) and assume further that J is compactly supported.
Then the map

Rt — R

c = Ap(Dy + M+ 0:f(x,0))

is continuous. In addition, we have
Ap(Dy + M+ 05 (x,0)) = A\p(—cDy + M™ + 05f(x,0))

and
Ap(Dy + M+ 0sf(x,0)) = A\p(—cDy + M* + 0sf(—x,0))
where M* is the dual operator of M that is

M*[¢] = /RJ(y —x)p(y) dy — ().

With this two results, we can have a first description of the effect of the speed ¢ on the persistence of
the species. More precisely, we can show that

Theorem 1.3. Let f,J be as in Theorem[L1 and assume that \,(M + 0sf(x,0)) < 0. Then there exists
0<cht <™t and 0 < ¢~ < ™™ such that for all —c*~ < c < T there exists a positive solution to
(LH) whereas none exists when ¢ > ¢ or ¢ < —¢* .

The existence of such critical speed ¢** and ¢*** comes as a corollary of the sharp existence criteria

obtained in Theorem [[.T] and the study of the behaviour of \,(c¢®, + M + 0sf(x,0)) with respect to the
speed ¢ > 0, in particular its continuity and the equality A\, (c®, + M + 0sf(x,0)) = A\p(—cDy + M* +
0sf(x,0)) (Theorem [I2)).

When J is symmetric, we have a more simple description of the critical speed ¢, ¢~ ¢**T and ¢** .
Indeed, in this situation we show that ¢** = ¢*~ and ¢**T = ¢**~ and therefore we have

Theorem 1.4. Let f,J be as in Theorem [I1l and assume further that J is symmetric and that A\,(M +
0sf(x,0)) < 0. Then there exists 0 < ¢* < ¢** such that for all |c| < ¢* there exists a positive solution to
(LX) whereas none exists when |c| > ¢**.

This results is a direct consequence of Theorem [I.2], as for symmetric J, we then have
Ap(Dy + M+ 0sf(x,0)) = A\p(—cD, + M + 0sf(x,0)).

Note that due to possible non symmetrical structure of the nonlinearity we might have expect that the
critical speed c*,c¢™ depends in some ways on the sign of the speed of environmental change. This is
surprisingly not the case, meaning that there is no qualitative difference on the survival of the population
when the niche move to the right (¢ > 0) or to the left (¢ < 0), when the dispersal process is symmetric.
In this situation the critical speeds c¢*,c™ are uniquely determined independently from the sign of the
speed c¢. The existence of a preferred direction for survival is uniquely determine by the symmetry of
dispersal process.

The question of sharp thresholds for the speeds, i.e. ¢* = ¢**, ¢t = "1 and ¢~ = ™~ as well
as the existence of formulas describing them as in the classical case are still open problems which seems
intimately related to the properties of the kernel J. However, as in [32], we can have a first estimate of
¢ Namely we have

Proposition 1.5. Let f,J be as in Theorem [l and assume that \p(M + 0sf(x,0)) < 0. Then

Tt <l = inf ! </ J(2)e™ dz — 1 + sup fs(x,0)>
R

a>0 zeR

T <, = inf 1 </ J(—z)e** dz — 1 + sup fs(x,0)>
R

a>0 z€R
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Last we investigate the effect of the tail of the kernel on the survival of the population. To simplify our
analysis we restrict our analysis to situations where supg s f(z,0) > 1 and J is symmetric and satisfies
a second moment condition, that is

(H6) /RJ(z)|z|2 dz < +oc.

For such kernels and nonlinearities, we can extend the previous result of Theorem Namely, we
have

Theorem 1.6. Assume that J, [ satisfy (HI)-(H4). Assume further that sup Osf(z,0) > 1 and that J is
z€eR

symmetric and satisfies (HGl). Then, there exists Then there exists 0 < ¢* < ¢** such that for all |c| < c¢*
there exists a positive solution to (LIl) whereas none exists when |c| > ¢**.

Observe that the above results is a strong indication on robustness of our results with respect to the
tail of the kernel, in the sense that even for a fat-tailed kernel, for example J(z) ~ ﬁ, we observe the
same pattern for the critical speed. In particular, it highlights the fact that even population having a
very strong spreading capabilities at a large scale can died out in a shifting environment.

1.1. Further comments. Before going to the proof of these results, we would like to make some further
comments on the results obtained and explain our main strategy to prove them.

First, due to the particular structure of this problem, it is expected that the properties of the principal
eigenvalue \,(c®, + M + 0sf(x,0)) with respect to all its parameters will play a key role in the proofs.
This fact is also present in [32] where we can see the important role played by the linearised operator
around the trivial solution both in the definition of the critical speed and in the construction of a non
trivial solution. However, althougth we can find in [32] some elements related to the spectral theory of
the operator ¢®, + M + 0sf(x,0) defined for particular structure of the zero order term, there is no
clear spectral theory defined for a general operators ¢®, + M + 0sf(x,0) whose zero order term is just
assumed bounded. Through the definition we give of \,(c®, + M + a) and our analysis of its properties,
we provide a clear and acurate way for the description of the first fundamental element of the spectrum
of these type of operators.

A great deal of the analysis presented here, provides a clear description of this spectral quantity and
establish some of its main properties. We believe that these fundamental results will be also of some help
to understand other situation in particular in evolutionary biology [16, [50].

Second, we would also emphasize that our result do not require any specific symmetry for the non-
linearity as well for the kernel J, properties that are strongly used in [32] to derive their persistence
criteria. Although our results mostly concerns compactly supported kernels, our existence criteria apply
thereby on a larger variety of possible non-linearity f and J. In particular, we would like to highlight
that as in the analysis of the case ¢ = 0 given in [5, [18]), our result on fat tailed kernel shows that the
assumption on support of the kernel J we made is technical and is not a prerequisite for analysing such
type of problem. We found that the main difficulty in the analysis such situation relies on the lack of
adequate tools, in particular the lack of an accurate spectral theory for operator involving such kernels.
Recent progress in the understanding of spectral properties of such operators have been recently obtained
in [22] [55] using probabilistic methods. Wit this respect, with the proper spectral theory, we believe that
our results should hold true for a fractional version of (IL5]) where the operator J x ¢ — ¢ is replaced by
the Fractional Laplacian A®p.

Being at the core the paper, let us briefly explain our main strategy to construct a positive non-trivial
solution of (LH). To construct such a nontrivial solution we use the vanishing viscosity approach, approach
previously used in this context for example in [29, 23] 27]. The main idea is to introduce the following
regularised problem :

(1.10) €D zou](z) + Dy ul(z) + Mu)(z) + f(z,u(z)) =0 for z€eR,
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and to show that for a fixed ¢ > 0 such that \,(c®, + M +a) < 0 we can find gp(c) > 0 such that
for 0 < € < ¢p, the problem (41]) admits a unique positive non trivial solution. That is, to prove the
following statement

Theorem 1.7. Assume that f and J satisfy (HI) — (H4) and that ¢ > 0 is such that A\p(cDy + M +
0sf(2,0)) < 0. Then there exists €9 > 0 such that for all 0 < & < g there exists a unique positive smooth
function, ue, solution to (LI0).

From this result, we can then obtain a solution of (L), by studying the singular limit problem when
¢ — 0. The proof of Theorem [I.7] crucially relies on the properties of some spectral quantities. We prove
in particular that for any {2 C R domain we can define

M (6D + Dy + M, +a) :=sup{A € R|Tp € COQ) N C?%Q), >0
such that e®,,[p] + Dgp] + M, l¢] + a(z)p + Ap < 0}.
and show that for any compact domain 2 we have

lig(l] Mp(EDgy + Dy + M, +a) = \p(D, + M, +a).
€

The paper is organised as follows. In Section[2lwe prove some useful comparison principle in unbounded
domain. Then in Section [3, we recall some basic theory on the principal eigenvalue A,(c®, + M, + a)
and study several of its properties. Within this section we analyse in particular the dependence of this
principal eigenvalue with respect to the speed ¢ (Theorem [[.2)) and prove Theorem [[.3] assuming that
the sharp existence criteria of Theorem [Tl is true. In Section Fl we obtained existence and uniqueness
of the regularised problem (LI0) and prove Theorem [[L71 In Sections and [7 we prove the sharp
existence criteria stated in Theorem [[LT] by proving successively, the sufficient condition for the existence
of a stationary solution (Bl), the uniqueness of the stationary solution when it exists (@), and at last the
necessary condition (7). The analysis of the long time behaviour is made in the last section, Section B
concluding the proof of Theorem [Tl Finally, in the last section, Section [, we analyse the fat tailed case
and prove Theorem

1.2. Notations. To simplify the presentation we introduce some notations and various linear operator
that we will use throughout this paper:

o We denote by M, the continuous linear operator

M,: CQ) — CK)
(1.11) u = o J(@—y)uly)dy —u,

where (2 C R.

e M, corresponds to the continuous operator M, with Q = (—R, R),

e We will use M to denote the operators M, with @ =R .

e We will use also Euler’s notation to denote differential operators namely ©, and ©,, will denote
respectively the following differential operator D,[f] = < f(z) and D, [f] := % (x).

2. COMPARISON PRINCIPLES

In this section we collect comparison principles that fit for our purposes. Let us start by proving a
weak comparison principle that holds when a is negative outside a compact. Namely, we let us prove the
following

Theorem 2.1. Assume «, 3,a € C(R) and a > 0 (possibly = 0) and let J satisfies (HI) — (H2]). Assume
further there exists Ry > 0 such that a(x) <0 for all |z| > Ry. Let u,v € C(R) N CE (R) be such that
a(2)D gz [u)(z) + B(2)Dg[u](x) + Mu)(z) + a(x)u(z) <0  forall |z| > Ry
a(2) Dz [v](x) + B(2) D [v](x) + M[v](x) + a(x)v(z) >0  for all |z] > Ry
1 00 w(2) > Lm0 v(z) = 0
v(z) <wu(x) forall |z| < Ry
then v(x) < u(z) for all z € R.



8 JEROME COVILLE

Proof. The proof is rather elementary but for the sake of completeness we include all the details. By
definition of a we can check that for every § > 0 we have

(2.1)  a(2)Dgzlu+](x) + B(z)Dz[u + 0](x) + M[u+ 6](z) + a(z)(u(z) +0) < 0  for all |z| > Ry,
(2.2)  a(x)D e [v](2) + B(2)D[v](z) + M[v](z) + a(z)v(z) > 0 for all |z| > Ry,
(2.3) wv(x) <u(z)+0 for all |z| < Ry.

In addition, since v < u as |z| — +oo there exists Rs > Ry such that v(z) < u(z) + ¢ for all |x| > Rs.

From there we then see that v < u + ¢ in R. Indeed, if not then sup(v(z) —u(z) — ) > 0 and since
:BgR

v<u+din [—Ry, Ro] U (R \ (—Rs, Rs)) we have

sup(v(e) —u(z) —0) = | max  (v(z) —u(z) —9).

Let xg € (—Rs, Rs) \ [ Ro, Ro] be the point where the function v — u — § achieved its maximum, then we
have ©,[v —u — 0](z9) = 0 and D,[v — u — 6)(zg) < 0, M[v — u — d](xo) < 0,a(zo)(v(zo)—u(zg)—9) <0
and by evaluating (Z.I]) and (2.2]) at this point we also get

0 < a(z0)Daz[v —u —](z0) + B(x0)Dz[v — u — ] (z0) + M[v — u — 8](x0) + a(zo)(v(zg) — u(zg) — 0)

= a(20)Dzz[v — u — 8](zg) + M[v — u — 8](z0) + a(zo)(v(zg) — u(zg) — &) < 0.

Therefore M[v —u — d](xp) = 0 and we must have v(z) — u(z) — 0 = v(xg) — u(xg) — J for all z €
xo + supp(J). By redoing the above argument with any point of z¢ + supp(J), we then see that v(x) —
u(z) — 6 = v(xg) —u(xg) — d for all z € xp + 2 - supp(J) and by arguing inductively we can then check
that for all n € N, v(z) — u(z) — 6 = v(xg) — u(zg) — d for all z € o+ n - supp(J). Now since J satisfies
(H2),i.e. J(0) > 0, then lim, o zo + n - supp(J) = R and thus we deduce the following contradiction

-0 = lim wv(z)—u(z)—0=v(xg) —u(xg) —0 > 0.

|z| =400
Whence v < u + §. The previous argumentation holding true for all § > 0, we then conclude that
v(z) <u(x) forall =z eR.

Last let us recall a classical strong comparison principle

Theorem 2.2. Assume «, 3,a € C(R) and o > 0 (possibly = 0) and let J satisfies (HI) - (H2]). Assume
further that a € L™ and let u,v € C(R) N C? (R) be such that

loc
a(2)D g (ul(x) + B(2)Dg[u](x) + Mlu](z) + a(z)u(z) <0  forall xz€R
a(2)D 4z [v](z) + B(2)D[v](z) + M[v](z) + a(z)v(z) >0 forall xR

v(z) <u(x) forall zeR

then either v =wu or v(z) < u(z) for all xz € R.

—_— —

Proof. The proof is rather standard. Since a € L there exists k > 0 such that a(x) — k < 0 and thus
the non negative function z := u — v satisfies

a(2)D 4z [2] () + B(2)D[2](x) + Mz](x) + a(z)z(x) <0 forall zeR.

Now it is there standard to see that either z = 0 or z > 0. Indeed, if there exists xg such that 0 = z(xg) =
mingeg z(z) then we get

0< / J(zo —y)z(y) dy <0,
R
and by a classical argument we get z = 0. So v = u. Otherwise we have z > 0 and so u > v. g

Remark 1. Note that the above proofs only relies on the properties of the operator M and so the
Theorems are still true if a(z) = 0 and/or 8 = 0. In such situation, the C?,_ regularity for u and v is not
needed and we can only require that u,v € C} _(R) or C(R) if also 3 = 0.
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3. SPECTRAL THEORY OF INTEGRO-DIFFERENTIAL OPERATORS

In this section, we recall some important results on the principal eigenvalue of the linear non-local
operator ¢®, + M, + a and derive some new properties of this quantity, in particular its behaviour
with respect to the parameter c¢. We also recall some known variational characterisation of the principal
eigenvalue of general integrodifferential operators. We split this section in two parts, one dealing with
the spectral properties of the principal eigenvalue )\, defined for nonlocal operators with a drift and a
second recalling some elements of the spectral theory regarding integrodifferential operators containing
an elliptic part.

3.1. Principal eigenvalue for non-local operators with a drift. In this subsection, we recall some
results on the principal eigenvalue of a linear non-local operator ¢®, + M, + a and establish new ones.
That is, we focus on the properties of the spectral problem

(3.1) Dyle] + My lpl +ax)p+Ap=0 in Q.

Following Berestycki, Nirenberg and Varadhan [11], we define the principal eigenvalue A, the following
way,

Ap = sup{A|3p € CH(Q), ¢ > 0, Dy lp] + M [] + a(z)p + Ap < 0}
When ¢ = 0, then C*(Q) the set of test functions is replaced by C(€2).

3.1.1. Generic Properties. For such A, let us first recall some standard properties that we constantly use
throughout this paper:

Proposition 3.1. (i) AssumeQy C Qo, then for the two operators ¢®,+M,, +a and D +M,, +a
respectively defined on C1(21) and C*(Qs), we have :

Ap(€Dz + M, +a) > Ap(cDy + M, +a).
(ii) For a fized Q2 and assume that a1 (x) > az(x), for all x € Q. Then
Ap(Dg + M, +az) > A\(cD, + M, +ay).
(iii) A\p(c®y + M, + a) is Lipschitz continuous with respect to a. More precisely,
IAp(Dg + M, +a) = Ap(cDz + Mg +b)| <lla— bl
(iv) For any Q C R, we always have the following bounds

Ap(Dy + M, +a) > — gsclelg (M, [1)(z) + a(z)) .

(v) Ap(M,, +a) is continuous with respect to J.
(Vi) Ap(e®y + M, + a) is continuous with respect to c.

The proofs are rather standard and essentially use the definition of A,. We point to [4, 24}, 25] for the
proofs of (i) — (iv) in the situation where ¢ = 0 and to [30] when ¢ # 0.

Let us now state two important properties of the principal eigenvalue. The first one is a Collatz-Wieland
type characterization of \,. Namely,

Theorem 3.2. Assume that Q = (r1,72) C R (with r1 < r3) is a bounded domain and let a,J such that

a€C(Q)NL>(Q) and J satisfies assumptions (HI) — (H2). Then
Ap(Dg + M, +a) = X;(ci)x + M, +a),
where for ¢ > 0
(3.2) 5\;(05‘3934-./\/19 +a) = inf{\|Ip € CLQ)NC(Q), v > 0, () = 0, D[]+ Mol +a(x)p+Ap > 0}
and for ¢ <0
(3.3) A (Dt M, +a) = inf{A|Tp € CHANC(Q), ¢ > 0,(r1) = 0, D[]+ M, [¢]+a(z)p+Ap > 0}
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In addition, there exists a positive function @1 € C1(2) N C(Q) such that

Dyo1 + Mylpl] +apr + A1 = 0 in Q= (r,72),
w1 > 0 in Q= (r,r),

(,01(7’2) =0 ’ifC > 0,

v1(r1)) = 0 ife<O.

The second property is a continuity result of the principal eigenvalue with respect to the domain and
existence of a principal eigenfunction. Namely, we have

Lemma 3.3. Let Q C R be a domain and let M, be defined as in (LII)) with J satisfying (HI)) — (H2]).
Assume further that J is compactly supported and a € C(R) N L®(R). Let (Qy)ner be an increasing
sequence of bounded domain of R such that lim, o Q, = Q, Q, C Qu+1. Then, we have

nh_}ngo Mp(Dy + M, +a) = A\p(cD, + M, +a).
In addition, there exists a positive smooth @, associated with \,.

As above for the Proposition B.I] the proof of these results are already contained or follow from
straightforward adaptation of the arguments developped in [4] 24] and [30] and as such we will omit their
proofs.

3.1.2. Behaviour of A, with respect to the speed. In this part we study more precisely the behaviour of
the principal eigenvalue with respect to the speed c. Let us first show some useful equalities.

Proposition 3.4. Let Q C R be a domain, a € C(Q) N L>®(Q) and assume that J compactly supported
satisfies (HI) — (H2). Then for all ¢ we have

(3.4) (€D + M, +a(x)) = Np(—cDy + M + a(x)).
If in addition Q) is symmetric, in the sense that {—x |,x € Q} = Q then for all ¢ we have
(3.5) Ap(€Dy + M, +a(x)) = A\p(—eDy + M + a(—x)),

Proof. Without any loss of generality we may assume that ¢ > 0. First, let us assume that  is bounded
set, that is  := (r1,72). By Theorem B.2] there exists ¢, p* € C(2) N CH(Q) positive eigenfunctions
associated respectively with \,(cD; + M, + a) and A\,(—cD, + M} + a). Moreover they satisfies ,

©*(r1) = p(r2) = 0 and
Do+ MQ [90] +ap + )‘p(cgm + MQ + a)gp =0
—Dp" + M 0"+ ap™ + A\p(—cDyp + M +a)p” =0

Let us multiply by ¢* the equation satisfied by ¢ and integrate the resulting equation over 2. Integrating
by parts and using the equation satisfied by ¢* since ¢*(r1) = ¢(re) = 0 it follows that

(Ap(cDy + M +a) — A\p(—cDp + M + a))/ wp* = 0.
Q

Thus the equality A\p(cD, + M, +a) = A\y(—cD, + M + a) holds true since pp* > 0. By continuity of
Ap(Dy + M, + a) with respect to the domain (Lemma [3.3]) the equality (3.4]) then holds true for any
domain €. The second equality is obtained just by observing that if (p, \) satisfies

Dy + Mglp] + ap + Ap(cDyp + M, +a)p =0,
then since €2 is symmetric the function ¢ (x) := p(—z) satisfies
—D Y + M ] + a(—2)Y + Ay (D + M, +a)y = 0.
The equality (B3] then follows by using the definition of the principal eigenvalue. O

Next, we prove the following elementary property.
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Proposition 3.5. Assume that a € C(R)NL*®(R) and that J compactly supported satisfies (HI) — (H2]).
Assume further that supg a(x) > 0. Then there exists ¢ > 0 such that for all ¢ > c{,

Ap(c®Dy + M+a) > 0.
Similarly there exists ¢y > 0 such that for all ¢ < —cy,
Ap(—cDy + M* +a) > 0.

Proof. We treat the two situation ¢ > 0 and ¢ < 0 separately.
Case ¢ > 0: In this situation, take (z) := e~**, then we have

D] + Mlg] + a(z)p = e <—c)\ + /R J(z)eMdz — 1+ a(x)) .
o ot = inf % ( /R J(2)eM dz — 1+ Supa(:v)> .

A>0 zeR
car is bounded quantity since by an elementary computation we get
1
— </ J(z)e* dz — 1+ sup a(x)) > / J(z)z dz.
A R r€R R

By definition of ¢, for all ¢ > ¢, there exists A(c) such that
h(X(c)) := —cA(c) +/ J(2)eM9? dz — 1 + supa(z) < 0.
R zeR
Whence for such \(c) we have

D lp] + Mlp] +alx)p = ¢ <—c)\ + /R J(z)eMdz — 1+ ilelg a(m)) + (a(x) — ilelg a(z))e Moz

< h(A(e)e < 0.

By definition of the principal eigenvalue of the operator ¢®, + M+ a, (¢, —h(\(c)) is then an admissible
test function and therefore A,(c®, + M +a) > —h(A(c)) > 0.
Case ¢ < 0: In this situation, again take ¢(z) := e~** and observe that

—Dzp] + M* o] +a(x)p = ¢ (c)\ + /R J(—2)eMdz — 1+ a(:p)) :
e ¢ = inf % < /R J(=2)e* dz — 1+ sup a(x)) .

A>0 Tz€R

Again ¢, is a bounded quantity, since a similar elementary computation shows that

% </[R J(—2)eMdz — 1+ 21615 a(m)) > /RJ(—Z)Z” dz.

As above we can construct a admissible test function for ¢ < —c; . Indeed, when ¢ < —¢;, then —c > ¢
and we can find A(c) > 0 such that

d(c) := <c)\(c) + /R J(=2)eM9% dz — 1 + sup a(a:)) <0.

zeR

Therefore (¢, d(c)) satisfies
~Dalg] + Mgl + alz)g — d(e)p = (a(z) = supa(z))p < 0.
re
The couple (¢, —d(c)) is therefore a admissible test function for the principal eigenvalue of the operator
—®, + M* + a(x) and as such we have \p(—c®, + M* +a) > —d(c) > 0. By using Proposition [3.4] we
then conclude
Mp(Dy + M+a) =\ (—cDy + M"+a) > —d(c) > 0.
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0

Remark 2. Note that when J is symmetric then car = ¢y =: ¢ and we have the following quantitative
bound for ¢ :

co > inf <)\/ J(2)2% dz 4 sup a(x =2 / (2)22 dz - sup a(z).
A>0 R z€R z€R

Let us now show that for ¢ close to 0 then A\, (¢®,+ M+a) < 0. To do so let us first show it for ¢ > 0,
namely

Lemma 3.6. Assume that a € C%*(R)NL>®(R) and J with compact support satisfies (HI)-(H2). Assume
further that \,(M+a) < 0 then there exists ¢ > 0 such that for all 0 < ¢ < %, A\p(cD, + M+a) < 0.

Proof. To simplify the proof let us denote Ao := A\,(M + a) < 0 and without any loss of generality
let us assume that \,(M + a) is associated with a positive principal eigenfunction ¢, otherwise using
the Lipschitz continuity of \,(M + a) with respect to a, we can perturb a by a. with a. such that
Ap(M+a.) < % and there exists ¢, associated with A\,(M + a.).

Now thanks to the continuity of A\,(M,, + a) with respect to the domain (Lemma B3] ), we have for
some Ry, Ap(M Ry T a) < % and there exists ¢, associated with \,(M Ry T a). Let us now introduce
M, the following operator defined for ¢ € C([—Ro, Ro|) by

Ro
M. o lel(@) = (1 =) . J(x —y)ely) dy — o(x).
—140
Thanks to the continuity of A\, with respect to a(x), for v > 0 small says, v < vy we have
Ao
)\p(M'y,RO + ) < Z

Next, we claim
Claim 3.7. For any § > 0, there exists ¢ € C1((—Ro, Ro)) N C.([—Ro, Ro]), ¥ > 0 such that
M. [W](z) + (a(x) + )\p(./\/l%RO +a)+20)Y(x) >0 for all x € (—Ryp, Rop)
R
o[ e ey > 0
Assume for the moment that the claim holds true, then we can infer that
(3.6) imsup A\p(cDy + My +a) < Ap(M, . +a) + 26.

c—0,c>0

Indeed, from the claim a direct computation shows that

D]+ My ] + (ala) + MM,y +2) +20)85(z) > D] +ydo

Ry
where dy :=  inf / J(x —y)(y)dy > 0. Therefore, for ¢ > 0 small enough we achieve
xE(—Ro,Ro) —Ryg
(3.7) DY) + My [Y] + (a(z) + Ap(M, 5 + @) +20)Y(x) > Dy ] +vdo > 0.

As a consequence, for ¢ > 0 small we then have

5\;(0591 + My, +a) < A(M o +a) + 20
Now thanks to the Collatz Wieland type characterisation of A,(¢D; + M+ a), Theorem B.2} from
the above inequality we deduce that for ¢ > 0 small

Ap(Dy + My +a) <Ap(M o+ a) + 24,
which enforces ([B.6]). Now by choosing ¢ small enough, we then get

A
limsup A\ (¢Dy + M, +a) < 20
c—0,¢>0 0 8



CAN A POPULATION SURVIVE IN A SHIFTING ENVIRONMENT USING NON-LOCAL DISPERSION 13

As a consequence there exists ¢** > 0, such that for all 0 < ¢ < ¢*™T Ap(cDg + MRO +a) < % and

thanks to the monotone behaviour of \,(c®, + M Ry T a) with respect to the domain, we have

Ao
(D + M+a) < A\ (cDy + M, +a)<1—6 < 0.

In order to conclude the proof let us now establish the claim.

Proof of the Claim. Let 6 > 0 be a fixed. Arguing as in Claim 3.2 of [4], we can infer that there exists
g0 > 0 such that for any 0 < e < g¢ then there exists p. € C.((—Rp, Ro)) verifying

M. g, [oe](x) + (a(z) + )\p(M%RO +a)+9d)p-(x) >0 for x € (—Ro, Rp).
(—Ro +¢,Ro — €) C supp(ee).
Since J satisfies (H1 — H2) we can fix now € small, such that
Ro
inf / J(x —y)pe(y) dy > 0.
z€Q —Ro
Observe that by construction, since p. € C.((—Ro, Rp)), we can easily check that
M g lpel () + (a(z) + Ap(M_ 5 +a) +0)pe(z) >0 forall zeR.

Now, let ¢ be a smooth mollifier of unit mass and with support in the unit interval and consider
(ri=2¢ (%) for T > 0.

By taking 1 := (; x . and observing that M_ . [¢](z) = ¢z x (M ;[¢c])(z) for any x € R, we deduce
that

v, Rg

Crx (./\/l%]R [pe] + (a(z) + Ap(M, 5, +a) + 5)(,05) >0 forall xz€eR,
M [W(@) + (MM, ) +a) +0)Y(2) + ¢+ (a(z)pe)(z) 20 forall zeR.
By adding and subtracting a, we then have for all x € R
M [01(0) + (0la) £ MM, g, +2) + 5)0@) + | Gla = p)e0)(aly) = alw)) dy >0,

For 7 small enough, say 7 < 79, the function ¢ € C°((— Ry, Ro)) and for all x € (—Ry, Ry) we have

M [0(@) = (1 =) [ Tla = 9)ite) dy = vie).

Ro
— (1) / J(x — y)o(y) dy — (@) = M. [1](z).

—Ro
Thus, from the above inequalities, for 7 < 79, we get for all z € (—Ry, Ry),

M,y [910) + (aa) + MM g, )+ 0)00a) + [ G = )c(v)aly) = ala)) dy > 0.
Since a is Holder continuous, we can estimate the integral by
a(y) — a(z) o
T - € - d T T o - d )
[ cte = notiatn - a@h | < [ clo - pen)| LD o -y ay

< kTY(x),

where & is the Holder semi-norm of a. Thus, for 7 small, says 7 < inf{(%)l/ “ ,T0}, we have
M. o [W](@) + (a(z) + Ap(M 5, +a) +20)¢(z) >0 forall x € (—Ro,Ro),
In addition, since supp(p:) C supp(v)), we then infer that

Ro
inf / J(@ — y)b(y) dy > 0,

IEG(—RQ,RQ) —Ryg

7, Rg 7, Rg
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which end the proof of the claim. O
Last let us prove that \,(¢®, + M +a) < 0 for ¢ < 0 and ¢ close to 0. Namely,

Lemma 3.8. Assume that a € C%*(R)NL®(R) and J with compact support satisfies (HII)-(HZ). Assume
further that A\,(M+a) < 0 then there ezists ¢~ > 0 such that for all —c¢*~ < ¢ < 0, Ap(cDz+M+a) < 0.

Proof. To obtain ¢*~, let us observe that thanks to Proposition [3.4] we have

Ap(Dy + M+ a) = Ap(—cDy + M* + a),

Mp(M 4 2) = A (M + ).
Let us then consider the operator —c®,+M*+a. Since \,(M*+a) < 0 and —c¢ > 0 and we can therefore
apply the Lemma[B.6lto —c¢®, + M*+a. As a consequence there exists ¢ such that for all —¢ < ¢ we have

Ap(=c®D, + M* +a) < 0. Hence, by denoting ¢*~ := ¢ and by using the above equality, for all ¢ > —¢,
we have

Ap(Dy + M+a) =\ (—cD, + M* +a) <0.

By Propositions and [3.4] Lemma and Lemma [3.8 we can then define

(3.8) T i=sup{e > 0|V0 < <, \(Dy + M +a) <0},

(3.9) T i=inf{e<0|Ve<d <0,0(D; + M +a) <0},
and

(3.10) &t i=inf{e > 0|V > ¢, \p( Dy + M +a) >0},

(3.11) T i=sup{c < 0|V < e, \(d Dy + M+ a) >0}

Observe that from the definition of ¢**, ¢*** and thanks to Proposition 3.4] the Theorem will then
be proved as soon as the optimal persistence criteria (Theorem [I]) is proved.

3.2. Principal eigenvalue for nonlocal operators with an elliptic part. In this section we recall
the definition and behaviour of the principal eigenvalue for general integrodifferential operator £ of the
form

Ll = Ele] + Lo [¢]
where £ is an elliptic operator of the form
Elp] = a(2)Daalp] + A(2)Dalg] + (7))
where a(z) > 0. As in [11 [15] [4, [3T], B0, [45], we can check that the quantity
Mp(£) :==sup{A € R|3p € C() NWEH(Q), ¢ >0, Llp] + Ap < 0}

is well defined and satisfies all the properties defined in Proposition [B.Jl Moreover we also have the
following Collatz-Wieland characterisation

Theorem 3.9 ([31]). Assume that Q = (r1,72) C R (with r1 < ra) is a bounded domain and let o, 3, €
C(Q) N C(Q) and J with compact support satisfying (HI)-[A2). Assume further that a > 0, then
Ap(£) is the principal eigenvalue of £, meaning that there exists a positive smooth function ¢, associated
to A\p(£), such that

Llppl(@) + Appp(xz) =0 forall z€Q,
pp(r1) = pp(rz) = 0.
Moreover, A\,(£) satisfies the following Collatz- Wieland characterisation:

MAp(8) =N (L) :==inf{A e R|Tp € C*(Q)NC(Q), ¢ > 0,0(r1) = p(r2) =0, L[p] + Ap > 0}.
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4. ANALYSIS OF THE REGULARISED PROBLEM

In this section we construct a positive solution wu. of a regularised version of ([3). For ¢ > 0 let us
introduce the following regularised problem :

(4.1) €D z[u](x) + D yful(x) + Mu|(z) + f(x,u(z)) =0 forall zeR.

Then, for a fixed ¢ > 0 such that A\,(c®D, + M + a) < 0, we will show that we can find ey(c) such
that for e < eg, the problem (IJ]) admits a unique positive non trivial solution. Namely, we prove the
following

Theorem 4.1. Assume that f and J satisfy (HI) — (H4) and that ¢ > 0 is such that A\p(cDy + M +
O0sf(2,0)) < 0. Then there exists ¢g > 0 such that for all 0 < € < gy there exists a unique positive
continuous function, ue, solution of (A.1l).

The next subsections deal with the proof of Theorem Il The proof of the Theorem 1] uses standard
approximation schemes that we can find for example in [23] [0 [10]. To simplify the presentation we break
down the proof in three parts, the next two subsection being devoted to each one of them. In the first
part, subsection 1] we introduce the following approximated problem :

(4.2) €D [u](z) + Dy [ul(x) + My [ul(x) + f(z,u(z)) =0 for all z € (—R,R)
(4.3) u(—R) =u(R)=0

and we find g and Ry positive constants such that for all R > Ry and ¢ < g( the problem (4.2)-(4.3]) set
on a (—R, R) has a unique solution. More precisely, we prove

Theorem 4.2. Assume that f and J satisfy (HI1) — (H4) and that ¢ > 0 is such that A\p(cDy + M +
0sf(x,0)) < 0. Then there exists Ry > 0 and g9 > 0 such that for all 0 < e < &9, R > Ry there exists a
unique positive continuous function, ugs r, solution to (L2)-@3]). Moreover, for any smooth initial data
vy € CY((=R, R)),v9 > 0 then the solution v(t,z) of the following Cauchy problems

Ov(t, ) = €D [v](t, z) + D[] (¢, ) + M, [v](t, x) + f(x,v(t, z)) for t>0,z€(—R,R)
v(t,—R) =v(t,R) =0 for t>0
v(0,2) = vo(x) for z € (—R,R),

converges uniformly to ue g.

Then in a second part,subsection [.2] by using a standard limiting procedure and a-priori estimates, we
show that ¢¢ is independent of R and that for any 0 < ¢ < g a positive non trivial solution to (A1) can
be constructed from the sequences (ue g, )nen With R, — oco. In the last part, subsection F.3] we prove
the uniqueness of the solution of (4.T]).

4.1. Existence of a unique non-trivial positive solution in a bounded domain. We start this
subsection by proving the uniqueness of the positive solution of ([£.2))—(4.3]). Our proof follows a standard
argument that we can find for example in [7, 28]. Let u and v be two non negative solutions to (£2)—(4.3)).
Then thanks to the maximum principle and using the equation satisfied by v and v there exists M > 0
such that M > v > 0, M > v > 0 and moreover we have

Dy[u](—=R) >0, Dy[v](-R) >0
D, ul(R) <0, D.[v](R) <0.
So there exists og > 0 such that U—lov < u < ggv. From this inequalities we can define
o :=inf{r > 0]ov}
and by definition of ¢*, we have u < o*v. We claim that
Claim 4.3. o* < 1.

Note that by proving the claim we deduce that v < v and since the role of v and v can be interchanged
we then obtain v < u as well, which proves the uniqueness.
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Proof of the Claim: Assume by contradiction that ¢* > 1. Then by using that v is a solution, we can
check that o*v is a super-solution to ([A.2)—([2.3)). Now since u < o*v and f is locally Lipschitz thanks to

the strong maximum principle, we can check that either v < ¢*v or u = ¢*v. In the latter case, since

@ is strictly decreasing we then have the following contradiction

! <‘2 Yy = Do) + Do 0] + M, [o"v] + %a*u

< 0" (€D g v] + Dy [v] + M [v] + f(x,v)) = 0.

0= eDypfu] + Dyfu] + M [u] +

In the other case, we also get a contradiction. Namely, since u© < o¢*v and thanks to the equations
satisfied by u and o*v we can see that ©,[u](—R) < 0*D[v](—R) and D [u|(R) > c*D,[v](R). Therefore
u < (0% — e)v for some e small contradicting the definition of o*. O

Let us prove now that for ¢ small and R well chosen, a positive solution to ([A2)) —(£3]) exists. For
convienience, we use the following notation a(z) := 0sf(x,0). Note that the problem (Z2)—(3]) can be
solved using standard sub and super-solution scheme (see [23]) and that large constants are super-solutions
of this problem. So, in order to construct a solution it is enough to construct a bounded sub-solution of
(42) — (A3]) and thanks to the nature of the problem (£.2)—(43]), it is enough to show that

(4.4) Mp(EDgz + Dy + M, +a) <0.

Indeed, let assume that \,(eDzy + ¢®; + M, + a) < 0 and let ¢, the associated positive eigenfunc-
tion. Then a straightforward computation shows that for small x the function ke, satisfies rp,(R) =
kpp(—R) =0 and

Dz [rpp] () + Dalrpp](x) + Mylrppl() + f (2, kpp(2)) = =Aprepp(x) + o(rpp(x)) = 0.

As a consequence, for small x the function k¢, is a subsolution of (2)-(#3).
Let us now prove that (£4]) holds true for small £ and R well chosen. For that we prove the following

Lemma 4.4. Assume that a € CY*(R), J satisfying (HI)-(H2) is compactly supported and that \,(cD .+
M+ a) < 0. Then there exists Ry such that

lim sup Ay (D ze + Dy + M +a) <0.
e—0,e>0

Assume for the moment that this Lemma holds true. Then there exists €o(c, Rp) such that for all £ < g
we have
Ap(ED gy + Dy + MRO +a) <0.

By using that A\,(eD,, + ¢®, + M, + a) is monotone non increasing with respect to R we then conclude
that for all R > Ry and all ¢ < g5 we have

Ap(EDug + Dy + My +a) < Ap(eDgp + Dy + My +a) <0.

Now, thanks to the Collatz-Wieland type characterisation of A, (D, +¢D,+M ,+a) (Theorem[3J]), to
prove this Lemma it is enough to show that there exists Ry > 0 such that we have \,(cD,+ M Ro +a) <0

Ap(cDz+M
and for small § > 0, say § < —M, we can find ¥ > 0,9 € W21(Q) N L>®(Q) and £(§) such

that for all ¢ < g5 :

D [Y)(x) + D [Y](x) + My [Y](x) + a(z)h(z) + (Ap(¢Dy + My +a) +0)1h(z) >0, on (—Ro, Ro)
Y(—Ro) = (Ro) = 0.

To simplify the presentation of the proof of this Lemma we decompose it into two steps.
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Step One : Some a priori estimates. Let R > 0 and let ¢, . r be the positive eigenfunction associated
with A(¢®, + M, + a). Without any loss of generality, we can assume that ¢, . r < 1. Let di(c, R) be
the following positive constant:

R
dy:= inf J(@ — 9)¢per(y) d
= /_ . (@ — Y)¢pe,r(y) dy

From the equation satisfied by ¢, . r we can check that for all x € (—R, R) we have

R
Dalepe,rl(@) + (Ap(Dz + My +a) = 1+ a(2))ppe,r(r) = — /R J(@ = y)pper(y) dy < —di.
Therefore, since for all ¢ and R we have A\,(¢®; + M, +a) > — sup a(x), we deduce that
z€(—R,R)

(4.5) Dalpel(®) < ——+ —@per

with 79 := supa(z) — inf a(z) + 1.
rxER zeR
Now we claim that

Claim 4.5. For all > 0, there exists ¢(d) > ¢, such that for all ¢ < ¢ < ¢(d) we have
(4.6)

/ J—
Dl 1)) + My lpp e 1(@) + (a(x) + Xp(¢ Dy + My, +2) + 6)pp s g(2) > —

1)
dq (C,) + —(,Dp7c/7R(:E).

c 2

Proof. Let 6 > 0 be fixed and for ¢ > ¢ and ¢, ~ let us compute
ng[‘ﬁp,C’,R](gj) + MR[('ID;D,C’,R] (z) + (a(z) + )‘p(clgw + M, +a)+ 5)90p,c’,R(x)'
By (£I) we can infer that for any ¢ > ¢
Dalope,r] + Mplope rl + (alz) + (D + My, +2) +0)ppe r = (¢ — ¢ )Dulpp.e Rl + 00p.er R

d—c

d—c
; dl(cl) + (5 - ( J )’70> Pp,c' R+

>
c

Thus, the claim holds true by taking ¢(d) < ¢ (1 + %) O

Remark 3. Note that ¢(d) does not depend of R.
Step two : Construction of a good test function for e small.

First, let us remark that since J and f satisfies (HIl)-(H4) and \,(¢®, + M +a) < 0 by using Lemma
B3] we have

Rlilil Ap(Dg + M, +a) =X(cD,+ M+a) <0
—+00
and so there exists Ry > 0 such that

Ap(cDy + M+ a)
2

(4.7) Ap(Dg + M, +a) < < 0.

Ap(De+ M, +a) .
Let us fix 6§ < ——————0— and let us start our construction of .

First, thanks to the continuity of A\,(c®, + M Ry T a) with respect to the speed ¢, there exists ¢y > ¢
such that for all ¢ < ¢’ < ¢y, we have

RS

(4.8) (@D + My +a) < A\p(cDy + My, +a) +
From our choice of ¢y let us observe that for all cg > ¢ > ¢ we have

7 7
(@D + M, +a) < g/\p(cm + M, +a)< 1—6>\p(c33x + M +a) <O0.
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Now thanks to the Claim there exists ¢(d) such that for all ¢ < ¢ < ¢(d) the principal eigenfunction
©p,c' R, Verifies

d—c J
CQz[‘Pp,c’,Ro] + MRO [(Pp,c’,Ro] + (a(‘r) + )‘p(C/:D:c + MRO + a) + 5)90p,c’,R0 > le (C/) + §(Pp,c’,Rg-

Fix now ¢ < inf{cg,c(d)} then from the above inequality and by using ([£8]) we achieve

' —¢

c )
(4'9) Cgm[@p,c’,Ro] + MRO [@p,c’,Ro] + (a(m) + )‘p(cgﬂc + MRO + a) + 5)(10;0,0’,}30 > le (C/) + Z‘;Dp,c’,Ro-

For 7 < i, let us now choose a family of increasing cut-off function ((x) such that

¢(x) =0 forr —Ry<x<—-Ry-+T71
Cl(x) >0 for —Ry+7<x<-—-Ry++7
Gx)=1 for —Ry++/7<z<Rp

and that for some uniform constant Cy verifies |¢(z)| < % Choose 19 < 1 small such that

Ro
inf / J(& = y)ep.e ry(y) dy := do > 0.
€N —Ro++/To

Let us define ¢ := ¢, /g, (2)(- () and for 7 < 79 let us compute
D[] + My [] + (a(z) + Ap(cDy + M, +a) + )y

Observe that ¥ =0 for < —Rg + 7 and 7 < 79, so we have for x < —Ry + 7

Ro
D10+ My 0]+ (0la) + M0+ M, +2) +8)0 = [ T =)t dy

Ro
(4.10) > / T = y)eper () dy > do.
—Ro++/T0

On the other hand, for x € (—Ro + /7, Ro) we have (;(z) = 1 and thanks to (£9) we deduce that

Ro d—c )
DY) + My [] + (alz) + Ap(cDy + M, +a) + )Y > /R J(@ = Y)p.e',mo () (G (y) = 1) dy + —5—d1 + 9.
— 10
—R0+\ﬁ Cl —c 5
> /R J(‘T - y)cpp,c’,Ro (y) dy + J dl + Z(Pp,c’,Ro-
—1o
d—c )
> _HJHOO\/F"i' J dl'i'zgpp,c’,Ro-
d—c 2
By taking 7 < inf <Wdl> , 7o ¢ we then achieve for z € (—Rg + /7, Ro)
C 00
d—c )
(4.11) D[] + My [P] + (a(@) + Ap(cDy + M, +a) + )Y > 5 di + 1Ppc R > 0.

Similarly, thanks to (@3] and since (; is a monotone non decreasing function, a short computation shows
that on (—Ro +7,—Ro + /7)

Ry

D] + My [9] 4 (a() + Ap(eD + My, + )+ 8) = / T =) (1)) — Cola)) dy

d—c )
+ CT(a:) < 7 dl + Z¢p70,7R0> .
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Ro
Define I := J(x = 9)¢p.e' ko () (¢r(y) — (- (x)) dy, and let us estimate I.
—Ro
Since ¢ = 1 in (=R + /7, Ro), ¢, is monotone non decreasing and |(.(z)| < % and since 7 < 79 and

xz € (—Ro+ 7, —Ro + \/7) we can estimate I as follows:

Ro T
I>(1- Cr(x))/ J(x —y)op.e(y) dy +/ J(x —y)op.e () (Cr(y) — G () dy,
—Ro+v/7T —Ro
> (=Gl [ =) D= oy
VT
> (1— (o (a))do - % RRCRES
> (1 () — SV e

As a consequence, by setting d* := inf {do, %dl} and by choosing 7 small, say

/ 2 * 2
r<mominfdn (S q) (o
o "2 le /) "\ Coll o/ |

we then achieve for all z € (—Rg+ 7,—Ro +/7)

) d*
(112) L]+ My [0] 4 (0(a) + My(Ds + My +8) 000> G () gy (o) + 5
By using that a € C1*(R) we can check that the eigenfunction ¢, g, € C%*((—Ro, Ro)) and by
definition of 1 this implies that ¢ € C?((—Ry, Ry)). Moreover collecting (@I0), (Z11]) and (@I2)), for any
x € (—Rp, Ry), we also have

&

€©mmw}] + ng[¢] + MRO [¢] + (a(ﬂf) + )\p(ch + MRO + a) + 5)7,Z) > 5®xx[¢] + 5

Y(=Ro) = ¥(Ro) =0

satisfies

which for € small enough says € < &* := Mol
C

*

d
Dz [Y] + D Y] + My W] + (a(@) + Ap(cDy + My, +a) + )Y > Viks 0,
ending thus the proof of the Lemma. O

Remark 4. From the above construction, since ¢» =0 in (—Rg, —Ro + 7), we can easily observe that for
all £ < &* the function 1) is still a good test function in (r1, Ry) for all r; < —Ry.

Remark 5. Observe that for small x, the function ki can also serve as a sub-solution of the problem
([42)-(@3) defined in (—Ryp, Ro). Indeed, a straightforward computation shows that

”‘Z* + (~Ap(Dy + My, +a) — )kt + o)

rkd* )\p(ng + MRO + a)
4 2

Dz [W] + Dyrth + My, [K] + f (2, Kp) >

> K + o(kyp) > 0.

Thus since large constants are super-solutions of the problem and the problem admits a unique positive
solution we will have

K‘w < Ue, Ry
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4.2. Existence of a non-trivial positive solution in R. Thanks to the previous subsection, for a
fixed ¢ > 0 we know that there exists ¢y > 0 and Ry > 0 such that for any 0 < ¢ < ¢y and R > Ry there
exists u. g a unique positive solution to (2)- (43]). In addition, for a fixed € and for any Ry > Rs > Ry,
the solution u. g, is a super-solution for the problem

Dz [u] + D [u] + J\/lR2 [u] + f(z,u) =0 in (—Rg, Ry)
’LL(—RQ) = U(RQ) =0

Therefore by a sweeping argument we get
Ue Ry < Usr, In (—Ra, Ra).

Thus, for ¢ fixed the map R — u. g is monotone increasing. As a consequence and thanks to Remark
for all R > Ry we will always have

(4.13) kY < Ue py < Ug R on (—Ro, Ro)

for some k > 0 independent of e.

On the other hand, since f satisfies (H3|)-(H4]), we can find a constant M such that for all R > Ry
this constant is a super-solution of the problem ([@2)- (£3). Thus, by uniqueness of the solution, we then
have u, g < M for all e <egp and R > Ry.

Let us fix now ¢ < ¢y and let (R,)neny be an increasing sequence starting from Ry and such that
R, — +o0o. Let us denote by (up)nen the corresponding sequence of solutions of (£2)—(A3]) set on
(=Rp, Ry,). Since u,, is uniformly bounded, by using local elliptic estimate we can check that (u,)nen is
bounded uniformly in C?®(—R,,, R,,) and therefore by a diagonal extraction process we can extract of
the sequence (uy)nen a subsequence, still denoted (uy,)nen that converges locally uniformly to a positive
bounded function u, which is solution to

D zlue] + Dyue] + Mlue] + f(z,ue) =0 in R

Moreover, thanks to (£.13)), we have ki) < u. < M in (—Ry, Ro). Note that the latter bound is independent
of € so we get for all € < g

(414) %¢ﬂ(—RO7RO) S Ue S M.

Whence, for all € < g( there exists a non trivial solution u. to (&Il thus proving Theorem FT]

4.3. Uniqueness of the solution of (@I]). Let us now prove that the solution u. is unique. We argue
by contradiction and assume that there exists v another positive solution to (£I)). We will show that
ue < v and v < u, which will give us our contradiction.

Let us first remark that v is a supersolution of problem ([42) — (£3]) for any R > 0. Therefore by a
standard sweeping argument we conclude that v > u. g for all R > Ry. Since u. g is monotone with
respect to R, it follows that v > u.. By assumption v # u. almost everywhere and by using the strong
maximum principle we then have v > u.. Our main task is then to prove the inequality v < u.. To do
so we will use a sweeping type argument. But first we will establish some useful properties of v that will
constantly used along our proof. Namely,

Proposition 4.6. Assume that f and J satisfy (H1l) — (H4) and assume further that J satisfies (HG).Let
v € CE (R) be a positive bounded solution to (&I). Then v € LY(R).

Proof. By assumption since f is in C! and v € L®(R) N C? (R) is a solution to (&I), by using interior
elliptic regularity we deduce that ®,[v] € L®(R). Now to prove that v € L' and let us integrate (@I
over (—R, R), we then get

R R
S04 [0)(R) — D o] (— R)) + c(u(R) — v(~R)) + / ) /R J(=2)o(z+2) — v(@)] dz dz = — / (@) do.
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Let us set Ag := (D [v](R) — D.[v](—R)) + c(v(R) — v(—R)) and by using that J has a first moment,
that v is smooth, and Fubini’s Theorem we can rewrite the equality as follows

_/_I;f(a;,v(a;))dazzAR—F/R/J(—z)z/li)x[v](a;—l—sz)dsdzdm

—AR—I—/ / [V(R+ sz) —v(—R + sz]) dsdz
Therefore, since v and D,[v] are bounded we get for all R > 0
R
(4.15) —/ f(@,0(x)) dx < Co = 2l|o]lao <c+ / J(z)|z|dz> T 2. o]
-R R

Now since f satisfies (H3) and (H4]) we can find Ry > 0 and g > 0 such that f(z,s) < —kgs for all
|z] > Ro and s € RT. Whence, for all R > Ry we get from ({I5]) that

—Ro R
—/ flz,v(x)) de — f(z,v(x) dx<‘/ f(z,v(z))dz| + Co
-R Ry
Ro R
Ko (/ v() dx—i—/ v(x)da:) < Co + 2R f|loos
-R Ry
which by using that v is bounded implies that
R
w6) [ oy <« Coot 21l el
—R Ko

Since v is positive, the later estimate shows that v € L!.
O

Remark 6. Note that as a corollary of the fact v € L', since v is smooth we must have E:Htl v(z) = 0.
€T o

In addition since v € L'(R) N L>(R), by interpolation v € L? for any 1 < p. In particular, v € L?(R).

Remark 7. We observe that the above proof only rely on elementary computations which will be true as
well when ¢ = 0. Therefore we then have that any bounded positive smooth solution to (5] is in L!(R).

Equipped with the Proposition 1.6l we are now in position to prove v < u.. To this end, we will use
a sweeping type argument,which essentially relies on two main steps. First we prove that v < 1yu. for
some 79 > 0 and then in a second step we show that v < Tu, for all 7 > 1. Let us start by proving the
following:

Claim 4.7. There exists 79 > 0 such that v(z) < Tgus(x) for all z € R

Proof. Let us define by (z) := L& “(E(f)) and by(x) := (m(v()x Since f satisfies (H3)—-(H5) and v > u. we

have b1 (z) > ba(z) and therefore u., v satisfy:
€D eluc](r) + Dpful(z) + Mue|(z) + ba(z)uc(z) < 0
€9 4[] (x) + D, [v](z) + M[v](x) + ba(x)v(z) = 0.

By using that f satisfies (H4]) and since v is bounded we can find Ry and vy > 0 such that by(z) < —1y
for all |x| > Ry. Now since u. and v are bounded and positive the following positive quantity are well
defined

My:= max v(z mo := min u.(x).
0 IEG[—Ro,Ro} ( ) 0 wE[Ro,Ro] 8( )

By considering now the function Cu, with C := %—8 + 1 we then have Cu. > v in [— Ry, Rg]. Therefore
since 0 = lim |, o0 v(7) < limy 4o Cuc(z), by using the weak comparison principle, Theorem 2T we
then conclude that v < Cue. O
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From the Claim 7] the following quantity is then well defined
7" :=1inf{r >0, |v < Tu.},
and we claim that
Claim 4.8. 7" <1
Note that by proving the claim we end our proof since we then achieved that v < 7%u < u.

Proof. Again, to show this claim we will argue by contradiction and assume that 7* > 1. By definition
we have v < 7*u. and by the strong comparison principle, Theorem 2.2 either v < 7*u, or v = 7*u.. In
the later case, we get the contradiction

flx,o%us)

+ MU = D07 U] + Do u] + Mo u] + ————"0"u,
v o* U,
< 0" (€D gg(ue] + D lue) + Mluc] + f(z,u:)) = 0.
Let us now obtain a contradiction in the other situation. Since v < 7*u., we may find 7/ < 7* such
that v(z) < T'uc(z) for all € [— Ry, Ry]. In addition we can check that v and 7'u. satisfy
Do [T uel(x) + D [T u)(x) + M[T'uc](z) + bo(z)(T'us(x)) < 0 for all |z| > Ry
€0 4z [v](x) + D [v](z) + M[v](z) + ba(z)v(x) = 0 for all |z| > Ry,
v(x) < T'us(x) for all z € [~ Ry, Ry,
1)y 00 0() < UMy 400 T'ue ().

0 =D [v] + D, [v] + M[v]

Thus by applying the weak comparison principle, Theorem 2.1} we get v < 7/u, contradicting the definition
of 7*. Whence we must have 7* < 1. O

5. THE SUFFICIENT CONDITION: EXISTENCE OF A NON TRIVIAL STEADY STATE

In this section, by analysing the singular limit problem (41]) as ¢ — 0 we construct a positive solution
@ of (LA]) and prove the sufficient condition stated in Theorem [Tl The proof being similar for ¢ > 0 and
¢ < 0, we only present the construction for the case ¢ > 0 and when necessary we add some remarks to
handle the case ¢ < 0.

So let us now analyse the singular limit of u. when ¢ — 0 and construct a positive non trivial solution
to ([L3). From (&I4) we know that M > u. > k1 (_g, r,) With M and s constants independent of e.
Next, we show that there exists C such that for all &, we have

(5.1) 1D, [ue]| < Cy
To obtain such estimate, we will first establish the following estimate:
Proposition 5.1. Assume J and f satisfies (HIL)-(H4), then for all 0 < € < eq there exists C- such that
[uell () < Ce.

Assume for the moment that the proposition holds true and let us prove that it implies (51)). In-
deed, since u. is bounded in H1(R) and smooth we can then infer that limj,_, ;o Dzfuc](r) = 0 and
lim,| 1o us(7) = 0 and as a consequence, the quantities sup D [u.](z) and in}%@w[ug](:n) are achieved

Tre

z€R
at some points xg, 1 in R. Now, by using (£.1I]) we deduce that at these points we have
M- sup |[f|(z,s) < Dgfue](z)) <M+ sup |f[(z,5)
z€R,s€[0,M] z€R,s€[0,M]
and thus

M + sup,c sefo.n | f1(, 5)

(D fue] ()] < C1 o= . |
Now thanks to (B.I]) we can construct a non trivial solution to (L5]). Indeed, take a sequence (&,)nen
such that £, — 0 and let u., be the non trivial solution of the regularised equation (@Il with ¢,,. Thanks
to (5.I) and ([@I4) the sequence (ue, )nen is uniformly bounded in C'(R) and therefore by a diagonal

extraction process we can find a subsequence that converges locally uniformly and pointwise to a non
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negative function u. Moreover, kY1 (_g, ry) < @ < M and passing to the limit in the equation in the
sense of distribution, we can check that % satisfies in a weak sense

D[] + M[a] + f(z,a) = 0.

Recall that ¢ # 0, thereby by a standard regularity argument, we can see that # is smooth and satisfies
the above equation strongly whence

Dzlu)(z) + Mla](x) + f(z,u(x)) =0 foral zeR.
To finish our proof let us prove the proposition.

Proof of the Proposition. To prove that, let us first recall that since € > 0 and u. is a bounded solution
of (A1) by using standard regularity estimates it follows that ©,[u.] is also uniformly bounded in R. So
by multiplying (4.1]) by u. and by integrating the resulting equation over (—R, R) we then obtain

R c R R R
. / 0Dl o) /_ 0. [ul(w) do+ / (e () M) () — 2 () dat /_ s (a)ue(a) do =0,

—R -R

By integrating by part the first terms and rearranging the other terms it then follows that

R R
(5.2) a/ ]@x[uawdaz—/ (e (2) M) (@) — u2(2) da;_/ F(@, e (2))ue () dz + In

-R -R
where I is the quantity
Cr 2

I = uZ(R) = u?(=R)] + ue(R)Dy[ue) (R) — ue(~R)Dy[uc) (— R).
Let us estimates all the terms in the equality (5.2]). By Proposition .6 and Remark [0l it follows that
ue € L? and u.(£R) — 0 as R — +o0, and thus hm Ir =0 since |9, [ua]\ is bounded uniformly. As a

consequence there exists a positive constant Cy Such that forall R >0
(5.3) Ir < Ch.

Now by recalling that f satisfies [H3HH4l and 0 < u. < M := ||S|| since by Proposition U is
integrable we also deduce that for some positive constant Cy

R R R
‘/_Rf(m,ua)ua(m) dr| < /_R]f(a:,ua(a:))\ua(a;) der <  sup \f(m,s)]/_RuE(x)dm < Cs.

z€R,s€[0,M]

Lastly, since u, is bounded and integrable we also have the following estimate for some positive constant
Cg:

_/R(ua(x),/\/l[ua](x)—u( ) da >/_};ug(x)dx—/_};/RJ(a:—y)ua(x)ue(y) dxdy

-R

R R
u(z) dx — 00 us () dx
2/_R 2(2) dz — M]|J| /_R (2)d
R
(5.5) > / 2(z) dz — Cs.

-R
Combining (5.2]) with (5.3]),(5.4) and (5.0]), we then achieve for all R > 0

R R
5/ |®x[u5]|2dx—|—/ uldr < Cy + Cy + C3 < 400.
-R -R
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6. UNIQUENESS

Having constructed a smooth positive solution of (L5 in L!(R), we continue our proof of Theorem
[T by proving its uniqueness. Unfortunately, the argument used to proved the uniqueness of u. does not
applies here and we require a new approach. To obtain the uniqueness of u, we argue by contradiction
and assume that v € C1(R) N L®(R) is another positive solution. Our argumentation is rather long and
for convenience we decompose it three subsections

6.1. v is H'. Let us show that the solution v is in H'. Thanks to Proposition and Remarks [ and [6]
we already know that v € L? and we only need to prove that ®,[v] € L?(R).

To do so, let us multiply the equation satisfied by v by ©,[v] and integrate it over (—R,R). By
rearranging the term, we get

[ @iy = [ bl [ [ a6 v ey - / AL YR

< 3120 2R Rl ([ [ o - otw)dedy + 1o Ol

< wlloo + [1Dz[v]lloo [0l 21 (1 + 1 fs(2, 0)lloc) -

6.2. On the sign of some principal eigenvalue. Let us assume there exists v € L!(R) N C%!(R) such
that v > 0 and v satisfies

(6.1) D, v](x) + Mv](x) + f(x,v(z)) >0 for almost every z € R.

Set b(z) = w and let us consider the principal eigenvalue \,(¢®, + M + b) of the operator
c®, + M+ b where )\, is defined in sub-section 3.1l Let us also define the following quantity

A (—Dg+M*+b) :=inf{A € R|Tp > 0,0 € WH*(R)NC'(R) st. Dy[p]+M]p]+(b(z)+N)p > 0}.
We claim that
Proposition 6.1. Assume that [ satisfies (H3)-(H4) and J satisfies (HIL)-(H2) then
A (—=eDy + M* 4+ b) < A\p(cDy + M +Db) <0.
Moreover, there exists p > 0, o € WHLR) N WH(R) N CY(R) such that
—cD,[p] + M [p] + b(z)p > 0.

Proof. We split our proof into two main steps, namely we start by showing that

(6.2) (D +M+Db) <0,
then we prove that
(6.3) Ay (—Dy + M* +b) < A\p(cDy + M +b).

The existence of ¢ will come as a side results of the proof of (6.3)).

Step One : \p(c®y; + M +b) < 0. To prove (6.2]), we argue by contradiction and assume that A, (¢, +
M+Db) > 0.
Let 0 < p < Ap(¢®5 + M + b) to be fixed later on. Then by definition of v we have

Dz [v)(z) + M[v](z) + b(z)v(x) + pv(x) > pv(z) >0 for almost every =z € R.

flx,v(z) +

)+
(@) +1 . Since f

Let ¢ > 0 be a small parameter to be fixed later on, and let us define b,(z) :=
satisfies (H4) and (HB5I), we have b,(z) < b(z) and there exists Cp > 0 such that
1b, — bl|eo < Co.

Since b,(z) > b(z) — [|b, — bl|ec > b(x) — Cou by taking ¢ := 3£, then we easily check that v then satisfies



CAN A POPULATION SURVIVE IN A SHIFTING ENVIRONMENT USING NON-LOCAL DISPERSION 25

D [v](x) + Mv](x) + b,(x)v(z) + pv(x) > (p — Cor)v > gv >0 for almost every 1z € R.

Pick now (; € C(R) a positive symmetric mollifier whose support is include in [—7, 7] and define
vy := (- *v(z). Then using the definition of ¢®, + M and (6.1]) we can check that v, satisfies

Dzfor](x) + Mvr](x) + bu(x)v-(2) + por (2 /ﬁQ-w—- (y) = bu(x Hv@DdyEigvA$)

Recall that v € C%(R) and f(-,s) € C%'(R), since by definition infg(v(z) +¢) > 0 we have b, € C*(R)
and therefore there exists x > 0 such that for all z,y € R

[0.(y) = bu(2)| < Kl —yl.

As a consequence, since supp((;) C [—7, 7] we have

D.[orl(a) 4 MIo (o) + 0,0 a) 4 por(e) 2 urte) | [ o= ) o) - 0] w(0)
> Bor(w) = [ Golo =l = ol dy
> <g - 2/{7’) v ().
By choosing 7 small enough, say 7 < g := 8—’;, we then achieve that
(6.4) Dz v (z) + Ml ](x) + b(x)vr(z) + pvr(z) >0  forall zeR.

On the other hand since b, < b, by Proposition B.I] we have A\,(¢®, + M +b) < A\y(cD, + M + b))
and therefore p < A\,(cD, + M +b,). So by definition of ),, there exists 1) > 0,1 € C*(R) such that

(6.5) D, W)(z) + M[Y](z) + b (x)Y(z) + pp(z) <0  forall xe€R.

Now let us recall that f satisfies (H4), so there exists positive constant Ry and v > 0 such that
@ —v for all |z| > Ry, s > 0. Let us now fixed p := mln{u Ap(c®y + M +Db,)} and on [—Ry, Ry
let us define the following constant

M:= sup wvr(x m = inf  (x).
z€(—Ro,Ro) ( ) x€(—Ro,Ro) ( )
. . . M . 1 0 1
Next we consider the function ¥ := Cvy with C := p + 1. Since v € L'(R) N C**(R) v(z) — 0 as
|x| — +o0 and so does v, therefore by using (6.4) and (6.5]) and by definition of C', we then have

D, [vr|(z) + Mlv:](x) + b, (x)vr(x) + pvs(x) >0 forall zeR

D, [V](z) + M[P](x) + b,(x)¥(x) + p¥(x) <0 forall zeR

vr(x) < U(z) for all x € [-Ry, Rol,
0 = lim|g|_y00 vr () < limy 00 ¥(2).

(6.6)

By successively applying the weak and the strong comparison principle, Theorems 2.1] and 2.2] we then
get v, < ¥ and we can define v* := inf{y > 0|v, <~¥}. Since for all v > 0 the function vV satisfies,

D, [v](z) + My¥](x) + b,(x)y¥(x) + pyP(z) <0 forall zeR,
by a classical sweeping argument we then get that v* = 0 and thus get the following contradiction
0<ov <0.

Therefore (6.2]) holds true, meaning that A\,(¢®; + M + b) < 0. Let us now prove that the inequality
(63) holds true as well.
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Step Two : \j(—cD; + M* +b) < A\p(cD; + M + b). Observe that in order to prove that (&3] holds
true, since by Proposition B4 A,(¢D; + M +b) = \y(=cD; + M* + b) and by the definition of A7,
it is then enough to prove the existence of ¢, € CI(R),cpp a principal eigenfunction associated with
(=D, + M* + b) such that ¢, € Wh N CL(R). To do so, thanks to the a priori regularity provided
by the equation, it is enough to show that such ¢, exists and that ¢, € L.

Consider now the increasing sequence (R, )nen = (Ro+n)nen and the sequence A\p(—c®, + M’;n +b)
associated to the operator —cD, + M7+ b defined in (= Ry, Ry) for ¢ € C([— Ry, R))NCYH(=Ry, Ry)).
Let (¢n)nen be the sequence of positive principal eigenfunction associated with \,(—c®, + M;n + b).
Such sequence (¢ )nen exists thanks to [31),130] and moreover Ay (—c®y+ M7, +b) = Ap(—cDy+M*+b)
as n — oo.

In addition, for all n > 0, ¢, satisfies

(6.7) — D [eon](z) + M;n [on](@) + (b(z) + Ap(cDy + My +b)p, =0 in (=R, Ry).

Let us recall that b(z) < —v for all |z| > Ry. Therefore since by Proposition 3.4 and the previous step
Ap(=Dg + M* +b) = Ap(cD; + M +b) < 0 and since A\p(—cDy + M}, +b) = Ay(—cD; + M* +b)
there exists Ry > 0 such that

b(z) + A\p(—cDy + M+ b) < —Z for |x| > R;.

Let us now consider t(z) = 2e~*#I=F1) where o will be chosen later on. By a straightforward
computation, we see that for all R > Ry and |z| > R;

=D [P)(2) + M [0](x) + (b(2) + Ap(=cDaz + M, +b))ip(x) < ha)i(z),

h(a) = <|c|oz—|—/RJ(z)eazdz— 1- %) .

Since J is compactly supported, by the Lebesgue Theorem, the function A is continuous and we can see
that h(0) = —%. By assumption v > 0, and by continuity of A there exists g > 0 such that h(ag) < 0.
Thus, for a = a9 we achieve

(6.8) — D [Y](x) + M7, [Y](z) + (b(x) + A\p(=cDyp + M}, +Db))p(z) <0 for |z > Ry.
Recall that by construction, the function ¢,, satisfies :
(6.9) — cDz[pn](x) + M}, [pn](z) + (b(z) + Ap(=cDz + M} +b))pn(z) =0 forzin (=R, Rn).

Since R,, — 00, there exists ng such that for all n > ng R, > R;. Up to a rescaling, without loss of
generality, we can assume that for all n > ng, sup ¢, = 1. Therefore for all n > ng we get

with

[—R1,R1]
— Dylpn](z) + M3, [pnl(z) + (0(2) + Ap(—cDy + M}, +b))pn(z) =0 forall =z € (—Rn,Ry)
— D [Y)(z) + M7, [¥](z) + (b(z) + Ap(—cDz + M}, +Db))Y(x) <0 for all |z| > Ry
on < Y(x) for all z € [—Ry, Ry]

We claim that
Claim 6.2. For all n > ng, then ¢, <.

Assume for the moment the claim holds true then we can readily finish our proof by arguing as
follows. Since ¢, < 1 < 2e®f1 by using the local regularity we can see that the sequence (¢, )nen is

bounded uniformly in C''(R). Therefore by using a diagonal extraction and that sup ¢, = 1, from
[—Ri1,R1]
the sequence (¢, )nen We can extract a subsequence that converges to a nontrivial smooth function ¢ >~ 0

in the CL _(R) topology. Moreover, ¢ < 1 satisfies
—cD,[p] + M [p](x) + (b(x) + Ap(—cDyp + M* +Db))p(x) =0 forall =z eR,
which since \p(—c®, + M* + b) < 0 enforces
—Dzpl(x) + M*[p](z) + b(z)p(x) >0 forall ze€R.
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By using the strong maximum principle, we see that ¢ > 0 and from the local regularity since ¢ € L™
we see that ¢ € W1, Hence (p, \p(cD, + M + b)) belongs to the set of test function that define
Ap(cDy + M +b) and therefore

Ap(=Dy + M* +b) < A\p(=cDy + M* +b) = Ay (D, + M + b)),

proving that (6.3]) holds true. We get similarly ¢ € W1!(R) by observing that ¢ € L'(R) since 0 < ¢ <
and ¢ € L. O

Let us now prove the claim.

Proof of the claim. Recall that ¢, € C1((=R,, R,)) N L*>®((— Ry, R,)) and ( I%nf 1 > 0. Therefore, we

—itn,itn

can find vy > 0 such that ¢, < y91 and therefore the following quantity is then well defined:

(6.10) 7" = inf{y = Ol¢n <9}

We will show that v* < 1. Assume by contradiction that v* > 1. By definition of v* and since ¢,, and %
are continuous in [—R,, R,] we have ¢, < v*¢ in [-R,,, R,] and there exists xg € [—R,,, Ry] such that
on(zo) = v*9(x0). Since v* > 1 and ¢, < ¢ in [—Ry, Ry], we deduce that z¢ € [-R,, R,] \ [-R1, R1].
Since ¢, < 7*1, by the strong maximum principle we then infer that ¢, < y*¢ in (=R, R,) and thus
xg = £R,,. Since —c < 0, thanks to Theorems we have ¢, (—R,) = 0 < v*¢(—R,), so we must have
xg = +R,. By using now (6.9]) and (6.8]), we can check that the function w := y*1 — ¢,, satisfies

—cDg[w](z) + M}, [w](@) + (b(2) + Ap(cDz + M, +b)w <0 forall |z[> Ry

Since w(R,) = 0, and since w is continuous in [—R,, R,] we then infer that
Ry
liminf ®,[w] = lim ——/ J(z —y)w(y)dy > 0,
_Rn
which since w(R,,) = 0 implies that there exists o € (—R,, R,,) such that w(xz2) < 0 contradicting that
w >0 in [-R,, R,]. Hence v* < 1 and thus ¢, < 1.
O

6.3. The final argument. We show that the equation (L5]) has a unique solution. To do so let us argue
by contradiction and assume that there is another solution us. From the above subsection, we know that
ug € LY. Let us denote v(z) := sup(u(z), uz(z)), then from the definition of v, we deduce that v is a weak
sub-solution to (L5]), that is we have

D, [v](x) + M](x) + f(z,v)(x) >0 for almost every x € R.

As above set b(z) = W and now let us consider the operator —c®, + M* + b.
We claim that

Claim 6.3. There exists a sequences (0, )nen and (¢, )neny and a smooth bounded non trivial function
1 > 0 such that :

i) for all n > 0,0, > 0,041 <6y, and lim 6, =0

n—oo
i) for all n > 0,1, > 0,9, € CFR)NWH®(R), and ¢, = in C%(R)
iii) for all n >0

— D [n](x) + M* [y (x) + b(2)n(z) + dptp, >0 forall =z eR.

Assume for the moment that the claim holds true, then we finish our proof of the uniqueness by arguing
as follows. Let us multiply by u the equation satisfied by ), and integrate it over R, the integration is
licit since v € C*(R) N H'(R) and ¢, € WH>(R). We then get

Ja = —c /R uD, ] + /R uM (] + /R b(@)uthn + 6 /R wibn () > 0.
Therefore
(6.11) lim inf J, > 0

n—oo
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Since v, € W1 and u € H'(R) by using integration by parts, Fubini’s Theorems and the equation
satisfied by u, we can check that

B=c [ Dulutn+ [ dnblul + [ Hayuwn+5, [ v,
B flz,v(@) f(%U(w)))
A G ) R AL
Since 6, — 0, u. € L', € L> and 1),, — 1 pointwise we get that
: _ flzv(@)  flz,u(@))
s, = [ (558 - L)

which using that u <z v and f(z,s)/s is decreasing implies that

f@,o(x))  flz,u(z))
LS - T we<o
and thus
(6.12) limsupJ, <0

n—oo

By combining the later estimate with (6.11]) we get the following contradiction

0 < liminfJ, <limsupJ, < 0.

n—00 n—o00

Hence u = v = us.

Proof of the Claim. Thanks to Proposition 6.1l we know that )\Z (=D, + M*+b) < 0. Let us now analyse
two separate possibility either \(—cD, + M*+b) = 0 or \J(—cD, +M*+b) < 0. In the later situation,
the existence of the sequences is straightforward. Indeed from the definition of A} there exists a test
function ¢ > 0, ¢ € CH(R) N WH(R) such that —cD,[¢)] + M*[p] + b(x)yp > 0. We achieve i), ii) and
iii) by taking the sequence (1, )nen defined for all n by 1, = ¢, and any decreasing sequence (dy,),, that
converges to 0.

Let us now look at the situation A} (—c®; +M*+b) = 0. In this situation, let (An)nen be a monotone
decreasing sequence of positive numbers such that A\, — 0 as n — oco. By definition of )\g, for each n
there exists i, such that

(6.13) — D[t (z) + M*[Yp](z) + b(z)hy, + Apthp(x) >0 forall z€R.

By assumption for n large enough, says n > ng, we have \,, < v/2 and thus b(z) + A, < —% for |z > Ry.
So by integrating (6.13) over (—R, R), we then get

o[ v+ [ sz f [ ) -

v Ro
with Cp:= | =+ sup |[b(x) + A\l U
2 z€[Ro,Ro] —Ro
After integration, since v,, € L*, there exists C,, such that

R
1%
2/ R

Therefore, ¢, € L'(R) and as a consequence ¢, (z) — 0 as |z| — +oo0.
Now by arguing as in the proof of Proposition [6.I] we can also find o > 0 independent of n such that
for all C' > 0, the function w := Ce~*l satisfies for all |z| > Ry

—D 4 [w] + M*[w] + b(z)w + A\yw + %w < 0.
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Let us now normalised ), such that sup  ¢n(z) =1 and take C := 2e*%0. By our choice of
IEG[—Ro,Ro]

parameter, we have w > 1, on [— Ry, Rg]. Now since for n > ng b(x) + A\, <0 for |x| > Ry by repeating

the argument used in the proof of Proposition [6.]] we see that for all n > ng, we then have v, < w in R.

Therefore the sequence (1,,)nen is uniformly bounded in L®(R) N CL (R), and as a consequence by

a diagonal extraction we can extract a converging subsequence, that is there exists ¢ >% 0 such that

Yn — ¢ in CL (R). Moreover we can check that ¢ € L™ satisfies —cD,[1)] + M*[¢)] 4+ b(x)y = 0 and

sup 1 = 1. Hence (¢p,)nen, (An)nen are our desired sequence. O
[~ Ro,Ro]

7. NON-EXISTENCE OF A SOLUTION

In this section, we deal with the non-existence of positive solution to (L) when A, (¢®,+M+1f5(x,0)) >
0, proving the necessary condition stated in Theorem [I.1] validating that the sign of this quantity is the
right criteria in order to predict the survival of the population. To simplify the presentation of the proofs,
we treat the two cases: A\p(c®y + M +1£5(x,0)) > 0 and A\ (D, + M +1f5(x,0)) = 0 separately, the proof
in the second case being more involved.

Case \p(cDy + M +£5(x,0)) > 0: In this situation we argue as follows. Assume by contradiction that a
positive bounded solution u exists. By assumption, u satisfies

fau)
u

(7.1) D, u] + Mlu] + =0 in R.

From Proposition [6.1lwe deduce that A, (c@m + M+ M) < 0. Therefore since f(z,u)/u < fs(z,0),

u
by using the monotonic property of A, with respect to the potential, we see that

Ap(Dy + M+ £5(x,0)) < A, (@m M f%‘”) <o.

Thus, we then obtain an obvious contradiction since A,(c®, + M + f5(x,0)) > 0.

Case \p(cDz+M+1£5(x,0)) = 0: To treat this case, we will adapt to our situation an argument introduced
in [5] in the case ¢ = 0. We argue again by contradiction. Assume that a non-negative, non identically
zero, bounded solution w exists. By a straightforward application of the maximum principle, since u % 0

we have u > 0 in R. Set a(x) := fs(z,0) and b(x) := %, then by Propositions [6.1] and B.I] we have

0=X2p(cDz+ M+a) < A\(cDz+ M+Db) <0.
Therefore we have
(7.2) Ap(Dp+ M4+2a) =\, (D + M +Db) =0.

Fix Ry > 0 and let us denote ¢ € C(R) a smooth regularisation of x g, /2 the characteristic function of
the interval (—%, %) Since b < a, we can find €9 > 0 small enough such that b < b+ ¢¢( < a.

By Proposition Bl and (Z.2)) then have
Ap(€Dy + M+ b+ 50¢) = 0.

Since by Theorem [[Z21 we can check that A,(—cD;+ M +b + () = \p(cDz + M+ b+ £¢(), we then
have

)\p(_cgm + M + b + 50() — 0
Now thanks to Proposition [6.1] there exists ¢ > 0,9 € CY(R) N WHH(R) N WL(R) and sequences
(¥ )nen, (0n)nen and a positive function ¢ € L such that
i)
—Dzpl(x) + Mlg](z) + b(x)p(x) >0 forall =z eR.
ii) for all n > 0,0, > 0,041 < 0p, and lim 6, =0

n—o0

i) for all n > 0,4, > 0,4, € CHR)NWIS(R), and oy ¢  in CL2(R)

loc
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iv) for alln >0
=D [Yn](x) + M*[thp](2) + (b(@) + €0 (2))¥n () + dpiby, >0 forall =z €R.

Arguing now as in the final argument subsection of the section [0l we achieve the contradiction

0= < /R (@) (@)¢(x) dz < 0.

8. LoNG TIME BEHAVIOUR

In this section, we investigate the long-time behaviour of the positive solution u(t, z) of
(8.1) opu(t, ) = Mu|(t,x) + f(x — ct,u(t,z)) fort >0, and z € R,
(8.2) u(0,x) = up(z) in R.

For any ug € C*(R)NL* or in C*(R)NL'(RY) the existence of a smooth solution u(t, z) € C*((0, 4-00), C™*{LF}(R))
respectively u(t, z) € C((0,+o0), C™LAHR) N L1 (R)) is a straightforward consequence of the Cauchy-
Lipschitz Theorem and of the K PP structure of the nonlinearity f. Note also that in the moving frame

of speed ¢ the smooth solution u.(t, ) := u(t, x + ct) will be also a solution of the following problem

(8.3) Ouc(t,x) = Mluc|(t, ) + Dyluc](t, ) + f(x,u.(t,z)) for t >0, and z € R,
(8.4) uc(0,2) = up(x) in R.

Observe that the function u(t, z) := u.(t,x — ct) is also a solution to (81I]) so by uniqueness of the solution
of the Cauchy problem, we deduce that u(t,x) = @.(t, z) = uc(t, z — ct).

Before going to the proof of the asymptotic behaviour, let us recall some useful results

Lemma 8.1. Assume that uy is a sub-solution to [83)), then the solution u.(t,z) is increasing in time.
Conversely, if ug is a super-solution to [83) then u.(t,x) is decreasing in time.

The proof of this Lemma follows from a straightforward application of the parabolic maximum principle
and is left to reader. Note that it may happen that ug is sub-( super-) solution of (81l but not of (&3)
and vice versa.

Let us now prove the asymptotic behaviour of the solution of (L4]) and finish the proof of Theorem
[L1l We split our analysis into two main steps, first we establish a local uniform convergence towards the
steady states of the system then by adapting an argument used in [I3] [4] to our situation we prove the
uniform convergence.

8.1. Step One : Local uniform convergence. Let us first prove that for any bounded and smooth ug
then the solution u.(t,z) of (B3]) converges locally uniformly to %.(x) a stationary solution of (83)]).
Depending on the sign of A\,(¢®, + M + a) this stationary solution will be either 0 or the unique non
trivial solution of (83]). So, let z(¢,x) be the solution of

(8.5) Oz(t,x) = M[2](t,x) + f(z — ct,2(t,z)) fort >0, and z € R,

(8.6) 2(0,z) = Clluplloc on R.

Since S(z) € L by choosing C' large enough, the constant C'||ug||~ is a super-solution of (8.I]). Note that
since z(0,z) = C'ste, then it is also a super-solution of (83]). Therefore both z and z.(t, z) are decreasing

function of ¢ and by the parabolic maximum principle u(t,z) < z(¢,z) for all (¢,z) € [0,400) x R and
uc(t, z) < z.(t,x) for all (¢,x) € [0,400) x R. Therefore,

(8.7) limsupu(t,z) <limsupz(¢t,z) forall ze€R.
t—o00 t—o00
(8.8) limsup u.(¢,z) < limsup z.(t,z) forall z€R.

t—o0 t—o0
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Since z.(t,z) is a decreasing function of ¢, and z. > 0, we get lim; o 2.(t,z) = Z(z), for all z € R.
Moreover by using standard regularity estimates z.(t,x) converges to Z in C’llo’ca(R) topology and thus z
is a bounded stationary solution of (8.3]). By uniqueness of the positive stationary solution, we conclude

that zZ = ..
Therefore we have
(8.9) limsup u.(t,z) < @.(x) forall zeR.

t—o0

When A\, (D, +M+a) > 0, then no non trivial solution exists and therefore we have 4, = 0 and u(t, z)
as well as u(t,z) converges locally uniformly to 0. Let us now prove that when A,(c®, + M + a) < 0,
then @, > 0 and u(t,z) — . locally uniformly as ¢t — +oc.

In this situation, from Subsection B} thanks to Remark B there exists Ry > 0, 1 € C?(—Ry, Rgy) N
C([—Ro, Ro]) such that for all z € (—Ry, Ry) we have

*

DY) + My [] + (alz) + Ap(cDz + M +a) + )y > dz >0
(D + M, +a)<)\(c© —I-M +a)

with Ap(c®; + My +a)+6) <

2
Set v 1= A\ (cDy + ./\/l , Ta) +6) and let us extend v contlnuously by zero outside (— Ry, Rp), and let us

denote v this extensmn One one hand since by definition 1 € C%*(R) N C?((—o0, Ry)) we have ¢ = 0 in
R\ (=R + 7, Ro] it follows that

(8.10) @[] + M[Y] + (a(z) + 7)Y = / xr— y)dy >0 forall xzeR\(—Ryg+ T, Ry

On the other hand, since 1) > 0 and M[)] > #o (Y], we then have

Jl,
d*
4

(8.11) D[] + M)+ (a(z) +7)Y > — >0 forall =z € (—Ry, Ro)
Therefore, 1 satisfies
(8.12) D[] + M[] + (a(z) + )y >0  for almost every x € R

Pick now ¢, € C*(R) a positive symmetric mollifier whose support is include in [—¢,¢] and define

P, = x .

Then from the above equation we can check that 1, satisfies for all z € R

Da[th] + MY + (alz) + 7). + /]RCT(:E —y)lay) — a(@)] ¥(y) dy > 0.

By using that a € C%%(R), there exists Lg such that for all z,y € R, we have |a(z) — a(y)| < Lo|lz — y[®
and therefore from the above inequality we deduce that

Dalth] + M) + (a(:n) + %) b > (—% _ 2L0L°‘> b

1
Then by taking ¢ small enough, says ¢ < ¢y := (ﬁ) “ we then achieve for all z € R.

Dylth] + Mt + (a(z) + %)m > 0.

Let us now check that for x small, then k1), is a subsolution to (83]). Indeed, thank to the regularity of
f and since 1), is bounded and f(z,0) = 0, we can find £* such that for all kK < k* we have for all z € R

‘—f @) o)) < -1

< -2,
- 4

Now observe that since f(z,0) = 0, when ¢, = 0, we trivially have

D k), + Mk, + f(x,k),) = M[p] >0
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whereas for z such that v, > 0 by definition we have
Dy, + Mk + f(z,59,) = <[M

gl vk
- Js 70 e LZ__ L 0
2 - o] - 7) v >
Therefore

Durty + M) + f(Emb) 2 ~J, 20 in R.
For k < k* let hy(t,x) and he.(t, c) be the respectively the solution of

(8.13) Orhy(t, ) = Mhg](t,x) + f(z — ct, hy(t,x)) fort >0, and z € R,

(8.14) he(0,2) = k1, on R.

and

(8.15) Orhek(t, ) = Dylhes](t, ) + Mlhe k] (t,2) + f(z, hek(t,z)) for t >0, and z € R,
(8.16) her(0,2) = ki), (z) on R.

By definition since 1, is bounded we can find kg such that for all k < kg, kK10, < C|luglleo = 26(0,7) =
2(0,2) and by a straightforward application of the parabolic comparison principle, we see that for all
t>0and x € R

h(t,x) < z(t,x) and he(t,z) < z(t, z).

Thanks to Lemma ] the function h., is monotone increasing and therefore z.(t,z) > x1, for all
times and x. As a consequence the stationary solution zZ = @, > 0 is the unique non trivial stationary
solution of (83]). Similarly, since hc (t, z) is increasing and uniformly bounded by C'|ug ||, the positive
function limy—eo hex(t, 2) = h(z), is well defined for all z € R and by standard regularity estimates we
can check that h the unique positive stationary solution of (83)) that is h = %.. In addition, we also have
he(t, ) = tc(z) in CIIO’S‘(R) as t — 400.

Lastly, let us remark that thanks to the strong maximum principle, we have u(1,z) > 0 so since 1), is
compactly supported and bounded we can find ko such that u(1,z) > ko1, (x) for all . Therefore, by
using the uniqueness of the solution of the Cauchy problem and the comparison principle it then standard
to obtain that for all t > 0 and z € R u.(t + 1,2) > hcx,(t, ). Hence we have

(8.17) uc(x) = iminf he o, (¢, ) < liminfu(t,z) for all z € R.

t——+o00

By collecting ([89]) and (8I7) we get for all x € R

(8.18) te(x) < liminf uc(t, z) < limsupuc(t, z) < limsup z.(t, ) = t.(x).

t—o0 t—o00 t—o0
8.2. Step Two: Uniform convergence. Now, to complete the proof it remains to show that |u. —
Uelloo — 0 as t — oo. To this end, we follow an argument used in [13], 4]. We argue by contradiction and
assume that there exists € > 0 and sequences (¢, )nen € RT, (25)nen € R such that

(8.19) lim ¢, = oo, [tue(tn, Tn) — Ge(xn)| > €, Vn € N.

n—o0

By (8I8), we already know that u. — . locally uniformly in R, so, without loss of generality, we
can assume that [£,| — oco. From the construction of @, subsection 4.2 we have lim ;o tc(x) = 0.
T};erefore, for some Ry > 0, we have t,(z) < § for all # > Ry. This, combined with (8I8]) and [I9)
enforces

(8.20) Ze(tn, Tn) — Ue(Tn) > Ue(tn, Tn) — Ue(Ty) > &, Vn e N.

Next we require the following limiting result

Lemma 8.2. For all sequences (tp)neN, (Tn)nen such that limy, oo t, = lim, o |2,] = +00, we have
2e(tn, xn) — 0.
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Assume for the moment that the Lemma holds. Then we obtain a straightforward contradiction since :

0= lim z.(tn,Tn) — Ge(xn) > Hm ue(tn, ) — Ue(Tn) > €.
n—00 n—00

We now prove the Lemma.

Proof. Again, we argue by contradiction and assume that there exists ¢ > 0 and sequences (t,,)nen, (Tn )nen
satisfying lim,,_, o t, = limy, o0 |2, = 00 such that z(¢,,x,) > ¢ for all n € N. Let us define z,(t,z) :=
ze(t, @ + xy,). It satisfies

Opzn(t, @) = cDylzn](t, x) + M[2,|(t, x) + f(z + xp, 2n(t,x)) fort >0, and z € R,
20(0,2) = C|lugllee on RY,
and 0 < z,(t,2) < C|lug|leo for t > 0 and = € RY. Since for all n, 2,(0,2) € C*, by the Cauchy

Lipschitz Theorem, we see that z, € C'(R*,CV1(R)). Thus, there exists Cyp > 0 independent of n
such that ||z, [|c11w+ c11®)) < Co. From these estimates, the sequence (2, )nen is uniformly bounded in

CHL((0,T),CH*(RN)) for any T > 0. By a diagonal extraction, there exists a subsequence of (2, )nen
f(x,s)

that converges locally uniformly to Z. Moreover, thanks to lim, o =7~ < 0, there exists x > 0 such
that Z satisfies

(8.21) 0 zZ(t,x) < D[Z](t,x) + M[Z](t,x) — kZ(t,z) fort >0, and = € R,

(8.22) 2(0,z) = Clluglloc on R.

In addition, for all ¢ > 0, 2(¢,0) = lim, o 2,(£,0) > €. Since Z(0,z) is a super-solution of (82I]), by
Lemma [R1] the function Z(¢,x) is monotone decreasing in time. By sending t — oo, since Z > 0, Z
converges locally uniformly to a non-negative function z that satisfies

Dz + M[z] —k2>0 in R,

zZ(0) > e.

Let us now consider the function w(z) := § cosh(ax) — z with a to be chosen. A short computation shows
that w satisfies

D [w](x) + Mw](z) — kw(z) < %cosh(aa:) <ca tanh(ax) —i—/ J(z)e*dy — 1 — /€> for zeR.
R
The left hand side of the inequality is well defined and continuous with respect to « since J is compactly
supported. Since [ J(z)dz =1 and «ftanh(ox)| < o, we can find a small such that
Dyw] + Mw] —kw <0 in R

By construction, since z is bounded, lim|,|_, w(7) = +00 and w achieves a minimum in RY, say at zo.
Since w(0) = § — 2(0) < —§, we have w(x) < 0. At this point, we get the following contradiction

0< /RJ(JJO —y)[w(y) — w(zy)] dy — kw(zg) < 0.

9. FAT TAILED DISPERSAL KERNEL

In this last section, we look at the impact of the tail of the kernel J and prove Theorem We split
this section into two subsection, each one dedicated respectively to the construction of non trivial solution
to (LH) and to the existence of a threshold speed ¢** for which no positive solution to (LH) can exists.
In this section, we will always assume that supg 05 f(2,0) < 1 and J is symmetric.
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9.1. Existence of solution. In this subsection, we will show that for any symmetric kernel J there
exists ¢(J) such that for all |¢| < ¢(J) then (LB]) has a solution. More precisely,

Lemma 9.1. Assume that f satisfy (H3)-(HS). Assume further that sup dsf(x,0) > 1. Then for any
z€eR

symmetric kernel J that satisfies (HL) -(H2) then, there exists 0 < ¢*(J) such that for all |c¢| < ¢* there
exists a positive solution to (LH).

Remark 8. Observe that there is no condition on the tail of J for the existence of a positive solution to
(L.5).

Proof. Let ¢ € C°(R) be a cut-off function such that ((z) = 1 for all |z| < 1, ((z) = 0 for all |z| > 2,
¢(2) =((—2) and ('(2) <0 for all z > 0.

For N € N define now the function (y := (¢ <%>, the kernel Jy(z) := J(2)(n(z) and the operator

M, standing for the operator M with the kernel Jy. By definition, we have Jy < J for all N and
(JN)nNen is an increasing sequence of kernel such that Jy — J pointwise. We now consider the following
approximated problem:

(9.1) Dgun] + My Jun] + f(z,uy) =0 in R

Since sup 95 f(z,0) > 1, thanks to the Proposition 3.2 of [5], we know that for all IV,
z€R

Ap(M, + 0sf(x,0)) < —sup(l — dsf(z,0)) < 0.
zeR
As a consequence, by Theorem [[.4] since Jy is compactly supported and symmetric, there exists 0 < cjy;
such that for all |¢| < ¢}, the problem (@) has a positive solution and

(€D + M, + 0sf(x,0)) < 0.
Define c¢* := ¢}, we claim that
Claim 9.2. For all N > 1 there exists a unique positive solution to (@) for all |c| < ¢*.

Assume for the moment that the claim holds true and let us finish our argumentation. Let us fix ¢
such that |c| < ¢*. By the above claim, for all N the equation (0.I]) admits a unique positive solution uy.
Note that since Jy is an increasing sequence, uy then satisfies

cDzlun] + My, [un] + f(z,un) 20 in R

As a consequence, since uy is bounded, by a standard sweeping argument, we can check that uy < upny1,
meaning that the sequence (uy)yen is monotone increasing. From (@) and since f satisfies (H3), by
using the maximum principle we can find a universal positive constant C; depending on f such that
lun||oo < Ci. By using that ¢ # 0, we see that (uy)nen is bounded uniformly in CIIO’S‘(R) and therefore
by a diagonal extraction process we can extract of the non decreasing sequence (uy)yen an non decreasing
subsequence, still denoted (upn)yen that converges locally uniformly to a positive bounded function u
which is solution to (5. The above argument being independent of ¢, we then obtain a positive solution
to (LA) for all |¢| < ¢* and the Lemma is proved. O

To complete the argument of the Lemma, let us now prove the claim.

Proof of the claim. We make an inductive argument. For N = 1 then since ¢* = ¢} for all |¢| < ¢* then
the problem ([@.1]) has a unique solution with M. Let us assume that for some N > 1 then the problem
(@) with the operator M, has a unique solution for all |c| < ¢* and let us prove that this is still true
for N + 1.

Let —c* < ¢ < ¢* be fixed, then by assumption there exists ux > 0 a solution to (O.I]) with the operator
M, and thanks to Theorem [[.T] and Theorem [[.2] we must have

Ap(e + My, + 0sf(x,0)) < 0,
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Since Jy is an increasing sequence, thanks to the monotone behaviour of the principal eigenvalue, it
follows that

Mp(Dy + My + 0sf(x,0)) < A\y(cDy + M, + 0sf(x,0)) < 0.
We now treat the three cases ¢ >,c = 0 and ¢ < 0 separately.

Case ¢ > 0 :. In this situation, by Theorem [I.I] we readily conclude that there exists a unique solution to
the problem (@) with M, that is a positive solution to

(9.2) Dgfu] + My, [u] + f(x,u)=0 in R

Case ¢ = 0: In this situation the existence of a positive solution is already known thanks to [5].
Case ¢ < 0: In this situation, let us observe that by using Theorem [[.2], we have

0> Ap(e®; + My, +05£(x,0)) = A\p(=cDy + M7 | + 0sf(—x,0)).
Therefore by using Theorem [[.T] we can check that there exists a unique solution to
—cDg v+ M, [v]+ f(—z,v) =0 in R

N+1

N+1

Now by taking u(z) := v(—z), a short computation shows that wu is then a solution to (3.2)).

In summary, in all situations, there exists a positive solution to ([@.I]) with the operator M, _ . Since
the above argument is independent of ¢, we conclude that there exists a solution to (9] with the operator
M, for all |c] < ¢*. The claim then follows by induction. O

9.2. An upper bound of the speed. As for compactly supported kernel, we will obtain in this sub-
section an estimate on the critical speed ¢** for fat-tailed kernel that satisfies the additional assumption

/ J(2)|2|* dz < +oo.
R

Namely, let us consider the C'! function

() 1—7x when x <0,
wr(x) ==
H_lm when z > 0.

To obtain our bound, it then enough to verify that for ¢ >> 1 we can find 7 > 0 and § > 0 such that
w, satisfies:

D lws](x) + Mw.)(z) + (a(x) + 0)w,(z) <0 forall xe€R.
Indeed, by definition of the principal eigenvalue the above inequality then implies that \,(c®, + M +
a(x)) > 0, which in turn implies the non existence of a positive solution as proved in Section [7.
So let us compute Rlw;] := ¢Dyw,](x) + M[w.|(z) + a(x)w,(z). For x < 0, we then have

+oo
Rlw:|(x) = —cT — T/_ J(z)zdz +/0 J(x —y) [
= —cT + [1 + IQ + a(m)(l — T.Z').

Observe that thanks to the symmetry of J we can estimate I; by

T +o0o
11:—7'/ J(z)zdz:T/ J(z)zdz

—x

—T

Ty + Tl‘:| dy + a(x)(1 — )

Let us now estimate Io, by a direct computation since z < 0 we have

oo —(1—7x T
12:/0 J(m_y)l (1 )1 +7y) dy

14+ 7y
o0 r—y 400 TY
= J(x — dy + / J(x — d
T/o (z y)1+Ty ytrr | (z y)1+Ty y
+oo 2 +o00 TY
. 4 - d
T/_gﬁ J(Z)l—i-T(x—i-z) y+7'x/0 (@ y)1+7'y y

<0.
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Therefore we have

93) Rlurl(e) <7 (~c+

—T

+oo
J(2)z dz> + a(x)w, (z).

On the other hand, for x > 0 we have

14+ 712
14+ 7y

Rlw-|(x) = — O T —y) [r(x —y) —m2zy] dy + +OOJ(SC—ZJ)
(] |

147z oo

1| dy+afa)) el

cT
= <—1 i + I3+ 1+ a(m)) wr(x).

Let us estimate I3 and I4. First observe that by a direct computation we have

14:/0+°° J(x—y)% _ —T/_:m J(z)mdz ST/_OIJ(z)zdz:T/Ox J(2)z de.

Let us estimate I3, again a direct computation gives

—x 400 +00
Is = / J(z) -T2 — 2 (x + z)] dz = T/ J(z)zdz — / J(z) [T2$(l‘ —2)| dz

—00 T

+o0o +oo
7-/ J(z)zdz +7'2:17/ J(2)zdz

+o00 +o0o
7'/ J(z)zdz+7’2/ J(2)2* dz.

IN

IN

Therefore we have

cT 9
. T < - T )
(9.4) Rlw;|(x) < < 572 + 1My + 7 My + a(a:)) wr ()
where the constant M; and Ms refers to
+oo —+00
M, = / J(2)zdz, My = / J(2)z* dz.
0 0

Now since f satisfies (H3)-(H35]) then there exists Ry > 0,6 > 0,x > 0 such that a(z) + 6 < —k for

— My++/M?+4r M. .
all |z| > Ro. Let 19 := s 2M21+ "2 then 7 satisfies 72My + 7M1 — k = 0 and for any ¢ > 0 we can

check from ([@.4) that for z > Ry

(9-5) Rlwn|(x) + Swry (z) < ———

- 1 —i—meTO(w) <0

+oo
Similarly thanks to (@3] for ¢ > ¢y := / J(z)z dz we have for all 7 > 0 and all z < —Ry
0

(9.6) Rlwn](x) + Stn (2) < —7 /0 T J(2)2dz + (a(@) + O)wn (2) <0,

To conclude, it remains to find ¢ large such that the inequality holds for |z| < Ry and 7 = 79. By

1 R
taking ¢ > ¢; 1= ¢o + sup(a(z) + 5)& and by using (@.3) we can check that for —Ry < z < 0 we
zeR i

have

(9.7) Rlwx](x) + dwqy(x) < —79 /O_I J(z)zdz + (a(x) + 0)ws, (z) — ilelﬁ(a($) +9) 51()11;)% ]wTO (z) <0,
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Whereas for ¢ > ¢p := (k + § + sup,cp a(x))% and for 0 < z < Ry, thanks to ([@.4]), we have

(9.8) Rlws, | (x) + dwsy (x) < <—ci + K+ +sup a(x)) wr, (z) < 0.
1+ 1Ry zeR

By collecting [@5), (.6), @1) and @), for ¢ > ¢# := sup{co,c1, c2} we can see that the function w,
satisfies

Rlws|(x) 4+ dwsy (xz) <0 for all x eR.
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