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Color code: Internal vs External

I Green: reference/variational/internal wave function (zeroth-order or model space)

I Red: perturbers or external wave function (first-order or perturbative space)
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CIPSI algorithm

1. Define a (zeroth-order) reference wave function:

|Ψ(0)〉 =
∑
I∈D

cI |I〉 E(0) =
〈Ψ(0)|Ĥ|Ψ(0)〉
〈Ψ(0)|Ψ(0)〉

2. Generate external determinants:

A =
{

(∀I ∈ D)
(
∀T̂ ∈ T1 ∪ T2

)
: |α〉 = T̂ |I〉

}
3. Second-order perturbative contribution of each |α〉:

δE(α) =
| 〈Ψ(0)|Ĥ|α〉| 2

E(0) − 〈α|Ĥ|α〉

4. Select |α〉 with largest δE(α) and add them to D
5. Diagonalize Ĥ in D ⇒ update |Ψ(0)〉 and E(0)

6. Iterate



Ground state of Cr2 in cc-pVQZ: full-valence CAS(28e,198o)
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Garniron et al., JCTC 15 (2019) 3591



How do we know how far we are from the “true” FCI?

I Second-order Epstein-Nesbet correction:

E(2) =
∑
α

δE(α)

I |α〉’s with largest δE(α) have been added to Ψ(0) previously
⇒ only small contributions remaining

I A increases with D
⇒ a very large number of very small contributions

I In practice, we use a semi-stochastic algorithm to compute E(2)

⇒ much faster‼
Garniron, Scemama, Loos & Ca�arel, JCP 147 (2017) 034101

I We linearly extrapolate to E(2) = 0 to reach the FCI limit (exFCI)



Ground state of Cr2 in cc-pVQZ: full-valence CAS(28e,198o)
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Renormalized PT2

At a given CIPSI iteration, the SCI+PT2 energy is given by

E = E(0) + E(2)

Let us introduce the following energy-dependent second-order self-energy

Σ(2)[E] =
∑
α

〈α|Ĥ|Ψ(0)〉2

E − 〈α|Ĥ|α〉
with Σ(2)[E(0)] = E(2)

Brillouin-Wigner perturbation theory tells us

E = E(0) + Σ(2)[E]

Assuming that Σ(2)[E] behaves linearly for E ≈ E(0)

Σ(2)[E] ≈ Σ(2)[E(0)] + (E − E(0))
∂Σ(2)[E]

∂E

∣∣∣∣
E=E(0)

This yields

E = E(0) + Σ(2)[E(0)] + (E − E(0))
∂Σ(2)[E]

∂E

∣∣∣∣
E=E(0)

= E(0) + Z E(2) with Z =

[
1− ∂Σ(2)[E]

∂E

∣∣∣∣
E=E(0)

]−1



CIPSI algorithm for excited states

Start with |Ψ(0)
k 〉 = ∑

I∈D0

c(0)I,k |I〉

Find |α〉’s such that 〈α|Ĥ|I〉 6= 0
with |I〉 ∈ Di and |α〉 /∈ Di

Calculate
δE(α) from Eq. (2)

Find |α∗〉 such that
δE(α∗) = max

α∈Ai
δE(α) Di+1 = Di ∪A∗i

Diagonalize Ĥ in Di+1

|Ψ(i+1)
k 〉 = ∑

I∈Di+1

c(i+1)
I,k |I〉

Exit with |Ψ(n)
k 〉 and

perform QMC calculations

i← 0

Not converged?
i← i + 1

Converged? n← i



Selected shi�ed-Bk

H(0)

H(1)

h†

h

internal space |I〉

perturbers |α〉

Hc− Ec =

(
H(0) h†

h H(1)

)(
c(0)

c(1)

)
− E

(
c(0)

c(1)

)
=

(
0
0

)

⇒ c(1) = −(H(1) − EI)−1h c(0)

E�ective Hamiltonian: He� = H(0) + ∆ Dressing term: ∆ = h†c(1)

Approximation #1 (Bk method): ∆ = h†(EI− D(1))−1h

Gershgorn & Shavi�, IJQC 2 (1968) 751



Selected shi�ed-Bk

H(0)

H(1)

h†

h

H(2)

0

0

g†

g

internal space |I〉

perturbers |α〉
external space

FCI space

Hc− Ec =

H(0) h† 0
h H(1) g†

0 g H(2)

c(0)

c(1)

c(2)

− E

c(0)

c(1)

c(2)

 =

0
0
0



⇒ c(1) = −
[
(H(1) − EI)− g†(H(2) − EI)g

]−1
h c(0)

E�ective Hamiltonian: He� = H(0) + ∆ Dressing term: ∆ = h†c(1)

Approximation #2 (shi�ed-Bk method): ∆ = h†(E(0) − D(1))−1h

Davidson, McMurchie & Day, IJQC 74 (1981) 5491



2Πg ground state of the CuCl2 (6-31G)
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Scemama, Garniron, Giner, Ca�arel & Loos, JCP 149 (2018) 064103
I Multi-state version also available
I Provides be�er trial wave functions for QMC



The Benzene Blind Challenge: Frozen-core correlation energy (cc-pVDZ)

Eriksen et al. JPCL 11 (2020) 8922



Performance of CIPSI for C6H6/cc-pVDZ (1)
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Loos, Damour & Scemama JCP 153 (2020) 176101



Performance of CIPSI for C6H6/cc-pVDZ (2)

Loos, Damour & Scemama JCP 153 (2020) 176101



Cyanine H2N – CH –– NH2
+/aug-cc-pVDZ: CAS(24,114)
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Garniron et al., JCTC 15 (2019) 3591



Cyanine H2N – CH –– NH2
+/aug-cc-pVDZ: CAS(24,114)



What you can/can’t do with CIPSI

7 Forget about large systems/basis sets:
JCTC 16 (2020) 1711
I 1-3 non-H atoms with triple- (30-44) or quadruple-ζ basis (55-80)
I 4-6 non-H atoms with double-ζ basis (14-23)

3 Open-shell systems are “easy” (no spin contamination and independent of starting orbitals)
JCTC 16 (2020) 3720

3 Double excitations are easily accessible (especially if they have the same symmetry as the ground state)
JCTC 15 (2020) 1939

3 You can post-process CIPSI wave functions!
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