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Abstract

Electric field induced second harmonic generation (E-FISH) has recently demonstrated significant
potential as a method for making absolute electric field measurements in non-equilibrium plasmas
and gas discharges. Previous studies have relied on the plane-wave approximation in quantifying
these measurements, while in reality, focused laser beams are almost always used. In this work,
we perform a theoretical and experimental study using focused Gaussian beams, and examine the
consequent effects on the E-FISH signal. We show that in addition to important parameters such
as the external electric field strength, wave vector mismatch and Rayleigh range, the signal is
strongly influenced by the full length and shape of this external field profile. We attribute this to
the Gouy phase shift associated with focused beams, and note that analogous effects have been
previously observed in second and third harmonic generation microscopy. This dependence of the
E-FISH signal on the spatial profile of the external field is worth highlighting since it is often not
easily determined a priori in a plasma, and neglecting its influence could lead to an incorrect
electric field measurement. To minimize any inaccuracies associated with this issue, we propose
several recommendations to consider when using the E-FISH diagnostic with focused beams.



1. Introduction

Electric field induced second harmonic generation or E-FISH, is a non-linear optical
phenomenon, which has lately been redeveloped and successfully employed as a diagnostic for
electric field measurements in plasmas [1,2]. The utility of this technique, particularly for non-
equilibrium plasma applications, has been illustrated by its use over a wide spectrum of studies,
from nanosecond pulse discharges for understanding fast ionization wave development [3.,4],
surface dielectric barrier discharges [5] and atmospheric pressure plasma jets [6], to DC corona
discharges [7]. The main reasons for this popularity are its overall simplicity, as well as the ability
to achieve excellent measurement resolution in both time (sub-ns) and space (sub-mm) [1]. Most
recent developments include the probing of 1-D electric fields [6,8 & 9] by line focusing with a
cylindrical lens, as well as obtaining simultaneous electric field vector information through the use
of a polarizing beamsplitter on the detection end [10].

A common aspect of the foregoing studies is the reliance on a plane-wave approximation — given
by eqn. (1) in section 2.1 — to relate the measured signal to the externally applied electric field of
interest. Additionally, this mathematical description is often applied with an attendant assumption
that the signal originates predominantly from the focal region of the probe beam, rather than the
entire overlap extent between the laser and the external field. The premise for this assumption is
the quadratic dependence of the second harmonic generation (SHG) on the probe beam intensity,
which reasons that most of the non-linear interaction, and thus signal, originates from the confocal
region of the probe beam (i.e. where the laser intensity is the strongest). While such an assumption
seems plausible, it is also somewhat imperfect, since a plane wave by definition implies a confocal
parameter (twice the Rayleigh range) of infinity. Yet this assumption is also crucial for accurate
implementation of the diagnostic, since it allows the signal measured from a known external field
to be used as the basis for calibration in a plasma, without the need for any explicit consideration
or information on the length scales (of the external field profiles) of both systems. In other words,
the confocal parameter is assumed to define the spatial resolution of the measurement.

In this paper, we further assess the validity of this important assumption by specifically examining
whether (or how) the spatial profile of the externally applied field, in addition to other parameters
such as the Rayleigh range, affects the E-FISH signal. A focused Gaussian beam analysis,
supported by relevant experiments, is used to achieve a more accurate description of the E-FISH
signal. In the broader picture, we seek a deeper understanding of the strengths and limitations of
the E-FISH diagnostic as a method for electric field measurements. A key finding of this work is
that the full length and shape of the external field profile should be considered as a separate
parameter which influences the resulting signal. This poses a challenge for obtaining accurate,
absolute electric field data, an issue we address in the closing stages of the paper.



2. Theoretical analysis
2.1 Plane-wave approximation
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Figure 1. (a) Schematic of a canonical geometry typically used in E-FISH diagnosis. The top
electrode is held at a potential of V with respect to the grounded bottom electrode. (While this
illustration presents a focused probe beam, it should be understood that in the case of a plane-
wave, the intensity of the probe beam is constant with respect to space and time.) (b)
Corresponding schematic of the triangular-shaped, parallel-plate electrodes used for the
experiments. By translating the electrodes (red arrow in figure inset), the effective electrode length
(vertical red dashed line) seen by the E-FISH probe beam is varied.

We begin by describing the E-FISH signal in terms of a canonical electrode geometry
comprising two parallel plates, each of length 2L, and separated by an interelectrode gap d, as
shown in figure 1(a). For such a geometry, the resulting electric field Eqy, may be assumed
uniform, if edge (or fringing) effects near the electrode edges are neglected. In the plane-wave
approximation, the intensity of the second harmonic signal, I?®) for this configuration is given

by:
L 2
2
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where ai(?,zl is the third order, non-linear hyperpolarizability (a material-dependent, 4" order

tensor), N is the number density of particles participating in the non-linear interaction (usually
assumed to be the neutral gas density), Eqy 1s the externally applied electric field (i.e. of the
plasma), E (@) is the electric field of the laser beam at the fundamental frequency w, Ak is the wave
vector mismatch (i.e. difference between the fundamental and second harmonic wave vectors), and
2L, the electrode length, effectively defines the interaction length, L;,;, or region of overlap
between Ey, and E(“). (Here, z denotes the beam propagation axis.)

Eqn. (1) is valid when the (second harmonic) conversion efficiency is very weak, and negligible
depletion of the probe beam (i.e. I(*) remains constant throughout the interaction) can thus be
safely assumed. In addition, it implicitly assumes a centrosymmetric medium (i.e. in the absence
of Eqxt, no SHG from lower order processes), an assumption which can be easily verified via
experiment, or enforced in terms of an appropriate choice of gas composition. Furthermore, one
notes that in a gas or plasma, the wave vector mismatch, Ak (effectively proportional to the
difference in the indices of refraction at the fundamental, n(®’ and second harmonic frequencies,
n®) is necessarily negative (i.e. Ak o [n(“’) — n(z“’)] < 0). The effect of electrode length on
the E-FISH signal in the plane-wave approximation is shown in figure 2 for Ak = —0.5 cm™?.
Analogous to SHG from non-centrosymmetric media, constructive interference between the
fundamental and second harmonic waves leads to an increase in signal with electrode length up to

Leon = IAn_kI = 6.28 cm, beyond which they begin to destructively interfere, and the power in the

second harmonic gradually flows back to the fundamental. The sine-squared term in eqn. (1)

ensures that this interaction repeats itself with a period equal to 2L, = IZ_ZI = 12.56 cm. This

implies that, in the plane-wave approximation, the E-FISH signal attains a maximum for electrode
lengths which are multiples of (2p + 1) - L., Where p is a positive integer.
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Figure 2. Effect of electrode length, 2L on the peak-normalized E-FISH signal in the plane-wave
approximation given by eqn. (1) for Ak = —0.5 cm™?.

A point of essence to this work, is the fact that in previous studies involving E-FISH as an electric
field diagnostic, the interaction length, L;,;, has often been defined as the confocal parameter, or
twice the Rayleigh range, 2z, of the laser beam (i.e. Li,; = 2zg). To illustrate this point, we
adopt a modified description of the plane-wave approximation, by considering the case of a probe
beam of varying width, and therefore intensity, along the z-axis. The width variation is similar to

2
the one of Gaussian beams: w(@)(z) = w [1 + ( ) ] where w(@)(2) is the Gaussian beam

width (or radius), Wow is the beam waist (i.e. beam width at z = 0 ) and zj is the Rayleigh range
of the probe beam. (Note that for simplicity, we neglect all variations in the radial direction.)
Mathematically, this may be implemented by expressing the electric field of the probe beam as
follows:

F@(z) = B l

w @) (2) E,
l - [ (2

(w) 2
w, z
o 1+ (Z) ]
where E, (@) s the amplitude of the electric field of the probe beam (at the fundamental frequency
w). By substituting eqn. (2) into eqn. (1), we obtain a modified expression for the E-FISH
intensity, given by:
2
exp(i- Akz)
189 e [af) - N - (Bex; - (BS) - (B&), f dz| )
L1+ (2
This modified expression for the E-FISH intensity provides a basis for evaluatmg the effect of
electrode length on the E-FISH signal, within the framework of the plane-wave approximation.



Noting further that E| (E“’) and all other terms in the square brackets of eqn. (3) are typically invariant
with respect to the beam propagation (z) axis, the effect of electrode length on the E-FISH
intensity is fully captured by the expression:

j exp(i- Akz)

@) @

Figure 3(a) plots A as a function of electrode length, 2L, for three different values of the Rayleigh
range, namely zp = 0.847 mm, 3.39 mm and 9.41 mm. These values of zz correspond to
estimates for three different commonly used focal length lenses (f = 15 cm, 30 cm and 50 cm
respectively), based on an initial (unfocused) beam waist of 3 mm, and a probe laser wavelength
of 1064 nm. The wave vector mismatch, Ak is assigned a value of —0.5 cm™?! following our
previous work [11], and corresponds respectively to fundamental and second harmonic
wavelengths of 1064 nm and 532 nm in air, with the indices of refraction calculated at room
temperature and pressure [12]. These chosen values are retained and re-used consistently within
this study, and have been selected to match the conditions of the experiments presented in section
3.1. All three curves in figure 3(a) clearly flatten out at large values of 2L, an indication that the
E-FISH signal becomes independent of electrode length as L increases. As mentioned earlier, this
behavior may be understood in terms of the idea that the signal originates predominantly from
within the focal region (i.e. L;,;) due to the higher laser intensity, and is therefore unaffected by
any changes in the far field. In addition, the signal also increases with zp, in line with the argument
that elongating the focal region leads to a stronger signal due to a longer buildup length.

To further examine the spatial origin of the signal, we track the spatial buildup (or evolution) of
the E-FISH intensity by evaluating the expression:

Ak
fexp(l Z) dz| for —L<z<L. (5)
[1 +

We remark that a plot of A versus z based on eqn. (5) is equivalent to following the variation of
the E-FISH signal along the z-axis, although in an experiment, what is measured is only the final
signal (= A) at z = L. Figure 3(b) shows such a plot for a selected value of L = 6.4 cm (or
electrode length of 12.8 cm). Indeed, about 60% of the final signal is attained within one confocal
parameter, and close to the entire signal is achieved within 5 confocal parameters (given
respectively by gray and blue dashed lines).



E-FISH Signal vs Electrode Length
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Figure 3. E-FISH signal in the modified plane-wave approximation. (a) Effect of electrode length,
2L on A (based on eqn. (4)) for three different zz and Ak = —0.5 cm™! (note the logarithmic scale
on the vertical axis). (b) Spatial (z) evolution of the E-FISH signal (given by eqn. (5)) in a constant
external field, for L = 6.4 cm, and zz = 3.39 mm. Gray and blue vertical dashed lines correspond
to z = t+zp and £52z; respectively.

2.2 Governing equations for a focused Gaussian beam

While eqn. (3) (and the results that follow) provide an approximate approach to describing the
E-FISH signal for a focused beam, a fundamental limitation is that it neglects all phase variations



in the electric field, which are often extremely important in non-linear interactions. For an accurate
description of the E-FISH process, the complex amplitude of the electric field for a focused probe
beam should be written in complex notation (for a Gaussian beam) as [13]:

(w) —y2
F@) — Eo . r (6)

e @ W] [+ 2]

where 1 is the radial (or transverse) axis and z is the direction of propagation of the Gaussian beam.
Eqn. (6) is the rigorous solution of the paraxial wave equation and accounts for not only the radial
and longitudinal variations in the electric field intensity, but also their respective phase variations.
Following [13], by substituting eqn. (6) into the non-linear wave equation, one gets an expression

for the E-FISH intensity for a focused Gaussian beam. For the canonical electrode geometry
shown in figure 1(a), this expression (at r = 0) is given as:

exp(i- Akz)

189 o [, N'(Eext)j'(Eé“’) E(w) j
[1+1

ijkl dZ (7)
where the origin is located at mid-height and mid-length of the two electrodes. It should be noted
that the expression within the modulus on the r.h.s. of eqn. (7) is identical to that for SHG from a
non-centrosymmetric medium (of length 2L) if one assumes that E.; is constant. However, a z-
varying externally applied field may be readily evaluated without any loss of accuracy by
considering Ey(z) as part of the integrand.

An important distinction between the analysis for a focused beam and plane wave, is the variation
in the E-FISH intensity along the radial axis. To account for both the  and z intensity variations
in the case of focused beams, it is therefore more appropriate to describe the E-FISH signal in
terms of a power. As further discussed in [13], in arriving at eqn. (7), the second harmonic E-
FISH light has been written as a Gaussian beam possessing the same Rayleigh range as that of the
fundamental. The resulting second harmonic E-FISH power, P(®) can thus be expressed as:

2
P o [w|" - 1) 8)

where W(gm)

is the Gaussian beam waist at the second harmonic frequency, 2w, and eqn. (8) is in
fact a common expression for the power of a Gaussian beam. Hence, we may also write an

equivalent expression for the power carried by the fundamental frequency:
2
P oc w1l )

2
where I, is the peak intensity and [, = |E é(")| . An important difference between eqns. (8)

and (9) is that while the power contained in the probe beam is necessarily constant (assuming
negligible depletion), the E-FISH power is in fact a function of z.

8



By substituting eqns. (8) and (9) into eqn. (7), we get:

2

(Zw)]
dz . (10)

exp Gi- Akz)
<w> EAFERE

e o [ah N - Eu R [W

Adopting the usual definition of the Rayleigh range in terms of the beam waist,

w,?
Zp =— (11)

where A is the laser wavelength, and noting further that the beam waists of the fundamental and

second harmonic waves differ only by a constant prefactor (i.e. w, @ = +/2w,?*)) since they
share the same Rayleigh range, eqn. (10) may be simplified as:

L .
pQRw) o [ai(ngZl ‘N Eoy - Po(a))]2 _ <%) . j‘%dz : (12)
L Zg

In a manner similar to the derivation of eqn. (4), inspection of eqn. (12) reveals that if the terms in
the square brackets may be held constant, the dependence of the E-FISH power on the length of
the external field profile is contained only within the expression:

L
N i-Ak

PQRw) o <Z—> where A’ = fexP(_l—ZZ)dz : (13)
v 21+ G)

The ( ) term in eqns. (12) and (13) essentially accounts for the intensity variation in the probe

2

beam as a function of the focusing, for a constant input power, Po(w). More importantly, it is worth
pointing out that the integrand in the above expression differs from the plane-wave approximation

(see eqn. (1)) by the factor [1 +1i- ( )] in the denominator. (In fact, we recover the expression
ZR

for the plane wave as zz > L.) As pointed out in [14], this factor can be expanded into its less

exp[—i-atan(%)]
2
1+(3)
which corresponds to the Gouy phase shift ¢¢(z) = +atan (Zi) [15] and the denominator is
R

compact, but more illuminating form , where the numerator contains an expression

related to the z-evolution of the Gaussian beam width (see eqn. (2)).

Interestingly, one finds that the integral within the modulus of eqn. (13) approaches zero, as L
approaches infinity. This is analogous to the well-known result that SHG or THG from a non-
centrosymmetric medium (with negative phase mismatch) approaches zero for focused Gaussian
beams in an infinite medium [13]. (However, A’ remains finite provided that L < .) From the
perspective of the E-FISH diagnostic, this suggests that the measured signal has an explicit

9



dependence on the spatial extent of the external field (i.e. electrode length 2L in fig. 1), in addition
to other parameters such as the magnitude of the external field, E.4; , wave vector mismatch Ak,
and the choice of zz. More crucially, this runs contrary to the earlier discussed idea of designating
the confocal parameter as the interaction length, L;,,;. Rather, it implies that L;,, should instead be
treated as the entire length of the external field profile, which in this case corresponds to the
electrode length, 2L.

Figure 4(a) plots g as a function of the electrode length, 2L for the same values of zz and Ak as
R

in figure 3(a). In agreement with the hypothesis discussed above, figure 4(a) predicts that 2—' (taken
R

henceforth to be synonymous with the E-FISH signal) exhibits a strong and periodic dependence
on the electrode length. Furthermore, with the exception of the first peak (a point we address in
section 2.3), successive peaks (and minima) acquire a period which rapidly converges to twice the

LI
Akl
in figure 2 based on the plane-wave approximation (eqn. (1)), and might be expected given the
common exp(i- Akz) term in both eqns. (1) and (13). However, for the case of a focused beam,

the amplitude of each subsequent peak clearly diminishes with 2L, and approaches zero as L — oo

coherence length, L o, = 6.28 cm. This overall periodicity is very similar to that displayed

as predicted by eqn. (13) [13]. Finally, one observes that for a constant L, 2—' generally increases
R

with zg, a result which happens to concur with predictions based on the modified plane-wave
approximation, (i.e. figure 3(a)).

E-FISH Signal vs Electrode Length
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E-FISH Signal vs Electrode Length
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Figure 4. (a) Effect of electrode length 2L on g (viz. E-FISH signal) for three different values of
R

Zp (note the logarithmic scale on the vertical axis). Corresponding values of the parameter u are
u = —0.0423,—-0.169 and — 0.47. (b) Effect of electrode length 2L on g for a constant zp =
R

3.39 mm (reproduced from (a) on a linear scale). The inverted triangles indicate the electrode
lengths studied in section 2.4 and figure 6. In both plots, Ak = —0.5 cm™?, and the vertical blue

and gray dashed lines represent Lq¢ and Ly, respectively.

2.3 Effect of focused beams on the coherence length

The results in figure 4(a) reveal an interesting trend in relation to the coherence length, L ., =

T
m.
electrode length which is significantly smaller than L.,,. We find empirical evidence that this
occurs when the parameter |u|, where u = Ak - zy is small, for e.g. less than unity (as in figure 4)
which is typical of E-FISH experiments in a gas. Note that in figure 4, the corresponding values
of the parameter u for z; = 0.847 mm, 3.39 mm and 9.41 mm are u = —0.0423,—-0.169 and —

0.47 respectively. However, at larger values of |u| more typical of solid media such as glass where

As specified above, the location of the first signal peak, which we define as L.¢, occurs at an

the phase-mismatch Ak is much greater than in air, Legs = Leon. A similar result is expected to
apply in a plasma as the working pressure is increased, since Ak is directly proportional to the gas
number density, through the index of refraction.

As evidence of this behavior, we plot in figure 5 the E-FISH signal for three distinct values of u,
namely u = —0.169,1.69 and 16.9. Since u = Ak - zg, an increase in |u| may be viewed in terms
of an increase in either zy (figure 5(a)) or |Ak| (figure 5(b)) with the other variable held constant.
In both plots of figure 3, it is clearly seen that Loge = Lop as |ul is increased, which suggests that

11



the result for the plane-wave approximation is recovered when |u| (i.e. zg or |Ak|) becomes large.
In this context, the effect of an increase in zy is faithfully predicted by eqn. (13) and has been
explained earlier in section 2.2.  On the other hand, viewing this statement in terms of an increase
in |Ak| is slightly less apparent. However, one notes that as |Ak| is increased, the coherence length
becomes smaller and begins to converge to Leg. In essence, the effects of dispersion become
important over a length scale that is comparable to or smaller than the focal region (viz. zg).
Related ideas and use of the dimensionless parameter |u| have also been reported in the literature
for characterizing third-order nonlinear processes [16, 17] and figure 7.4 of [18].

) E-FISH Signal vs Electrode Length (Ak = 0.5 cm'1)
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Figure 5. Effect of the parameter u on the E-FISH signal, viewed in terms of a variation in (a) the
Rayleigh range, zz; and (b) wave vector mismatch, Ak. Vertical dashed lines correspond to the
location of the respective coherence lengths, Lqp.

2.4 Spatial evolution of the E-FISH signal

To gain further insight into the above results, we trace the spatial evolution of the E-FISH
signal along the z-axis for a constant z analogous to eqn. (5) and figure 3(b). This is facilitated
by plotting the following equation,

Z
AI ;. Ak
PG (z) Z—(z); where A'(z) = ]Mdz for —L<z<L (14
R
-L

. (Z
[1+i- G
Figure 6 shows the spatial evolution of the E-FISH signal for 4 different electrode lengths (2L),
and zp = 3.39 mm. These electrode lengths are chosen such that they mainly coincide with

respective maxima and minima of g as indicated by the inverted triangles in figure 4(b). They
R

have also been found to be representative of the results for other z;. It is observed from figure
6(a) that for the 2 selected electrode lengths where 2L < Lq¢ of figure 4(b), the signal buildup
along the z direction is essentially confined to the beam focal region. However, for the other 2
cases where 2L > L.g, an interesting profile is observed, in contrast to that of figure 3(b) for the
same electrode length. The signal builds up sharply as one approaches the beam focus from z <
0, but displays an equally pronounced decline for z > 0. The final value of the signal is therefore
substantially weaker than at its peak, and is also affected by changes in the far field (z > |zz|).

We attribute this steep rise and fall near the beam focus to constructive and destructive
interference, which occurs due to the cumulative contribution of the Gouy phase shift ¢, to the
phase of the E-FISH field. This Gouy phase shift acts as a supplementary contribution to the total
phase mismatch, in addition to Akz. To have a better insight about this effect, we remember that
the phase mismatch in nonlinear optics is the difference between the phases of the fundamental
and harmonic beams. Mathematically, the total (or net) phase mismatch of the E-FISH field,
A¢o1(2), may be written as:

Bpror(2) = [2k@ — kCO ]z~ [208”(2) - & (2)]

= Ak.z — ¢qg(2)

The r.h.s of eqn. (15) therefore consists of two difference contributions — one due the regular wave
vector mismatch, Ak, and the other due to the difference in the Gouy phase shifts. The second
term involves subtracting the Gouy phase shift of the E-FISH beam from that of the fundamental
beam, the latter being multiplied by 2 to take into account the fact that we are considering SHG.
Since the electric fields of the E-FISH signal and the probe beam have the same Rayleigh range as
noted earlier in section 2.2, both the fundamental and second harmonic waves acquire the same

(15)
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Gouy phase shift (i.e. qbéw) = qbé,zw)). Thus the supplementary phase mismatch corresponds to one
Gouy phase shift along the interaction length 2L.

The spatial evolution of the signal is therefore influenced by both the spatial evolution of the laser
intensity (which is well accounted for in the modified plane wave approximation), as well as that
of the total phase mismatch, which includes the supplementary contribution from the Gouy phase

shift. We remark that the Gouy phase shift increases by « (—g to g) from z = —0toz = +oo,

switching sign as one crosses the beam focus. This sign change in ¢, across the beam focus is
responsible for the signal evolution shown in figure 6(b). For small L (figure 6(a)), the signal does
not build up over a sufficient distance for destructive interference to occur, and the effect of the
phase mismatch on the signal is weak compared to the stronger intensity within the focal region.
The shape of the evolution curve thus appears similar to that observed in the modified plane wave
approximation. At larger L (figure 6(b)), the phase mismatch contribution due to ¢¢(z) negates
part of the signal contribution from the higher intensity. The eventual path-integrated signal attains
a value between either a null or a local maximum, and explains the periodic dependence of A’ on
the electrode length. At these longer electrode lengths, this final signal appears to be influenced
by both the interaction within the focal region, and the far field. As a final note, we emphasize
that the main difference in the results obtained in this section versus the modified plane-wave
approximation, is due to the Gouy phase shift, which profoundly alters the interaction between the
fundamental and second harmonic waves. The effects of this Gouy phase shift, which become
more pronounced with stronger focusing, are neither applicable to plane waves, nor captured in
the modified plane-wave approximation.
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Figure 6. Spatial evolution of g along the z-axis for a) two smaller values of L < L, b) first
R

maximum and minimum for L > L.g . In both plots, zz = 3.39 mm and Ak = —0.5 cm™1. Gray
vertical dashed lines correspond to z = +2zj.

2.5 Effect of a spatially varying externally applied electric field

In the previous sections, we have considered the effect of a constant external field, E.;. Here,

we briefly examine the influence of a spatially varying external field, Eqy(z) which is

1
1+4-(5)?’
more representative of reality. This Lorentzian function mimics closely the field distribution from
two cylindrical electrodes as studied in [19], where § effectively determines the length (or full
width at half-maximum (FWHM), see inset of figure 7) of the external electric field profile. As
mentioned in section 2.2, the effect of a z-varying external field may be studied by incorporating
a function E.(z) into eqn. (7), leading to a modified version of eqn. (13) (note the limits of the
modified integral), given by:

(AN | [ expli-ak2) 1
p@ )oc(g>, where A" = f[1+i-(zi)].[1+4'(Z_52€)2]dz (16)
“0 .

where § is a parameter which determines the length (or FWHM) of the external electric field
profile, centered at z = z,, and all other terms are as previously defined.
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E-FISH Signal vs Length of External Field Profile (Ak = 0.5 cm'1)
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Figure 7. Effect of the length of the external field profile, § on the E-FISH signal (g), withz, =0
R

for three different values of z and Ak = —0.5 cm™1. Inset: shape of the externally applied electric
field, indicating the FWHM (width of the field profile where E.y; drops to half its peak value)
defined by 6.

Again, we remark as before, that the effect of the spatially varying external field profile on the E-

FISH signal is fully captured by the parameter 2— and shown in figure 7. In a similar manner to
R

figure 4, a dependence on both z; and the spatial extent of the external field, § is clearly identified,
with the main difference being that the signal periodicity is no longer detected. The reason for this
disappearance is attributed to the fact that the effects in the far field become weaker due to the
decreasing field strength. In particular, one notes that as § = oo, A" — 0. Another important
inference from figure 7 is that the shape of the electric field profile also has an impact on the
resulting signal. Comparing figures 4 and 7, one finds that the peak signals produced with a
constant field are consistently larger than those with a spatially varying field. While this is perhaps
unsurprising given the lower spatially averaged field in the case of the latter, it is also interesting
to note that the effective coherence lengths Ly, for the spatially varying field (figure 7) are slightly
shorter than the ones for the uniform field (figure 4). However, in both cases, Lo is always smaller
than L.,;,. Further discussions on how the electric field shape affects the signal may be found in
the later part of the following section, as well as in section 3.2.

2.6 Spatial resolution of an E-FISH measurement

The conclusions drawn from figures 4 and 6 naturally provoke the question as to what the true
spatial resolution of an E-FISH measurement is. While we have shown that the signal indeed
depends on the entire spatial profile of the external electric field, it is equally important to note
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that the signal is also most sensitive to changes in the field strength near the beam focus (see for
instance figure 6). More specifically, we refer again to the canonical electrode geometry in figure
1(a). For a fixed electrode length 2L, it is found that the E-FISH signal is much more sensitive to
a local increase in Eqy imposed near the beam focus, as compared with a local increase imposed
in the far field. In this sense, one may cautiously concede that the spatial origin of the signal is
still associated with the confocal region (i.e. 2zg). This idea also finds support in previous studies,
which involve translating the probe beam along the z direction with respect to the external field.
These studies have found that the E-FISH signal profile as a function of z exhibits a length scale
given by the convolution between the spatial profile of the external field and the confocal
parameter of the probe beam [1 & 6].

At the same time, one should be cognizant of certain exceptions. Suppose we consider the same
geometry in figure 1(a), but with a spatial void in the electrodes of length 2a, centered at z = 0,
as shown in figure 8(a). Such a field distribution is relevant to spatially non-uniform or filamentary
discharges such as that in [20 & 21], where regions of strong and weak electric field are distributed
throughout the plasma. In ref. [21] for instance, a filament with high electron density (10" cm™)
and thus low electric field, is surrounded by a streamer zone with a high electric field. Likewise,
such spatially varying fields are also associated with the passage of fast ionization waves in
nanosecond discharges [3], especially in the region behind the ionization front.

(a) +V +V
Laser in 1 L | d Constant Applied Field, E,,,

r? 4
E =L Eext=a

(b)
Electrode length, 2L ‘ 14.5,22 cm
Void length, 2a ‘ lcm
2 kv

z

L.x Probe beam

Probe beam
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Figure 8. (a) Schematic of electrode geometry for assessing the spatial resolution of the E-FISH
signal. (b) Corresponding schematic of the electrode geometry used in the experiments.
Translating the electrodes along the direction of the red arrow (x-axis) in the figure inset facilitates
a comparison with the baseline signal (i.e when there is no void).

To assess such a configuration, the integral on the r.h.s of eqn. (13) is split into 2 parts, as shown
below in eqn. (17), and evaluated for 0 < a < L, for two different values of L and a constant zy
as shown in figure 9.

A" exp(i- Ak exp(i- Ak
PQ®) o <—>, where A"’ = f xp(i Z) f xp(i Z) dZ (17)
ZR [1 +i- [1 +i-

The pair of selected L values correspond appr0x1mately to electrode lengths which produce a signal
minimum (2L = 22 cm) and local maximum (2L = 14.5 cm) in the experiments (see figure 10).
An interesting and somewhat counter-intuitive result emerges from these theoretical calculations.
It turns out that for certain values of a, an increase in the E-FISH signal of up to an order of
magnitude is realized. This is in fact in contradiction to our earlier statement regarding the spatial
origin of the signal. We attribute this signal increase to the effect of the Gouy phase shift as in the
signal profiles shown in figure 6(b). The addition of a void (or null in the electric field) acts to
eliminate the constructive and destructive interference such that the eventual signal is in fact higher
than if this null were to be absent.

E-FISH Signal vs Length of External Field Profile (Ak = 0.5 cm'1)

—Elec. length, 2L = 14.5 cm (Baseline max.)
—Elec. length, 2L =22 cm (Baseline min.)

-
(6}

E-FISH signal (A'"/ZR), cm
o
4] RN

0 2 4 6 8 10 12 14 16 18 20 22
Void length (2a), cm

Figure 9. Effect of void length, 2a on the E-FISH signal for two different electrode lengths 2L =

14.5 cm and 22 cm, for zz = 3.39 mm and Ak = —0.5 cm™!. Gray vertical dashed line indicates

a void length, 2a, of 1 cm used in the corresponding experiments. Note that the signals for 2a =

0 correspond to the baseline values where there is no void.
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3. Experimental results and discussion
3.1 Effect of electrode length on E-FISH signal

The observed dependence of the E-FISH signal on the entire spatial profile of E.y; in sections
2.2 and 2.6 poses a genuine challenge for obtaining accurate, absolute electric field data. As earlier
discussed, most of the existing experiments rely on signal calibration using a known, electrostatic
field, then apply this calibration to the signals acquired in a plasma. A dependence of the signal
on the external field profile would demand matching field profiles during calibration and in the
plasma, to ensure a good measurement. Since the spatial extent of Eey in a plasma is often
unknown, this would further complicate the calibration procedure. It is therefore imperative to
provide an experimental verification of these theoretical predictions.

To this end, we perform an E-FISH experiment with a pair of stainless steel, triangular parallel-
plate electrodes as shown in figure 1(b). The interelectrode gap distance is 5 mm, and a constant
external electric field is sustained across the gap viaa 2 kV DC voltage. Translating the electrodes
along the x-axis, and measuring the vertically polarized (parallel to Eqy) E-FISH signal at each x
position, provides a convenient way of assessing the effect of electrode length. A 3 ns, 4 mJ, 1064
nm beam, with a pulse repetition rate of 10 Hz, is extracted from a Nd:YAG laser using an Pockels-
cell-based optical pulse slicer [10]. This probe beam is passed along the mid-height of the
interelectrode gap (i.e. ~ 2.5 mm), and focused at the center of the electrodes (i.e. at the x-axis)
using a plano-convex spherical lens. The resulting E-FISH signal is collimated with a second
spherical lens, and focused with a third lens onto a photomultiplier (PMT). A polarizing
beamsplitter placed before this third spherical lens ensures that only the vertically polarized
component of the signal is recorded. A photodiode with a 1 ns response time is used for monitoring
the laser intensity. Other details of the experimental setup can be found in [10] and are omitted
for the sake of brevity.

Figure 10 shows the E-FISH signal as a function of electrode length acquired using three different
lenses with focal lengths of 15 cm, 30 cm and 50 cm. While not directly measured, the respective
estimated Rayleigh ranges are zp = 0.847 mm, 3.39 mm and 9.41 mm, based on a Gaussian beam
approximation for our initial (collimated) beam waist of 3 mm. These values match exactly those
studied in section 2. The results of these experiments are in good agreement with the theoretical
predictions of figure 4(a); the E-FISH signal displays an oscillatory dependence on the electrode
length, decreasing gradually with increasing electrode length as predicted by eqn. (13).
Subsequent minima also display a period of roughly 12 cm, corresponding to twice the coherence
length, L., = 6 cm, just as in figure 4(a). In particular, the slight difference in the location of the
local maxima and minima for z; = 0.847 mm versus zz = 3.39 mm and 9.41 mm seen in figure
4(a) is also captured in the experiments. This shift is likely to be due to differences in the effective
coherence length, Lq¢ as discussed in section 2.3. Finally, an imperfect correspondence of the
precise locations of the minima and maxima between theory and experiment is also noticed. This
is anticipated to be a combination of field edge effects, which can alter the uniform shape and
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length of the external field profile, as well as the measurement uncertainty in the actual electrode
length (estimated to be 2 mm) probed by the laser beam.

E-FISH Signal vs Electrode Length
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Figure 10. Effect of electrode length on the peak normalized E-FISH signal obtained using 3 lenses
of different focal lengths (viz. zg). The uncertainty in the data with respect to the horizontal axis
is about 2 mm.

In order to rule out the possibility that the observed signal periodicity originates from changes in
the external electric field (for e.g. edge effects) instead of the variation in electrode length, a
numerical simulation of the electrostatic field between the two triangular electrodes is performed
by solving the Laplace equation. Figure 11 shows that the electric field strength is indeed uniform
over almost the entire electrode (except for a few mm at the edges), and certainly within the
confocal parameter of the 3 different lenses.
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experiment. b) Sectional slice of the electric field strength (indicated by the red horizontal dashed
line in (a)) at x = 0. The corresponding electrode length at this location is 13.5 cm.

3.2 Effect of a spatial void in the external electric field profile

An experimental verification of the theoretical results obtained with the spatial void (figure 9)
is performed with the help of the rectangular, parallel-plate electrode geometry shown in figure
8(b). The electrodes are translated along the x-axis (red arrow in the inset of figure 8(b)) in order
to record the baseline values (i.e. without a void). While the full range of void lengths (in figure
9) are not tested, the primary objective of these experiments is to confirm that one can indeed
induce an increase (rather than drop) in the E-FISH signal with a field null near the focal region.
The choice of void size is dictated by two opposing considerations: too large a void may reduce
the possible signal increase, while a void which is too small may suffer from field edge effects.
The value of 1 cm is chosen as a balance between these two considerations. To minimize edge
effects, all the electrode edges are rounded rather than sharp. Furthermore, even in the unavoidable
presence of edge effects, the electric field along the z-axis at r = 0 within the void region is
anticipated to be less than the applied voltage of 2 kV. (This point has been verified using
electrostatic simulations.)

In qualitative agreement with theory, the PMT time traces in figure 12 show that a 1 cm void
located at the beam focus produces a signal increase for two different electrode lengths. If the E-
FISH signal originates primarily from the focal region, a drop in signal — rather than any increase
— would be expected. That a drop in signal is indeed observed, provides further evidence that
interactions in the far field play a significant role in affecting the E-FISH signal. It also supports
the notion that the shape of the electric field has an influence on the signal.

On a separate note, the presence of edge effects could be a reason why there is imperfect
quantitative agreement between theory and experiment in terms of the magnitude of the signal
increase. This issue is currently a subject of ongoing research. Finally, the difference in the
baseline signals (i.e. without a void) for the two electrode lengths also lends further confidence to
the results obtained with the triangular electrodes in figure 10.
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Figure 12. 300-shot averaged PMT time traces (normalized by the laser intensity, viz. time-
integrated photodiode signals) for two different electrode lengths (2L = 14.5 cm and 22 cm),
showing an increase in signal with a 1 cm void.

4. Discussion
4.1 Importance of Gouy phase shift in E-FISH diagnosis

Taken together, the results from the previous two sections provide a sound indication that the
E-FISH signal obtained using a focused beam is not only dependent on the magnitude of the
external field as previously understood, but also on the spatial profile (Ilength and shape) of this
external field. The physical reason for this behaviour is that the Gouy phase shift exhibited by
focussed beams modifies the phase matching of the E-FISH process. Similar effects have been
observed in SHG and THG microscopies [22-29]. SHG microscopy obeys the same equation as E-
FISH, except that the product of the third-order hyperpolarizability and the external electric field

ai(?,zl * (Eext) j is replaced by the second-order hyperpolarizability ﬂi(,?l) in equation (3). This tensor

is non-zero only for non-centrosymmetric media [13], which is a very stringent condition and
explains why E-FISH is used in isotropic media. SHG microscopy has been mostly applied to
biological tissues and only a few biological components have been found to exhibit SHG signal:
fibrillary collagen, myosin filaments in muscles and dense arrays of microtubules [30, 31]. As
these non-centrosymmetric structures have small dimensions, the SHG signal evolution is close to
the figure 6(a) curves and the Gouy phase shift has not as much of an effect as it does in longer
media on the order of the electrode lengths shown in figure 6(b). In contrast, the Gouy phase shift
has a crucial effect in THG microscopy, as already observed in gases in 1969 [14]. Indeed, while
the phase matching conditions involve only one Gouy phase shift in SHG and E-FISH as explained

above, it involves 2 Gouy phase shifts in THG (i.e. 3¢éw)(z) - qbésw)(z) = 2¢4, with reference

22



to eqn. (15)) ). It means that the denominator in the integral of equation (3) is squared, and this
integral is much more sensitive to smaller dimensions. One may consider that destructive
interferences arise within the Rayleigh range as the Gouy phase shift between —zg and +zg is /2
(for SHG), that is m when doubled (for THG). Accordingly, THG signals have been observed in
um-scale heterogeneities in biological tissues, for instance lipid vesicles or cell interfaces [25]. E-
FISH diagnosis thus shares common characteristics with both SHG and THG — it exhibits the same
optical behavior as SHG microscopy, specifically the interaction length dependence, but is
observed only in isotropic media as with THG microscopy.

4.2 Recommendations for E-FISH diagnosis

To minimize any inaccuracies arising from the dependence of E-FISH signal on the spatial
profile of the external field, we propose three possibilities for the consideration of future users.
The first two involve experimental modifications to the E-FISH diagnostic, while the remaining
suggestion retains the current working setup but attempts to implement corrections to the
experimental data.

As discussed in section 2.3, one way to ensure validity of the plane-wave approximation, is to
increase the Rayleigh range such that it is significantly larger than the interaction length (viz. size
of the plasma). (The limit of this idea would thus be a collimated beam.) Even then, this

interaction length should preferably remain below the coherence length, L., = The

[
m.
advantage of this approach is an increase in signal (due to a longer signal buildup path), while the
evident drawback would be a loss of spatial resolution. We point out that even though this
approach removes the issue of the field profile dependence on the signal, it could introduce other
problem-specific inaccuracies especially if the field within the longer measurement region is
spatially non-uniform or unknown. This is because the path-integrated E-FISH signal is unevenly

weighted over the interaction length.
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Figure 13. Schematic illustrating the concept of crossing two laser beams as a method of localizing
the E-FISH measurement in space. (Note that for co-propagating beams, 86 = 0, = cos® = 1, and
Ak = 2k(@) — @29 Therefore |AkCY| > |Ak|.)
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One way of definitively localizing the E-FISH measurement in space is to utilize two crossed laser
beams instead of a single beam (see figure 13). The intersection volume between the two focused
beams effectively defines the interaction length L;,:, and thus the spatial resolution of the
measurement. Due to phase-matching considerations, only this intersection volume generates a
second harmonic signal along the angular bisector. Apart from an unambiguity in the spatial
resolution, this approach provides more flexibility since the properties of each of the two beams,
such as its polarization, wavelength and intensity, can be controlled separately. The main
disadvantages would be a drop in signal due to a larger wave vector mismatch |Ak(cr)| compared
with the co-propagating case, and more importantly the loss of the far field contribution to the
signal. The need to align and overlap two laser beams also increases the complexity of the
experimental setup. Furthermore, this approach has yet to be experimentally demonstrated, and
thus warrants further examination.

The final recommendation suggests a combination of numerical modeling with E-FISH
experiments to mitigate this issue. Depending on the confidence in the numerical data, these
simulations could be used to provide an idea of the length and shape of the external electric field
profile, Eqy:(z), which can be input into eqn. (15) in place of the Lorentzian function. This
procedure can be performed for both the calibration setup and the plasma. In doing so, this offers
an estimate as to how sensitive the E-FISH data is to changes in the spatial profile of the external
field for a particular problem. Sensible corrections to the experimental data may then be
implemented at the discretion of the user, while still retaining certain advantages of the method
such as its simplicity and superior detection sensitivity. This approach would be particularly
favorable when the exact field profile is unknown or likely to be spatially non-uniform in both
time and space. It can also be used to guide the user when deciding on which of the two earlier
approaches should be best pursued.

5. Conclusion

Using the exact expression for a focused Gaussian beam, we conduct an examination of several
parameters which affect the E-FISH signal, and its consequent use as a diagnostic for electric field
measurements. One of the key findings of this work is that, apart from the magnitude of the
externally applied electric field (the intended measurement quantity), both the length and shape of
this field profile also have a distinct effect on the signal generation. This has profound
consequences for effective implementation of the E-FISH diagnostic, since unlike other
parameters such as the Rayleigh range, wave vector mismatch and non-linear susceptibility, the
physical length and shape of the electric field profile are often challenging to determine in a
plasma. Failure to account for this contribution can lead to erroneous interpretations of the signal,
and thus an inaccurate electric field measurement. While similar effects of the interaction length,
or equivalently, medium length, have been reported in THG microscopy, the interaction lengths
relevant to E-FISH (when used for diagnosing gas plasmas), are generally much longer, similar to
SHG microscopy performed in bulk non-centrosymmetric media. In summary, we urge caution
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when continuing to use the E-FISH diagnostic with a single co-propagating beam, and suggest
several options for mitigating the issues raised in this work. These include increasing the Rayleigh
range of the probe beam to ensure compliance with the plane-wave approximation, or utilizing two
crossed laser beams to localize the measurement and eliminate any signal dependence on the
spatial profile of the external electric field beyond the intersection volume.
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