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Abstract

Dislocation motion through a random alloy is impeded by its interactions with
the compositional fluctuations intrinsic to the alloy, leading to strengthening. A
recent theory predicts the strengthening as a function of the solute-dislocation inter-
action energies and composition. First-principles calculations of solute/dislocation
interaction energies are computationally expensive, motivating simplified models. An
elasticity model for the interaction reduces to the pressure field of the dislocation
multiplied by the solute misfit volume. Here, the elasticity model is formulated and
evaluated for cubic anisotropy in fcc metals, and compared to a previous isotropic
model. The prediction using the isotropic model with Voigt-averaged elastic con-
stants is shown to represent the full anisotropic results within a few percent, and
so is the recommended approach for studying anisotropic alloys. Application of the
elasticity model using accessible experimentally-measured properties and/or first-
principles-computed properties is then discussed so as to guide use of the model for
estimating strengths of existing and newly proposed alloys.

Keywords:
solute-strengthening, interaction energy, linear elasticity approximation, elastic
modulli averaging, Voigt averaging scheme

1. Introduction

The strengthening of elemental metals by alloying has a long history. The un-
derlying mechanism of strengthening [1, 10, 2] is the interaction of dislocations with
either (i) the alloying elements as solutes in the lattice or (ii) the stable and/or
metastable precipitates formed by the host elements and the alloying elements. So-
lute strengthening due to the glide of dislocations through a field of substitutional
solute atoms, whether the solutes are randomly distributed on the lattice sites or
having preferential interactions leading to short-range-order, has seen a resurgence
of interest in recent years due to the discovery of so-called High Entropy Alloys
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(HEAs) [25]. HEAs are multicomponent alloys (N=>5 or more elements) in near-equal
compositions but generally forming single fcc or bee phases with no precipitation.
While other systems may consist of multiple phases, and some HEAs may be unsta-
ble to eventual precipitate formation, the existence of stable or metastable random
phases with high atomic complexity is intriguing. Moreover, some of these HEA
materials have impressive mechanical properties (strength, ductility, and/or fracture
toughness) [11, 45].

Scientific and technological interest in both dilute solute-strengthened alloys (Al-
Mg, Mg-Y, Ni-Al, and many others) and the HEAs, which are essentially high-
concentration solute-strengthened materials, has led to the development of a general
theoretical model to predict solute strengthening in random alloys [21, 22, 42, 40].
The full theory shows that the temperature- and strain-rate dependent flow strength
stems from the intrinsic solute/dislocation interaction energies and the dislocation
line tension [15, 16]. The solute/dislocation interaction energies are challenging to
determine in real alloys, especially HEAs, due to the need for computational study
of the dislocation core via first principles methods [31]. Experiments cannot provide
this information directly either.

To enable the use of experimental inputs and/or first-principles inputs, the full
theory has been reduced to a simpler form through the use of linear elasticity the-
ory to compute the solute/dislocation interaction energies [42]. The elasticity model
for solute strengthening then relies on fundamental material and solute quantities:
elastic constants C;;, dislocation Burgers vector b, stable and unstable stacking fault
energies Vst and e, dislocation line tension I', and the solute misfit strain tensors
egiSﬁt in the alloy (or similarly the solute elastic dipoles). First-principles meth-
ods can compute all of these quantities, even in the highly-complex HEAs [47]. On
the other-hand, mechanical tests are often carried out on polycrystals, and supple-
mented by TEM analyses, to obtain experimental values of properties like the average
isotropic elastic constants, Burgers vector (and lattice constant a), and stacking fault
width, from which v can be deduced. The solute misfit volumes AV = eﬁiSﬁta?’ /4
for fcc alloys can be determined in principle from lattice constant measurements on
alloys of varying composition. Thus, if the elasticity approximation is accurate then
the theory can be used to rationalize existing experimental measurements and to pre-
dict properties of new alloys via the use of first-principles computations on candidate
alloys [37, 47].

The elasticity theory of solute strengthening has only been examined within
isotropic elasticity. Yet the elemental fcc metals exhibit a range of anisotropies,
as characterized by the Zener anisotropy A = 2Cy,/ (C13 — Ci2) where Cyq, Cio, and
Cy4 are the three independent elastic constants in a cubic crystal, with A ~ 1.22
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for Al, ~ 2.57 for Ni, ~ 3.21 for Cu, and ~ 2.85 for Au [5]. Dilute alloys based
on Ni, Cu, and Au should thus be treated within anisotropic elasticity, and many
fcc HEA families (e.g. Co-Cr-Fe-Mn-Ni-Al, Rh-Ir-Pt-Pd-Au-Ag-Ni-Cu) are at least
moderately anisotropic. The aim of this paper is therefore to provide general results
for solute-strengthening in the anisotropic elastic model for fcc random alloys.

The isotropic theory has a simple analytic form and experimental measurements
may only provide averaged isotropic elastic constants. Therefore, we present results
in terms of the difference in predictions between anisotropic and isotropic models. We
show that both elasticity assumptions lead to qualitatively identical results, which en-
ables the use of the isotropic model with a correction factor to account for estimated
or anticipated anisotropy. Our results also allow for an understanding of whether the
isotropic estimate is an underestimate or an overestimate, and to what approximate
degree. Overall, predictions using the full anisotropic theory and isotropic theory
using the Voigt averaged isotropic moduli are in very good agreement (within a few
%) over a wide range of anistropy, 0.5 < A < 4.

The remainder of the paper is organized as follows. Section 2 briefly reviews the
current theory of solute-strengthening. Section 3 simplifies the theory using linear
elasticity, for both anisotropic and isotropic models. In Section 4, predictions of
isotropic and anisotropic models over a wide range of parametric dislocation core
structures are compared. Section 5 discusses how to apply the theory with limited
experimental or first-principles properties. Section 6 summarizes the paper.

2. Theory of solute strengtening

We consider random alloys, i.e. for an alloy containing n elements at concen-
trations c¢,, the probability that a type-n solute occupies a particular lattice site is
exactly c,, irrespective of surrounding atom-types. When an initially straight dis-
location is introduced into such a random alloy, it spontaneously becomes wavy as
it moves into regions where the local solute environment reduces the energy of the
local dislocation segment. However, the wavy structure has an increased line length,
and so there is an energy cost to becoming wavy. The dislocation thus takes on a
wavy structure that minimizes its total energy, ¢.e. lowering of potential energy due
to interactions with favorable solute environments and increase in elastic energy due
to line tension. Each local segment of the dislocation is then in a local energy mini-
mum, and motion of that segment (plastic flow) then requires stress-assisted thermal
activation out of the local minimum and over the adjacent local maximum into the
subsequent local minimum along the glide plane. The overall dislocation moves as the
local segments advance via the thermally-activated process. This general framework
was first postulated by Labusch [15, 16].
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Leyson et al. [21, 22] formalized the above description in a more quantitative
way, in particular (i) by making connection with the atomistically-computed solute /
dislocation interaction energies, and (ii) by considering a dislocation of total length L
to become wavy with a wavelength 4¢ and amplitude w, constructing the total energy
as a function of (¢, w), and minimizing the total energy to obtain the characteristic
length scales ((.,w.). The elastic energy due to increased dislocation length can be

expressed as
w? L
s = (5) () .

when w < ¢, which is typically the case. The potential energy due to solute interac-
tions with the dislocation starts from the fundamental interaction energy U(z;,y;)
between a solute at in-plane position (z;, y;), and a straight dislocation aligned along
z at the origin. For fcec metals, x and y are the < 110 > and < 111 > crystallo-
graphic directions. In a specific solute environment, the change in potential energy
of a segment as the dislocation glides a distance w from an initial starting point is

AUsot (¢, w) = an [U(xi —w,y;) — Uz, y5)] (2)

where n;; is the number of solute atoms along the dislocation length ¢. In a random
alloy, the average energy change is zero, and the dislocation segments seek favorable
(energy-lowering) fluctuations that scale with the standard deviation of the potential
energy change. The total potential energy of the wavy dislocation in the random alloy
can be derived as [22],

a5, = - (=) M) 5 3)
where AE,(w) = [cZ(U(xi—w,yj)—U($i>yj))2 ) (4)

is the characteristic energy fluctuation per unit length of dislocation and ¢ is the
concentration of the solute.

Minimization of the total energy, AE.,, = AE, + AEy, with respect to ( is
analytic. The subsequent minimization with respect to w reduces to the solution
of dAE,(w)/dw = AE,(w)/2w. Each individual segment at length ¢, then lies in
a minimum local energy well of depth —(¢./v/3b))Y2AE,(w.) with a nearby energy
maximum at distance w,. along the glide plane. The net barrier height, including the
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reduction in elastic energy, leads to an energy barrier of

(5)

wiFAEﬁ(wJ) s
— ] -

A&—LM(

The energy barrier is reduced by an applied stress, which does work of —7b(.x on
the dislocation as it glides over distance x. The zero-temperature yield stress 7,9 is
the stress needed to reduce the barrier to zero so that the dislocation moves with no
thermal activation. This flow stress is given by

Cx AB, . (ABw))

For stresses 7 < 7,0, the energy barrier is finite and the dislocation segments overcome
the barrier by thermal activation. The time required to overcome the barrier is then
related to the plastic strain rate. The finite-temperature and finite strain-rate flow
stress 7,(7, €) is then derived as

2
kT 0 ?
Ty(T,€) = Tyo [1 — (— In @> ] ; at low temperatures,

(7)

where £y = 10*s™!, consistent with previous works [21, 42]. At stresses below & 0.57,0
waviness on multiple scales becomes important [17, 20] but this is not crucial for the
present paper.

From the skeleton review of the theory above, it is evident that the key parameters
for solute strengthening are the energy barrier AEj, and zero-temperature flow stress
T,0. These quantities are directly derived from the underlying solute/dislocation
interaction energies U(x;,y;) and dislocation line tension I', and so the theory has
no fitting parameters. The theory above has been outlined for the case of a dilute
binary alloy (one type of solute in a host matrix) but the analysis can be generalized
to arbitrary compositions and thus encompasses High Entropy Alloys and other non-
dilute solid solution alloys [42, 40].

3. Linear elasticity model

The solute/dislocation interaction energies U(z;, y;) can be computed using inten-
sive first-principles methods [21, 22, 40, 46] for dilute alloys. Atomistic simulations
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using semi-empirical potentials can be employed, but are rarely quantitative for real
materials and so such simulations are best used to test the theory and any approx-
imations to it. It is thus valuable to gain broad insight through the introduction of
reasonable approximations that enable great simplification of the theory.

3.1. Anisotropic elasticity for solute/dislocation interactions
In linear elasticity, the solute/dislocation interaction energy is

Ul(zi, y;) = p(xi, y;) AV, (8)

where p(x;,y;) is the pressure field created at position (x;,y;) by the dislocation
centered at the origin. The above expression is specific to substitutional solutes in
cubic materials; the general form involves the contraction of the stress tensor and
the solute misfit strain tensor [7, 8, 36, 37| and is straightforward. Note that solute
interactions with the stacking fault of the dissociated fcc dislocation are neglected
here. The pressure field of the dislocation depends on the dislocation core structure.
The dislocation structure is characterized generally by the distribution of Burgers
vector Ob/dz along the glide plane; we discuss analytical descriptions of the core
structure later. The pressure field generated by the dislocation structure is then a
function of the Burgers vector distribution and the elastic constants, and can be
written in the form
011 ob

P(xuyj) = Cu f(xi’yqu_M’A7%)a (9)

where f is a dimensionless pressure field. f is obtained from the fundamental Stroh
solution aisjt“’h for the components of the stress field created by an incremental Burg-
ers vector db(z’) in an anisotropic material [33], followed by superposition of the
fields due to all the increments of Burgers vector. Specifically, we can write

R N S
044/_ o (1T o), () (10)

f(mia y])

Substituting the above approximation for U(x;,y;) into all of the prior results
leads to a decoupling of the solute misfit volume and the dislocation fields. The key
energy quantity in Equation 4 becomes

N[

AEP(U}) = C44AVC%

Z (f(zi —w,y;) — f(zi, yj))2] )

ij

1 011 8b
C'44 Ve g (w7 044) ) 61’) ( )
6
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The minimization with respect to w to obtain w, involves only the dislocation-core-
structure-dependent quantity g via the solution of dg/dw = g/2w. The final quan-
tities controlling the flow stress versus temperature and strain rate reduce to the
forms

2 2 AV2T 3

AE, = 1.22 (w, g (wo))} (CCMTV> , (12)
4 (w, 3 2CH AV 3

7,0 = 1.01 (9155 )> ( o= ) . (13)

For a given matrix material, the analysis is independent of the solute(s) added to
create the alloy. The solute misfit volume and concentration only enter through
multiplication after all minimizations have been carried out. In the elasticity theory,
we can thus address the key features of solute strengthening as a function of the
elastic properties of the material, the line tension, and the dislocation structure as
represented through 0b/dx.

For non-dilute alloys or HEAs with more than one type of solute, cAV? is replaced
with > ¢o(AV2 + 0%, ) [42], where AV, is the average misfit volume of solute n
and oay, is its standard deviation due to local fluctuations in chemical occupation.
Also, the elastic moduli entering the theory are those for the concentrated alloy at
the given composition.

3.2. Solute/dislocation interactions estimated with average isotropic elastic constants

The theory can be reduced further under the assumption of isotropy in line with
Ref. [42]. Introducing the average isotropic elastic constants playe and vy, the quan-
tity g can be written as

CH ob 1% 1+v ; Jb
~i A g — avg avg 1SO - ) 14
9 (’lU, CY447 ’ al') (044 1-— Vayg g v ox ( )
In this form, the contribution to solute-dislocation interaction energy from disloca-
tion structure (¢"°) and elasticity are fully decoupled. All predictions scale with fiayg

and v,,,. Here, we examine the three standard averaging schemes of Voigt, Reuss,
and Hill [43, 30, 13]. For all three, the bulk modulus is

Ci1 +2C,

Kavg = 3 ’

(15)
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while the shear moduli are given by

Voigt Ci1 — Cia 4+ 3Cyy

Mavg = 5 Y (16)
" 5Cy (Cyy — C
3C11 — 3C12 +4Cy
Voigt Reuss
Hill __ ﬂavg + Navg
avg 2 . (18)
The average Poisson’s ratio v, is then computed from piay, and Kiye as
3Kav - 2 av,
g H’ g (19)

Vave = .
we 2 (3Kavg + Mavg)

The Voigt and Reuss results are polycrystalline upper and lower bounds, respectively.
The intermediate Hill average was proposed because it tends to be closer to many
experimental measurements of elastic constants in polycrystals than either of the
bounds. Lastly, ftave/Cas and vay, are dimensionless functions of only Cy;/Cyy and
the anisotropy ratio A. Therefore, comparisons between isotropic and anisotropic
elasticity depend only C11/Cyy, A, the slip density 0b/0z, and the chosen isotropic
averaging scheme.

3.3. Dislocation core structure parameterization

The strengthening parameters depend on the dislocation structure as character-
ized by Ob/0x. In fcc systems, the relevant a/2(110) dislocations dissociate into two
Shockley partial dislocations, by 1 and by 2, of a/6(112) type. Following Varvenne
et al. [42], we parameterize the dislocation core structure in terms of two Gaussian
functions of width o separated by the Shockley partial separation d. The classical
analytical Peierls-Nabarro model yields a Lorentzian distribution [6], and atomistic
simulations of the shear displacement across the glide plane show a slow decay sim-
ilar to the Lorentzian function. However, the atomistic simulations give the total
shear displacement, not solely the “plastic” displacement associated with the dis-
tribution db/dz. The slow decay in atomistics is well-represented as arising from
the elastic strain due to a Gaussian distribution of Burgers vector db/0x, as shown
explicitly for atomistic models of Al, Cu, and Ni in Appendix A. The Burgers vector
distribution is thus parameterized as

0b 1  (e+d/2)? _ (@—d/2)?
%“):ﬁ@m N > (20)
o
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When carrying out the minimization with respect to w, the solution can yield one
or two local minima depending on the core structure [40]. Two local minima, w.;
and w, 2, emerge when d is sufficiently larger than o. In such situations, the Burgers
vector distribution has two very distinct peaks, one for each partial, and the first
minimum occurs at small w, typically smaller than the partial separation d. Also,
as evident from Figure 1, the “second” larger w.» solution exists for all parameter
values, with w, s decreasing with decreasing d/b. The “first solution” w,; exists for
larger d/b but is subsumed by the “second solution” below d/b ~ 6. Unfortunately,
the literature seems to suggest that it is the larger-w, solution that emerges with
increasing d/b whereas it is really the smaller w,. that emerges as a new solution.
Later on we discuss results for both solutions when they arise.

_ d=4b
= J v d=6b
v d =9.5b
—~ - -0.06 *  d=13.5b
3 &
q ok
-\Qj)’ 5 i**iii*i*tit**i:'
V"'
- '-8 —0.08 "'..,.::'::'
3 5 -
:_‘ MM
£
%*S 5 010
28 ¢
K -
<] <
—0.12
—0.14
0 10 20 = - . ) 70

w/(b/2)

Figure 1: Non-dimensional total energy of a wavy dislocation in a random alloy as a function of the
amplitude, for various Shockley partial separation distances d at fixed partial peak width o/b = 1.5
as computed assuming isotropic elasticity. For partial separations > 6b, there are two minima at
we,1 and w2 while for small partial separations the first minimum is subsumed by the second
minimum, resulting in a single minimum label as w, ;.

4. Results

We now assess the accuracy of the easily-used isotropic model relative to the
more-complex anisotropic model. Anisotropy enters in the theory through (i) the
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dislocation line tension, and (ii) the dislocation core structure quantity g. Both
aspects are examined in the following.

4.1. Line tension

The line tension I' enters the theory as I''/3 in AE, and as T'"Y/? in 7,9 (Equa-
tions 12 and 13), and hence results are weakly dependent on the precise value of
I'. However, the line tension scales with the elastic moduli, and so is in princi-
ple a function of the anisotropy. For fcc alloys, the line tension is best related to
the shear modulus in the < 111 > plane along the < 110 > direction, p111/110 =
(C11 — Cha + Cuq) /3 via the scaling relation I' = ayuy11/1100%. Values of v ~ 1/16 —
1/8 have been used, with the larger value found in several atomistic studies of bowed-
out dislocations [35]. In the absence of the crystal anisotropic elastic constants,
t11/110 must be appropriately estimated. Figures 2(a)-(c) thus displays the ratios
Have/ 4111 1o for the Voigt, Reuss and Hill averaging schemes, and for an important
range of A and C11/Cus. The ratio (uf /11111/110)"/? is nearly unity over a wide range

g .
of A and C11/Cyy, deviating by at most 5%. Thus, pH which is close to the esperi-

avg’
mental polycrystalline shear modulus, should be used ign estimating the line tension.
The Voigt averaged moduli should not be used for estimating the line tension [4].
Thus, to minimize the differences between isotropic and anisotropic results, the
line tension must be calculated either directly from fi111/110, or from the isotropic

polycrystal data.

4.2. Error of the isotropic approximation

In no case does the isotropic approximation for g yield a different number of
solutions for w,. than the anisotropic case. Choosing the line tension as described
above, we thus compute the relative error of the isotropic solution as

2 : . 2

AER —ABy [ ftae\ 1+ i | ® [(wi® g (w}) )

Bhy —Aaby | (Havg | L+ Vavg We 9 () —1; and (21)
AEb L 044 1 - I/avg_ We g (wC)

iso r -2 2 iso iso %
@mﬂw<wﬂlﬂm3<w)39(%) 1 (22)
TyO L C’44 1 - Vavg_ wicso g (wc) ‘

The relative error is independent of (i) any absolute values of the elastic constants,
(ii) the solute misfit volumes, (iii) dislocation line tension, (iv) total Burgers vec-
tor magnitude, and (v) any numerical prefactors. Thus, the results depend only
on the ratios of anisotropic elastic constants, the isotropic averaging scheme (see

10

Page 10 of 32
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V] [

Havg
Hi11/110

max: 1.03 max: 1.05 1.13
min: 0.89 min: 0.91
1.09
1.05
1.01
0.97
2
0.93
0.89
1
0.85
2 3 4 2 3 4 2 3 4
C11/Caa C11/Cuaa C11/Cuaa
(a) Voigt (b) Reuss (c) Hill

Figure 2: Comparison of fiayg With 1111 /110 for the different isotropic averaging schemes as a function
of 011/044 and A.

equations 15-19) and the dislocation core structure. Note that the characteristic
amplitude w*° is independent of the isotropic averaging scheme.

These dependencies are fully described through the non-dimensional elastic pa-
rameters A = 2Cy,/(C11 —C1s), C11/Cu4, and core structure parameters d/b and o /b.
We study a wide range 0.5 < A < 5, the full physical range of C4;/Cyy for this range
of A, and values d/b = 3,7,11,15 and o /b = 1.0, 1.5, 2.0, 2.5 that cover expected core
structures (See Appendix A). We thus examine the range of possible errors defined
in Equations 21 and 22 induced by the use of the isotropic approximation for these

values.

4.3. Errors in energy barrier and zero-T strength

Overall, we find that the Voigt average provides the best agreement with the
full anisotropic result. Indeed, figure 3 presents the differences in energy barrier and
strength versus A for the Voigt, Reuss, and Hill average, for a typical case (C11/Cyy =

11
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2.7, d/b = 7; 0/b = 1.5). The error in the Hill result is typically twice that of
the Voigt result, and of the opposite sign (negative rather than positive). Recall
that the various isotropic models only differ via ratios of the dislocation pressure
pre-factor fiayg (1 + Vavg) / (1 — Vayg) (see Equation 14) and so results can be easily
related analytically. We thus focus on the Voigt results below, which are generally
the most accurate.

0.100 0.100 -
.wC,l .wc’l o
00751 yew, o 00751 yew,. o -
0.050 . . 0.050 o+
5 Voigt ,.-*
4| 0.025 ..;::**** § 0.025 ..:** Voigt
| m’s o:;:* I Q ':— :
0.0 f-geggtt > 0.0 fyegis
»§@<] U R So|© P
Q| .0.025 TS , 00250 i,
< +1. . Hill F
-0.050 .o Telel, -0.050 . L Hil
-0.075 ' Tl -0.075 .
-0.100 : -0.100 -
1 2 3 4 5 1 2 3 4 5

Figure 3: Relative differences in AE, and 7, estimated with average isotropic elastic constants
versus those predicted with full stiffness tensor as a function of anisotropy ratio A (for C11/Cyq = 2.7
and dislocation core parameters being d = 7b and o = 1.5b). Results are reported for Voigt, Reuss
and Hill isotropic averages. Filled circle markers: first minimum solution. Filled star markers:
second minimum solution.

The differences in energy barrier and strength are very weakly dependent on
C11/Cy4. Figure 4 presents the differences in energy barrier and strength versus A
using the Voigt model for various values of C4;1/Cyy, again for a typical core structure
(d/b=T7; 0/b = 1.5). The variations around the middle value of Cy;/Cyy = 2.7 are
typically less than 1%. This is well below the accuracy of the elasticity theory itself
and so can be neglected. All further results below thus correspond to Ch1/Cyy = 2.7.
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Figure 4: Relative differences in AE, and 7,0 as estimated with Voigt isotropic elastic constants
versus full anisotropy as a function of C7;/Cy4 and anisotropy ratio (for dislocation core parameters
d = 7b and o = 1.5b). Marker colors indicate different C11/C44 values. Filled circles: first minimum
solution; filled stars: second minimum solution.

Figure 5 shows the relative differences in w,, AE, and 7, between the Voigt
isotropic model and the full anisotropic elasticity as a function of anisotropy A, for
the first minimum w,; for various dislocation core structure parameters (d/b,o/b).
Figure 6 shows the same quantities for the second minimum w,. . The differences in
the value of w, are zero for most cases, and differ by £b/2 in only a few cases. The
difference is not systematic with o /b, and may arise due to the discrete increments of
b/2 used in determining the minimum energy and thus the appropriate discrete value
for w,. Specifically, a very small energy change due to the isotropic approximation
can shift the discrete minimum by b/2; this has consequences for the energy barrier
and strength. Overall, however, the amplitude of the dislocation waviness is generally
well-preserved (within b/2) using the isotropic model.

The differences in energy barrier AEj, for both minima (Figures 5(b), 6(b)) are
typically positive and less than 5% over a wide range of parameters. Larger dif-
ferences correlate with the changes in the w. value by b/2. For the first solution
(we,1), which controls the low-temperature behavior, the errors can be negative and
reach &~ 10% but only for very high anisotropy, the narrowest core structures, and
widest core separations. Overall, however, corrections to the energy barrier due to
anisotropy are not significant except when the w, is shifted by b/2, which occurs
mainly for /b = 1.0,2.0 and high levels of anisotropy.
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The differences in zero-temperature strength 7,0 for both minima (Figures 5(c),
6(c)) are typically positive and slightly larger than the energy barrier. For the second
minimum (w.2) the errors are consistent across all core structures and generally
remain below +5% for A < 5. For the first minimum (w..;), the error for core widths
o/b=1.0,2.0 and wide partial spacings d/b = 15 is over 10% error even at moderate
anisotropy of A = 2 — 3. These errors correlate with the small shifts in w.; by
b/2 because the strength scales as w. 53 and w1 is typically small (= 5b) so that
shifts by +b/2 are not negligible. This suggests the use of a continuous w in the
minimization rather than the use of a physical discrete set of w spaced by b/2; this
would lead to continuous variation in behavior and more-precise agreement between
the isotropic and anisotropic theories.

Overall, the errors when using the Voigt isotropic elastic constants are within 5%
of the true anisotropic results, and typically overestimating. Deviations do increase
with increasing A, but are almost always small for A < 3 and remain moderate for
A < 4. We discuss the practical application of these results below.
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5. Practical application of the theory

We have shown that the difference between the Voigt isotropic model and the full
anisotropic model are usually relatively small. The largest deviations arise when the
isotropic model predicts a shift of b/2 in w,. relative to the full anisotropic model,
which occurs almost exclusively for o/b = 1.0,2.0 and can thus be identified. Other-
wise, we consider the errors of 5% to be well within the uncertainty of the elasticity
model, relative to the full theory, and the full theory itself involves approximations.
Thus, the isotropic theory can be used and then corrected to approach the anisotropic
result based on available understanding. Experiments do not usually yield the Voigt
moduli nor the core structure (especially ), and application of the model also re-
quires the line tension I'. In this section, we therefore first present a parametric study
of the predictions of the isotropic theory and then address how we envision the use of
the anisotropic elasticity theory in combination with experimental or first-principles
inputs.

5.1. Normalized results for w., AL, and 7,9 using isotropic elasticity

We first present the isotropic results over the range of core structures. From
Eqgs. 12, 13 and 14, it is evident that the energy barrier and strength are functions
of w*°(d/b, o /b) and ¢*°(w,, d/b, o /b), with

AE(, o (wisogiso)2/3 7 (23)

iso iso9/4 4/3
0 o (g% i) (24)

Figures 7(b) and 7(c) show these normalized quantities over a wide range of
(d/b,o/b) with the two solutions for w, (where applicable). Figure 7(a) presents the
we1 and w2, although these are not directly needed in practical application of the
model.

Figure 7(c) shows that the strength quantity is quite sensitive to the partial core
width o, especially for small o. The quantity o, while correlated through the Peierls-
Nabarro model to the unstable stacking fault energy and elastic constants of the alloy
[6], is not well established. The atomistic simulations in Appendix A, and previous
analyses in Ref. [42], indicate that a range 1.5 < o/b < 2.5 prevails across most
materials. Subsequent applications of the model used the value o/b = 1.5 across
a wide range of materials with good success and we have seen above that the w,
for this value of o /b agrees with that obtained in the full anisotropic model; this is
further discussed below.
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assuming isotropic elasticity.
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5.2. Application using experimental or computational inputs

Here we provide a simple method for experimentalists and computational material
scientists to investigate alloy strengthening in existing or new materials, reasonably
accounting for elastic anisotropy. This is further illustrated on a specific HEA case.

In section 4 we have established that the dislocation line tension is well estimated
as I' = aub? using the Hill-average moduli. We have also compared the energy
barrier for dislocation motion (AE}) and the zero-temperature yield stress (7,9) using
Voigt-averaged elastic constants versus full anisotropic stiffness tensor, and found a
deviation of mostly 5% (occasionally ~ 10% for AEj, and > 10% for 7,0, but only for
very high anisotropy). So, for a first estimation of the strengthening, we can avoid the
cumbersome anisotropic formalism and instead make isotropic predictions AE;/ oigt
and T;gmgt, using the Voigt-averaged elastic constants. The dimensionless coefficients
of Equations 23 and 24 for AFE, and 7, are shown in Figure 7. Full results are
then obtained by multiplying the dimensionless results by the appropriate prefactors

using Voigt-averaged elastic constants
((Z anVn?) Fb) : (25)

4 1
S ACEA e, AV2)?\ ?
7,0 prefactor:  1.01 (ugfv"glgt ! e ) (Z" n) ; (26)

@l
=

1+ VVoigt
AE, prefactor: 1.22 (NV‘”gt—an>

avg Voigt
1 - Vavg

. V;(/ogigt FblO
according to Equations 12 and 13. Finally, for a more-accurate prediction accounting
for the elastic anisotropy, the above isotropic estimations for AEj, and 7,9 can be
corrected by the additional factors shown in Figures 5 and 6.

The above procedure requires ingredients from either experiments or atomistic
simulations: gy and vy08, the norm of the Burgers vector b, the solute misfit
volumes AV, the line tension of the dislocation I' and the Shockley partial separa-
tion (d) and partial spreading (o). The Zener factor A is required for choosing the
appropriate anisotropy correction factors. We detail in the following how to get all
these quantities.

Elastic constants enable the determination of )", vyoEt, A, and I' o¢ 111110 &
ugvig. The Cj; can be obtained in several different ways, each with a different level
of accuracy. The elastic constants can be computed using first-principles density-
functional theory (DFT) calculations, which is reasonably accurate. They can also
be estimated using the elemental values and a rule-of-mixtures law, C;?™ = ¢, C}.
The full stiffness tensor of an existing alloy sample can be measured using standard
methods for single crystals and advanced techniques for polycrystals [23, 14, 9]. Tt is
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more conventional, however, to measure only the average elastic moduli of equiaxed
polycrystals, which are typically close to the Hill approximation [13]. I' can thus
be computed using the experimental isotropic shear modulus. The Voigt-averaged
values can then be estimated by using the anisotropy A of the rule-of-mixtures Cj3™
and the measured isotropic elastic constants with equations 15-19 as

/L\/oigt ~ luexpt (2A + 3)(3A + 2) (27)
e Ve 3A24+19A+3
ex ex Voi ex
PR = (1 2) -

avg ~ 2#3}5? (1 + Vgifcgt) + ,UX\?égt (1 N 2V§§§t) .

The lattice constant can be computed using first-principles methods or atomistic
simulations with suitable interatomic potentials, or measured by diffraction. The
solute misfit volumes can be computed with some additional effort [41, 47]. The
misfit volumes can be determined in principle from experiments on alloys at different
compositions followed by interpolation, but this requires fabrication of the alloys [3].
Lattice constants and misfit volumes can also be estimated using Vegard’s law, which
has been shown to be fairly accurate over a range of alloys [24, 42, 39, 47].

The dislocation core parameters d/b and o /b are more challenging to assess. For-
tunately, most results are insensitive to d/b for d/b > 7. The partial separation d/b
can be estimated from knowledge of the stable stacking fault energy ~4¢ and ana-
lytic and/or Peierls-Nabarro models. It can also be measured, on average, via TEM
[28, 19]. The partial core spreading o /b is the least accessible quantity, yet the results
are rather sensitive to this value. The uncertainty in o /b likely dominates the over-
all uncertainty of the elasticity model, whether isotropic or anisotropic. Successful
past applications have used a single value of o/b = 1.5 with the Leyson et al. model,
which is on the low end of physical values seen in several fcc atomistic core structures
(Appendix A). This value may partially compensate for (i) additional “chemical”
contributions in the core that are not included in the elasticity model and (ii) a larger
o /b combined with a larger numerical prefactor (see Ref. [24] and discussion below).
For example, for Al-X binary alloys, the full DFT-computed X-solute interactions
energies were computed [22] but the final results could be well represented by the
Leyson et al. elasticity model with o/b = 1.5.

As an illustrative example, here we compute the strength of the CoCrFeMnNi
Cantor alloy using available experimental and computational inputs. The uniaxial
tensile yield strength has been measured experimentally as 125 MPa at T=293K and
strain rate 1073s™! [29], after extrapolating the Hall-Petch grain-size effect to infinite
grain size. Our prediction here is a refinement of the prediction of Varvenne et al. of
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125 MPa based on isotropic elasticity [42] with the experimental polycrystal elastic
constants, which was in very good agreement with the experimental value.

The single crystal elastic constants of the Cantor alloy have recently been mea-
sured by Teramoto et al. to be C}; = 195.9GPa, Cs = 117.7GPa, and Cyy =
129.3 GPa [38]. The experimentally measured partial dislocation spacing of the edge
dislocations d is ~ 5—8nm [28]. The lattice constant obtained from X-ray diffraction
is 3.6 A [18] and therefore the Burgers vector b is 2.5456 A; so d/b > 7. The average
misfit volumes AV, were estimated in Ref. [42], based on experimental lattice con-
stant data on Ni-Co, Ni-Cr, and Ni-Fe binaries and a range of Mn-containing HEAs
and the application of Vegard’s law, leading to the values (—0.864, —0.684, 0.286,
0.466, 0.796 A3) for (Ni, Co, Fe, Cr and Mn), respectively.

With the above inputs, we predict the yield strength using the isotropic theory
with Voigt elastic constants and the additional corrections accounting for anisotropy
obtained from Figures 5 and 6. The anisotropy is characterized by A = 3.3 and
C11/Cy = 1.52. The Voigt-averaged elastic constants are then computed to be
g = 93.22 GPa and vyn# = 0.233 (from Equations 16, 19). The line tension

avg
is computed as I' = (1/8)p111/1100° = 0.3497 eV /A. The prefactors for computing
AFE}, and 7, using the Voigt moduli can be then computed from Equations 25 and
26 as 0.847eV and 5.314 GPa, respectively. The additional correction factors for
anisotropy obtained from Figures 5(b) and 5(c) are 0.976 for AE, and 0.95 for 7,
(first minimum w,; relevant here).

The remaining quantities needed in the theory that are not directly connected
with the anisotropy are the misfit quantity) cnAV? = 0.43 A8, d/b already estab-
lished to be > 6, and o /b. We use the value o/b = 1.5 to be consistent with Varvenne
et al. With these values, we obtain the dimensionless quantities for 7,9 (0.01758) and
AE, (1.277) from Figure 7.

Multiplying all of the components discussed above yields 7,0 = 88.75 MPa and
AFE, = 1.056eV. The uniaxial tensile yield strength at temperature and strain rate
o, = 3.067, is then computed from Equation 7 as 128.7 MPa, where the Taylor factor
3.06 for equiaxed fcc polycrystals is used. This prediction is in very good agreement
with the experimental value of 125 MPa. The additional anisotropy factors do not
lead to any significant change in the prediction in this particular case. This level
of agreement is well within the uncertainty of the model and is not expected to be
achieved for all alloys.

In the absence of the single-crystal elastic moduli, we would estimate the strength
using the reported isotropic polycrystalline moduli g = 80 — 81 GPa and v = 0.25 —
0.265 [18, 12, 44] as follows. The Voigt-average elastic moduli require A. This is
estimated using the rule-of-mixtures Cj™ obtained from the elemental moduli. For
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the Cantor alloy, where not all elements crystallize in fcc at low temperature, we
use the first-principles DFT values for these elements in the fcc structure [32]. The
resulting C7?™ yields the estimate A = 2.35, somewhat lower than the experimental
value but still indicating a non-negligible level of anisotropy. The Voigt-averaged
elastic constants are then computed to be py%8" = 87.061 GPa, ~ 6.5% lower than
the single-crystal value, and u}vogigt = 0.248 using Equations 27 and 28 respectively.
The line tension uses the experimental shear modulus, I' = (1/8)ub? = 0.406 eV /A.
The anisotropic correction factors for AEjy, and 7,0 are 0.98 and 0.97 respectively (See
Figure 5). The remaining inputs to the theory are unchanged. Using the components
computed above yields the new predictions of 7,9 = 82.15 MPa and AE;, = 1.089eV
with a tensile yield strength at temperature and strain rate of 121.82 MPa. The
difference with the more-complete prediction is small, and within the uncertainty of
the theory.

The example above is intended mainly to show how the anisotropic results can be
applied in practice, depending on the availability of experimental data. The objective
is not to show that the anisotropic model gives better agreement with experiment
in this particular case. In general, the anisotropic model gives higher strengths than
the isotropic model because the Voigt-averaged elastic constants that best-capture
the anisotropy are always larger than the isotropic elastic constants.

6. Discussion and Summary

The illustration in the previous section shows how experimental measurements
provide some guidance on the relevant material properties needed in the theory. As
noted, in the absence of experiments, many of these quantities can be estimated
or computed using first-principles [47]. Thus, there are different avenues for evalu-
ating the parameters needed in the model. Alloy design and discovery will follow
the route of computation. The use of experimental inputs on materials that have
been fabricated and tested can further validate the theory or help identify if other
factors (solute-solute interactions; chemical short-range order; microstructure) are
important in determining strength.

There are uncertainties associated with each material quantity, and the errors
associated with these uncertainties can accumulate. The elasticity theory itself is an
approximation to a more-complete theory, and even the full theory is not perfect.
Nonetheless, the theory provides general guidance for understanding what material
variables determine the strength, and their relative importance. This allows for
the rationalization of experimental trends across families of alloys and provides a
framework for searching higher-performance alloys.
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The underlying theory of this complex process of a dislocation moving through a
random alloy continues to evolve. In application to edge dislocations in bce alloys,
a new general stochastic analysis of the wavy dislocation configuration has been
presented [24]. This analysis involves a more-detailed statistical analysis of the wavy
dislocation structure via stochastic modeling of the structure segment-by-segment
and including the full statistical distribution of possible segment energy changes due
to the solute fluctuations. This analysis leads to additional numerical coefficients
k = 0.56 and f = 0.833 multiplying the line energy and potential energy terms
appearing in Equation 5, respectively, and a change in the energy barrier by a factor
V2/(v/2—0.25) = 1.214. The same analysis applies to fcc alloys, and the net effects
are a factor of \/k/f = 0.82 multiplying the line tension and the factor of 1.214
for the energy barrier, which then also enters the zero-temperature strength. These
effects change the numerical coefficients in Equations 5 and 6 from (1.22, 1.01) to
(1.39, 1.31), respectively. Thus, the successful use of o/b = 1.5, which is smaller
than values seen in simulations (see Appendix A), together with the original Leyson
model may reflect some cancellation of effects. For instance, using o/b = 2.0 and
the corresponding dimensionless coefficient for 7, of ~ 0.012 (see Figure 7(c)) with
the revised prefactor of 1.31 gives a net factor of ~ 0.016 which is nearly equal
to that obtained using the present Leyson model with o/b = 1.5 (dimensionless
coefficient ~ 0.017) and with the Leyson coefficient 1.01, giving a net factor ~
0.017. However, for overall consistency with the previous literature and successful
quantitative application of the Leyson model, we advocate continued use of the
original Leyson model coefficients. We also note that these coefficients do not enter
into any difference between isotropic and anisotropic theories, and so do not affect
the primary analyses of this paper.

The theory is also currently being extended to include the effects of solute-solute
interactions, while remaining in the random alloy limit. The anisotropic elasticity
theory here will remain valuable because the solute-solute interactions can be in-
corporated along with the elasticity contributions to solute/dislocation interactions.
Thus, the theory will continue to improve by incorporating increasing, but realistic,
complexity.

In summary, we have shown that the predictions of a fully anisotropic elastic
model for solute strengthening can be obtained using an isotropic elasticity model
with the Voigt-averaged elastic constants for the dislocation field and the Hill-
averaged elastic constants for the line tension. Additional small correction factors
to match the anisotropic result precisely are also provided. The effects of anisotropy
are not negligible — the use of the standard Hill estimate for the isotropic moduli
in equations 21 and 22 leads to rather lower strength predictions for high anisotropy
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(A =3 —4). Since many HEAs to date have anisotropy in the range of A = 2 — 4,
these corrections are valuable for making refined predictions. We have provided some
guidelines on obtaining the data needed to make predictions. Results then follow us-
ing the coefficients presented graphically here, which we hope assists with application
of the theory. The elastic theory provides an approximate but firm and analytical
foundation for understanding trends in solute strengthening. Since the composition
space in multi-component random alloys is immense, and experimental searching
through that entire space is not feasible, the present theory provides a framework for
rapid probing of the entire space in the search for attractive compositions for desired
performance.
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Appendix A. Slip density in fcc elements

In elements having an fcc crystal structure of lattice parameter a, the prevailing
a/2 < 110 > dislocations gliding on the {111} planes dissociate into two mixed
a/6 < 112 >-type Shockley partial dislocations bp; and by 2. The partials are
separated by an intrinsic stable stacking fault of energy 74¢. The separation distance
is determined by a balance between the repulsive elastic force between the partials
and the attractive configurational force due to the stacking fault.

The cores of the Shockley partials are not delta-functions; the Burgers vector is
spread along the glide plane over some range of atoms. The most widely-used model
for describing the Burgers vector density of dislocation cores is the Peierls-Nabarro
(P-N) model [6]. Under certain simplifications of the generalized stacking fault energy
curve, the P-N model predicts a Lorentzian form of Burgers vector density as %’IQ—JFCQ
where ( characterizes the width. Analysis shows that { ~ 1/v,¢ where vy is the
unstable stacking fault energy. However, the computed values of { for partial cores
are typically about 1/2 those observed in simulations of atomistic dislocation cores
[34]. Here, we show that a Gaussian function provides a better description of the
plastic displacements associated with the atomistic dislocation core structure.

The Burgers vector distribution is the plastic slip distribution along the glide
plane. The plastic slip is not the same as the total shear strain, due to the additional
elastic shearing. In the centers of the partial cores of the dislocation, the elastic
shearing is indeed small and the use of elasticity questionable. Away from the centers
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of the partial cores, the shear distribution is composed of both plastic and elastic
contributions, and the elastic contributions stem from the elastic fields of the plastic
slip distribution along the entire slip plane.

We have examined the slip distribution of fully-relaxed atomistic edge dislocation
cores for Al, Ni, and Cu as predicted by widely-used interatomic potentials [26, 27].
Specifically, the core structure is created in the standard manner. In an initial
cylindrical sample of fcc crystal of radius 1006 with orientation = (Burgers vector
and glide direction {110}), y = (normal to the slip plane {111}), z = (dislocation
line direction {112}), we impose the anisotropic displacement field corresponding to a
Volterra edge dislocation lying along the z axis of the cylinder with the cut-plane for
slip lying along the (z-y) slip plane in the region (z < 0, y = 0). The displacements
of a thin annular region of atoms on the outer boundary of the cylinder are held fixed
at the Volterra solution and all interior atoms are then relaxed to their equilibrium
positions to create the dissociated dislocation. The displacement u(z) of every atom
away from its initial fcc position is then measured. We focus on the atoms in the
planes just above and just below the slip plane, and denote their positions by the
coordinate z; along the glide plane direction. The difference in shear displacements
across the slip plane is computed by finite differences in the discrete system as

DAu _ Au(wig) — Au(g)
Dx B b/2 '

(A1)

(zi+wit1)/2

Figure A.8 shows the computed DAw,/Dx and DAu,/Dzx from the atomistic cal-
culations for the edge and screw components respectively of a edge full dislocation
in Al, Ni and Cu.

We are interested only in the plastic displacements, which are the discrete atom-
istic counterparts of the slip density db/dz. We consider the measured shear strains
DAu,/(b/+/1.5) > 0.01 (corresponding to DAwu,/Dx > 0.016) to be dominated by
the plastic displacements. We thus fit the measured DAu/Dz in this region to a
sum of two Gaussians (Equation 20) as

DAu 1 _ (a+d/2—wc)? _ (e—d/2—a¢)?
T 53 ( p.1€ 227 4 by qe 207 ) . (A.2)
V2o

d/b is taken as the distance between the peaks in DAw,/Dz and the average or
center position z. of the full dislocation is taken as the middle of the peaks. /b is
then the only fitting parameter, computed by a least-squares method, considering
both components %l; and %l;z . Figure A.8 shows the best-fit results using dislocations

symbols L and the fitted value of o /b is shown in each figure. The fits are gener-
ally good, with root-mean-square error below ~ 0.01. We note that fits to other
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s types of functions, viz. logistic, Lorentzian, Gaussian-Lorentzian mixture, are not
s39  significantly better or worse in this region.
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In the small shear strain region < 1%, Figure A.8 shows that the best-fit Gaussian
plastic slip is significantly smaller than the total atomistic slip. This discrepancy
may have tended to movitate the use of the Lorentzian function of the original PN
model. However, in this regime, the total shear strains are dominated by the elastic
shear strains caused by the Gaussian distribution of plastic slip. To demonstrate
this, we compute the total anisotropic displacements u'*(x) at every atomic site
generated by the best-fit bimodal Gaussian Burgers vector distribution using the
Stroh formalism and the superposition principle to obtain the elastic contribution,
similar to Equation 10. The quantity DAu'"/Dx is then computed from u** using
finite differences as above. Figure A.8 shows the total slip distribution (elastic plus
plastic) in the region outside the cores, and the results closely match the full atomistic
results. The two-Gaussian model thus captures both the underlying plastic slip
distribution and the surrounding elastic shearing for dissociated fcc dislocations.

Atomistically-computed dislocation core structures require either DFT or atom-
istic interatomic potentials. DFT can be performed on elemental metals but alloy
studies automatically include the response of the atoms to the random environment,
preventing extraction of the underlying structure of the average alloy. In this case,
computation of GPFE curves together with a double-Gaussian modeling of the dislo-
cation core structure could be useful. Atomistic potentials are available for a number
of elements, and some alloy systems, but with the usual caveats about accuracy rela-
tive to the real materials. For alloys, the average-atom potential [41] can be created
and used to examine the average core structure, but again relies on accuracy of the
underlying potentials for the elemental constituents and their interactions. Typical
values of ¢ are thus valuable. In Figure A.8, we find values 1.75 < o/b < 2.25 for
Al, Cu, and Ni. This range is consistent with the range 1.5 < 0/b < 2.5 obtained by
Varvenne et al. [42] for Fe-Ni-Cr alloys. They then showed that o/b = 1.5 provided
good predictions for strength across a range of alloys, and this value was then used
in subsequent work. While the solute strengthening does depend on o/b, we thus
remain consistent with previous work in suggesting the use of 1.5b in all fcc materials
unless there is compelling evidence that a significantly different value should apply
(see section 6).
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