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Abstract

The dendritic needle network (DNN) model tracks the diffusion-controlled growth of branches in the hierarchically
structured dendritic network, thereby bridging the well-separated scales traditionally simulated by phase-field and
coarse-grained models. In particular, the DNN model relaxes the assumptions on the dendrite growth kinetics and
grain structures commonly used in the coarse-grained models. In part I of this paper, we proposed a two-dimensional
(2D) version of the DNN model and applied it to investigate the Columnar-to-Equiaxed Transition (CET) to clarify
the influence of these assumptions on the prediction of the CET. In order to overcome the limitations inherent in a
2D model, part II presents here a fully three-dimensional (3D) version of the DNN model and its application to the
CET. After validation of the 3D model, we perform simulations to study the solidification of Al-7wt.%Si alloy and
compare the results to the experimental measurements conducted on board of the International Space Station (ISS)
in the framework of the CET in SOLidification processing project. The comparison shows that the present 3D DNN
model is able to provide quantitative prediction of the position and the type of CET at experimental time and length-

scales, without any adjustable parameters.

1. Introduction

Solidification often leads to complex dendritic mi-
crostructures; in particular, a transition from columnar
to equiaxed grains is commonly observed in industrial
casting processes. The solidification starts with the de-
velopment of columnar dendrites from the surface of the
mold driven by high temperature gradients. The growth
of the columnar front is later blocked by the presence of
equiaxed grains, which nucleate and grow ahead of the
columnar front under lower temperature gradient and slow
solidification rate. Since the Columnar-to-Equiaxed tran-
sition (CET) greatly influences the grain microstructure
and therefore the mechanical performance of the casting
products, it became an important challenge in metallurgi-
cal sciences to predict precisely the position of the CET
and the morphology of the grains.

Over the past decades, several physically-based numer-
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ical models have been developed to study the CET. At
the microscopic scale, the phase-field approach for solid-
ification was proposed to model quantitatively the free-
boundary problem associated with the movement of the
solid-liquid interface [1, 2, 3]. Its main advantage re-
lies on the ability to account naturally for complex mor-
phological and topological changes of the solid-liquid
interface encountered in solidification processes. How-
ever, this microscopic approach is limited to small system
sizes, and is thus far beyond the capacity to address the
CET using the phase-field approach. On the other hand,
meso-scale models such as volume-averaged based mod-
els [4, 5, 6] and the Cellular Automaton Finite Element
(CAFE) method [7, 8] allow to investigate the CET at
relevant length-scales but these methods rely on several
assumptions regarding the dendrite growth kinetics and
grain structures. As shown in part I [9], some of these as-
sumptions becomes invalid for the study of CET, therefore
casting doubt on the accuracy of these meso-scale models.

The Dendritic Needle Network (DNN) model has been
developed over the past decade [10, 11, 12, 13] to
bridge the scales between phase-field and meso-scale ap-
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proaches, while relying on a minimal set of assumptions.
In the DNN model, the dendritic microstructure is de-
scribed as a set of needles represented as parabolas in
2D and paraboloids in 3D. The dynamics of each den-
dritic needle is prescribed by two conditions that deter-
mine uniquely the evolution of its tip velocity and tip
radius. Solving these two conditions allows the DNN
method to describe both the transient and the steady-state
growth of dendrites while accounting for solutal interac-
tions between grains. Since the DNN model overcomes
the length and time-scale limitations of the phase-field
approach without relying on the assumptions used in the
meso-scale models, it becomes an appropriate approach
to investigate quantitatively the CET that occurs on the
centimeter length-scale.

In part I of this paper [9], we present a 2D formula-
tion of the DNN model and its application to investigate
the CET. We demonstrate that the 2D formulation is able
to describe all the key aspects of the CET and allows to
examine the assumptions commonly used in the analyt-
ical and coarse-grained models. We observed in simu-
lations that the columnar front has a higher undercool-
ing than predicted by the steady-state Ivantsov solution
due to interactions with neighboring dendrites and higher-
order branches. Our simulation results also suggest that
the steady-state growth assumption commonly used in the
coarse-grained approaches is inaccurate and fails to de-
scribe quantitatively the growth of equiaxed grains. How-
ever, since the scaling laws for the transient and steady-
state dendritic growth are different in 2D and 3D, a fully
3D DNN model is required to study the CET quantita-
tively.

In this part I of the paper, we present the extension of
the DNN formulation from 2D to 3D. Building on the pre-
vious formulations [11, 12, 13], the model also incorpo-
rates two features necessary to model the CET: the nucle-
ation of new grains and the growth of needles of arbitrary
orientations. We then apply the 3D DNN approach to in-
vestigate the CET on experimental length and time-scales
in order to compare quantitatively our simulations results
to the experimental observations obtained in the frame-
work of the Columnar-to-Equiaxed Transition in SOLid-
ification processing (CETSOL) project [14, 15, 16, 17].
All simulations in this study are performed using the
parameters pertaining to Al-7wt.%Si alloy used in the
CETSOL project.

This part I is organized as follows: Section 2 discusses
the formulation of the 3D DNN model to study CET. Sec-
tion 3 presents quantitative validations of the DNN model
against the steady-state Ivantsov solution. Section 4 dis-
cusses the stability of the columnar front and the side-

branching dynamics. The nucleation of grains in the DNN
model and the follow-up grain growth are discussed in
Section 5. Section 6 is dedicated to the DNN modeling of
the CET and the comparison with CETSOL experiments.
Finally, we summarize our findings in Section 7 and pro-
vide possible extensions of this study.

2. 3D Dendritic Needle Network model

2.1. Sharp-interface solidification model

We consider the solidification of a dilute binary alloy
in a purely diffusive regime without convection, and the
solute concentration in the melt is described by the Fick
diffusion equation

0
% _ DVZc,

ot M

where D is the solute diffusion coefficient in the liquid.
By neglecting the diffusivity in the solid, the solute mass
conservation at the solid-liquid interface is described by
the Stefan condition [18, 19]

(1 = k) cjvn = =Ddycl;, 2)
where ¢, and ¢; are the equilibrium concentration in the
solid and in the liquid obtained from the alloy phase dia-
gram, respectively, k = c;/c; is the solute partition coef-
ficient, v, is the solid-liquid interface velocity (normal to
the interface), and d,.c|; represents the normal solute con-
centration gradient at the solid/liquid interface.

Because the thermal diffusivity is two to four orders of
magnitude greater than the solute diffusivity in the liquid
[20], the temperature field is assumed to reach equilibrium
instantaneously on the characteristic time-scale of solute
diffusion. Thus, the temperature field in this model is di-
rectly imposed by the external thermal condition without
considering the thermal diffusion. The solid-liquid inter-
face is in local thermodynamic equilibrium, and the con-
centration on the liquid side of the interface ¢; is related
to the interface temperature through the Gibbs-Thomson
relation [21]:

T = Ty +mc, — Tf (), 3)

where T is the melting point of pure solvent, m; is the
liquidus slope (m; < 0), ' = yoTy /Ly is the Gibbs-
Thomson coefficient, Lj is the latent heat of fusion per
unit volume, « is the interface curvature and f(6) de-
scribes the dependence of the surface tension on the orien-
tation 6. The composition of the alloy far from the solid is
imposed by a far-field boundary condition, ¢ — ¢ wWhere
Co 18 the nominal composition of the alloy.



For interface radii much larger than the tip radius p,
the surface tension effects become negligible, and Eq. (3)
becomes

T (x) =Ty +mc;(x), “)
and thus the liquidus temperature of the alloy is
TL = TM + miCo. (5)

In order to obtain a better understanding of the CET, we
use in this study the experimental temperature data as
the input data for the thermal conditions instead of using
Bridgman set-up simplifications.

Based on Eq. (4) and Eq. (5), we obtain

T (X) - TL
my '

(X)) = oo + (6)
To simplify the numerical implementation and the fol-
lowing discussion, we choose the solidus temperature T}
as the reference temperature, and let c? = Co/k represent
the liquid equilibrium composition of a flat interface at T}.
Thus, we have
(7N
For convenience, we define a reduced solute field using
the following relation:

0
To=Ty+ micy.

3 c?—c(x)

M(X) = m

(3)
From Egs. (5) to (8), the reduced concentration on the
liquid side of the solid-liquid interface is:

TQ -T (X)

M](X)Z T()—TL .

)
Note that the condition ¢ — ¢ far from the solid becomes
u—1.

We rewrite the diffusion equation in Eq. (1) and the
Stefan condition in Eq. (2) in terms of the reduced solute

field:

ou
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where g = ¢;/c).

Let TP represent the temperature at a dendritic tip.
Then from Eq. (6) the solute concentration at the tip c;”
is: )

T% - T,
my '

AP = co + (12)
The supersaturation at the tip (tip supersaturation in the

non-dimensional form) is defined as [22, 10]:

Ctlp — Coo

T U=k

tip

13)

A local capillary length 4% on the tip scale is defined

as [10, 13]
r

il (1= k) ¢
The capillarity length dj at the reference (solidus) temper-
ature T is chosen as a reference capillarity length:
_ r

il (1= k) ¢

d" = (14)

do 15)

Finally, we note that q‘ip = c;ip / c?, so the reference and tip
capillarity lengths are related through:

dO - d[ipqtip'

2.2. Dendpritic needle network model

The dendritic needle network (DNN) model has been
discussed in details in 2D [10, 9] and has been recently ex-
tended to 3D [11, 12], so we here only present an overview
of the approach.

The DNN model describes the dendritic grain struc-
ture as an array of parabloid needles, and each needle
grows along a specific constant direction 7. In the fol-
lowing discussion, the growth direction of the needles
is represented in a polar coordinate system as displayed
in Fig. 1: 6, ¢ represent the polar and azimuthal an-
gles of the growth direction, respectively so that 7 =
(sin 6 cos ¢, sin @ sin ¢, cos 6).

The dynamic of the dendritic tips in the DNN model,
which is prescribed by the tip radius and the tip veloc-
ity (see Fig. 1), strongly depend on the surrounding so-
lutal environment and this approach captures the interac-
tions between branches in both transient and steady-state
growth regimes. The growth velocity V;;, and the tip ra-
dius p of each needle are uniquely determined by com-
bining two independent conditions: (i) a solvability con-
dition controlled by the strength of the surface tension
anisotropy, and (ii) a mass conservation condition given
by a flux intensity factor. The first condition is applied at
the scale of the tip radius, and the second one is calcu-
lated at an intermediate scale between the tip radius and
the diffusion length.

2.2.1. Solvability condition at the tip

At the scale of the tip radius, the solvability condition
relates the product p?V;;, to the strength of the surface ten-
sion anisotropy [23, 24, 25] through the following relation

2Dd"?
p2 Vfip = B
o

(16)

where the tip selection parameter o is obtained by the
solid/liquid surface tension anisotropy. The validity of



Eq. (16) has been checked in phase-field simulations [27]
by showing that after a short transient, the product p*Vy;,,
reaches a constant value during dendritic growth.

Let p; and V represent the steady-state tip radius and
velocity, respectively. The tip Péclet number is defined as
Pe = p,V,/ (2D) [18, 28]. The well-known Ivantsov solu-
tion relates the supersaturation Q and the Péclet number
Pe through the relation:

-7

Q:Peepef e—d‘r,
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Thus, the analytical solutions for p,(Q2) and V (Q) are
calculated by solving the microscopic solvability condi-
tion Eq. (16) with p = p, and V};, = V together with the
Ivantsov relation Eq. (17).

Figure 1: Snapshot of a 3D dendrite growing at 6 and ¢ in a 3D DNN
simulation of a domain of L x W x H with supersaturation Q. The col-
ormap represents the reduced solute field u (see Eq. (8)). Inset: the
dendrite growth direction 7 is written in terms of the polar angle 6 and
the azimuthal angle ¢, respectively.

2.2.2. Flux intensity factor ¥

At the length scale of the diffusion field, the strength of
the solute flux directed towards the dendritic tip is mea-
sured by a flux intensity factor denoted by ¥, which is
computed by a surface integration around the tip of each
dendrite [11, 12, 13]. To compute ¥ in our model, we
consider a dendrite, described as a paraboloid of tip ra-
dius p, growing along 7 with its tip located inside a cuboid
integration box X, as shown in Fig. 2. With no loss of gen-
erality and to reduce the complexity of the flux integral
calculations, the model only consider that each dendrite
pass through one face of their integration box. The plane
of intersection is denoted by S, and 7, is defined as the
inward unit normal vector of S. The six faces of the inte-
gration box X are denoted by S, S, S7, S, ST, and S,
as shown in Fig. 2a. The choice of which face intersects
the dendrite depends on the dendritic direction in terms of

6 and ¢. These different conditions are summarized in six
categories (C1 - C6) in Table 1.

The height of the box is 2H},,, and during the dendrite
growth, the tip is kept at the center of X along the 71, direc-
tion. Hence, the intersected plane S satisfies the following
equation:

S ¢ (F=Fip) -y = —Hpou. (18)

For instance, let’s consider a Cl-needle and thus 7i; =
2,and S : 7z — 77 = —Hy,, (see Table 1 and Fig. 2a).
While the height of the integration box 2Hyx is set to be
constant during dendrite growth, the length and the width
of ¥ are numerically adjusted in the code (at each time-
step) to ensure that S is the only side of the integration
box intersecting with the paraboloid during growth. More
details on the choice of the integration box dimensions
can be found in Appendix A.

Category S 0 4 it
Cl ST 0°<6<45° 0° < ¢ < 360° 2
c2 St 45°<0<135° —45° <p<45° %
C3 SE o 45°<0<135° 45 <p<135°
c4 ST 45°<6<135°  135° < ¢ <225° %
C5 S 45°<0<135°  225°<¢<315° P
c6 ST 135°<6<180°  0°<¢<360° -2

Table 1: The choice of the intersected face of the integration box de-
pends on the needle orientation angles (6, ¢), which is summarized by
six categories, C1 - C6. S represents the intersected region of the unit
normal vector ﬁ, where i = {x,y,z}.

In the following discussion, the subscripts s, / and s/
represent solid, liquid, and the solid-liquid interface, re-
spectively. The integration box X is the union of the
solid region Z; and the melt region Z;, i.e., ¥ = X, + Z;.
The boundary of the domains are denoted I' = 9X. The
integration box intersects the dendrite and the liquid at
I =X,nXand I}, =T - I, respectively. Thus, we have
00Xy =TIy + Ty and 9%, = I, + 'y, Let iy and iy rep-
resent the unit vectors normal to I'y; and I, respectively
(see Fig. 2b). Thus, the area of the intersected region I'y
is given by (see Appendix B):

20Hpox
4P Tbox . (19)
cos

ﬂssfdﬂz d [(ptana)2+
cosa

s

where @ = arccos (f - iiy).

We assume that the shape of the needle is preserved
during growth in a moving frame advancing at a veloc-
ity Vy;, along the growth direction 7. Applying the Stefan
condition in Eq. (11) on the dendrite surfaces I'y; yields

thipf' ﬁsl =DVu- flsl. (20)



In general, g is a local solutal field dependent quantity,
but here the integrate box is chosen small enough (i.e.,
Hpox, Lpox, Whox << D/Vy;,) such that we approximate g ~
¢""P in the integration box.

By integrating both sides of Eq. (20) over the surface of
dendrite I'y; using the approximation of ¢ ~ ¢'"P, we obtain

qtipV,ipf (f'ﬁsl)dﬂsz Vu-ng)dA, (21)
l"d., r.\'l

Let’s define the flux intensity factor

1

= Vu-ig)dA. 22
F = fr Vi) 22)
and thus Eq. (21) is rewritten as:
qﬁpvlipf (f ﬁsl) dA = 2nHpox DF . (23)
Ty

We apply the divergence theorem to show that the inte-
gration of the divergence of the tip growth direction, V - 7,
over the space Z; (see Fig. 2) is

fz (V- FdV = Séz (¢-i)dA

=f (f-ﬁsz)dﬂ—f (F-hy)dA
Ty Iy
= f (- fig) dA - A cos a. (24)

Ly

By using Egs. (19), (23), (24), and knowing that V-7 = 0,
we obtain the dendritic tip velocity:

2HyoxDF

2 | 2pHvox | tip
[(p tan @)” + —f o ]q“P

(25)

Vtip =

Thus, the growth conditions (p, V;;,) of a needle tip are
uniquely determined by combining Eq. (25) with the solv-
ability condition in Eq. (16).

By choosing the needle growing along the computa-
tional grid, i.e., f = 7, one can show that Eq. (25) recovers
the same flux condition at the tip given in the previously
presented 3D DNN model [11]:

1 1
pVip = —DF =—————DF.

7 0wl (26)

2Hb0x

2Hypox

Figure 2: Scheme of a dendritic tip at an intermediate scale between the
tip radius p and the diffusion length D/V};,. (a) A cuboid integration box

is used for computing the FIF of a dendrite growing along = (tx, ty, tz).
The dendrite is described by a paraboloid (in gray) and the size of the
integration box is chosen such that the dendrite intersects only one side
of the integration box. Let S and 71 represent the intersected side and
its unit normal vector. The region X; is inside the dendrite and bounded
by the closed surfaces I'y + I'y;, where I’y is the intersected area of the
needle and S. Iy is the solid-liquid interface between the needle and the
melt, and 71y is the unit normal vector of I'y;. (b) A side view (xz plane)
of the region X; bounded by closed surfaces I'; + I'y;, where I refers to
the melt region in the integration box. The tip is always at the center of
the integration box of constant height 2Hpx along the 71 direction. (c)
A side view (xz plane) of the X, region.

Hence, the dynamics of the DNN is described by the
diffusion equation in Eq. (10) with the imposed boundary
conditions on the needles related to the external thermal
conditions through Eq. (9) and the condition u = 1 far
from the solid. The time evolution of an individual nee-
dle is prescribed by its tip radius p and its growth velocity
Viip, which are obtained by combining the solvability con-
dition Eq. (16) with the flux condition of Eq. (25) due to
mass conservation, where the flux intensity factor ¥ is
given by Eq. (22).

2.3. Numerical implementation

The equations of the DNN model are discretized spa-
tially in a finite-difference cubic mesh grid of uniform
mesh size dx, and solved using an explicit Euler time in-
tegration scheme with a constant time step dt. The code is



implemented on Graphics Processing Units (GPUs) with
the assistance of the Compute Unified Device Architec-
ture (CUDA) to be computationally efficient.

The main objective of this study is to compare the
DNN solutions to experimental observations obtained in
the framework of the CETSOL project. However, with
the current computer power available, the size of the
CETSOL samples are still computationally out of reach
of the DNN model. To overcome this limitation, only a
relevant region of the experimental domain is simulated
numerically. First, simulations are conducted in a slab ge-
ometry with height of H and other dimensions of the slab
much larger than H to reduce the finite size effect (see
Section 3). Second, we implemented a treadmill method
to maintain the tip of the most advanced dendrite at the
center of the simulation box along the growing direction
by adding a new layer of concentration ¢ = ¢ (i.e.,u = 1)
on the boundary of the box ahead of the dendrites and si-
multaneously removing the layer on the boundary behind
of the dendrites, so the simulation domain size remains
constant. We impose no-flux boundary condition for the
solute field on all boundaries of the simulation domain.

3. Quantitative validations

To validate the model, we first carried out simulations
under isothermal conditions at constant temperature 7" and
thus the constant undercooling is

(1 —k)Q

AT:TL—T=M, @7
1-0-6Q

where Q = (¢; — ¢»)/((1 = k)¢;) is the dimensionless su-

persaturation with ¢; defined as the liquidus concentration

at temperature 7.

3.1. Thickness effect on steady-state regime

Going from 2D to 3D, it is important to examine the
influence of the sample thickness on the dynamics of den-
dritic growth in order to avoid the undesired finite size
effect in 3D DNN simulations. Here we apply the DNN
method to study the growth of a single dendrite aligned
along the computational grid. We employ a slab geome-
try as shown in Fig. 3a and use the parameters pertaining
to Al-7 wt%Si listed in Table 2.

0.998

.0.996

0 " " "
H/Lp

® DNN - Isothermal
2 4 DNN - Columnar (FM1) }0.05
*  DNN - Columnar (FM5)
— Ivantsov
0 0
0 100 200
V (pum/s)

Figure 3: (a) A snapshot of a single DNN dendrite in a slab of thick-
ness H in isothermal conditions. (b) Normalized steady-state velocity
as function of simulation height obtained from isothermal DNN simu-
lations for different supersaturation Q. The dendritic growth velocity is
in good agreement with the Ivantsov prediction when H > 4.5Lp. (c)
Steady-state velocity of dendrites obtained for different supersaturation
in the case H > 4.5Lp (blue circles) compared with the Ivantsov steady-
state solution (solid line). The front undercooling obtained from direc-
tional solidification simulations representative of FM1 (red diamond)
and FMS5 (green star) conditions are also reported and show a good
agreement with the Ivantsov solution. Parameters used in these simu-
lations can be found in table 2.

For a steady-state dendrite growth in isothermal con-
dition, the tip radius p, and the tip velocity V; are ob-
tained analytically by combining the solvability condi-
tion in Eq. (16) and the steady-state Ivantsov relation in
Eq. (17). Here the mesh size is set to be dx = py, and
we investigate the effect of the slab geometry on the den-
dritic growth kinetics by varying the sample thickness H
between 2 and 8 times the diffusion length L, = D/V;.



To reduce the size effect from the other two dimensions,
we choose the length and the width of the simulation slab
at least 10 times greater than the diffusion length, i.e.,
L,W > 10Lp (see Fig. 3a).

Simulation results in Fig. 3b show the normalized den-
dritic tip V/V; as a function of H/Lp for different super-
saturation Q. Simulation results show that for thick sim-
ulation slabs (H/Lp > 4.5), the tip velocity converges to-
wards V, and the finite size effect remains limited. More-
over, the results obtained for different supersaturations
collapse on a single curve. These two observations indi-
cate that the isothermal DNN model is well implemented
and reproduces the appropriate steady-state solution. We
plot in Fig. 3c the undercooling AT as a function of the
dendrite tip velocity to show that the DNN method recov-
ers Ivantsov solution.

To test whether the conditions of CETSOL experiments
lies within the scope of validity of the DNN model, we
performed directional solidification simulations with a
pulling velocity V, = 10 um/s and a thermal gradient
G = 1 K/mm that corresponds approximately to stage
I of the CETSOL experiments (see Section 6 for details).
In addition, we plotted the tip undercooling obtained from
the simulations for both FM1 and FMS5 in Fig. 3c to show
a good agreement with the Ivantsov solution, where the
front undercooling data are collected at time ¢ = 2000s,
at the end of stage I of the solidification process when the
columnar front has reached a steady-state growth regime
(cf. Figs. 7a-b). This comparison demonstrates that the
CETSOL experiment conditions lie well in the domain of
validity of the DNN model.

3.2. Growth of misoriented dendrites

In the previous section, we showed that the DNN results
reproduce the expected steady-state Ivantsov solution for
dendrites aligned with the computational grid. Here we
carried out simulations to demonstrate the ability of the
DNN approach to model the growth of arbitrarily oriented
dendrites as represented in Fig. 1. This is a key ingredient
for modeling the CET in this work, which is caused by the
blocking of the columnar front by the randomly oriented
grains.

Fig. 4 shows the supersaturation as a function of the
Péclet number for different needle orientations. The di-
mension of the simulation domain are L, H, W > 9Lp such
that the finite size effects remain negligible. Despite a
small discrepancy observed for large Péclet numbers, the
DNN model is able to reproduce accurately the expected
steady-state given by the Ivantsov solution for any needle
orientations and for supersaturations in the range of exper-
imental relevance. A similar discrepancy at high Péclet

numbers was also obtained in 2D (see Fig. 3 of Ref.[9])
and is attributed to the computation of the FIF from an
integration box. To highlight the difference of growth ki-
netics in 2D and 3D, the Ivantsov solution associated with
2D dendritic growth is also shown with a dash line.

0.15F //' & 16.83
/ ® O $=0°0=90° —
o O1f/ & 6—0° 6450 14.34 S
; @ * ¢=45°,0=15° 2
0.05} 0 9=1070=50% Jg o7
! % —— Ivantsov (3D)
- - - Ivantsov (2D)
0 L L L L 0
0 0.02 0.04 0. 06 0.08
Pe

Figure 4: Supersaturation Q versus Péclet number Pe obtained for differ-
ent orientations of the dendritic needle and comparison with the steady-
state Ivantsov solution. The right vertical axis represents the undercool-
ing AT related to the supersaturation Q by Eq. (27).

4. Columnar front

In this section, we extended the study of columnar
growth from 2D (see part I [9]) to 3D. The simulations
were performed using a standard Bridgman setup, where
a sample is pulled at a constant velocity V), in a fixed tem-
perature gradient G. The frozen temperature approxima-
tion for the thermal field is used: T'(x, 1) = To+G(x—V,1).
Those simulations also provide a reasonable approxima-
tion of the growth conditions during stage I of solidifi-
cation in FM1 and FM5 samples for V, = 10 um/s and
G =1 K/mm.

In simulations under non-isothermal solidification con-
ditions, it is convenient to rewrite the DNN model equa-
tions by measuring length in units of a characteristic
length scale p.. Note that p. in simulations is set to be
comparable to the steady-state dendrite tip radius p; at ve-
locity V,, but not exactly equal to p,; owing to the fact that
the dendrite tip radius can evolve in time during the ini-
tial transient regime that leads to the establishment of a
steady-state columnar front or during changes of pulling
velocity in different stages of CETSOL experiments. Un-
less mentioned otherwise, p. = 9.487 um is used in all
following non-isothermal solidification simulations. In
addition, the mesh size in simulations is chosen to roughly
be this characteristic length scale, i.e., dx = p., and the
height of the integral contour box used for FIF calcula-
tions is chosen to be Hyox/dx =3 — 5.

As discussed in the previous studies [11, 12, 13] as well
as in part I of this paper [9], the side-branching events in



the DNN model is considered to take place at a distance
d behind the tip once the needle advances by this dis-
tance. To describe the random spatial fluctuation of side-
branching events, the distance d is randomly distributed
in (N = AN/2)p. We note that when N is comparable to
H,yox, there might be undesired overlaps between integra-
tion boxes used to compute the FIF of neighboring den-
drites. Here, we choose N = 25 and AN = 5 to ensure that
dendritic branches are well separated. Furthermore, when
the growth velocity of needles approaches zero, the solv-
ability condition in Eq. (16) yields an infinite tip radius,
which is nonphysical and leads to possible artifacts. As
discussed in the previous work [11, 12, 13], the thickness
of needles is set to be bounded to Ry,.x = Sp. to prevent
the undesired numerical instabilities.

Symbol Value Unit Ref.
Tiiq 618 °C [14, 17]
Coo 7 wt. %Si [14, 15, 17]

k 0.13 - [29]
my -6.5 K- wt.%Si [29]
D 3x107° m?/s [18]
r 1.96 x 1077 K-m [29]
o 0.058 - [25, 26, 11, 13]
dx/pg 1-1.5 -
N 25 -
AN 5 -

Table 2: Parameters pertaining to Al-7 wt%Si alloy used for all simula-
tions in this DNN study.

4.1. Primary spacing A:
branching

elimination, stability, and

To investigate the columnar competition and the side-
branching instability, we carried out DNN simulations of
two neighboring columnar grains growing along the x-
axis in a simulation domain of length L, width W and
height H along x , y, and z directions, respectively. Fig-
ure Sa illustrates the simulation setup, where two parallel
needles of length L/2 are initially placed at y = 0 and
y = W. We varied the width of the simulation domain
W between 0.19 mm and 4.27 mm to study the influence
of the primary spacing on the tip undercooling and on the
side-branching instability. We consider a Bridgman-type
setup with a constant thermal gradient G = 1 K/mm and
a pulling velocity V, = 10 um/s. We impose no-flux
boundary condition in the y-direction, such that the initial
spacing is A = W. The height and length of the system
are chosen H = L = 7.69mm, large enough to avoid finite
size effects (H, W > 10Lp, where Lp = 300 um).
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Figure 5: The reduced solute field u between two parallel columnar den-
drites in their steady-state (a) without and (b) with secondary branching
(only close-up views of the entire simulation slab are shown in panels
(a) and (b)). (c) Stability diagram of the columnar front growth as func-
tion of the primary spacing A showing regions of dendrite elimination
due solutal interaction, stability and tertiary branching. For these simu-
lations, the parameters listed in Tab. 2 are used together with a pulling
velocity V), = 10 um/s and a thermal gradient G = 1 K/mm.

To simplify the condition, we suppress the side-
branching of the secondary branches along the z direc-
tion to ensure that all x-directional dendrites are in the
z = HJ/2 plane. Also, to avoid a nonphysical rapid
growth of dendrites along the z direction, these vertical
branches are stopped once their length reach a cutoff value
L. = 0.75 mm. We checked that the value of this cut-
off plays an insignificant role in the branching-stability by
varying L. in the range 0.19 mm — 0.75 mm. Figure 5b
shows a close-up view of the region between z = 0.35H
and z = 0.65H of the DNN simulated dendritic growth.

We first consider the case of suppressed branching
where two parallel needles grow concurrently for any ini-
tial spacing A (see Fig. 5a). Fig. 5c reports the steady-
state tip supersaturation as function of A with red circles.
For spacing A > 1mm, the measured tip supersaturation is
in very good agreement with the Ivantsov solution (dash
line). For A < 1mm, the numerical results deviate signif-
icantly from the Ivantsov solution due to the solutal inter-
actions between the dendritic tips.

When branching is activated (blue circles in Fig. 5a),



we obtain three different regimes of primary spacing evo-
lution: elimination, stability, and branching-instability.
For an initial spacing A < Anin, one of the two initial den-
drites is overgrown by the other one. This is permitted by
the perturbation of the solutal field introduced by branch-
ing. For Apin < A < Anax, the spacing is stable (see Fig.
5b). Finally, when A > A, a tertiary branch develops as
a new primary columnar dendrite and thereby reduces the
initial primary spacing by half. As shown in Fig. 5c, the
stability domain stretches between Ay, = 0.92 mm and
Amax = 3.21 mm. The blue data points in Fig. 5¢c show
the tip undercooling obtained in the stable regime. The
discrepancy between blue and red data points is attributed
to the influence of the secondary and tertiary branches on
the solutal field that rises the tip supersaturation by ap-
proximately 15%. The increase of the undercooling of the
columnar front by secondary and tertiary branches is in
qualitative agreement with our previous findings reported
in part I of this paper [9].

4.2. Columnar front development

To complete our study of the columnar front in 3D, we
investigate the development of a stable dendritic columnar
front. To do so, a regular network of dendrites oriented
along the x-direction is introduced with an initial spacing
Ao = 15dx — 20dx to mimic a planar columnar front (see
Fig. 6a).

The initial length of the dendrites is set to 30dx, with
variations 10dx in length introduced randomly to accel-
erate the initial transient elimination of needles before a
steady-state columnar front is established. A snapshot of
the initial configuration and steady-state configuration are
shown in Figs. 6a and b.

The area of the cross section in the yz plane is de-
noted by A,, = HW, and the number of surviving pri-
mary dendrites is denoted by Ngurviving. The average spac-
ing of each columnar grain is then simply defined as
A= A)’Z/Nsurviving~

Figs. 6¢ and d show the spacing A and the supersatura-
tion Q of the most advanced tip against the pulling veloc-
ity from simulations with temperature gradients G equal
to 1 K/mm and 5 K/mm. Our simulation results indicate
that the spacing decreases when either the pulling veloc-
ity or temperature gradient increase. On the other hand,
Fig. 6d shows that the tip supersaturation increases with
pulling velocity, while the temperature gradient does not
have a significant effect as expected from Ivantsov theory
(dash line in Fig. 6d).
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Figure 6: (a) Initial and (b) steady-state morphology of columnar den-
drites. (c) Selected primary dendritic spacing from the destabilization
of a planar front for different thermal gradient G and pulling velocity
V). (d) Supersaturation Q as a function of V), for two different values
of G and comparison with the Ivantsov solution (dashed line). Here,
pe = 9487 ym, dx = 1.5p. and L = W = H = 300dx = 4269.15um.
Here the diffusion length Lp = D/V), ranges between 300 — 30 um, so
L,H,W > 14Lp and therefore the finite size effect can be neglected.
Other simulation parameters are listed in Table 2.

The results in Fig. 6d (see also Fig. 5c) reveal that the
supersaturation of the columnar front deviates about 20%
from the Ivantsov solution because of the solutal interac-
tion of the primary dendritic tips with the secondary and
the tertiary branches. This deviation is comparable to the
value found in our 2D study reported in part I of the pa-
per [9].

This section demonstrates that the 3D DNN model en-
ables to investigate quantitatively the properties of the
columnar front developed in 3D (tip undercooling, pri-
mary spacing) while accounting for the complexity of the
columnar front structure and the details of the solutal in-



teractions.

5. Nucleation of equiaxed grains

5.1. Heterogeneous nucleation

In CETSOL experiments, TiB, particles are added in
the Al-Si melt to promote the heterogeneous nucleation,
which leads to the CET. The nucleation of new grains
from inoculant particles is treated in the same way as dis-
cussed in part I of the paper [9]. Let us consider a re-
finer particle at position x with a background concentra-
tion c(x). As nucleation takes place, the background con-
centration c(x) is deemed as the concentration on the lig-
uid side of the solid-liquid interface c;(x), which is related
to the temperature 7'(x) through Eq. (4). Thus, the onset
nucleation temperature in the DNN model is given by

Tn = TM + mlc(x) — ATn, (28)

where AT, is the nucleation undercooling temperature.
We consider that the refiner particle nucleates once its
temperature T/ (x) reaches the nucleation temperature
T,.
The reduced solute field of the refiner particle is defined
using Eq. (9) as

TO _ Trefiner(x)
To - T,

refiner
u / f

(x) = (29)

Combining Egs. (28) and (29), we obtain the following
condition on the local solutal field:

refiner

u(x) = u, + Au,, (30)
where the undercooling concentration is defined as
AT,
Uy = ————. 3D
lmylc; (1 = k)

5.2. Development of new grains from nucleant particles

The DNN model requires a finite contour box for the
FIF computation for each dendrite. Therefore, the contour
integral becomes unachievable when the dendrite length
is smaller than a reasonable size of contour box, making
difficult to integrate the growth of grains just after their
nucleation. To resolve this issue, we consider that a nu-
cleated particle first develops as a spherical germ. The
growth of the spherical germ is treated in the same way
as discussed in part I of the paper[9]: its growth rate is
obtained from the incoming flux of solute computed by
the means of a cubic integration box containing the pre-
cipitate. When the germ radius reaches a threshold value
R, = 4p., the spherical particle is replaced by an equiaxed
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six-arm grain of the same volume. Each arm is then con-
sidered as an independent dendrite and is treated with the
DNN model. Our previous study in 2D suggests that the
specific choice of the destabilization radius R, has a lim-
ited influence on the grain evolution except for the early
transient growth [9].

6. Columnar-to-equiaxed transition (CET)

In Section 4, we have shown that the 3D DNN model is
able to describe accurately the columnar front by account-
ing for the details of the grain structure and the dendritic
solutal interactions. Moreover, in Section 5 the model
has been extended to account for the heterogeneous nu-
cleation on inoculant particles and the growth of equiaxed
grains. In this section, the 3D DNN model is used to
study the CET by imposing the thermal conditions ob-
tained from the CETSOL experiments.

6.1. CET experiments

Directional solidification experiments of Al-7 wt.%Si
alloys were conducted onboard the International Space
Station in the framework of the CETSOL project.
The main goal of these experiments is to study the
columnar-to-equiaxed transition in microgravity, where
the sedimentation and the buoyancy-driven flow are sup-
pressed [14, 15, 17]. In these flight experiments, cylindri-
cal bulk samples with a diameter of 7.8 mm and a length
of 245 mm are inserted in the sample cartridge assembly.
The directional solidification is achieved by a cooling pro-
cess consisting of three consecutive solidification stages,
denoted by stages I, IT and III. Experiments with and with-
out inoculant particles for different cooling schemes were
performed to investigate the influences of solidification
velocity, temperature gradient, inoculant concentration on
the CET. These experimental studies suggest that the pres-
ence of inoculants substantially enhances the CET by pro-
moting the nucleation of new equiaxed grains ahead of the
columnar front [14, 15, 17].

Here, we focus on the CET in FM1 and FMS5 exper-
iments with inoculant TiB, particles. The solidification
procedure for these two experiments are described below.
The desired temperature gradient along the solidification
direction is achieved by controlling independently seven
heaters. Each individual sample undergoes three consec-
utive stages (I, II, III) of cooling before the solidification
is completed.

e In stage I, directional solidification is initiated by
pulling the furnace at a velocity from zero to V,, =
0.01 mm/s while the temperature gradient is kept at
0.9 K/mm for 2000 seconds.



During stage II, along with cooling-down of the
heaters in the hot zone at a rate of 0.067 K/s, the
pulling velocity in FM1 jumps to a much higher
value, V,, = 0.2mm/s, for 250 seconds, while the
pulling velocity in FMS5 remains unchanged (V,, =
0.01 mmy/s) for the next 2000 sec.

During stage III, the solidification in both FM1 and
FMS5 experiments is accelerated by switching off all
the heaters and applying a rapid movement of the fur-
nace at a high pulling velocity V,, = 3mm/s.
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Figure 7: Temperatures recorded from 12 thermocouples (TC1 - TC12,
dashed lines) is both (a) FM1 and (b) FM5 samples and the temperature
of the columnar front 7, (red lines) obtained in our simulations. The
insets of (a) and (b) display the time evolution of the columnar front
undercooling AT, and compares it to the nucleation undercooling AT, =
4 K used in simulations.

The temperature profiles in the samples during the so-
lidification procedure are collected by 12 thermocouples
(denoted TC1 to TC12), which are located at positions
from 72.5 mm (TC1) to 182.5 mm (TC12) with an inter-
val of 10 mm. Fig. 7a and b display the time evolution
of the temperature profiles in FM1 and FM5 samples, re-
spectively [14, 15, 17]. The red lines represent the colum-
nar front undercooling obtained in our DNN simulation
(see Section 6.2 for details). We note that in contrast with
simulations performed with a thin slab geometry reported
in Ref. [16], the red lines in Fig. 7a are obtained from a
full 3D simulation. The insets of Fig. 7a and b show the
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time evolution of the columnar front undercooling (in red)
compared with the nucleation undercooling of the inocu-
lant particles AT,, = 4 K (black line) used in our simu-
lations. It is expected that the CET takes place when the
columnar front undercooling exceeds the nucleation un-
dercooling, allowing columnar grain to nucleate ahead of
the columnar front. In practice, it was found that the CET
takes place at stage II in both FM1 and FM5 experiments.

6.2. DNN CET simulations

In order to study the CET, inoculant particles are in-
troduced in our simulations to promote the nucleation of
grains ahead of the columnar front. As suggested by the
experimental studies [14, 15], we choose the nucleation
undercooling temperature AT, = 4 K and the effective
density of inoculant p,, = 1.25 /mm?>.

Instead of using the frozen temperature approximation
of a Bridgman setup, where the thermal condition is con-
trolled by a thermal gradient and a pulling velocity, we di-
rectly impose the experimental temperature profile as the
input of simulations for the thermal condition.

The initial condition for columnar growth in simula-
tions is obtained by inserting an array of parallel colum-
nar dendrites with primary dendritic spacing Ajp
0.6 mm [13] and initial columnar front undercooling
AT™ = 4 K. We also performed simulations by vary-
ing AT between 2 — 8K to show that the model with
different initial undercooling produced the same colum-
nar growth except for the early transient growth regime
(less than ~ 1000 s).

The development of higher order side-branching is not
restricted in our simulations, but the results suggest that
allowing up to the tertiary branching is enough to repro-
duce accurately the columnar growth. The temperature of
the most advanced columnar tip 7, is monitored during
the solidification process and shown in Fig. 7a and b.

It is computationally expensive to model the entire
CETSOL samples with the DNN approach. According
to the study of the finite size effect in Section 3, the 3D
growth kinetics of branches is fully reproduced in the
DNN model as long as the thickness of the slab is large
enough, i.e., H/Lp > 4.5. We obtain the maximum dif-
fusion length Lp = D/V, = 0.3 mm of the CETSOL ex-
periments by using the lowest pulling velocity in experi-
ments V = 0.01 mm/s. We set our simulation box sizes to
LxWxH = 152mm X 5.5mm X 2.3mm which is thin
enough to be computationally tractable but thick enough
compared to Lp to reduce the finite size effect. Other sim-
ulation parameters are shown in Table 3.
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Figure 8: Snapshots at (a) + = 830 s and (b) = 2150 s of DNN simu-
lation results for thermal conditions of FM1. The sample contains TiB;
inoculants with undercooling AT, = 4K and density p, = 1.25/mm>.
(a) In stage I, the directional solidification process is realized by pulling
the sample at a velocity from zero to V,, = 0.01 mm/s with a constant
temperature gradient G = 0.9 K/mm for 2000 seconds. At ¢ = 2000 s,
stage II starts and the pulling velocity jumps to V, = 0.2 mm/s. (b)
At t = 2150 s, the columnar front is completely blocked by equiaxed
growth of nucleants. In all panels, blue dots in front of the columnar
grains represent inoculant particles.

Figures 8 and 9 display the snapshots of the DNN simu-
lated dendrites in FM1 and FMS5 samples. Since the solid-
ification schemes at stage I (# = 0 — 2000 s) in both FM1
and FMS5 are identical, the simulation results, as expected,
show the same dynamics of dendritic growth in both sam-
ples (see Figs. 8a and 9a for FM1 and FMS5, respectively).
In stage II (starting at £ = 2000 s), the pulling velocity of
FM5 sample remains V,, = 0.01 mm/s for another 2000
seconds while the pulling velocity of FM1 sample is in-
creased 20-fold to V), = 0.2 mm/s for 250 seconds. As in
the experiments, our simulations show that the CET oc-
curs during stage II for both FM1 and FMS5 samples. Fur-
thermore, we observe a much sharper CET in FM1 com-
pared to FMS5 due to the fast cooling process of FM1: at
t = 2150 s, all the columnar dendrites in FM1 are already
blocked by equiaxed grains (see Fig 8b) while in FMS5,
the columnar front is still growing freely (see Fig. 9b).
The nucleation and the development of equiaxed grains
in FMS5 occurred at a much later time. The snapshot in
Fig. 9c shows that at# = 2700 s, all columnar dendrites but
one (see the inset) are blocked by the growth of equiaxed
grains ahead of them. Finally, as shown in Fig. 9d, at
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t = 2790 s the columnar front is fully blocked by equiaxed
grains.

T=2150s

U
2 mm (994 1.000

0.997

Figure 9: Snapshots at (a) t = 830 s, (b) t = 2150 s, (c) t = 2700 s
and (d) + = 2790 s of DNN simulation results for thermal conditions
of the sample FM5. TiB; inoculants with undercooling AT, = 4K and
an effective density p, = 1.25 /mm?3. (a) Stage I of the solidification
process (pulling velocity V,, = 0.01 mm/s) with the development of
the columnar front. In stage II of FMS, the pulling velocity remains
V, = 0.01 mm/s. Att = 2150 s (b), nucleation does not occur ahead of
the columnar front. The only surviving columnar dendrite observed at
t = 2700 s in (c) is blocked at ¢ = 2790 s in (d). In all panels, blue dots
in front of the columnar grains represent inoculant particles.

The CET starting point CET;, can be defined as the



Symbol Value Unit
Pe 9.487 x 107° m
Te 1.722 S
dt 4.5x1073 s

dx/pc 1 -
N 25 -
AN 5 -

Table 3: Simulation parameters used in simulations DNN-FM1 and
DNN-EMS5.

place where the first inoculant particle starts to develop
as an equiaxed grain. On the other hand, different meth-
ods can be used to locate the ending point of the transi-
tion denoted CET,x. One way is to use the location of
the most advanced columnar grain [16]. Another method
consist in considering the average grain elongation de-
noted y to identify CET,,x: where y drops below 2 can
be marked as the CET ending point [15, 16]. In our simu-
lations, the maximum position CET,x is measured us-
ing both of these methods, whichever yields the larger
value. Finally, the transition length is defined as {cgr =
CETpax — CETpin. The values of CET.x, CETin and
{cer obtained numerically and experimentally are com-
pared in Tab. 4. We highlight the quantitative nature of
the DNN results that accurately predict the start, the end
and the length of the CET without any adjustable param-
eter.

CETSOL | DNN
CETnin 125mm 127mm
FM1 CETax 130mm | 130mm
¢ CET Smm 3mm
CETpin 130mm 134mm
FM5 CETpax 156mm | 156mm
CCET 26mm 22mm

Table 4: Quantitative comparison bewteen DNN prediction and
CETSOL experimental results for FM1 and FMS5 samples [15, 17, 14]

To better understand the CET, we analyze more pre-
cisely the structure of the equiaxed grains in our DNN
simulations. To do so, we consider three characteristics
of the grains: the grain size d,, the elongation factor vy,
and the grain orientation with respect to the pulling direc-
tion a,. A schematic of a 3D equiaxed gain is shown in
Fig. 10. Each grain has three sets of paired equiaxed arms
with length d;; with the corresponding growth direction
fi;. Index i = 1,2, 3 represents each set of paired arms and
index j = 1,2 corresponds to the first or second arm of
each set, i.e. iy = —f;. The total length of each set of
paired arms can be defined as: L; = d;; + dp. We chose
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the set of i index in such a way that L; > L, > Ls. Finally,
we define the growth angle of each arm «;; and the grain
orientation «,, as follow:

(32)
(33)

@;j = arccos (fij : fc),

@, = min(aq, 7 — a11).

z
d31
dyo° y
it.
~ - 3l Temperature
— -~ .
~ - Gradient
fag
dos // f39

Figure 10: Schematic of an equiaxed grain with six arms, which are
pairwise coaxial. We choose set index i = 1,2, 3 to be the set index for
the longest, second longest, and the shortest arms, respectively.

Figs. 11 and 12 present the elongation factor, the grain
size, and the grain orientation of the nucleated grains as
function of position in FM1 and FM5 DNN simulations.
These data are color-coded according to the grain orien-
tation angle «,, (red and blue tints represent respectively
the grains well oriented and misoriented with the thermal
gradient). The black lines show the averaged values calcu-
lated within intervals of 2mm. As expected, both elonga-
tion and grain size decrease with the position in the CET
region, which translates the nucleation of smaller more
equiaxed grains ahead of the columnar front.

More precisely, in the sharply transitioned FM1 simu-
lation, the elongation factor drops immediately below 2
(with a transition length of 3 mm) while in FM5 simula-
tion, it decreases significantly but remains above 2 over a
distance of 22 mm.

In Figs. 11 and Fig. 12, the position of the most ad-
vanced columnar tip in FM1 and FMS5 simulations is
found be to 130 mm and 150 mm in FM5 sample, respec-
tively (red vertical dashed lines). Figures 11c and Fig. 12¢
represent the plots of the grain orientation as a function of
the grain position.
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Figure 11: (a) Elongation factor, (b) grain size, and (c) grain orientation
of the equiaxed grains as a function of their position for the FM1 sim-
ulation. The first nucleation event occurs at the position 127 mm. The
vertical red line indicates the stopping point of the last columnar grain
and the light blue region represents where the CET takes place. The
color map shows the angle between the largest arm of the grain and the
temperature gradient axis.

One can see that in FM1 simulation, because the tran-
sition length is very short and the initial orientations of
grains are assigned randomly, the data is very scattered
and the average angle is around 45°, as shown in Fig. 11.
However, in FM5 simulation, because the CET length is
longer and the columnar and equiaxed grains coexist for
a longer time, the arms parallel to the pulling direction
are more likely to survive. Therefore, we see that the av-
erage angle is less than 45° at the beginning of the CET
and increases as more equiaxed grains grow in front of
the columnar front. At the beginning of the CET, Fig. 12
shows that three well-oriented grains with @, < 10° have
elongation factor y > 7 and grain size d, > 2.5 mm. It
shows that nucleated grains with small grain orientation
can become new columnar grains.

Progressive CET

1

I

Most advanced E

r columnar tip\):
i

1

1

T o O ~] ©
1

dg (mm)
(=l B I

QL

(o3
T

=1

0] — L L L L L L L L L A
134 136 138 140 142 144 146 148 150 152 154 156 158
Position (mm)

(*)

[ — e
0 30 60 9

Figure 12: (a) Elongation factor, (b) grain size, and (c) grain orientation
as a function of position in FM5 experiment. The first nucleation event
occurs at the position 127 mm. The vertical red line indicates the stop-
ping point of the last columnar grain and the light blue region represents
where the CET takes place. Panel (a) shows that the elongation factor
drops below 2 at 156 mm, marking the end of the CET whose extent is
represented with a light blue coloring.

Figure 11 shows the average grain diameter in FM1
simulation quickly drops after the nucleation of the first
equiaxed grain and stabilizes around 1 mm while the av-
erage elongation factor drops below 2 on the same length-
scale. On the other hand, Fig. 12 show that in FMS5 simu-
lation the grain diameter and the average elongation factor
remains around 1.5 mm and above 2, respectively, long af-
ter the first nucleation event.

Overall, our simulation results suggest two distinct
types of CET: sharp CET in FM1 and progressive CET
in FMS5. In addition, the grain size and elongation factor
obtained from simulations are in quantitative agreement
with experimental observations [17].
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Figure 13: Péclet number of each needle as function of time for FM1
simulation during 1950 < ¢ < 2250 seconds. The color map shows the
growth direction of each needle with respect to the temperature gradient
axis.
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Figure 14: (Péclet number of each needle with respect to time for FM5
sample during 2000 < ¢ < 3000 seconds. The color map shows the
growth direction of each needle with respect to the temperature gradient
axis.

We present in Figs. 13 and 14 the time evolution of the
Péclet number of the columnar dendrites and each primary
arm of the equiaxed grains during t = 1950-2250 s for
FM1 and ¢t = 2000-3000 s for FMS5, respectively. The
data for columnar grains are plotted in black lines when
the data for individual dendrites of the nucleated grains
are showed in lines color-coded according to their growth
angle a;;, which is the angle between the growth direction
and the pulling direction (see Eq. (32)).

These figures demonstrate that the CET is much more
progressive in FM5 than in FM1 simulation: the colum-
nar front continues to grow for another 300 seconds after
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the first nucleation event in FM5 while in FM1 it is almost
immediately blocked. Besides, we found in both Figs. 13
and 14 that the dendrites growing parallel to the temper-
ature gradient direction (red lines) generally survive over
a longer time period than the misoriented dendrites (blue
lines).

7. Conclusion

In this part II, we presented a 3D DNN model and its
application to investigate the columnar-to-equiaxed tran-
sition (CET) and compare our results with CETSOL ex-
periments. The dendritic tip in the DNN model is de-
scribed as a paraboloid, and the evolution of the tip radius
and the tip velocity are uniquely determined by solving a
solvability condition and a mass conservation condition.
The former condition is applied at the scale of the tip ra-
dius and relates the product p*Vy;, to the strength of the
surface tension anisotropy. The latter condition measures
the solute flux directed towards the dendritic tip in terms
of a flux intensity factor #, which is computed by a sur-
face integration around the dendrite tip at an intermedi-
ate scale between the tip radius and the diffusion length.
Hence, the DNN model bridges the denderitic tip scale and
grain scale by tracking the dynamics of dendritic networks
on the scale of several grains. For this reason, it becomes
a powerful numerical approach for modeling the CET.

We discussed in Section 2 the implementation of the
DNN model to compute the flux intensity factor for arbi-
trarily oriented dendrites in 3D. We showed in Section 3
the validation of the model against the Ivantsov solution
for the stead-state growth of dendrites of different orienta-
tions. In a study of the finite size effect on the dynamics of
the dendrites in a slab geometry, we found that the finite
size effect becomes insignificant once the sample thick-
ness is 4.5 times greater than the diffusion length. This ob-
servation allows us to investigate the CET in a slab geom-
etry which is thin enough to be computationally tractable
but at the still thick enough to have negligible finite size
effect.

We carried out simulations to study the columnar grain
growth and the growth competition. The results in Sec-
tion 4 demonstrate that the columnar front undercooling
observed in simulations is higher than the Ivantsov steady-
state solution due to the solutal interactions between den-
drites. We found that the deviation of the columnar front
undercooling from the Ivantsov steady-state solution in
3D is comparable to the value obtained from our 2D study
reported in part I of this paper [9].

We then applied the 3D DNN model to investigate the
CET and the results are used to establish benchmark com-
parisons with the CET experiments in Al-7wt%Si alloy



samples solidified aboard the ISS under different thermal
conditions. The implementation of the model for the nu-
cleation of new grains from inoculant particles is treated
in the same way as discussed in part I [9].

By directly imposing the experimental temperature pro-
file as the input of simulations for the thermal condition,
the DNN model predicts either a sharp CET in FM1 sam-
ple solidified with a sudden increase in the solidification
velocity or a progressive CET in FMS5 sample solidified
with a continuous decrease of the temperature gradient.
Our simulation results demonstrate that the present model
is also able to predict the start and end positions of the
transition in quantitative agreement with experimental re-
sults.

In summary, together with previous studies [11, 12, 13],
this work shows that the DNN approach is able to well de-
scribe the complex dendritic microstructure in 3D during
the solidification process. The next step will consist in
applying the DNN approach to model quantitatively the
CET in other refined and non-refined Al-7wt%Si sam-
ples processed under different conditions aboard the ISS.
Simulation results will be compared to the detailed mea-
surements of the grain size and grain orientation in the
samples using the serial sectioning technique. Further-
more, the DNN model will be used to model the growth of
equiaxed dendrites solidified in microgravity in the trans-
parent model alloy Neopentylglycol-DCamphor (NPG-
DC) during the sounding rocket mission MASER-13.

The DNN model presented in this part is designed to
study the CET in microgravity environment where the
influence of the gravity-induced melt convection is ne-
glected.

We note that the DNN model has been recently ex-
tended to incorporate the role of fluid flow [30], paving the
way to investigate the microstructure development with
convection flow encountered in solidification experiments
under terrestrial conditions. We expect that the incorpo-
ration of convection flow in DNN model will enable to
improve our understanding of the influence of the heat
and solute transport in the melt on several important phe-
nomena in solidification, such as grain nucleation, grain
growth, growth competition and dendrite fragmentation
in presence of convection.
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Appendix A. Integration box geometry

In the present model, an integration box X is used for
computing the FIF of each dendrite. The six sides of
the integration box are denoted by S, S7, S ;“ .5y, 8 5,
S 7 corresponding to the left, right, back, front, top, and
bottom sides of X (see Fig. 2a). We consider that each
dendrite always passes through one side of the box and
this intersected side is denoted by § with the unit normal
vector ng directed inward X. The intersected plane S is
chosen according to the rule summarized in Table 1. The
paraboloid tip is at #ip = (Xip, Yip» Zip)- The thickness di-
rection of the integration box is chosen as the unit normal
vector of the intersected plane, 7i;. The tip is kept at the
center of the integration box X along the 7i; direction. In
order to ensure that the dendrite intersects with only one
side of %, the length and the width of X need to be dynam-
ically adjusted during the dendrite growth. The approach
of determining the geometry of X is described below.

Without loss of generality, let’s first take a C1 needle
(see Table 1) as an example, where 71, = Zand S : z—z, =
—Hy,. (see Fig. 2a). The paraboloid tip is initially placed
at the center of a cuboid integration box of height 2Hpy,
width 2Wy« and length 2Ly, as shown in Fig. 2a. The
size of the integration box is carefully chosen to ensure
that the bottom of the box is the only side intersecting
with the dendrite at all times during dendrite growth.

The intersected region of the dendrite and S is an el-
lipse, which is denoted by

Fx : {?v = (xy YVso _Hbox)}’

where the intersected region Iy is computed numerically
in the code.

C (v + - + - +
z: (xbox’ xbox) X (ybox’ ybox) X (Zbox’ Zbox)

Where,

= max(Xep + Hpox, {Xs}) + Obuffer
Xpox = Min(xip — Hyox, {Xs}) — Obufter
Yoox = MaX(Viip + Hoox: {¥s}) + Ovufter
Yoox = Min(ip = Hooxs {Ys}) — Obufter

+
Zpox = Ztip £ Hyox

+
“box



The model is discretized spatially on a finite differ-
ence cubic grid of uniform mesh size dx. Here the buffer
Obuffer = dx is used in simulations to ensure that £ meets
the requirement that S is the only side intersecting with
the dendrite. The approach mentioned above for C-1 den-
drite can be extended for dendrites of other five categories,
C2 - C6.

Appendix B. Calculation of the intersection area Ay

To calculate the area of the intersected region X, let’s
consider that a tilted dendritic paraboloid of growing di-
rection  intersects at an angle @ with a plane of normal di-
rection 7i;. We then choose a Cartesian coordinate (£, 7, {),
where £ = i, n = I xfand & = f)xZ, as seen in Fig. B.15.
The plane S is given by

S ¢ = —Hpox, (B.1)

the angle @ = cos™!(f - £), and the tip is located at the
origin in this coordinate system.

rotate o along 7-axis
4 =
— !
/ n=mn

Figure B.15: Illustration showing the intersection I'y between a tilted
paraboloid with tip radius p and plane S. The intersected region I'y
is elliptical and the area A; = mab, where a = W/cosa and b = W
are the major radius and minor radius of the ellipse, respectively. W =

(ptana)? + 2‘;{’%, « is the angle between £ and 7, i.e., @ = cos™ (£-7).

We consider another coordinate system (£,7',¢),
which is obtained by rotating (£,7,{) by an angle of «
along the n-axis. Then the two coordinates systems are
related through the following relation:

&
& n'.)=Re| M | (B.2)
4
where the rotation matrix is
cose 0 —sina
R, = 0 1 0 (B.3)
sina 0 cosa

Hence,

& =&cosa—Csina (B.4)
I =¢&sina+ £ cosa (B.5)
or equivalently
E=¢cosa+ ¢ sina (B.6)
==Esina+ cosa (B.7)
Pluging Eq. (B.1) into Eq. (B.4), we have
& =&cosa + Hyoy sina. (B.8)

The tip radius of the dendrite is p and the dendrite in co-
ordinate system (£,1’,{”) is an elliptic paraboloid open-
ing downward along the ¢’ —axis and it is given by

12 + 72
[ = (‘52_’7) (B.9)
0
Combining Eqgs (B.1), (B.7) and (B.9) yields
72 + 72
—Hyoy = =& sina — ( )cos a. (B.10)
We rewrite Eq. (B.10) as
(& +ptana)’ + 7% = W2, (B.11)
where
20Hox
W= \/(ptana)%M. (B.12)
cos a

Using the fact that = 1 and Eq. (B.8), Eq. (B.11) is
rewritten as
(écosa + Hpox sina/+,otana/)2 +172 =W? (B.13)

We can show the intersected region is an ellipse given
by the following equation:

- 2 2
(g) + (g) -1, (B.14)
where
_ t
E=¢+ Hyytana + pon? (B.15)
Ccos o
w
a=_—— (B.16)
b=W (B.17)
Finally, we find:
(ptana)® + 20Hbox H‘:
ﬂsznabzn[ ] (B.18)

Cos
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