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EXTSOLVcycthl

Solvability by radicals

Rodney Coleman, Laurent Zwald

December 10, 2020

Abstract
In this note we present one of the fundamental theorems of algebra, namely Galois’s theorem
concerning the solution of polynomial equations. We will begin with a study of cyclic
extensions, before moving onto radical extensions.

1 Cyclic extensions

We say that a finite extension E of a field F is cyclic if the Galois group Gal(E/F) is cyclic. In
this section we aim to present some elementary properties of such extensions. We begin with a
preliminary result known as Hilbert’s theorem 90.

Theorem 1 Let E/F be a finite cyclic Galois extension of degree n. We suppose that o is a

generator of the Galois group Gal(E/F). If a € E, then Ng/p(a) = 1 if and only if there exists
B € E* such that o = %

_ _B
PROOF If a = ) then

o) _BIB)B) o (B)
o(B)o%(B) - (B)o" (8)

Ng/p(a) =ac(a) o™ !(

=1,

because o™ () = 3.
Now suppose that Ng/p(a) = 1, ie., ac(a) -0
(6:)1=y as follows:

"~l(a) = 1. We define a finite sequence

6o =, 61 = ao(a), by = ao(a)o?(a),...,6,—1 = ac(a) - 0" (@) = Ng/r(a) = 1.
REDUCdedcori
From Result [T the characters 1,0,...,0" ! form an independant set and so there exists v € E
such that
o7 +010() + -+ + 0n_20" (7)) + 0" (7) £ 0.
We note this sum 5. Then
a(B) = a(bo)o(y) +o(81)a?(y) + -+ 0 (8n2)0" " (7) + 0" (7)
a™! (610(7) +020%(7) + -+ + G107 () + 0" (),
because a~1; = o(d;_1). As o™ = idg, we have
0-”(,)/) =7= a_lévova
hence o(3) = a™ 1. ]

The theorem which we have just proved is often refered to as the 'multiplicative’ version of
Hilbert’s theorem 90 to distinguish from the ’additive’ version, which we will now present.
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Theorem 2 If E/F is a finite cyclic Galois extension of degree n, then Tg (o) = 0 if and only
if there exists B € E such that o = § — o(B).

PROOF Let o be a generator of the Galois group G = Gal(E/F), so that ¢" = id,,.
If « =8 — o(B), then

n—1 n—1 n

Tg/p(a) = of(a)=>Y o"(B) - > o (B) =0,
k=1

k=0 k=0

because ¢ (3) = S.
Conversely, suppose that Tg,p(a) = 0. As Tg/p # 0, we may find an element  such that

TE/F(JZ) 7é 0. Let
w=aoc(x) + (a+o(a)) 02(35) 4.+ (a +o(a)+---+ a"_Q(oz)) U"_l(x).
Then
o(w) = o(a)o?(z) + (U(a) + 02(04)) o3(x) -+ (o(a) +o(a) + -+ a”_l(a)) o™ (z).

Since T/ p (o) = 0, we have
—a=oc(a)+ - +0""Ha),

so the last summand in the expression for o(w) is —ax, hence
w—o(w)=a(z+o(@)+o*(@)+ 40" z)) = alg/r(z)

Setting 5 = we obtain

__w
Te/F@)’

w o(w) w —o(w)

B—o(B)= ) N o(Tg/p(x) Tgr(z)’

because Ty, p(x) € F. Therefore

. O[TE/F(ZL') .
B—o(B)= m =q,

as required. O

In the following we consider extensions E/F of a particular sort, namely where the field F’
contains a primitive nth root of unity, for some positive integer n.

Theorem 3 Let E/F be a cyclic Galois extension of degree n, where F' contains a primitive nth
root of unity (. Then there exists an irreducible polynomial f(X) = —a+ X™ € F[X] such that
E is a splitting field of f.

PROOF Let o be a generator of the Galois group Gal(E/F'). Since ¢ € F, we have Ng,r(¢) =
¢™ =1 and so, by Hilbert’s theorem 90 (multiplicative version), there is an element 8 € E* such

that ¢ = -£5. Then
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and generally 0™ (3) = (™8, for all m € N*. As the elements o?(3), for 0 < m < n are distinct,
the automomorphisms id|p gy, o|p(g), - - - ,Ulr}_(}g) form a set of n distinct elements of the Galois

group Gal(F(B)/F). Then [F(f): F] > n and
0= |Gal(E/F)| = [E : F] = [E : F@)|[F(8) : F| = [F(8) : F] < n.
Therefore [F(f3) : F] = n, which implies that E = F(}3).
We claim that 8™ € F. Now

and it follows that 8™ belongs to the fixed field of Gal(E/F), i.e., F. Thus there exists o € F
such that " = «. We have shown that F = F(f), where 8 is a root of the polynomial
f(X) = —a+ X". The roots of f have the form ('3, for 0 < i < n and ¢ € F by hypoth-
esis, so F contains all the roots of f and hence is a splitting field of the polynomial f. Since
[F(B) : F] = n, the degree of the minimal polynomial m(g, F) is n, hence f = m(8, F); it follows
that f is irreducible. ]

The theorem which we have just proved has a converse.

Theorem 4 Let F be a field containing an nth primitive root of unity ¢ and E a splitting field
of the polynomial f(X) = —a+ X™ € F[X|, with a # 0. Then E = F(3), where 8 is a root of
f, and the Galois group G = Gal(E/F) is cyclic of order dividing n. The order of G is equal to
n if and only if f is irreducible.

PROOF If f3 is root of f, then the roots of f have the form ('3, for 0 < i < n. As ¢ € F, all the
roots of f lie in F(/3), so F(f3) is a splitting field of f and so E = f(5).

Let 0 € G = Gal(E/F). As o permutes the roots of f, we may write o(3) = ¢*(?)3, where
k(o) is uniquely determined modulo n. We thus obtain a mapping

¢:G— (Zp,+),0 — [k(0)],

which is clearly a group homomorphism. If ¢(¢) = [0], then o(8) = 8, which implies that o is
the identity on F(8) and so ¢ is a monomorphism. Since G is isomorphic to a subgroup of the
cyclic group (Z,,+), G is cyclic of order dividing n. hGALPOLYirred2

If f is irreducible, then G acts transitively on the roots of f (Result h%.—Thu—sﬂFre exists
o € G such that o(8) = ('8, for 0 < i < n. It follows that ¢ is surjective, so G is isomorphic to
(Zn, +).

Now suppose that f is reducible. As f has no multiple roots, oh@ﬁ&g{gi(}%se‘giict irreducible
factors, so G does not act transitively on the roots of f (Result E; ['hus there exist roots ¢*f3
and (7B, with j > i, for which there exists no element o € G such that o(¢'8) = (53, ie.,
o(B) = ¢77B. Tt follows that ¢ is not surjective and so |G| < n. o

Corollary 1 Let p be prime, F a field containing a primitive pth root of unity and E a splitting
field of the polynomial f(X) = —a+ XP € F[X], with o # 0. Then either f is irreducible and
Gal(E/F) ~Z, or f splits in F' and GalE/F) = {idr}.

PROOF The order of Gal(E/F) = p or 1. In the first case, from Theorem E%%Hﬁcible and
Gul(E/F) ~ Z,, because Gal(E/F) is cyclic. Suppose now that the order of Gal(E/F') is 1.
Then [E : F] = 1. There exists 8 € E such that E = F(j), so [F(8) : F] = 1, which implies that
B € F. It now follows that f splits in F'. m]
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2 Radical extensions

Suppose that E/F is a field extension such that F = F(a) for some a € E. If there exists
n € N* such that o™ € F, then we say that E is a pure extension of type n. In this case « is a
root of a polynomial of the form f(X) = —c+ X" € F[X]. A chain of extensions

F=FCFFC---CF.=FE,
Where egch extensipn Fi+1./ F,isap (r:gr%g ng}i{ Pai ggl}_.%glaeg(%gical cha'in and we §ay Fhat E/ F
is a radical extension. Using Result 2 and Rosuit i%, we see that a radical extension is a finite
algebraic extension.

Proposition 1 e a. If E/F is a radical extension and Z an intermediate field, then E/Z
s a radical extension.

e b. If E/F is a field extension and Zy, Zy intermediate fields such that Z1/F, Za/F are
radical extensions, then Z1Z5/F is a radical extension.

PROOF a. We have the radical chain

FCF(a)CFlag,a) C+-- C Flag, -+ ,a,.) =E,
with o)'" € F(a,- -+, 1), for some n; € N*. Then
Z CZ(o) C Z(ar,a) C--- C Z(oy,...,op) =E

and
ot € Flon, -+ ,ai1) C Z(aa, - 1),

It follows that E/Z is a radical extension.
b. We have the radical extensions
FC Flaq) C Flag,a) C---C Flon, -+ ,o0) =21

and
FCF(ﬁl)CF(BI»BQ)C"'CF(BD"' 755)222

Then
FCF(Oél)C"'CF(Oé17"' ,OCT)CF(OQ,"' 7OZT,61)CF(041,"' 7a7‘7ﬂ17"'765):ZIZ2'

The only possible difficulty in seeing that we have a radical chain is in finding a power of 3; in
F(aq,- -+, ). However, there exists m; € N* such that "' € F C F(aq,...,q,), so we indeed
have a radical chain. m|

Remark We may easily extend b. to any finite number of intermediate fields.

We now consider the normal closure of a radical extension.

Proposition 2 If E/F is a radical extension and N the normal closure of E over F, then N/F
s a radical extension.
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|GALGRPnormclosthl . .
PROOF From Result [I2 the normal closure of E over F' can be written as a compositum of fields

Z1,...,Zy isomorphic to F contained in a field eXtEQvFéBEvR—E dFr.O%s FE is a radical extension of F,
so are the Z;. From the remark after Proposition e normal closure of F¥ over F' is a radical
extension of F'. O

We may insert fields into a radical chain so that each extension F;q/F; is pure of type p;, for
some prime number p;. Let us see why this is the case. Suppose that L/K is a pure extension
of type n and L = K(«), where « € L and o™ € K. If n = p;y - - - ps is the prime factorization of
n, then

K C K(aPr Pty C - C K(oPP?) C K(oP') C K(a) = L.

Then we have o' € K(aP?), (aP*)P2 € K(aP'P2), and so on. This proves our claim. In this case
we say that the radical extension is of prime type.

3 Solvability by radicals

Let F be a field and f a polynomial over F'. We say that f is solvable by radicals if its splitting
field L is contained in a radical extension E of F. In this section we aim first to show that
under certain conditions solvability by radicals implies the solvability of the Galois group. (In
an appendix we revise the notion of a solvable group.) Later we will prove the converse.

For certain results we need the presence of a primitive root of unity. We might be tempted
to think that, for a given n € N*, if a field does not contain a primitive nth root of unity,
then we can simply add this root. However, this is not the case. Suppose that the field F' has
characteristic p # 0 and p|n, say n = pm. Let ¢ be a primitive nth root of unity, then

0=¢"—1=("—1),

so ("™ — 1 = 0. This implies that the order of ( is strictly less than n, a contradiction. So there
is no primitive nth root of unity.

On the other hand, if the characteristic of F' does not divide n, this problem does not occur.
If f(X)=—-14+ X", then

F1(X) =nX""1 £ 0= ged(f, f') = 1,

so f has no multiple roots (f is strongly separable). Therefore there are n distinct nth roots of
unity. As the group of nth roots of unity is cyclic, it has a generator, namely a primitive nth
root of unity. To be certain that we can find primitive nth roots of unity, we may suppoe that
the characteristic of a field is 0. This also ensures that all extensions are separable.

Our next step is to establish a preliminary result, which will play an important role in the
following. To do this we need a lemma.

Lemma 1 Let F C K C FE be a chain of fields, with K the splitting field of a polynomial
f e FIX]. Ifo € Gal(E/F), then o), € Gal(K/F).

PROOF It is sufficient to show that o(K) = K. If a1,...,q, are the distinct roots of f, then
K = F(ay,...,ay). For each «;, the element o(«;) is a root of f, so

o(K)=0c(F(a1,...,an)) =F(o(ar),...,0(ap)) = K,

as required. O
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f € F[X] and E the splitting field of a polynomial g € F[X]. Then Gal(E/K) is a normal
subgroup of Gal(E/F) and

Gal(E/F)/Gal(E/K) ~ Gal(K/F).

EXTSOLVsolvleml

PROOF We define a mapping ¢ : Gal(E/F) — Gal(K/F) by ¢(0) = 0|,.. (From Lemma hwei
know that 0|, € Gal(K/F).) Clearly ¢ is a homomorphism. As ¢(0) = idk if and only if o fixes
all the elements of K, the kernel of ¢ is the Galois group Gal(E/K). Therefore Gal(E/K) is a
normal subgroup of Gal(E/F).

We claim that ¢ js syriective. Let 7 € Gal(K/F). As F C K, the polynomial f belongs to
K[X]. Using Result m "= K and f* = f, we obtain an automorphism 7 of F extending
7. Thus ¢(7) = 7. It follows that ¢ is surjective and

Gal(E/F)/Gal(E/K) ~ Gal(K/F),
by the first isomorphism theorem. O

We now consider polynomials which are solvable by radicals. Let F be a field and f € F[X]
solvable by radicals. We will suppose that the characteristic of F' is 0. The reason for doing so is
twofold: 1. Extensions of F' are separable; 2. Roots of unity of any order may be found in some
extension. By hypothesis there is a radical chain

F=FCFHC---CF.=F

[EXTSOLVradprop2

such that the splitting field L of f is included in E. From Proposition EWLLyéuf)pose that
E is a Galois extension of F, hence the splitting field of a polynomial g € F[X]. We have also
seen at the end of the previous section that we may suppose that each extension F;;1/F; may be
taken to be pure of prime type, for some prime p;. In the next proposition we will suppose that
the field F' contains a primitive p;th root of unity, for all the primes p;. This is not in general
the case. However, we will show further on that we may replace the radical chain by another for
which this is the case.

Proposition 3 If F' contains a primitive p;th root of unity for all i, then the Galois group of f

1s solvable.

PROOF We set

G; = Gal(F,/F;),
fori=0,...,r. We consider [F; : F;_1]. As «; is a root of the polynomial f;(X) = —af" + X €
F;_1[X], the degree of the minimal polynomial m(c;, F;—1) must be 1 or p;. We can exclude the
first case, because this would imply that F; = F;_;. Now

[Fi—1(ag) : Fi_q] = degm(oy, Fi—1) = [Fi—1(oy) - Fi—1] = p;.

As Fj; is a Galois extension of F;_q, we have ‘Gﬂ)é'ﬁde/vE cﬂlﬂ! p; and so the extension F;/F;_
is cyclic of degree p;. We may apply Theorem bﬂ%ﬂ 1, F;—1 contains a p;th primitive
root of unity and it follows that F; is the splitting field of a polynomial f; over F;_;. (Thus F;
is a Galois extension of F;_1.)

We now consider the sequence

GoDGlD"'DGT:{id}.
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We claim this sequence is normal, i.e., G;_1 > Gy, for all i. We have F;_; C F; C F,.. Since F,. is

a normal extension of F', F; is the splitting field of g polynomial g € F[X]. Given that F' C F,,

we have g € F;_1[X] and we may apply &MWQV%MMS us that G;_; > G;. Hence

the sequence is normal. From Theorem Wn—fheiquotlent group G;_1/G; is isomorphic to

Gal(F;/F;_1), which is cyclic. We have shown that the Galois group Gal(F,/F}p) is a solvable.
To conclude we consider the chain of fields

FCLCEF,
. oo . XTSOLVsolvthl ) i
where L is the splitting field of f. Using Theorem % again, we obtain the isomomorphism
Gal(L/F) ~ Gal(F,/F)/Gal(F,/L).

As Gal(L/F) is isomorphic to a quotient of a solvable group, Gal(L/F) is itself solvable. O

We now eliminate the hypothesis concerning the existence of p;th primitive roots of unity in
the field F. O I%j&&i%otq replace the initial radical chain by another satisfying the conditions
of Proposition E%

Theorem 6 Let F be a field of characteristic 0 and f € F[X] solvable by radicals. If L is a
splitting field of f, then Gal(L/F) is a solvable group.

PROOF By hypothesis there is a radical chain
F=F,CcFC---CF,=F,

with L C F,.. We may assume that F, is the splitting field of some polynomial ¢ € F[X] and
that F;/F;_1 is a pure extension of prime type p;. In addition, each extension F;/F;_; is a Galois
extension of degree p;, because F' C F;_; implies that g € F;_;[X].

Let m be the lem of the p; and ¢ an mth primitive root of unity. We construct a new chain
by adding ¢ to each element of our first chain:

F=Fy,CFy¢) CcFi(¢) C--- C F.(Q).

We notice that Fy(¢) contains all the p;th primitive roots of unity. For example, if m = py - - - ps,
then ¢P2""P= is a primitive p;th root of unity. To simplify the notation, let us write F/ for F;((),
for i =0,.. T . GALGRPcompex1
We consider the extensions F;/F/ ;. From Result HO,WH%[FZ-F{_1 c Fl | Fioql
However,
Fy = Fi1(a;) = FiF;1(C) = Fim1(ai, () = Fi(C) = F},

so [F! : F/_|]|[F; : Fi,], which implies that [F] : F/_,] has the Value 1 or p;. In the ﬁrst case,
we can eliminate F} (or F]_,), so we can assume that [F} : F/_,] = p;. gﬁ]&&fc L and
are extensions of F;_q and Fj is a finite Galois extension of F;_1, by Result e comp051tum
FiF_, is 3 Galois extension of £y, ie., F] is a Galois extension of F;_;. We now may apply
Theorem b:_Tho—rgﬁfsts an irreducible polynomial f;_1(X) = —¢;—1 + XP* € F/_,[X] such that
F! is a splitting field of f;_;. Let o} be a root of f;_;. Then f;_; splits in F/71( 1), because
F!_, contains a primitive p;th root of unity. This implies that F; C F/_;(c}). As the reverse
inclusion is clear, we have F] = F/_;(«}). We have shown that there exists ) € F/ such that
F! = F!_,(al), with o" € F/_,. Hence the extension F!/F} is radical of prime type.

Our next step is to show that Gal(F’/FO) is solvable. Since F) is the splitting field of the

polynomial A(X) = (-1 + X™)g(X) € F%' Xdo §1§ g Galois extension of I and Gal(F}/Fp) is

the Galois group of h. From Proposwlon we deduce that Gal(F!/F}) is solvable.
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We now show that Gal(F!/F) is solvable. We consider the chain of fields
Fy C Fj C F.

EXTSOLVsolvth
Since Fj and F, are each the splitting field of a polynomial in Fy[X], from Theorem %, Gall FT;. /F3)
is a normal subgroup of Gal(F//Fy) and

Gal(F/Fy)/Gal(F./F}) ~ Gal(F}/ Fy).

GALPOLYctomcorla
From Result %,_GW%@TS abelian, hence solvable. Therefore the quotient group
Gal(F!/Fy)/Gal(F./F}) is solvable. However, we have also seen that the subroup Gal(F)/Fp)
is solvable. It follows that Gal(F)/Fy) is solvable, i.e., Gal(F)/F') is solvable.
Let L be a splitting field in F!. (All the roots of f lie in F/, so a splitting field of f is

contained in E’ f solVegte,pow in a position to show that Gal(L/F) is solvable. Once again we

use Theorem . We consider the chain of fields
FCLCF,.

L and F! are both splitting fields of polynomials over F', hence Gal(F/L) is a normal subgroup
of Gal(F)/F) and
Gal(F./F)/Gal(F!/L) ~ Gal(L/F).

The left hand side of the expression is a quotient of a solvable group, hence solvable. Therefore
the Galois group Gal(L/F) is solvable, as required. O

Example The Galois group of the polynomial f(X) = —1—4X + X5 € Q[X] is the symmetric
group S5, which is not solvable, hence f is not solvable by radicals.

EXTSOLVsolvthi
We now prove the converse of Theorem % We need a preliminary result.
Lemma 2 Let F be a field, f € F[X] and E a splitting field of f. If F* is an extension of F,
then f € F*[X|. If E* is an extension of F* and E* is a splitting field of f containing E and
o € Gal(E*/F*), then o, € Gal(E/F) and the mapping
¢:Gal(E*/F*) — Gal(E/F),0 — 0|,

is a monomorphism.
PROOF By hypothesis we have

E=F(ay,...,an) and E* = F*(aq,...,ap),

where the «; are the roots of f. If ¢ € Gal(E*/F*), then o permutes the roots of f and fixes
F*, hence F'; therefore 0|, € Gal(E/F). Clearly ¢ is a homomorphism. If 0|, = idg, then
0|, () = ay, for all i. Thus o(a;) = ay, for all i, which implies that o = idg~. It follows that ¢
is injective. O

Now for the theorem.

Theorem 7 Let F' be a field of characteristic 0 and E a finite Galois extension of F. If the
Galois group Gal(E/F) is solvable, then E can be embedded in a radical extension.
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IAPPSOLVcori
PROOF From Corollary bTheTeFa normal subgroup H of prime index, say p, in G. Let { be a
primitive pth root of unity, which exists in some extension of F', because F' has characteristic 0.

We will first suppose that ¢ € F and prove the theorem by induction on n = [E : F]. If
n =1, then £ = F and there is nothing to prove. (It is sufficient to take any radical extension
of F, for example F'(a), where a is a root of the polynomial f(X) = —c+ XFe F|X].)

Now let us suppose that the result is true up to n — 1. From Result 8 we know that the
extension F/E! is normal, (Ef is the subfield of E fixed by the elements of H), hence Galois,
because the extension is also separable. Now Gal(E/E™) is a solvable group, being a subgroup
of the Galois group Gal(E/F), which we note G, and [E : Eff] < n. By the induction hypothesis
there is a radical chain

Ef cF c..-CF,, (1)

where E C Fj.

Next we observe that B /F is & ﬁéﬁiﬁsf ugl)ag%nsion, because H i ﬁsra%pg%h%ubgroup of G,
and [E¥ : F] =[G : H] = p (Result [T i From the proof of Theorem E% there exists 3 € E* such
t S@{fsﬁvg—*‘gﬂ) and 8P € F, i.e., EM is a pure extension of F and we may lengthen the chain
(l % By adding the prefix F C E*. We thus obtain the radical extension Fy/F (and E C Fj).

We now consider the general case. We set F* = F(() and E* = E(¢). As E is a normal
extension of F, F is the splitting field of a polynomial f € F[X]. It is not difficult to see that
E* is the splitting field of the polynomial g(X) = (-1 + X?)f(X) € F[X]. The polynomial g
belongs to F*[X] and E* is its splitting field. Thus E* is %Q&V&aﬂvfé&ension of F*, hence a
Galois extension. We set G* = Gal(E*/F*). From Lemma EMIlomorphism from G*
into G, so we may consider that G* is a subgroup of the solvable group G, hence is solvable. We
may now apply the first part of the proof: there is a radical extension F}* of F™* containing E*:

we have the radical chain
F*CFf C---CF},

with E* C F}*. As E C E*, we have E C Fy. Since F'* = F((), F* is a pure extension of F' and
we may lengthen the radical chain by adding the prefix F' C F*, providing us with the radical
extension Fy/F (and E C FY). m|

Corollary 2 If F is a field of characteristic 0 and f € F|[X]| whose Galois group is solvable,
then f is solvable by radicals.

Example The Galois group of f(X) = —1+ X + X3 € Q[X] is the symmtric group S3, hence
f is solvable by radicals.

Basic results from Galois theory

Result 1 A set of distinct automorphisms {o1,...,0,} on a field F is independant, i.e., if
A,y Ap € F and
)\10’1(1‘) + -+ Ano-n(x) = 07

forallx € F*, then \y =--- =\, = 0.

Result 2 If K is a finite extension of F and E a finite extension of K, then E is a finite
extension of F and

[E:F]=[E:K]K:F]
where [A : B] is the degree of A over B.

’EXTSOLVsolveql




propFEalgext3

[ thGALPOLYirred2 |

ropGALPULYirredl‘

GALPOLYctomcorla |

NORMprop2
thGALGRPcomp1l

GALGRPcompex1

| thGALGRP£und3b |

ALGRPnormclosthil ‘

Result 3 If K is an algebraic extension of F', E an extension of K and o € E is algebraic over
K, then « is algebraic over F.

Result 4 Let f be a separable polynomial in F[X] of degree n with Galois group G = Gal(E/F).
If f is irreducible, then

e a. n divides the order of G;

e b. the action of G on A, the set of roots of f, is transitive.

Result 5 Let f € F[X], with deg f > 2, and G be its Galois group. If f has two distinct
irreducible factors, then the action of G on A, the set of roots of f, is not transitive.

Result 6 If E is a cyclotomic extension of F, then the Galois group G(E/F) is abelian.

Result 7 Let F and F' be fields, o : F — F’ an isomorphism, f € F[X] and f' € F'[X] the
polynomial corresponding to f. If E is a splitting field of F' and E' a splitting field of f’, then
there is an isomorphism & : E — E’ extending o.

Result 8 Suppose that K is an extension of F' and E an extension of K, with E normal over
F. Then E is normal over K.

Result 9 Let K and L be extensions of F' in E, where K is a finite Galois extension of F'. Then
e a. KL is a finite Galois extension of L;

e b. Ifo € Gal(KL/L), then the restriction of o to K belongs to Gal(K/F') and the mapping
¢:Gal(KL/L) — Gal(K/F),0 — ok
is a monomorphism;
Result 10 If K and L are extensions of F', then [KL : L] divides [K : F].

Result 11 Suppose that E is a finite Galois extension of F' and G the associated Galois group.
Then K is a normal extension of F if and only if H = Gal(E/K) is a normal subgroup of G.
In this case the Galois group Gal(K/F) is isomorphic to the quotient group G/H.

In addition, for any subgroup H (not necessarily normal),

K:F|=[G:H] and [E:K]=|H|

Result 12 Let E be a finite extension of F and N the normal closure of E over F in an algebraic
closure C' of F. Then
N= [ e®.

0c€Gal(N/F)

4 Appendix: Solvable groups

In this appendix we revise the basic properties of solvable groups, which may or may not be
known to the reader.

A normal series or normal sequence of a group G is a sequence of subgroups of the form

G=Gy>G >G> G, ={e},
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where e is the identity of G and G;11 is a proper normal subgroup of G;. We do not require the
subgroups to be normal subgroups of G. The quotient groups G;/G;+1 are called the factors of
the normal series. A group is said to be solvable if it has a normal series with abelian factors.
In this case we say that the normal series is solvable. An abelian group G is clearly solvable: we
only need to take the sequence G = G > {e}.

Let G be a group. The commutator of two elements z,y € G, which we note [z,y], is the

product zyx~ty~!. The commutator subgroup of G, written G’, is the subgroup generated by

the commutators. From the observation that

glz,ylg™" = [gzg™ ", gyg ]

for all g € G, we deduce that G’ is a normal subgroup of G. There is no difficulty in seeing that
the quotient group G/G’ is abelian.

Proposition 4 If H is a normal subgroup of G, then G/H is abelian if and only if G' C H.
PROOF If G/H is abelian, then
xyH = cHyH = yHaH = yrH = [z,y] € H.

As all the commutators lie in H, we have G' C H.
On the other hand, if G’ C H, then by the third isomorphism theorem

(G/G")/(H/G") ~ G/H,
so G/H is isomorphic to the quotient group of an abelian group and is thus abelian. O

The higher commutator subgroups are defined by induction:
GO =G and GUTD =GO
i.e., GUTY is the commutator subgroup of G and so is a normal subgroup of G(*).

Proposition 5 A group G is solvable if and only if there is a nonnegative integer n such that

G = {e}.
PROOF If G = {e}, then the series
G = G(O) > G(l) > G(Q) > ... > G(”) = {e}

is solvable, so G is a solvable group.
If G is solvable, then there exists a solvable series

G=Gy>G >G> >G, ={e}
We prove, by induction on i, that G; > G@, for i = 0,...,n. First, for i = 0, we have
Go = G = G, Suppose now, th P%LPICOI(?. Then G > GO = GU+Y. However, G;/Gy41 is
%, we have G

abelian, hence, from Proposition i+1 D G and so Gi41 D GO+ This finishes the
induction step. It follows that G(™ = {e}. O

Now we come to two fundamental results.

Theorem 8 If G is a solvable group, then every subgroup and quotient group is solvable.
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PROOF Let H be a subgroup of the solvable group G. By induction it is easy to prove that
H® ¢ GO for all i. There exists Rpegatiye integer n such that G™ = {e}. Tt follows that
H™ = {e} and so, by Proposition%,_ﬂ’ﬁ%pﬁable.

We now consider the case of a quotient group. We will prove a more general result: if G is a
solvable group and ¢ : G — C' is a surjective homomorphism, then C' is solvable. To do so, we
will show that ¢(G*) = C@, for all i. We will use an induction argument. For i = 0, the result
is evident. As the image of a commutator is a commutator, ¢(G’) C C’. On the other hand, if
u,v € C, then there exist z,y € G such that ¢(x) = u, ¢(y) = v and we have @[z, y] = [u,v];
it follows that ¢(G’) = C’. Thus the result is true for i = 1. Suppose now that ¢(G*) = C),
Then ¢ restricted to G provides us with a surjective homomorphism of G onto C¥). From
the previous argument, we have ¢(G(i)/) =00 e, H(GUHD) = ¢+ This completes the
induction step. To finish we notice that there is an n such that G(™ = {eg}. This implies that
C™ = {ec} and so C is solvable. O

This theorem has a converse.

Theorem 9 Let G be a group with a normal subgroup H. If H and G/H are solvable, then so
is G.

PROOF As G/H is solvable, there is a solvable series composed of subgroups of G/H:
G/H=Gy>Gi>--->G; ={H/H},
where G;/H = G}. By the correspondance theorem, there is a normal series
G=Gy>G>--->Gg=H.

By the third isomorphism theorem, we have G;/Gi+1 ~ (G;/H)/(G;y1/H), so the factors
G;/Giy1 are abelian. As H is solvable, we have a solvable series composed of subgroups of
H:

H=Hy>Hi>--->H ={en} ={ec}

Putting the two series together gives us a solvable series of G. O

We may refine the solvable series so as to obtain factor groups of prime order. To prove this
we need a preliminary result. We recall that a group G is simple if G # {e} and its only normal
subgroups are {e} and G itself.

Lemma 3 If G is a finite abelian simple group, then G is cyclic of prime order.
PROOF If x € G and x # e, then (x) is a normal subgroup, because G is abelian. As x # e, we
have (z) = G, so G is cyclic.

If G is not of prime order and |G| = n, then G has a (unique) subgroup of order %, for every

positive divisor d of n. As G is abelian, these subgroups are normal, so we have a contradiction
to the simplicity of G. Thus G is of prime order. m|

Theorem 10 If G is a solvable group, then G has a solvable series whose factor groups are
cyclic of prime order.

PROOF As @ is solvable, G has a solvable series

G=Gy> - >G>Gip > >G, ={e}.
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If G471 is not a maximal normal subgroup of G;, then we can insert a normal subgroup H
between G;y1 and G;. As the quotient group H/G;11 is a subgroup of G;/G;1, it is abelian.
Continuing the process we obtain a solvable series such that G,y is always a maximal normal
subgroup of G;.

Now G;/G;41 is finite and abelian. If this factor group is not simple, then it has a proper
nontrivial normal subgroup. By the correspondance theorem there exists a nontrivial subgroup,
which is normal in G; and lies strictly between G;y; and G;; thus G; 'ﬁppg&@gnﬁimal, a con-
tradiction. Therefore G;/G;41 is finite, abelian and simple. By Lemmalb,_GﬁCm is cyclic of
prime order. O

Corollary 3 A solvable group G has a normal subgroup of prime index.

APPSOLVth3 . . . .
PROOF From Theorem T0 we may suppose that in the solvable series of G the index of G in Gy
is a prime number p. As Gy = G, we have the result. a

Solvability of the symmetric groups

The symmetric groups S,, are solvable if and only if n < 4. If n = 1 or n = 2, then 5, is
abelian, hence solvable. For Sj3 it is sufficient to consider the series

(e) C A3 C Ss.

For S, we may take the chain
<€>CVCA4CS4,

where
V ={e, (12)(34), (13)(24), (14)(23)}.

(The only possible difficulty here is in seeing that V' <1 A4; however, it is sufficient to notice that
conjugation preserves the cycle structure.)

For the next result we will suppose that it is known that, for n > 5, A,, is simple, i.e., has no
normal subgroups other than {e} or A, itself.

Theorem 11 Forn > 5, S, is not solvable.

PROOF For n > 5, A, is simple, therefore A}, = A,, or A}, = {e}. However, the second case is

not possible, because A,, is not abelian for n > 4. Thus A/, = A,,, which implies that Agf) =A,,
for all k. It follows that A, is not solvable. As a subgroup of a solvable group is solvable, S,
cannot be solvable. a
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