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Theory of the p and the 7 structures.

G. M. Stephan
15 décembre 2020

Résumé

A theory of the muon and the tau which is based on the properties of the electromagnetic potential is
developed. The properties of the tensors formed by the partial derivatives of this potential in Minkowski
spacetime are obtained from fundamental principles. In the proper frame of reference, the scalar potential
obeys a Helmoltz equation whose solutions describe electromagnetic particles. These are characterized by
a mass part and a field part. The mass part gives the potential energy. The muon and the tau particles
result from an association of the first spherically symmetric solutions. We compute their energy and
normalize it with respect to that of the electron. An agreement of 3 1072 is obtained with experimental
results.

15 décembre 2020

1 Introduction.

Like the electron, the muon[l] and the tau[2] are known to be point-like particles with the same ele-
mentary electric charge. These characteristics and the absence of quarks in their structure lead to classify
them as elementary particles in the Standard Model. Masses of the muon and the tau are respectively 207
and 3477 times that of the electron and they are sometimes called heavy electrons. Up to now, there is
no explanation for these numbers. This is only one example among the unexplained facts of the world of
elementary particles. One aim of this article is to offer a new way to solve some of these mysteries.

The standard model, as well as modern theoretical physics, is known to be a vulnerable theory([3, 4, 5, 6, 7])
and new ways to decipher fundamental phenomena at the femtometer scale are highly desirable([8, 9]). We
have recently begun to develop the "Potential Theory”[10] which is nothing but the study of the properties
of the electromagnetic 4-potential A’ in the 4-dimensional Minkowski spacetime. The partial derivatives of
A form tensors whose antisymmetric parts are related to the electromagnetic field. We have discovered that
a symmetric part, when submitted to the constraints of symmetry invariance leads to a Helmholtz equation.
Its solutions describe a concentration of potential around the origin of coordinates and represent electro-
magnetic (e.m.) particles. Each of them is characterized by 3 quantum numbers (n,¢ and m) and a parity
(even or odd). Far from the origin, the tensors reduce to waves in 1/r which extend to infinity. We have
associated a Lagrangian to them which allows the calculation of the distribution of potential energy in space
and the total energy of each particle. We were able to relate the electric charge to the tensor of derivatives.
Now the question is to know if these e.m. particles have something to do with observed elementary particles.
We have started this research with the idea that they are the elementary bricks forming them. Assembling
these components together would ultimately give the structure, energy and properties of the atomic nuclei.
One of the aims of this article is essentially to give arguments which sustain this idea. The first of these
arguments is that the theory is very simple : the basic ingredient is the well-known electromagnetic potential
to which two fundamental laws of nature are applied : these are the principle of least action (expressed by
Euler-Lagrange equations) and the principle of symmetry (expressed by Noether’s theorems). The second
argument which is illustrated in this article is the comparison between the theoretical and experimental
energies of the muon and the tau particles where we recover the numbers above.

The first section describes the potential theory and how it leads to the Helmholtz equation for the scalar
potential. The potential vector and the tensor of derivatives at each event M in spacetime are obtained for
each solution. These vectors and tensors are extensive quantities and a compound particle can tentatively be
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described by adding the potential of each component. In the second section we add several of these solutions
to build the p and the 7. In each case the puzzle was to find their composition in terms of e.m. particles
by comparing experimental and calculated energies. These energies are referred to that of the electron. An
excellent agreement is obtained when the frequencies of the fundamental solutions are properly chosen.
These results bring the hope to understand the chemistry of matter at the scale of the atomic nucleus.

2 Potential theory.

2.1 Overview.

The main lines of potential theory are described in this section.
Potential theory is classical, very simple, without any new concept : it rests on the existence at each
point (event) M in spacetime of an electromagnetic 4-potential A*. M is defined by its temporal and spatial

coordinates. The potential A? is defined by its temporal component ¢/c and the vector X These components
are functions of coordinates.

The gradient D(A?) of A? is the basic object of the theory. The partial derivatives which appear in D(A?)
should be split into two independant parts, one of which is related to the external and the other to the
internal degrees of freedom by analogy to the classical theory of a moving body. The first part gives birth
to Maxwell equations (the particle moves with respect to the observer), the second part gives the internal
description of the particles we are interested in (the center of gravity of the particle is at rest with respect
to the observer).

There are 16 partial derivatives A L =0A" 0z* which are the local slopes of components A’ in directions
x¥. These are the components of the second rank gradient tensor D(A?) = [A ] in the direct space. The
properties of D(A?) are developed, using its invariants and symmetries in operations of the Poincaré group.
One finds that a proper time exists, in which the observer is at rest with respect to the tensor and where
a time slope compensates for a space slope. When this property is associated to the invariance of the
trace of the tensor in a time translation, one finds a Helmholtz equation for the scalar potential in the
permanent oscillatory regime. Solutions of this equation describe the "Electromagnetic Particles”([10]). These
are characterized by 3 quantum numbers : n, £ and m . Each triplet n, £, m correspond to an odd and an even
solution. A vector field A* and a tensor field D(A?) describe each particle n, £, m in spacetime. Around the
origin, there is a concentration of potential but, far from it, the particle reduces to incoming and outgoing
spherical waves in 1/z extending to infinity. It is the balance between the energies of these waves which
ensures the stability of the particle. This result exactly fits the Wheeler-Feynman’s absorber theory([13])
The closely related tensor D(A;) = [0A;/0x*] needs the existence of the reciprocal space and is related to
the external degrees of freedom. This tensor has properties which are different from those of D(A?) and is
the basic object of classical electromagnetism([12]). It is necessary to describe the properties of a moving
particle as seen by an external observer. It is not used here.

The local Lagrangian density of the particle is found to be proportional to the determinant of the tensor
D(A"). This Lagrangian leads to the expressions for the field and mass energies which are respectively
associated to the antisymmetric and symmetric parts of D(A?). The duality field-matter naturally appears
to be a consequence of this splitting. The electric charge can also be obtained from D(A?) : one finds that all
solutions are globally neutral but solutions (1, 0, 0) which represent the electron and the positron following
the parity. A complete description of their structure, including the spin, has been given([11]).

The next step that we are developing in this article concerns the association of electromagnetic particles
around the same center in order to see if the potential theory is still able to describe the elementary particles
which have been discovered essentially in the second half of the XXth century. We have concentrated the
present study on the case of the muon and the tau particles which have a spherical symmetry.

2.2 The field and the mass tensors.

In Minkowski spacetime, a contravariant 4-potential is written A° = (¢/c, Z) as indicated above. An
event M has coordinates ¢T', X,Y, Z with respect to an origin 0,. Now we introduce another system of
coordinates whose origin O is at the center of gravity of the particle. In this system, the sets t,x,y, z are
the coordinates of M with respect to origin 0 (internal degrees of freedom) and the sets ¢, %, 7, Z are the
coordinates of O with respect to O, (external degrees of freedom). The simplest relations between these
sets are :

T=t+t ,X=zx+2 ,Y=y+q§ ,Z=z+3%2 (1)



Derivatives are split into two parts, each of them is related to a coordinate with or without tilde. For
example 0A"/0X = 0A"/0F + OA"/Ox. The gradient tensor of the potential A® can thus be split into two
independent parts which describe its properties with respect to the observers at O, and O. In the following
we focus our attention on the description of the properties of the second part .

The tensor of derivatives [a,’], can be written in the cartesian frame as :

[ay'] = [0A"/02*] (2)

where z* = ct,x,y, 2. [a,}] is defined in the direct (or real) space. A derivative JA*/9z* will be noted as
A", and we can write [q,’] in the extended form as :

(p/c)e ATy AYy A%,

% _1 (¢/C),x Am,x Ay,a: Az,w
wI=5 | (o)), A, ar, a, ®)

((ZS/C),Z Aw,z Ay,Z AZ,Z

A fundamental operation in tensor theory is the splitting into a symmetric and an antisymmetric part.
There are two ways to obtain such tensors from [a,] :

1- The first way uses the reciprocal space[14] together with the direct space to define the covariant tensor :
laks) = [a,]]gjs] where [g;;] = (1,—1,—1,—1) is the metric tensor. One obtains :

¢/C),t *Az,t *Ay,t *Az,t
(b/C ,T _Aa:,a: _Ay,:v _AZ,:D
AT, AV, —A%,
_Am,z _Ay,z _Az,z

The transpose [axi]” = [aix] is used to split [ax,] into its symmetric and antisymmetric parts :

laki] = [fri] + [Skil (5)

with [sg;] = 1/2 (ak; + aix) and [fr; = 1/2 (ar; — aix). The electromagnetic field tensor is the antisymmetric
part :

0 AT = (9)e) e —AY = (0)0)y —A%p—(d/0):
Fr] = = | 9/t A% 0 AV F AT, AT AT,
MOS0 | (@fo)y AV, —AT, A, 0 AT, AV,
| (B + AT, —ATL+ AT, AV L+ AR, 0
[0 E®/c EY/c E?/c
1| —-E®°¢ 0 -B* BY o
2 | —EY/c B 0 —B®
| —-E*/c -BY B®* 0

We have used[15] the standard notations and definitions of the components of the electric and magnetic

fields E and B -
E:—gr—aglqﬁ—aa—t and B = curl 4 (7)

This tensor, is the cornerstone of classical electromagnetism. It remains antisymmetric whatever the coor-
dinate system. Maxwell equations and the Lorentz force can be deduced([12]) from [ax;] using the principle
of least action (Euler-Lagrange equations) and the principle of symmetry (Noether’s theorems). The field
propagates transversally and its source originates from the motion of electric charges. This way of obtai-
ning the symmetric and antisymmetric parts of the tensor of derivatives D(A?) is well adapted to the first
part of D(A?), the part which contains the derivatives with respect to the coordinates of O in the reference
frame attached to the external observer O,.

2- The second way is the splitting of [a,’] into its symmetric and antisymmetric parts in the direct space
(without any appeal to the reciprocal space). The symmetric part writes :

2(¢/c) AT+ (9/c) e AV i+ (9/c)y A%i+(9/0).-

Ei= L | @e+Am, 247, Ao T ATy AT+ A, (8)
kl=9 (p/c)y +AY, A*,+AY, 24Y , A%+ AY
(p/c) . +A*, A, + A%, AV, + A%, 247,
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The antisymmetric part [f, | has zeros on the diagonal and differences instead of sums in each non-diagonal
element. )

[5,/] is named the mass tensor and [f,:] the field tensor in this system of coordinates. Their properties lead
to a completely new aspect of electromagnetism as shown below.

2.3 The Helmholtz equation.

Being symmetric, [3,] can be diagonalized provided its determinant does not vanish. This means that a

(2,34)

time coordinate ¢ exists such that terms s; =3 3’4)1 = (0. We name t the proper time of the tensor.

In this coordinate frame, we use the bared symbols ct, Z, 7,z and : A= (¢/c, A= Av AZ). The ordinary
derivatives are replaced by absolute derivatives. In the proper time system, one has the relations :

T+ 0100 = A4 (/0 = Ta 4+ (0/0a=0 o  grad(@/d + 2o

=0 9)

Here a symbol like (¢/c) , generally stands for the absolute derivative (including Christoffel’s coefficient)

of (¢/c) with respect to . The second formulation is tensorial. Eq.(9) means that in the proper time, the

temporal derivative Aft is compensated by the spatial derivative of (¢/c) in the direction i. Note that the
(transverse) field defined by eq.(7) vanishes in the proper frame where there is no motion of the particle.
Now we will use the invariants of [3,/] in a coordinate transformation. There are four scalar invariants which
are the coefficients of the characteristic polynomial. The most well-known are the trace and the determinant.
We use the property of the trace of [5,'] to be invariant in a time translation to obtain :

_ _ _ J— =
o (0(¢fc) 0A* 0AY 0A*\ *(¢fc) . OA
ot < ot Tor Tag "oz )0 Tear W =0 (10)
Equations (9) and (10) are combined to give :
P(0/c) _ \ 570 _
2or A(p/c) =0, (11)

where the symbol A stands for the Laplacian.
In the following, we will be interested in permanent oscillatory potentials which are proportional to coswt
or sinwt. These potentials obey a Helmholtz-type equation :
w? — —
072 ((b/c)spatial + A((b/c)spatial = 07 (12)

where (q{)i/c)spatml represents the spatial part of (¢/c). This equation is a tensor equation which remains the
same in any geometrical system of coordinates.

2.4 Solutions of the Helmholtz equation : Electromagnetic particles.

Helmholtz equation can be written in the spherical reference frame attached to M with the proper time
t and the geometrical coordinates (r, 0, ) such that :

T =rsinfcosp , y=rsinfsiny , Z=rcosh , (13)

The advantage of the (7,0, ) system is that it makes use of the spherical or cylindrical symmetry of the
solutions that we are going to use.

We introduce the normalized distance to the origin O of coordinates : x= wr/c. (Note the typography which
is different from that of the coordinate z). This distance will thus be measured in units of the reference
length c/w.

Eq.(12) has extensively been studied in the context of the hydrogen atom where some of its solutions des-
cribe the electronic orbitals[16].

Solutions of eq.(12) can be split into normal and coupled modes :



1- Coupled angular-radial modes describe simultaneous vibrations on the three coordinates. They are
obtained from the ansatz : (¢/c)spatiat = R(r) ©(0) ®(p) where R(r), ©(6), and ®(y) are functions of r, 6,
and ¢ respectively. One thus obtains the coupled angular-radial modes in terms of spherical Bessel functions
of order ¢ Jy(x) and spherical harmonics Y;™(6, ¢) :

COS Wy, m t

¢Z,M(X797 ¢) = AE,m JZ(X) }/Em<97 (p) { SiHWgﬂn t (14)
Here Jy(x) is a solution of the radial equation :
1 0 OR
2, L O [ 200)
X+ 7 (x 8X> LL+1), (15)

Y/ (0, ¢) describe the solutions of the angular part of eq.(12). The term ¢(¢ + 1) originates from the radial
angular coupling and can be considered as a source term which fixes the properties of the radial solution.
Quantities Ay, and wp,, are unknown for the moment. They will be noted as A, and w, for brevity.
Amplitude A,, has the dimension [A,] = ML?T~2Q~! in the standard nomenclature.

__2- Normal modes describe vibrations on one of the three coordinates. They are obtained from the ansatz :
(9/C)spatial = R(r) + ©O(0) + ®(p). As the particle is embedded in noise, it is necessary to take it into
account. At this stage, we consider it to be isotropic (independent of 6 and ¢), in such a way that it can
excite the radial part R(r) only. The potential N which represents the noise can be expanded on the basis
of spherical Bessel functions and each component N, (x) obeys a spherical Bessel equation :

2
0°N,, L ox ON,

Ox2 0x
This equation becomes "well-behaved” with the solution J,, if Cy = n(n + 1). Functions N,, are the local
building elements of the noise. They correspond to any integer value of n and are the source for the excitation
of the spherical normal modes n.
Grouping coupled and normal modes together shows that the potential which describes a particle finally
depends on three quantum number n,¢,m : ¢/c = ¢/c(n,€,m). The general expression for a solution of
Helmholtz equation is :

+x2 N, =C, , (16)

X2

_ m COS W, ¢,m (even solutions)
Ot (%,0,0) = Ane.m Jn(x) Y7 (0, ¢) { sin wy, ¢,m t (odd solutions) (17)
We will need the explicit values of the first spherical harmonics :
1 3
Yy = yp YP:UE cos 0
3 3
Yllz—\/g sin@ cos }/1—1:”% sinf sin¢
and the first spherical Bessel functions :
sin x;
Jo = Jo(Xo) = 0
Xo
- _sinxg _cosxy
Jl = Jl(Xl) = X% X1 (18&)

Expression (9) allows the computation of the components of the vector potential in the proper time
frame from the scalar potential.
These solutions obey the physical boundary conditions : they become asymptotically null far from the origin
and they are either finite or null at the origin.
Let us now write explicitly the two tensors that we will need to describe the p and the 7 particles. The
general expression of the gradient tensor in the spherical system of coordinates associated to point M is :

r 6 ®
P A%y A,et Al
r
: G AT A% A?
a =
R Y A I G A LA
b Aiiﬂ _ A% 1 0 _ @ 1 @ 1 Ar 4 1lcos@ 40
rsin 6 rsin 6 T rsin 6 (A7<F cosfA ) rsin 6 A#P + T A + 7 sin 6 A



Its symmetric part (the mass part) is

(20)

21 ATy 4 o, A%+ ¢0/r A%+ e
i 1 b+ ATt QA,Tr Ae . (Ar - AG) Aw réffe - %
=R 1=5 ] g A L (A7 - A7) A% (Ae +47) 7 AD+ e (A9 — cos0A%)
TsanJFALp rii’Tfe*ATw+Aﬁ m(A?w*COSQAw)JF%A,% 2(7‘51n9 Al + 1 AT+ 1825 Ae)
The antisymmetric part (the field part) is :
0 A= A% = ofr A5 - e
sl | e 0 A% -1 (4, - A7) Al — g+ AT
2 | go/r—a% L(Ar,-a%)-4° 0 1A% - Lo (A9, — coshA®)
Tﬁi]fe - A% ﬁ:ﬂf’e -AL A% (A%, —cos0A?) — 7 AF 0
(21)
Expressions of these tensors are obtained with the proper time :
2, 0 0 0
Lo 24, Al + 3 (4 - A7) A%+ e — A
=50 0 2 (A7 — A7) + 45, 21 (4% + a7) LAY AR (A9 — cosfA¥)
0 T A AL ok (AL —cos04%) 1A% 2(h A%+ AT+ g A7)
The antisymmetric part (the field part) is
0 2E" 2F° QE*"
Lo | e 0 A% - L (ar, - 47) A - ey A

=5 | o 2 (a7, - a7) — a5, 0 1A% — (AP~ cos GA‘P)

—ope el AT e Lo (A% —cos0Af) — LAY 0
where the components of the electric field are :

ETZE(ATt_¢T):_¢T:ATt , EQ:—ng/r , E“’:—éi (24)
2 ’ ’ ’ ’ r8in 6

It is remarkable that in the long range, when r becomes large as compared to the size of the particle, the
leading term in E" varies like 1/r while it varies like 1/7? in EY and E¥. Far from the particle, the field
is longitudinal and spherically symmetric; it is proportional to the inverse of the distance to the particle.
These are the characteristics of the usual electrostatic field where the observer is at rest with respect to the
particle.

Explicit formulas for the potential components and their derivatives are given in Appendix A. The tensors
needed to describe the p and the 7 particles correspond to n = ¢ = m = 0 (solutions g and ¢*) and
n =1, =m =0 (solutions e or e¢*). They can be written as :

- Solution g :
—sinw,t Jo  —coswgt Jj 0 0
; 1 Agw, coswgt J)  —sinwgt Jg 0 0
[ak}y T Vax 2 0 0 —sinw,t % 0
0 0 0 —sinw,t 2
(25)
- Solution g*
coswgt Jo —sinwgt J 0 0
: 1 Agw, | sinwgt Jg coswgt J7o 0 0
[ak]g* T VAr 2 0 0 cos wgt % 0
0 0 0 coswyl %
(26)

(22)

(23)



Here x = wyr/ec, Jo = Jo(x) and the derivatives Jj and J”( are taken with respect to x. The normalized
length x will be taken as the reference for the other solutions.
- Solution e :

—sinwet J;  —coswet Jj 0 0

[a 1] B 1 Aw, coswet J|  —sinwet J'y 0 p 0
kle = ax ¢ 0 0 —sinwet 3t 0 ,
0 0 0 — sin wet Eie

X1

(27)

Here J; = J1(xe) with x, = wer/c and the derivatives J| and J”; are taken with respect to xe.
Tensors for even solutions go(n =1,/ =1,m=0), g(n=1,=1,m=1), g_1(n=1,£=1,m = —1) are
given in Annex B. They are not used in this article.

2.5 Energy.

Our objective is to compute the potential energy associated with a superposition such as g + g* + e and
to compare it to that of particle e (the electron) which is taken as the reference, both for the computed
and the experimentally measured figures. The energy is described by the Hamiltonian and is related to the
Lagrangian through a Legendre transform.

We have two hints to find the Lagrangian associated with an electromagnetic particle :

- The first is that a Lagrangian must be invariant in a coordinate change. Among the four invariants of
[@,!], one is proportional to the Lagrangian density L.

- The second is that the global Lagrangian of a particle should be finite. In other words, the Hamiltonian
density H, when integrated over the whole volume, should converge, giving the total energy of the particle.
This integral is : [~ r? dr [, sinf df fOQﬂ dp H in the spherical system of coordinates.

These conditions are met by the determinant of [@,’] and we are led to the equation :

L=C lla;| (28)

where the double bar is the symbol for the determinant. The proportionality constant C is a physical quantity
which has the dimensions [C] = M 3L72T2?Q*.
The Legendre transform writes :

. 0L
H:Z ak’ﬁ—ﬁ (29)
ik

This equation introduces the canonical momentum £’ kl- = 0L/0a,! associated with a,’.
L being the determinant of [a,'], one sees that L’ kl- is the minor relative to the element a,’ and that
Y. 0L/0a,! a;} = L (development of the determinant with respect to the elements of the line k). The
simple relation follows :

H=3L . (30)

The tensor a,’ is divided into its symmetric (mass) and its antisymmetric (field) parts : The total energy
density dW; is found from the determinant of aki. The mass energy is the potential energy dW,,, it is found
from the determinant of s,’. The field energy dW; is found from the difference dW; — dW,,, or, equivalently,
from the part of (29) which contains the field. A fundamental result which is illustrated below in the case
of solution g is W,,, + Wy = 0. the total mass energy and the total field energy associated with an e.m.
particle are equal and opposite in sign. This result holds for each e.m. particle n, ¢, m.

2.6 Electric charge.

This section briefly describes the way to find the electric charge @) associated with an e.m. particle. The
main steps are the following :
1- Maxwell’s equation of classical electrostatics relates the electric displacement B and the electric charge
density p :
divD = p (31)

B is proportional to the electric induction which is the derivative of the Lagrangian with respect to the
field[12]. Eq.(31) can thus be used as the relation of definition of p.



2- Lagrange’s equations are applied to the potential components A7 which are considered to be the genera-
lized coordinates. For each component A’ :
oL 0 oL
- — — —_— = . 2
Z QAT oxk | 5 (c’)A") 0 (32)

ozk

The derivative 9L/0 (gTA,:) is the canonical momentum corresponding to 9A?/9z*. Let us apply this equa-

tion to the component ¢/c. It can be written in the extended form as :

oL 9 oL d oL d oL d oL
aojc) ot @ " or @ rdf a(%) ~ rsinf 99 3(%)

(33)
The first term nullifies because £ does not depend on ¢/c explicitly. The three last terms represent the
divergence of the electric induction. This induction is the derivative of the Lagrangian with respect to the
field or the canonical momentum of the field. If we use expression(24) we see that the induction reduces to
a radial component :

or or

D, = =— . 4

"7 0B T (g (34
or

In the general case where Ey and E, do not vanish, one obtains the relation :

0 oL
== | =—awD (35)
cot \ o (8%/;))

One sees that the term 9L/0 (%/tc)) is simply the minor relative to 8(;%/@ in a;’. This minor is the

determinant of the block 3X3 which groups the spatial derivatives in a,j. One gets :

AT, AP, A,
oD 0 1 4r 0 1( 40 r 149
divD =—— | & (A,e -4 ) v (A,e +4 ) Al (36)
c .
rjgi,r‘fe - A: rsilne (A?W — CO8 QALP) rsi1n9 AfP + % AT + %Z?r?g AG

3- An integration over spacetime gives the total charge of the particle.

We have found that this integration gives a null result except for the solution e(1,0,0) which leads to name
it "the electron” and that charges have an opposite sign for even and odd solutions.

This result led us to consider that a compound particle is electrically charged if and only if it contains either
one of the solutions e(1,0,0) or e*(1,0,0) . Another consequence is the null charge of the e + e* system.

2.7 Energies of g and ¢ particles.

We will see below that the muon and the tau structures are superpositions of g and e particles. We give
now their potential energies H, and H. with the scaling of H. with respect to H,.
2.7.1 Energy of solution g.

The Lagrangian density corresponding to solution g is proportional to the determinant of (25) :

1 4 9 4
L,=C ( Ag wg) <sin4 wgt Jo J7o ;](% + sin® wyt cos? wyt JO) (37)

Var 3 x2

The energy density in 4-space is given by the Hamiltonian :dH, = 3L,. It includes two parts, the first of
which being the determinant of the symmetric part [5,7] :
4 ’
1 Jo?
Ag °"9> sintwyt Jo J7o 22 (38)

Var 2

<2

dHmg =3 C (



This is the mass part of solution g and is the potential energy density. The second part is the field part :

1 Ay wg\* I
dHs,=3C (477 962 g) sin? w,t cos2wgtxi2 (39)

The total mass energy ,,, is obtained by taking the mean value over a period T' = 27 /w,, or a "time
length” ¢I' = 2mc/w, followed by an integration over the whole geometrical volume :

1 A w,\' 1 2m ™ o0 g2
Hmg = 3C [ — 2 g) —/ sin? wyt d(wgt / d / sin@ df / Jo J7o 2L ) x2 4
! (\/47r c? 27 Jo gt d(wyt) 0 ® 0 ; 070 3 | X dx

(40)

Integration over time gives 3/8, that on angles gives 4x. Integration over x gives :

o0 . o © /9gin*x  6sin®xcosx  sin*x  6sin®xcos?x
Jo J 0 JO dx = - - +
0 0

x8 x7 x6 x6
2sinxcos®x  2sin®xcosx  sin®xcos?x 2
— — = ——— = -0.0199466 (41
x5 x5 x4 ) 315 (41)
Finally :
1 A, wo\*

mg = ———C | =52 42
Homg 560 ( 2 ) (42)

Let us compute the total energy corresponding to the total Lagrangian(37). This total energy is propor-
tional to the radial integral :

> J2 Ty o o
Hiotar  ~ / (3 Jo J70 2% + %) x? dx = / (3 Jo 0 Jg + JJ‘) dx =
0 X X 0

_ [ AU Tt '3\ _
—/0 de—(Jo JO )0 =0 (43)

The integral nullifies because J|| vanishes at the origin and both Jy nd Jj nullify at infinity. The conclusion
is that the mass energy and the field energy are equal in absolute value and opposite in sign. This property
holds equally well for the e solution where Jj is replaced by J;. More generally, it holds for all other e.m.
particles and, as seen below, for the y and the 7.

2.7.2 Energy of solution e.

The procedure to obtain the density of energy of solution e is the same as before with J; instead of Jy.
X, is the normalized length : x, = we 7/c. J|(x¢) and J”1(x.) are the derivatives with respect to x.. We
take x as the reference and write : x. = n.x. The radial integral which describes the radial potential energy
density is :

/Oo 5T 2 Pk L / (245111 12x) 3 96 sin®(n¢x) cos(n¢x) n 144 sin? (n¢x) cos? (n¢x)
0

X (nex)! (nex)!0

96 sin(nex) cos®(nex) n 112 sin®(n¢x) cos(nex) N 18sin?(nex)  24cos?(nex)  120sin?(nex) cos?(nex)

) _
(nex)? (nex)? )’ (nex)? (nex)®

48 sin(nex) cos® (nex) 40 sin®(n.x) cosx. 3 3sin? (nex) 3 4cost(nex)  26sin?((nex) cos?(nex)
(nex)” (nex)T (nex)" (rex)" (nex)®
4sinx, cos®(nex) N 4 sin®(nx) cos(nex) 3 sin?(n¢x) cos? (n¢x) 36 sin® (n.x) i (44)
(nex)® (nex)® (nex)* (nex)!0
This integral is also exactly computed and gives :
1 > / 17m 1
— Ji P dx = - 45
2/0111X 10395 n3 (45)
and the total potential energy is :
17 1 Ae we 4
He=—- = C 46
36960 n3 ( 2 ) (46)



2.7.3 scaling solutions e¢ and g.

1- The normalized length which appears in the spherical Bessel functions is x=wgyr/c for solution g and
Xe = wer/c for solution e. One has to use the same unit of length when these particles are added together.
wy is taken to be the reference of frequency and we have written we. = n. wy to compute the radial integral
of solution e.
2- The amplitudes A, and A, are also different for both solutions and one has to find how they can be
related. For this purpose, we remember that a particle reduces in the far field to spherical incoming and
outgoing waves. The former originates from the noise and the latter from the particle. Both waves should
have the same energy to realize the stability condition “gain=loss” in the stationary regime. We make the
hypothesis that the noise which feeds the particles is an 1/f ("flicker”) noise. It is such that its intensity
is inversely proportional to its frequency which gives the relation :

A2 we = A2 w, . (47)
or:
Aec we = /Me Ag wg . (48)
The energy in eq.(46) becomes :
17 1 Ag wy\*
f= e g (P 49
e = " 35960 ( 2 > (49)

4
In the following, all energies will be normalized by the factor C (%) and we will use the formula :

17 1
We=—-———+ — 50
36960 n. (50)
for the scaled energy of the free electron. This formula will be used to compare W, with the muon and the
tau energies.
Fig.(1) represents the normalized energy of the electron as a function of n, = we/wy.

. . .
5 Frequency 10 15 0

0.0001 -
Electron

0.0002

0.0003

0.0004

Normalized

Energy

FIGURE 1 — Normalized energy —% 7% of the electron vs its normalized frequency ne = we/wy.
e

In passing, we note that the ratio of the potential energies H,,, (eq.42) and W, for the same frequency
wy is :
Hing 1 36960

=_— ——— =3.88... 1
He 560 17 588 (51)

The ¢ is about 4 times heavier than the electron.

3 Potential energy of compound particles.

3.0.1 Generalities.

The aim of this section is to compare experimental and theoretical potential energies observed for the
muon and the tau particles.
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The formers are edited by the "Particle data group” ([17]). Results are 105.658 Mev/c? for the p, 1776.86
Mev/c? for the 7 and 0.511 Mev/c? for the electron which will be used as the reference, or the normalization
factor. The normalized energies of the p and the 7 are respectively 206.77 and 3477.

The latters are obtained by combining electromagnetic particles and especially solutions g, g*,e and e*.
We have used the property of potentials to be extensive quantities : The vector field and the tensor field
of a compound particle are both linear combinations of vectors and tensors representing each constitutive
solution (n,¢,m). We have taken the simplest case of electromagnetic particles centered around the same
origin O.

Solutions g, g* and e, e* have a spherical symmetry. Solutions 1,1, (—1,0, 1) have a cylindrical symmetry[10].
We have guessed that these last solutions are associated to quarks. As there is no quark in the muon nor
in the tau, we have supposed that their structure is spherically symmetric and includes solutions g, g* and
e,e* only. We computed the energy associated with different structures as a function of the frequency n, or
n, of the trapped electron(s) in the p or the 7. There is no reason to have the same values for n,, n, and
ne : the frequency of the electron can vary following its environment. The computed energy was divided by
207 for the p and 3477 for the 7 to find the energy of the free electron which will be used as the reference
for all other studied particles. As described below, the composition g+ g* +e (or g+ g* +€*) for the muon®
gives very satisfactory results. Then we studied the combination 2(g + g*) + e for the tau. While their order
of magnitude was correct, the results were not satisfactory. We have considered the particles emitted when
a tau disintegrates. There are many disintegration processes[17] but all of them show that many electrons
and positrons are emitted. Again we computed the energy corresponding to several structures and finally
arrived at the composition : 2(g + ¢*) + 2(e + e*) + e (or 2(g + g*) + 2(e + €*) 4+ e*). These combinations
are justified a posteriori, when the corresponding energies and charges are compared to the experimental
results. The disintegration process changes the frequencies n, and n, of the trapped electrons into n., that
of the free electron. This process is probably related to the emission of neutrinos.

The computation of the energy associated with a linear combination of solutions g, g*, e, e* is done with a
computer and a symbolic and numeric computation software (Mathematica™™ ). The entries are the number
of each solution and the matrices representing them. The total matrix of a compound particle is the linear
combination of these matrices. The determinant of this matrix allows the calculation of the total energy
(field + mass) of the system while the determinant of the symmetric part leads to the potential energy. A
frequency n.w, is associated with the trapped electron(s) and the frequency w, of solution g is taken as
the reference as described above. Then the determinant (the Lagrangian) is computed. The Hamiltonian
density is 3 times this Lagrangian. The mean value over a period T' = 27 /wy is first obtained. The second
integration is over the angles and gives 4 7 for spherically symmetric systems. The third integration is over
the radial variable and gives the total energy, the potential energy and the ratio we are looking for when
it is divided by the energy of the electron taken as the reference. We have found that the radial integral
converges exactly only for integer values of n, or n, and gives exact values as in the case of the g and the
e particles. Formulas for the total energy and the potential energy can be divided into three parts :

- The first contains the terms relative to solutions g and g*,

- The second contains the terms relative to solutions e and e*,

- The third is a mix of terms relative to all solutions and is the interaction term.

One can integrate each term separately : the magnitude of the interaction term gives an hint on the solidity
or the fragility of the structure but we have not investigated this property further.

The same frequency and amplitude are given to even and odd solutions. The remaining white noise or
other sources of noise are neglected, and, for the moment, we have abandoned the idea of introducing a
phenomenological adjustable parameter €, to introduce corrections to the 1/f noise law.

3.1 Results.

A first characteristic of the experimentally observed elementary particles is the wide variety of masses as
illustrated here by the muon and the tau. The second characteristic is the huge difference between lifetimes :
the muon lives 2.2 107 5s and the tau 2.9 10~ 13 s. The first characteristic is explained from the non-linearities
appearing in the expressions for the energies. The second characteristic would need the calculation of the
Lyapunov coefficient (the coefficient of stability) under perturbations brought by noise or collisions.

We give below the ratios of the computed potential energies of the ;1 and the 7 particles referred to that of the
lone electron. We have computed the energies corresponding to the structures g+g*+e and g+g*+2(e+e*)+e
as functions of the frequency n, or n. of the electron(s) trapped in these structures. We first compute
the determinant of the corresponding sum of matrices then take the mean value over the period 27 /wg.
Expression for the radial distribution of energy is obtained after integration over angles (which is simply a
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multiplication by 4 7). It contains two parts, the first of which is a slowly-varying function of n, or n, and
the other contains trigonometrical functions like cos(2n,m) or sin(2n,m). We found that the first part is
about 1000 times greater than the second. The last integration is over x, the distance to the center. Formulas
simplify enormously when n, or n, are integers and in this case the radial integrals are exactly computed.
Results presented below are limited to this case.

3.1.1 Muon.

The muon has a mass m,,= 105.6584 MeV/c* and the electron :m. = 0.511 MeV /c?. The experimental
mass ratio is mljf /me = 206.768. The muon has a lifetime of 2.97 107 s and can be considered as a quasi-
stable particle. It decays by emitting an electron (+) and neutrinos. Our basic hypothesis was that particles
g and ¢g* are invisible particles (they are not electrically charged) which can escape in opposite directions
in a collision or in a disintegration process. We have computed the energies corresponding to the structure
g+ g* + e. The total (mass+field) energy density dIW,, of the muon is given by the formula written for
integer values of n, :

_ 3x2
T 12872
F4(J5 /%)% (Jo2 +3J0 J70) + JL(B(JL /%)% T71 + 471 (J5)x)% + 8(JL/x,) (/%) J”O)) (52)

dw,, (8C7L /%) (Ja/x) T Jo + T2 (3 /x0)? + AT /%)) + 4T3 /x)% (JE+ Jo o)

This formula can be divided into three parts which describe (1) the electron (dWy;), (2) the g + ¢*
components (dWy4+) and (3), the interaction (dWip:) :

aw, = 2 (J J71 (J1/x,)? +J’4/x2) (53)
0T 1282 \71 T LR 1w
AW, g = 3 (3J0 J +4J'4/x2) (54)
ITO T 12872 0
3X2 ’
AWine = 1505 (8(J{ [xp) (Jo/x) "1 Jo+ 4072 (Jo/x)%) + Jo (4771 (Jo/x)? +8T70 J1 /%) J()/x)))

(55)
In these formulas, J; and its derivatives are functions of n,, :

sin X CcOos X
_ M W
Jl = ,/nu ( 3 — >

Xl XH
A
J = 95 , J”1=8J1
oxy, 0x,,
X” = ’I’LHX

Integer values between 4 and 20 of the normalized electron frequency n, = w,/w, were used. Then,
these energies were divided by that of an electron, taken from the formula used to draw Fig.(2). The goal
was also to find the frequency n. of the free electron, or the reference of energy which will be used as the
normalization factor not only for the muon, but also for the 7 and later, for all other particles. Fig.2 shows
the ratios of the potential energy of the muon (which vary with n,,) and that of a reference electron obtained
with n. = 11, 12,13, 14. The ratio should be 207. One sees that the fit happens for n, = 15 and n, = 12 .
This finding needs a further confirmation.

In this way, we obtained a ratio 207.3 close to the experimental value 206.768 when the electron inside the
muon (the p electron) had the normalized frequency n, = 15.
Equations (53), (54), and (55) are exactly integrated when n,, is an integer. For n, = 15, one finds :

/ dWe dx = —17/554400 ~ —0.0000306638 / dW, dx = —1/140 ~ —0.00714286
0

0
/ sznt dx
0

which gives the total potential energy : W (u15) = —0.00794856. This energy, when divided by the experi-
mental ratio 206.768 should give the energy, or the normalized frequency n. of the reference electron which

—200222779/258339375000 ~ —0.00794856 (56)
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FIGURE 2 — W/Wn is the ratio of the potential energy of the muon and that of a free electron Wn vs the frequency Ny. Ny
is the ratio of the frequency of the trapped electron and the frequency reference wgy and varies from 1 to 20. 4 values have been

207.3 close to the experimental figure 206.768.

tried for the normalized frequency ne = we/wqy of the free electron. Values n, = 15 and ne = 12 give W(n,)/W(n. = 12) =

is given by formula (50) . One finds n, = 11.965, a value very close to the fit obtained from fig.(2).

2
The set of four figures (3,4,5,6 ) describe the evolution of the functions (52), (53), (54), (55) along the radial

distance. The spatial extension of the electron is smaller than that of the g + ¢* component as can be seen
in Figs.(3) and (4). One can consider that the electron is trapped inside these components.

it is developped as a function of x :

The oscillating behavior of the interaction term in Fig.(10) originates from the leading term in eq.(55) when

1

3645000000 7 x10

+(=

((—8172 — 698834 x° + 405000 x* + 202500 x%) cos 2x

16280x — 1415700 x* — 405000 x”) sin 2x)

Radial oscillations are described by these terms in sin 2x and cos 2x. There are many other oscillating terms
containing sin 28x, sin 30x, sin22x and cos28x, cos30x, cos22x which are too small to be visible on the

graph (10). The integral of functions (52, 53, 54, 55) nullifies which shows that the property "potential energy
= - field energy” which was described for solution g holds also for a compound particle.

The next set of figures (7,8,9,10) describe the evolution of the potential energy (or the mass distribution)
along the radial distance to the center. It is interesting to note that this potential energy is essentially hollow

components and the electron display also the same behavior.

and negative around the center but it is surrounded by a spherical positive part. The curves for the (g+ g*)
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FIGURE 3 — Total energy density of the muon vs the radial
distance to the center. The general shape is given by the (g+g*)
components and the modulation by the interaction illustrated
in Fig.(6). The integral of this curve vanishes. The negative

)

(positive) part is essentially the mass (field) part.
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FIGURE 4 — Total energy density of the electron trapped in the
muon vs the radial distance to the center. Note the differences
in the energy scale and in the spatial extension of the muon in

the preceding figure.The integral of this curve vanishes.
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components and the modulation by the interaction illustrated
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FIGURE 6 — Interaction part of the energy density between
the g + ¢g* particles and the electron vs the radial distance to
the center. The integral of this curve vanishes.
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FIGURE 8 — Potential energy density of the electron trapped
in the muon vs the radial distance to the center. Note the dif-
ferences in the energy scale and in the spatial extension of the

in Fig.(7) muon in the preceding figure.

3.2 tau.

After the muon, the 7 particle is the next "heavy electron” (normalized energy 3477). Its products of
desintegration[17] essentially include modes with one charged particle like kaons or pions and also modes
with 3 charged particles like a system 27~ 4+ 7 accompanied by the emission of a neutrino 7. We were led
to study the structure 2(g 4+ g*) + 2e 4+ e* (or, equivalently 2(g + g*) + 2¢* + €). Particles 2(g + g*) give
the essential part of the mass and particles 2e 4+ e* (or 2e* + ¢) give the charge 4 or -. The disintegration
process should give either 3 charges or one charge with a « ray originating from the e, e* annihilation.
The captured charged particles have a frequency w, = n,wy. We computed the energy of this structure for
integer values of n, varying between 4 and 20. Then we divided these results by the energy of reference
electrons with n, = 11,12,13,14. This is illustrated in Fig.11 which shows that a ratio 3466 is obtained
with n, = 13, n. = 12. The reference remains the electron 12 as in the case of the muon.

This result confirms the use of electron 12 as the reference. It brings also the conclusion that the g particles
are responsible for the huge difference in energy between the electron, the muon and the tau particles.

The following sets of figures are similar to those describing the muon. Calculations have been done with
n, = 13. The first four figures describe the total energy density (Fig.(12)), the part coming from the charged
particles 2e + e* (Fig.(13)), the part coming from the particles 2(g + ¢*) (Fig.(14)), and the interaction part
(Fig.(15)).

The second set of four figures describe the potential energy density (Fig.(??)), with the part coming from
the charged particles 2e + e* (Fig.(??)), the part coming from the particles 2(g + ¢*) (Fig.(18)), and the
interaction part (Fig.(19)).

Formulas for obtaining these figures are similar to those written for the muon (52),( 53), (54),(55), with
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FIGURE 10 — Interaction part of the potential energy den-

sity between the g 4+ g* particles and the electron vs the radial
distance to the center.
)00
N B N
®
Normalized o «
00 Energy N & WAW1L Tau
W/Wn N N
® N
® Q
. S wawiz AN
300 N ¥ N oy
>
* &
3477 R
100 s ® R
N RS
¢ S
N S w1 s
*
W/W14
00 N S
<
)00

¥
N
®

®
Normalized Frequency
I

*
N
RN

W/W12 = 3466 close to the experimental figure W/Wn = 3477.

FIGURE 11 — Potential energy W of the tau normalized with respect to that of a free electron Wn ws the frequency w of the
captured electron normalized with respect to that of solution g, wg, which is taken as the reference. w is an integer multiple of
wg and varies from 1 to 20. 4 values have been tried for the frequency we of the free electron. Values w = 13 and we = 12 give

different coefficients. They are also exactly integrated and the obtained energies are :

/ AW, dx —(85/96096) ~ —0.000884532
0

/ AW, , dx = —(4/35) ~ —0.114286
0

/ AWrine dx = —(419619415/23718939426) ~ —0.0176913
0

Adding these energies together gives the total potential energy of the 7 : W, = —0.132862. Dividing this

gives an idea of the precision of the results.

result by 3477.228, gives the energy of the reference electron W,.; =-0.000038209. This energy should
ne = 11.965 obtained with the muon. The relative difference (3 1073) with the energy of the electron 12

obey the equation W,y = —17/(36960n.). Equating both terms gives n. = 12.04. This result is close to
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3.3 Hypothetical particles.
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The following table gives the energies computed for several structures and normalized with respect to
that of the electron 12. The frequency of the trapped electron can vary following the structure but is chosen
to be n = 13w, for all results (this is why the energy W((g + ¢g*) + ) does not exactly coincide with that

of the muon). Energies are non-linear functions of the particles number

: for instance W(2(g + ¢*)) = 16

W(g + ¢g*) and more generally, W(k(g + g*)) = k* W(g + ¢g*) which explains their wide variations.

TABLE 1 — Energy calculated for several structures based on combinations of electromagnetic particles

* *
g7g )e’e'

W(g + g*) = 186.353

W(2(g + g)) = 2982

W(3(g+g*)) = 15095

W((g +g%) +e) =209.7

W(2(g + g*) +e) = 3075

W(B(g +g*) +e) = 15303

W((g+g*) + (e +ex) +e) =325

W(2(g + g*) + (e + ex) + e)= 3466

W(3(g+g*) + (e +ex) +e) = 16156

W((g+g") +2(c+ex) +e) =642

W(2(g +g%) +2(e+ex) +e) = 4336

W(3(g +g*) + 2(e + ex) + ) = 17950
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of the tau vs the radial distance to the center.

4 Conclusion.

This article has presented first the general potential theory which is the study of the tensors formed by the
derivatives of the 4-potential in the 4-dimensional spacetime. The first result is that the scalar potential obeys
a Helmholtz equation in his proper frame of coordinates. Solutions of this equation describe electromagnetic
particles. The vector potential and the tensor of derivatives a,’ are obtained at each event M for the five first
solutions with their even ( g, e, go, q1,9-1) and odd ( g*,e*, ¢5, ¢7, ¢ ;) aspects. One then obtains the energy
and the electric charge associated with each solution from these tensors. The energy density is obtained
from the Lagrangian density which is proportional to the determinant of a,j while the electric charge is
related to the determinant of its geometrical part. In a second part, we have used these results to see if
these e.m. particles are the fundamental elements of the p and the 7 which constitute the lepton family with
the electron. A numerical application compared the theoretical and experimental potential energies when
they are normalized by the electron energy. The p and the 7 structures are g+ g* +e and 2(g+¢*) +2e+e*,
respectively. They are compatible with the disintegration processes.The g + g* or the 2(g + ¢g*) components
are responsible for the huge mass difference between the members of the lepton family. The general theory
does not give the amplitude and frequency of each solution. We used the stability condition for the existence
of a particle : this condition expresses the balance between the radiated and absorbed energy. The latter
originates from the noise which we supposed to be an 1/f (flicker) noise. However, the frequency was still
unknown and should be determined through a fit with experimental values. The fit with the p led to a value
11.96 for the normalized frequency of the reference electron and the fit with the 7 led to the value 12.03.
We consider this result to be satisfactory enough to encourage the effort to improve and develop the general

potential theory and its applications to the study of other elementary particles. An improvement would
the particle is coupled to the noise which is its surrounding

be a study of the contribution of the noise :
medium. This picture has been developed by Wheeler and Feynman([13]) in their absorber theory : using

causality, they showed that an electron should radiate an outgoing and absorb an incoming wave from the
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noise. We have used the same concept to fix the stability of an e.m. particle : however adding the noise
to the potential would give modified (dressed”) tensors and slightly different results than those described
here. There are also many developments of the theory. For instance the study of the electron trapped inside
the potential well of the g + g* particles is particularly interesting. Applying this classical theory based on
firm fundamental concepts opens new ways to understand yoctoscopic behaviour of fields and matter.
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5 Appendix A.

This appendix gives explicit formulas for the potentials and their derivatives which are used to describe
elementary particles.
Contravariant components of the potential vector are noted as : A® = (¢/c, A", A’ A®) in the spherical
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frame of coordinates.
Even solutions of the Helmholtz equation are :

¢/c = An Jp Y coswt AT = —% J) Y sinwt |
AG — _i i -Y—KG sin wt ALP = —& Jig YEap sin wt
c X ¢ xsin
Derivatives are :
8(%/;) = ——A ud J1 Y, sinwt 8(25/0) = L - Ji Y™ coswt
¢ r c?
d(¢/c) Aw J1 op/c)  Aw Jy Y[,
= —ym wt = — = t
rdf c? o " rsinf0p 2 x smg ¢
0A" A w 0A" Aw .
prrli J Y™ coswt o - 2 J71 Y," sinwt
OA" Aw Ji . 0A" Aw J; Y/, .
= X Zlym t =_ B 3 t
rdf R 00y 2 x smg ¥
0AY Aw Jy . 0AY CAw (S S mo
o - 2 x Y/ coswt | o T a2 (x - x2> Y/ sinwt
78/19 _ _Aw L Y5 o sinwt 04° _Aw ﬂ Lo sin wt
rog 2 x2 boo " rsinfdp 2 x2 sind
0A?  Aw Jy Y/, 0A¢  Aw (J 5\ Y, .
Ot 2 x sinf coswt o 2 \x x2) sinf st
0A¥ ) 0A¥ CAw N Y, .
= (willb = = =2 t
rof (will be 0) " rsinfdp 2 x2 sind S
Formulas for corresponding odd solutions , ¢*(1,0,0), €*(1,0,0), ¢3(1,1,0), ¢f(1,1,1) and ¢*,(1,1,-1) are ob-

tained by changing wt into wt — /2.

6 Annex B : Tensors of the first Electromagnetic particles.

The tensor of derivatives is given below for the five first even solutions.

- Even solution 7g” (n=£¢=m =0) :
—sinwgt Jo
o] = Ay wg coswgyt Jj)
ak g - 02 O
0
- 0dd solution ”g*” (n =£¢=m = 0)
coswgt Jo
: Ay w sinwgt J)
[ak]g - T2 0
0

” "

- Solution "e¢” (n =1, =m =0) :
A and w, and Jy(x) by Ji(xe).

Formulas for

—coswgt Jj 0 0
—sinwgt J"g 0 0
0 —sinwgt 2o 0
0 0 —sinwyt Lo
(57)
—sinwgt Jj 0 0
coswgt J"g 0 0
0 coswyt JY{’ 0
0 0 coswyl %
(58)

solution e are the same when A, and w, are replaced by
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- Solution "gy” (n=1,=1,m =0) :

i 3 Ajwi
[a‘k] = . 2
AT ¢
—sinwit J1 cos@ —coswit J{ cos 6 coswit % sin 6 0
. . . J]
coswit J{ cos 6 —sinwit J”1 cos@ sinwit sin @ (Yl — i—%) 0
. . J] . . Jq
—coswit % sinf sinwit (Yl — i—é) sinf —sinwit cosf (Yl — i—%) 0

0

1,m=1):
—sinwit J1 sinf cosy —coswit J{ sinf cos ¢
A 3 coswit J{ sin € cos ¢ —sinwiyt J”1 sinf cosp
e Py coswit L cosf cos —sinwit S gy cosf cos
c2 27 % ¥ 1t \ % — %2 ¥
_ 1 g ~ J I g
coswit = sing sinwit (X 2 ) sing
—coswit L cosf cos coswit ZL sin ¢
1 X 1 X

0

0

J/
—sinwit cos@ (Yl —

1.
’
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. J
—sinwit cosf cosp (X
—sinwit sin@ cosp (

0

. . Jq
—sinwit sinf cos ¢ (71 —

U

Ji 1 . . J
Xg) sinwit sing <X

J1 J1

Ea 0

- Solution 7q—1” (n=1,4=1,m=-1):

J1
<2

J1
)

sinwit Jp sinf sing

coswit J| sinf sinep

—coswit J{ sinf sin sinwit J”1 sinf sin
_ Aywr 3 1t Jq © it J7 ©
[akz] = —coswit I cosf sin sinwit (22— 71) cosd sin
c? 27 L ¥ 1 x X2 ®
_ Ji - I n
coswit - cos sinwit (X 2 ) cosp
coswit L cosf sin coswit L cos
1 X J/ (p 1 X J/ ‘p
i i SRS i SRS
sinwit cosf sinp (x X2) sinwit cose (X X2)
. ¢ sing si Jq J1 0
sinwit sinf sing (3} — %

0

20

. . . Ji
sinwit sinf sing (Yl — J—é)

Ji
<2

(59)

(60)

(61)



