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ON A CLASS OF CLOSED COCYCLES FOR ALGEBRAS OF
NON-FORMAL, POSSIBLY UNBOUNDED,
PSEUDODIFFERENTIAL OPERATORS

JEAN-PIERRE MAGNOT

ABSTRACT. In this article, we consider algebras A of non-formal pseudodiffer-
ential operators over S which contain C'>°(S1), understood as multiplication
operators. We apply a construction of Chern-Weil type forms in order to get
2k—closed cocycles. For k = 1, we obtain a cocycle on the algebra of (maybe
non classical) pseudodifferential operators with the same cohomology class as
the Schwinger cocycle on the algebra of Classical pseudodifferential operators,
previously extended and studied by the author on algebras of the same type.
We also prove non-triviality in Hochschild cohomology for k& = 2.

MSC (2020) : 17B56, 22E66, 47G30, 58B25, 58J40
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INTRODUCTION

We present here a construction of a family of cocycles on the Lie algebra of
maybe unbounded, maybe non classical, non formal pseudodifferential opeartors
PDO(S!, V). Cocycles on algebras of pseudodifferential operators have been stud-
ied from the viewpoint of algebras of formal symbols, see e.g. [11l [14] for cocycles
related to our study, or algebras of non-formal but classical pseudo-differential op-
erators, see e.g. [30]. In the last study, the notion of renormalized trace plays an
important role, as well as in e.g. the works [4], Bl 25] where these cocycles are shown
to be linked with anomalies in physics via differential geometric considerations.

In our works [I7, [19, 20], we made more precise the link between various aspects:

e the Kravchenko-Khesin cocycle [14] on formal pseudodifferential operators
over S1

e the index cocycle on the restricted linear group GL,.s defined in [29]

e the approach by Radul [30]

e the Schwinger cocycle [32], see e.g. [4] 25],

and we showed [20] that the Schwinger cocycle and the index cocycle could be
extended to the algebra PDO(S', V) of maybe unbounded, maybe on classical,
non formal pseudodifferential operators over S*.

We come back to this program in the present work by adding a new idea to our
investigations: integrate the classical formulas for Chern-Weil forms trQ* in order to
define (closed) 2k—cocycles on PDO(S!, V). For this task, we choose a left-invariant
connection 1-form on the formal Lie group of invertible pseudodifferential operators
PDO*(S', V) with a curvature 2-form with values on smoothing operators. This
enables us to consider tr as the classical trace of trace class operators, even if
technical steps of our investigations require zeta-renormalized traces along the lines
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of |28, [33]. In this framework, classical computations of Chern-Weil forms apply
and we show that trQF is a 2k—cocycle on PDO(S?, V) for k € N*.

For k = 1, we recover via tr{) a 2—cocycle related to the cohomology class of the
Schwinger cocycle. We have to remark that we are here able to prove that these
two cocycles have the same cohomology class (up to a factor) on the algebra of
classical pseudodifferential operators, but we have no information of this kind for
PDO(S!, V) (except that tr(2 is not a coboundary).

For k = 2, we show that tr(2?) is a cocycle, with non trivial cohomology class,
for a large family of Lie subalgebras of PDO(S',V), including PDO(S', V). To
our best knowledge, this cocycle is new.

1. PRELIMINARIES

We shall start with a description of (non-formal!) pseudo-differential operator
groups and algebras which we consider in this work. We shall specialize below to
the trivial complex vector bundle S' x V in which V is a d—dimensional complex
vector space. The following definition appears in [3] Section 2.1].

Definition 1.1. The graded algebra of differential operators acting on the space
of smooth sections C*°(S1, V) is the algebra DO(S*, V') generated by:

e Elements of C°° (S, My(C))

e Covariant derivation operators

Vx:9€C®(S" E)— Vxg
where V is a smooth connection on E and X is a smooth vector field on S?.

We assign as usual the order 0 to smooth function multiplication operators.
The derivation operators and vector fields have the order 1. A differential op-
erator of order k has the form P(u)(x) = > piy...i, Va;, -+ Va, u(x) , 7 <k,
In local coordinates (the coefficients p;,...;, can be matrix-valued). We denote by
DO*(S1Y)k > 0, the differential operators of order less or equal than k. The alge-
bra DO(E) is filtered by the order. It is a subalgebra of the algebra of classical
pseudo-differential operators CI(S*, V') that we describe shortly hereafter, focusing
on its necessary aspects. This is an algebra that contains, for example, the square
root of the Laplacian

(1.1) |D| = AY/? = / AV2(A — XId)~td),
T

where A = —j—; is the positive Laplacian and T' is a contour around the spec-
trum of the Laplacian, see e.g. [31] 28] for an exposition on contour integrals of
pseudodifferential operators. CI(S!,V) contains also the inverse of Id + A, and
all smoothing operators on L?(S!, V). Pseudodifferential operators (maybe non-

classical) are linear operators acting on C°°(S*, V') which reads locally as

A(f) = / ¢ €0, €) f(€)de

where o € C°(T*S!, M,,(C)) satisfying additional estimates on its partial deriva-
tives and f means the Fourier transform of f. Basic facts on pseudo-differential
operators defined on a vector bundle E — S! can be found e.g. in [8]. We note by
PDO(S',V) the space of maybe non classical, maybe unbounded, pseudodifferen-
tial operators acting on C*°(S*, V).A pseudo-differential operator of order o is called
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classical if and only if its symbols o have an asymptotic expansion o(z,§) ~|¢|-4o0

Zgo':foo o;(z,€), where the maps o; : S' x R* — C, called partial symbols, are

j-positively homogeneous, i.e. Vt > 0, (z,&) € S* x R*, (0);(z,t&) =t/ (o) (x, &).
Pseudodifferential operators can be also described by their kernel

K(z,y) = /R Ve () de

which is off-diagonal smooth. Pseudodifferential operators with infinitely smooth
kernel (or “smoothing” operators), i.e. that are maps: L? — C* form a two-
sided ideal that we note by C17°°(S*, V). Their symbols are those which are in the
Schwartz space S(T*St, M,,(C)). The quotient FCI(S*, V) = CI(St,V)/Cl=>(5,V)
of the algebra of pseudo-differential operators by C1=>°(S*, V) forms the algebra
of formal pseudo-differential operators.

Remark 1.2. Through identification of FCI(S!, V) with the corresponding space of
formal symbols, the space FCI(S!, V) is equipped with the natural locally convex
topology inherited from the space of formal symbols. A formal symbol oy is a
smooth function in C*°(T*S*\ S, M,,(C)) which is k—homogeneous (for k > 0)),
and hence with an element of C°>°(S*, M,,(C))? evaluating o}, at £ =1 and £ = —1.
Identifyting C14(St, V) with

[[c=s', m.(C)),
k<d

the vector space CI¢(S1, V) is a Fréchet space, and hence
CI(SY, V) = UgezCI4(SL, V)

is a locally convex topological algebra.

We have to precise that the classical topology on non-formal classical pseudo-
differential operators C1(S*,V) is finer than the one obtained by pull-back from
FCI(SY, V). A “useful” topology on CI(S',V) needs to ensure that partial sym-
bols and off-diagonal smooth kernels converge. The topology on spaces of classi-
cal pseudo differential operators has been described by Kontsevich and Vishik in
[12]; see also [4], 28|, [33] for descriptions. This is a Fréchet topology on each space
C14(St, E). However, passing to the quotients FCI1¢(St, E) = C14(S*, E)/CI=>°(S1, E),
the push-forward topology coincides with the topology of FCI%(S!, V) described
at the beginning of this remark.

Finally, we equip the space PDO(S, V) with a topology derived:

e from the pull-back of the evaluation maps PDO(SY,V) x C=(S1, V) —

C>(SL, V)

e from the pull-back of the topology on symbols via the symbol maps [33]
1.0.1. The splitting with induced by the connected components of T*S*\ S*.. In this
section, we define two ideals of the algebra FCI(S!, V), that we call FCIL(S*, V)
and FCI_(S',V), such that FCI(S',V) = FCI,(S',V) ® FCI_(S',V). This
decomposition is explicit in [I0, section 4.4., p. 216], and we give an explicit
description here following [17, [19].

Definition 1.3. Let o be a partial symbol of order o on E. Then, we define, for
(z,8) € T*ST\ 5%,

a+(:zr,€)—{ S(M) iﬁﬁig and "(“”5)—{ g(x,g) iﬁﬁig
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We define p;(0) = o4 and p_(0) =0o_ .

The maps py : FOUS, V) — FCI(S', V) and p_ : FCI(S*,V) — FCI(S', V)
are clearly smooth algebra morphisms (yet non-unital morphisms) that leave the
order invariant and are also projections (since multiplication on formal symbols is
expressed in terms of pointwise multiplication of tensors).

Definition 1.4. We define FCl(S*, V) = Im(py) = Ker(p_) and FCI_(S',V) =
Im(p-) = Ker(p4).

Since p4 is a projection, we have the splitting
FCUSY, V)= FCl, (8", V)@ FCI_(S,V).

Let us give another characterization of p; and p_. The operator D = —i% splits
C>(S1,C") into three spaces :

- its kernel Ey, built of constant maps

- E,, the vector space spanned by eigenvectors related to positive eigenvalues

- E_, the vector space spanned by eigenvectors related to negative eigenvalues.

The L?2—orthogonal projection on Fjy is a smoothing operator, which has null
formal symbol. By the way, concentrating our attention on thr formal symbol of
operators, we can ignore this projection and hence we work on F, & E_. When
dealing with non-formal operators, we shall set p; = pg, . The following elementary
result will be useful for the sequel.

Lemma 1.5. [17, [19)
Let pp. (resp. pg_) be the projection on Ey (resp. E_), then o(pp,) = 3(Id+

lg—l) and o(pp_) = $(Id — ‘—E‘)

From this, we have the following result.

Proposition 1.6. [I7,[19] Let A € FCI(S*,V). p1(A) = o(pp,)o A= Aoo(pr,)
and p—(A) =o(pp_)oA=Aoo(pp_).

Notation. For shorter notations, we note by Ay = p1(A) the formal operators
defined from another viewpoint by
_f o(A)(z,&) HE>0 (resp. £<0)
o(4)(w,8) Cresp. o(4)w) = { Lo ety
1.1. Renormalized traces of classical pseudodifferential operator. S' x V

is equiped this an Hermitian products < .,. >, which induces the following L?-inner
product on C>= (S, V) :

Vu,v € C>(S',V), (u,v)L2:/ < u(z),v(z) > dx,
S1

where dx is the Riemannian volume.

Definition 1.7. @ is a weight of order s > 0 on F if and only if @) is a classical,

elliptic, self-adjoint, positive pseudo-differential operator acting on smooth sections
of F.

Recall that, under these assumptions, the weight ) has a real discrete spectrum,
and that all its eigenspaces are finite dimensional. For such a weight @) of order
g, one can define the complex powers of @ [31], see e.g. [] for a fast overview of
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technicalities. The powers Q™% of the weight @ are defined for Re(s) > 0 using
with a contour integral,

—s _ s _ d*ld
Q /FA(Q Ad)~ldA,

where I is a contour around the real positive axis. Let A be a log-polyhomogeneous
pseudo-differential operator. The map ((A,Q,s) = s € C — tr(AQ~%) € C ,
defined for Re(s) large, extends on C to a meromorphic function [16]. When A is
classical, ((A, @, .) has a simple pole at 0 with residue %resWA, where resyy is the
Wodzicki residue ([34], see also [10]). Notice that the Wodzicki residue extends the
Adler trace [2] on formal symbols. Following textbooks [28] 33] for the renormalized
trace of classical operators, we define

Definition 1.8. Let A be a log-polyhomogeneous pseudo-differential operator. The
finite part of ¢(A4,Q,s) at s = 0 is called the renormalized trace tr?A. If A is a
classical pseudo-differential operator,

1
tr9A = lim,_o(tr(AQ ™) — —resw (A).
qgs
If A is trace class acting on L?(S!, CF), tr@(A) = tr(A). The functional tr? is of
course not a trace. In this formula, it appears that the Wodzicki residue resy (A).

Proposition 1.9.

(i) The Wodzicki residue resy is a trace on the algebra of classical pseudo-differential
operators C1(S', E), i.e. VA, B € CI(S',V),resy[A, B] = 0.

(ii) (local formula for the Wodzicki residue) Moreover, if A € CI(S', V),

reswA = —/ / tro_q( d{dx— Z / tro_1(x,£)dédx.
51 Jjg=1

)
In particular, resy does not depend on the choice of Q.

Since tr? is a linear extension of the classical trace tr of trace-class operators
acting on L?(S"V), it has weaker properties. Let us summarize some of them which
are of interest for our work following first [4], completed by [22] for the third point.

Proposition 1.10. e Given two (classical) pseudo-differential operators A
and B, given a weight @,

(1.2) tr9[A, B] = —éres(A[B,logQ]).

e Under the previous notations, if C is a classical elliptic injective operator
or a diffeomorphism, ¢ Qo (C‘lAC) is well-defined and equals tr@ A.

Since tr? is not tracial, let us give one more property on the renormalized trace
of the bracket, from e.g. [24].

Proposition 1.11.
Y(A,B) € CI=>=(8', V) x C1(S§',V), tr?[A,B]=0.
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1.2. Groups of invertible PDOs. Let us consider the infinite dimensional group
PDO*(SY, V) ¢ PDO(S',V) of operators A € PDO(S',V) with an inverse in
PDO(S, V). Let us consider here the space PDO(S,V) x PDO*(S',V) as an
heuristic analog to the full tangent space of PDO*(S*, V). Concerning C1(S',V),
one can define the same way CI*(S, V) and CI(S*,V) x CI*(S', V). Indeed, for
a classical (maybe infinite dimensional) Lie group G with Lie algebra g, we have
TG ~ g x G, when G acts on the left on g by Adjoint action.

We mention here only an heuristic correspondence because of the following facts:

e The groups PDO*(S',V) and CI*(S,V) carry no atlas, as is was first
mentioned in [I], see e.g. [24]. Then, in order to deal rigorously with them,
one has to consider Gelfand’s formal geometry or, from another viewpoint,
diffeological Lie groups.

e Asmentioned in [24] there is no exponential map from paths on CI(S*, V) to
paths on C1*(S*, V). The same obstruction holds obviously with PDO(S*, V)
and PDO*(S',V). This means that the “tangent space at identity” of
PDO*(S',V) should not be defined as a domain for an exponential maps,
but as a generalized version of a kinetic tangent space along the lines of
[15] (generalized because we are not here in the ¢* setting).

Hence, in the sequel, when dealing with left invariant objects PDO(S*, V) x
PDO*(S',V) for the action of PDO*(S', V), we shall circumvent the technical
difficulties by restricting our investigations to PDO(S', V), ignoring which one of
the two already mentionned frameworks have been chosen.

2. A FAMILY OF COCYCLES

Definition 2.1. We define on PDO(S', V) x PDO*(S!, V), understood as a trivial
vector bundle, the left-invariant connection 1-form

6:a€ PDO(S", V) 60(a) =aopy.
We remark that, concerning formal symbols,

o (0(a)) = ola)+
which implies straightway the following property:

Proposition 2.2. Let Q the curvature of . Then Q is a PDO~>°(S, V)—valued
2-form.

This is the main property to get the following theorem
Theorem 2.3. The Chern-Weil like forms
tr(QF)
define closed 2k— cocycles in Hochschild cohomology of PDO(S', V).

Proof. The forms QF, and hence tr(QF), are left-invariant 2k—forms in de Rham
cohomology. Adapting slightly the arguments of [I8, Theorem 1], we remark that

dtrQF = trvVQF =0

since 2 takes values in the two-sided ideal C1~>°(S*, V). Restricting tr(Q¥) to left-
invariant vector fields over PDO* (S, V), trQF is now a 2k—form on PDO(S*, V)
and the de Rham differential coincides with the differential in Hochschild cohomol-
ogy. Thus, tr(QF) is closed in Hochschild cohomology. O
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Remark 2.4. One may wonder whether an Ambrose-Singer type theorem would ap-
ply here, in order to reduce the connection € to a principal subbundle of frames over
PDO*(S*, V) with structure group a group of Fredholm type invertible operators
with Lie algebra in PDO(S*, V). In this case, [I8, Theorem 1] would apply and
would show directly that tr(92¥) is closed. To our best knowledge, there only exists
an infinite diemnsional version of an Ambrose Singer theorem when the structure
group before reduction is regular (in the sense of the existence of an exponential
map, see [15] 2] 26] 27] for definitions in various settings). In our case, this does
not seem to be the case since [23] suggests that even PDO*(S',V) may not be
regular. Some related works are actually in progress to clarify these aspects.

This result remains valid for any Lie subalgebra A C PDO(SY, V). Let us now
give a key elementary lemma about non-exactness, already applied in [20]:

Lemma 2.5. Let A be a Lie subalgebra of PDO(S*, V). Let ¢ be a cocycle on A.
Let B be a commutative Lie subalgebra of A, i.e. [B,B] = {0}. If ¢ is non vanishing
on B, then c is not exact.

3. CASE STUDIES

3.1. trQ) is cohomologous to the Schwinger cocycle on CI(S,V)..

Theorem 3.1. On CI(S', V), tr§) has the same cohomology class as %cs, where

cs 18 the Schwinger cocycle. By the way it has non-trivial Hochschild cohomology
class on PDO(SY, V).

Proof. First, let (X,Y) € CI(S!, V)2 We have that
trQ(X,Y) = tr2 [0x, Oy] — tr20)x v
The term trAG[Xy] is a coboundary. Let us calculate tr® [0y, 60y]. For this, we
remark that o(6x) = o4 (X) thus
tr® [Ox, 0y] = —2L7"esa+ (X) [o4(Y),logA].
7T

The last term thus can be identified with the pull-back of the Kravchenko-Khesin-
Radul cocycle on C1(S*, V) so that it has the same cohomology class as the Schwinger
cocycle following [19].
If trQ) was a coboundary on PDO(S',V), it would be also a coboundary on
CI(S*, V). So that, tr) has non-trivial Hochschild cohomology class on PDO(S!, V).
O

3.2. tr(9?) is a 4—cocycle with non trivial cohomology class.
Theorem 3.2. Let A be a Lie algebra such that

C>(S',C)® Idy ¢ Ac PDO(S', V).
Then tr(Q?) is a 4—cocycle with non-trivial cohomology class.

Proof. Let (2p)nez be the Fourier L?—orthonormal base of L?(S*, C). In this proof,
traces will be calculated in this prefered base.

V(m,n) € Z% [z, 2" =0 < Q™ 2") = [0.m,0.0].
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Let (k,m,n) € Z3. We compute:

Q2™ 2M2E = [Bm, 002"
= (2"py" - Z"p+2’m)P+Zk
0 if k<O0or ((m+k>0)and (n+k > 0))

- Zhtmin it k> 0and (m4k <0) and (n+ k> 0)
—zhtminif k> 0and (m+k>0)and (n+k <0)

Let (k,m,n,p,q) € Z°. The previous calculations are preliminary to compute now:

0 if k<O0or ((m+k>0)and (n+k>0))
Q2™ 2M)Q(2P, 2925 = Q(zm, 2k tPre if k> 0and (p+k <0)and (¢+k > 0)
—Q(zm, 2")ktmInif k> 0and (p+k > 0)and (¢+k <0)
0 it A

- yk+mAn+tptq if A
_ yk+m+tntptq it A,

where the first condition in the list reads as
Ao=k<O0or ((p+k>0)and (g+k >0))
ork+p+g<Oor (m+k+p+g>0)and (n+k+p+g>0)),
the second one reads as:
Ai=k>0and k+p+ ¢ >0 and
(p+k<0and g+ k> Oandk+m+p+g<Oand k+n+p-+gq>0) or
(p+k>0andg+k<Oandk+m-+p+q>0andk+n+p+q<0))
and the third one reads as:
A1=k>0and k+p+qg>0and
(p+k<0and ¢4k > Oandk +m+p+qg>0and k+n+p-+q<0) or
(p+k>0andg+k<Oandk+m-+p+q<0andk+n+p+q>0))

We now turn to traces. We remark from explicit formulas that the operator
Q2™ 2™)Q (2P, 29), for fixed (m,n,p,q) € Z*, is not only smoothing, it is more-
over with finite rank. Recall that d = dimV. we note by n; the number of integers
k satisfying A1, and by n_; the number of integers k satisfying A_;.

tr (Q(z™, 2")0(2P, 29)) = dz(Q(zm,z")Q(zp,zq)zk,zk)Lz
keZ
. 0 if n+m+p+qg#0
B {d(nl—nl) if n+m+p+q¢g=0

Then, in order to calculate tr(Q2%)(z™, 2", 2P, 29), we need to skew-symmetrize with
respect to the 4 variables the results obtained. Let us consider (m,n,p,q) =
(=2,2,-3,3) and let us calculate tr (Q(zs(m), 25N Q(25P)] zs(q))) for s € By4.

Then, computing the corresponding numbers nq(s) and n_;(s), we get the fol-
lowing properties:

o Vse By, (ni(s),n_i(s)) c {0;2}°.
o if e(s) =1, then n_ 1(5):0

o if ¢(s) = —1, then ny(s) =0

o tr(Q(272,2%)Q(272,2%)) =2d > 0.



CLOSED COCYCLES ON PDOS 9

By the way
tI‘(Q2)(3*2, 22, 2*3, 23) [ — e(s)tr (Q(zs(m), Zs(n))Q(ZS(p),ZS(q)))

is a sum of non-negative terms, with at least one positive one. Thus
tr(Q?) (272,22, 272, 2%) # 0.

Since tr(£2?) is ono-vanishing on C°°(S!, C) ® Idy applying Lemma 2.5 we get that
for any Lie algebra A such that

C>=(S*,C)® Idy ¢ AC PDO(S*, V),

tr(2?) is a cocycle with non-vanishing cohomology class. O

4. CONCLUSION

The family of cocycles on PDO(S!, V) that we produced show that there can
exist some non-trivial 2k—cocycles on PDO(S!, V). Beside the 2—cocycle tr2 which
is cohomologous to the well-known Schwinger cocycle on CI(S', V) we produced
a non-trivial 4-cocycle new to our knowledge. Algebraically, the full description
of the Hochschild cohomoloy of various Lie subalgebras of PDO(S*, V) (especially
those with some unbounded operators) needs to be investigated. From a geometric
viewpoint, the meaning of the higher Chern-Weil forms that we describe here,
intrinsically liked with the sign of the Dirac operator, carry interpretations that
can be only heuristic since the classical differential geometry (with atlases) fail to

apply.

We have here pointed out some open questions that may be investigated in the
future from various viewpoints. Our hope is to see these open problems solved in
a very next future.
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