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Abstract
Let Z be the real part of a Kahler Hamiltonian manifold M. The O’Shea-Sjamaar’s

Theorem tells us that the moment polytope A,(Z) corresponds to the anti-invariant
part of the Kirwan polytope Ay (M). The purpose of the present paper is to explain
how to parameterize the equations of the facets of Ay(Z) in terms of real Ressayre’s
pairs of Z.

Contents

1 Introduction

2 Statement of the main result

2.1
2.2
2.3
2.4

A refinement of O’Shea-Sjamaar’s Theorem . . . . .. .. ... ... ....
Admissible elements . . . . .. ...
Real Ressayre’s pair . . . . . . . . . ..
Main result . . . . . . . . .

3 Kirwan-Ness stratifications : complex and real settings

3.1
3.2
3.3
3.4
3.5

4.1
4.2
4.3

Bialynicki-Birula’s submanifolds . . . . . .. ... ... ... ... ....
Stratification in the complex setting . . . . . . . . ... ... ... ... ..
Stratification in the real setting : first step. . . . . . . . . ... .. ... ..
Stratification in the real setting : second step . . . . . . . .. ... ... ..
Proof of the refined O’Shea-Sjamaar’s theorem (in the Ké&hler case) . . . . .

Geometric properties

Symmetric coadjoint orbits . . . . . .. ... L
Construction of real Ressayre’s pairs . . . . . . . . ... ... ...
Principal-cross-section Theorem . . . . . . . . . . .. ... ... .......

*IMAG, Univ Montpellier, CNRS, email : paul-emile.paradan@umontpellier.fr



5 Proof of Theorem 2.9 18

5.1 Arp CA(Z) « oo 19
5.2 Ap(Z) CAmtrp -+« v o o 19
53 App CAN(Z) o o o 20
6 Appendix 25

1 Introduction

Let Uc be a connected complex reductive group equipped with a complex-conjugate invo-
lution o. Let U be the maximal compact subgroup of Uc that is associated with a Cartan
involution commuting to ¢ : so U is invariant under the involution and we denote by K
the connected component of the fixed point subgroup U?. At the level of Lie algebras we
have a decomposition u = u” @ u~7 where u*” = {X € u,0(X) = £X}.

Let G be the connected component of the closed subgroup of Uc fixed by o : it is a
real reductive subgroup that is stable under the Cartan involution. Hence we have the
isomorphism K x p — G, (k, X) +— ke® where p = iu=°.

We consider now a proper Kéhler Hamiltonian U-manifold (M,€,J). By that we
mean :

e Uc acts holomorphically on the complex manifold (M, ]),

e the Kéhler form ) is U-invariant,

e there is a U-equivariant proper moment mapping ®, : M — u* satisfying the relation
(1) d(®,, X) = —Q(Xpn,—), VX eu

tX

Here Xpr(m)=—-X -m = %\tzoe_ m is the vector field generated by X € u.

In this paper we will give a particular attention to the K-equivariant map
P, : M — p*

defined by the relations (®,,3) = (®y,i0), VB € p. If we denote by j : p — u™7 the
isomorphism X — ¢X, we have ®, = j* o w0 &, where j* : (u”?)* — p* is the dual map
and 7 : u* — (u77)* is the canonical projection. Thanks to (1), we see that Sy is the
gradient vector field of the function (®y, 5) for any g € p.

We suppose now that the Kédhler Hamiltonian U-manifold (M, €2,J) possesses a real
structure, that is an anti-holomorphic involution 7 : M — M satisfying the following
conditions : 7*(Q2) = —Q and

e 7(g-m) = U(g) 'T(m)v
o &,(1(m)) = —a(Py(m)),



for any (g,m) € U® x M.

Consider the submanifold Z = {m € M,7(m) = m} : if Z is non-empty, it is a
Lagrangian submanifold of (M, ), not necessarily connected, stable under the action of
the real reductive group G. In this context, we have the following important result [17].

Theorem 1.1 (O’Shea-Sjamaar)
7Y = u(2) = By(2).

Let us rephrase this theorem in terms of moment polytopes. Let a C p be a
maximal abelian subspace, and choose a o-invariant maximal torus 1" of U with Lie al-
gebra t containing ia. We can define Weyl chambers! th C t* and a} C a* such that
t N (u™7)*~;«a’ (see the Appendix in [17]).

We consider the moment polytopes

Ay(M)=3,(M)Nt.  and  Ay(Z) = 0y(Z) Nah.

The O’Shea-Sjamaar’s theorem can be rephrased by saying that the intersection A, (M) N
(u™7)* coincides with Ap(Z) through the linear isomorphism j*.

The Convexity Theorem [1, 5, 10, 21] tells us that A, (M) is a closed convex locally
polyhedral subset. Thanks to Theorem 1.1, we see that A,(Z) is also a closed convex
locally polyhedral subset. In a previous article [18], we explained how to parameterize the
facets of Ay (M) in terms of Ressayre’s pairs, a notion that N. Ressayre introduces in the
algebraic setting [22].

The goal of this article is to show that we can adapt this notion in the real setting
in order to parameterize the facets of Ap(Z). A future article [19] will be devoted to the
study of examples.

Since the founding article of R. Richardson and P. J. Slodowy [20] where they showed
that the Kempf-Ness theorem extends to representations of real reductive groups, many
authors have studied extensions of geometric invariant theory to the real framework [6, 8,
15, 4, 3].

Let us cite the work of J. Lauret [12] and Heinzner-Schwarz-Stétzel [7] where they
obtain a stratification theorem a la Kirwan-Ness for real reductive group actions on real
manifolds. In the present work, the existence of real stratifications will be the main tool
to parameterize the facets of the moment polytope A,(Z). As we are working in a less
general framework than that of [7], we propose another proof of their result based on the
Kirwan-Ness stratification of the ambiant complex manifold (see §3.4). This method will
allow us to show that these real stratifications admit an open and dense stratum. This
key point provides a simple proof of O’Shea-Sjamaar’s theorem in the Kéhler setting (see
§3.5).

"W /U ~ ¢} and p* /K ~ a%



2 Statement of the main result

For the rest of this section, we suppose that Z # () and we fix a connected component Z
of Z : it is a Riemannian manifold equipped with an action of the groups K and G.

2.1 A refinement of O’Shea-Sjamaar’s Theorem
The following result is proved in §3.5.
Theorem 2.1 The following relations hold :

o AN @77) = Ay(2),

o A(2) = Ay(Z).

The equality Ap(Z) = Ay(Z) was already obtained by L. O’Shea and R. Sjamaar when
M is a polarized algebraic variety (see Corollary 5.11 in [17]).

2.2 Admissible elements

We start by introducing the mnotion of admissible elements. The group
Hom(U(1),T) admits a natural identification with the lattice A := o= ker(exp : t — T') of
the vector space t. A vector v € a is called rational if iy belongs to the Q-vector space tg
generated by A.

The stabilizer subgroups of m € M relatively to the K and G actions are denoted
respectively by K,, and G, : their Lie algebras are denote by ¢,, and g,,. We will take a
particular attention to the subspace p,, = {X € p, X - m = 0} C g If ¥ € a, we denote
by Z7 the submanifold where the vector field z — ~ - z vanishes.

Definition 2.2 Let us define

dimy (&) := min dim(p,)

zeX

for any subset X C Z. A non-zero element v € a is called admissible if v is rational, and
if dimy(27) — dimy(2) € {0,1}.
2.3 Real Ressayre’s pair

The aim of this section is to introduce the notion of real Ressayre’s pair on the G-manifold
Z.
For any 2z € Z, the infinitesimal action of g on Z defines a real linear map

(2) 0,19 — T.Z
X — X-m

that is equivariant under the action of the stabilizer subgroup G,.



Definition 2.3 Consider a symmetric endomorphism L(7y) of an euclidien vector space
E. We associate the eigenspace EV=% = {v € E,L(y)v = av} to any a € R. We have
the decomposition E = E7>° @ E7=0 @ E7<0 where E77°0 = Y E"=%, and E7<0 =

Za<0 Er=e.

Let ¥ be the set of (non-zero) roots relative to the action of a on g. The choice
of the Weyl chamber a* induces a set X1 of positive roots, and thus a decomposition
g=n_o¥da®dnwheren =73 (0, - =, (0 and ¥ is the centralizer subalgebra
of ain &

Definition 2.4 We denote by Q C G the (minimal) parabolic subgroup with Lie algebra
qg=¢dadn.

Consider (z,7) € Z x a such that x € Z7. The infinitesimal action of 7 defines
symmetric endomorphisms £(vy) : T,Z — T, Z and L(7) : g — g satisfying L(v) o p, =
pz © L(7y). Thus the morphism (2) induces a real linear map

(3) pl w0 — (T, 2)70,

Definition 2.5 Let v € a be a non-zero element, and let C C 27 be a connected compo-
nent. The data (7,C) is called an infinitesimal real Ressayre’s pair of Z if 3z € C,
such as pg. is an isomorphism. If furthermore we have dim,(C) — dim,(Z) € {0,1}, and v
is rational, we call (7,C) a regular infinitesimal real Ressayre’s pair of Z.

Remark 2.6 When U = T is abelian, a couple (v,C) is an infinitesimal real Ressayre’s
pair when the vector bundle (T Z|c)">0 is equal to the “zero” bundle.

Let us now introduce a more restrictive notion, that of real Ressayre’s pair.

Let v € a be a non-zero element. The fonction (®,,v) : 27 — R is locally constant.
Let C = C U---UC, C Z7 be a union of connected components such that (®,,~) is
constant on C: we denote by (®,(C),~) its value. We consider the real Bialynicki-Birula’s
submanifold?

(4) C:={z¢€ Z,tlim exp(ty)z € C}.

We see that for any z € C, (T, Z)"<" = T,C~. Consider now the real parabolic subgroup
P, C G defined by

(5) P,={g¢ G,tlim exp(ty)g exp(—ty) exists}.

2See §3.1.



The submanifold C~ is invariant under the action of P,, hence we can consider the manifold
Q X@np, C~ and the smooth map

Qy: Q XQnPp, CT = Z

that sends [g, z] to gz. We immediately see that for any « € C, the tangent map Tq, |, is
an isomorphism if and only if pJ is an isomorphism.

Definition 2.7 Let v € a be a non-zero element, and let C C Z7 be a union of connected
components such that (®y,v) is constant on C. The data (v,C) is called a real Ressayre’s
pair of Z if the following conditions hold

e The image of q, contains a dense open subset of Z.

e There exists a QQ N Py-invariant, open and dense subset U C C™, intersecting C, so
that ., defines a diffeomorphism Q Xgnp, U ~ QU.

If furthermore we have dimy(C) — dimy(Z) € {0,1}, and 7 is rational, we call (7,C) a
reqular real Ressayre’s pair.

Remark 2.8 When U =T is abelian, a couple (v,C) is a real Ressayre’s pair when the
real Bialynicki-Birula’s submanifold C~ is open and dense in Z.

2.4 Main result

The main result of this article is the following theorem.

Theorem 2.9 For £ € o}, the following statements are equivalent:
1. £ € Ay(Z2).
2. £€ Ap(2).

3. For any regular infinitesimal real Ressayre’s pair (7v,C) of Z, we have (£,v) >

4. For any regular real Ressayre’s pair (7,C) of Z, we have (§,7v) > (Pp(C), 7).

Remark 2.10 In the previous theorem, the result still holds if we drop the “regular”
hypothesis on (v,C).



3 Kirwan-Ness stratifications : complex and real settings

Let us now choose a rational U-invariant inner product on uc that is invariant under the
involution o (see the Appendix). By rational we mean that for the maximal torus 7' C U
with Lie algebra t, the inner product takes integral values on the lattice A := % ker(exp :
t — T). Let us denote by A* C t* the dual lattice : A* = hom(A,Z). We associate to the
lattices A and A* the Q-vector space tg and tp generated by them: the vectors belonging
to tg and tg are designed as rational.

The invariant scalar product on u induces an identification u* ~ u, & — & such as
tg >~ t5. To simplify our notation, we will not distinguish between ¢ and £": for example
we write M? for the submanifold fixed by the subgroup generated by A°.

We come back to the setting of a Kéhler Hamiltonian U-manifold (M, €2, J) with proper
moment map ®, : M — u* and an anti-holomorphic involution 7. We fix a connected
component Z of the real part Z7 = M".

3.1 Bialynicki-Birula’s submanifolds

Let us consider an element A € u and a connected component C of the complex submanifold
M? := {m € M,y -m = 0}. As in the introduction, we define the subset C~ := {m €
M, lim;_,o exp(—itA\)m € C} and the projection po : C~ — C that sends m € C~ to
lim;_, o exp(—itA)m € C. We have the following well-know fact [2, 11].

Proposition 3.1 C~ is a locally closed complex submanifold of M, and the projection
pc : C~ — C is an holomorphic map.

Suppose now that A € u=7, so A = i3 with 8 € p. The complex submanifold M* = M#
is then stable under the involution 7. Suppose that Z% = M? N Z is non-empty and let C
be a connected component of Z?. There exists a unique connected component C' C M*
containing C : the complex submanifold C' is then stable under the anti-holomorphic
involution 7, and C is a connected component of C7. We notice that for any ¢t € R,
and any m € M we have 7(exp(—itA)m) = 7(exp(t8)m) = exp(tB)7(m). It shows that
the complex Bialynicki-Birula’s submanifolds C'~ is stable under 7, hence (C7)" = {z €
M7, limy_,o exp(tB)m € C7} is a locally closed submanifold of M.

Corollary 3.2 C~ = {z € Z, limy_, exp(tB)m € C} is a locally closed submanifold of Z,
and the projection pc : C~ — C is a smooth map.
3.2 Stratification in the complex setting

Let ]
fu= §(<I>u,<1>u) M — R

denote the norm-square of the moment map. Notice that f, is a proper function on M.



Definition 3.3 The Kirwan vector field k, is defined by the relation
ky(m) = &y(m)-m, Vm e M.

We consider the gradient grad(fy) of the function f, relatively to the Riemannian
metric Q(—,J—). We recall the following well-known facts [23].

Proposition 3.4 1. The gradient of f, is grad(fy) = J(Ky)-
2. The set of critical points of the function fy is crit(fy) = {ky = 0}.

3. We have the decomposition ®y(crit(fy)) = Uyep, UA where the set By C t} is dis-
crete. By is called the set of types of M.

4. We have crit(fy) = Uyep, crity where crity = crit(fy) O (UN) is equal to U(M* N
;1 ().

Let ¢l : M — M be the flow of —grad(f,); since f, is proper, ¢}, exists for all times
t € [0, 00[, and according to a result of Duistermaat [13] we know that any trajectory of
¢! has a limit when ¢ — oco. For any m € M, let us denote meo := limy_,o !, (m).

The construction of the Kirwan-Ness stratification goes as follows. For each A € By,
let M) denote the set of points of M flowing to crity : My := {m € M;mq € crity}. From
its very definition, the set M) is contained in {m € M, f,(m) > %||A||?}. The Kirwan-Ness
stratification is the decomposition [9], [16]:

M = U M.
AeBy

When 0 belongs to the image of ®,, the strata M, corresponds to the dense open
subset of analytical semi-stable points : My = {m € M;Ucm N ®;1(0) # 0}.

Let us now explain the geometry of M), for a non-zero type A. Let Cy be the union of
the connected components of M* intersecting ®;1(\). Then C, is a Kithler Hamiltonian
Uj-manifold® with proper moment map ®, := Qylc, — A

The Bialynicki-Birula’s complex submanifold

Cy ={mec M, tllglo exp(—itA) -m € Cy}

corresponds to the set of points of M flowing to C under the flow of —grad(®,, \), as
t — oo. The limit of the flow defines a projection Cy,” — C). Notice that C is invariant
under the action of the parabolic subgroup Py C U :

(6) Pl={ge U(c,tli>m exp(—itA)gexp(itA) exists}.

3U, is the stabilizer subgroup of .



Consider now the Kirwan-Ness stratification of the Kahler Hamiltonian Uy-manifold C'.
Let C) o be the open strata of C\ corresponding to the 0-type:

Cxo = {z € Ox; [Uh)cz N @31 (0) # 0}
Let C): o denote the inverse image of C o in C} .

Theorem 3.5 (Kirwan [9]) Let M be a Kdhler Hamiltonian U-manifold with proper
moment map ®, : M — u*. For each non zero type X\, My is a Uc-invariant complex
submanifold, and Uc X py C)T,o — My, [g,2] — g -z is an isomorphism of complex Uc-
manifolds.

Kirwan gave a proof when M is a compact Kdhler Hamiltonian K-manifold. When M
is non-compact but the moment map is proper, a proof is given in [7] (see also [23]).

The following standard facts are going to be very important in the real setting. Let Ag
be the orthogonal projection of 0 on the closed convex polytope Ay (M).

Proposition 3.6  a) ) is the unique element of B, with minimal norm.
b) My, is a connected, open, dense and Uc-invariant subset of M.

c) If X # Xs, then the strata M)y has an empty interior.

3.3 Stratification in the real setting : first step

In this section we suppose that our Kéhler Hamiltonian U-manifold (M, €2,]J) admit an
anti-holomorphic involution 7 compatible with the complex-conjugate involution o on
Uc. The main purpose of this section is to show that the Kirwan-Ness stratification
M = Uyep, Mx induces a stratification on the real part Z of M. In this section we
suppose that the manifold Z is non-empty : notice that the real dimension of any connected
component of Z is equal to the complex dimension of M.

Let us denote by oy : t1 — t} the involution of the Weyl chamber that is defined by
the relations : —o(U§) = —Uo(§) = Uoy(§) for any £ € t.

Recall that ¢! : M — M denotes the flow of —grad(fy).

Proposition 3.7 1. For any (m,t) € M x Rxq, we have 7(p,(m)) = ! (7(m)).
2. If Moo = limy_,00 L (M), then T(Mmoo) = (7(M))oo for all m € M.
3. For any A € By, we have

b T(M)\) = MU+()\);
o MyxNZ #0 only if o(N\) = —\.

4. If X # Xg, then the locally closed submanifold My N Z has an empty interior in Z.



5. 0(Xs) = —As.
6. My, N Z is a dense open subset of Z.

7. If Z is a connected component of Z, then My, N Z is a dense open subset of Z, and
the critical set crity, intersects Z.

Proof : The first point is a direct consequence of the fact that, for any m € M, the
tangent map T, 7 : Ty, M — T,y M sends J(ky(m)) to J(kyu(7(m))). The second point
follows from the first one.

By definition m € My < ®,(ms) € UA. Then if m € M), we have

Du((7(m))oo) = Pu(T(1m0)) = —0(Pu(moo)) € ~Uo(A) = Uy ().

Hence the identity 7(My) = M, () is proven. Let m € M, N Z. Thanks to 2. we know
that me € ®;1(UN) N Z : it implies that ®,(mo) € UAN (u™7)* and then o(A\) = —\
(see §4.1). The point 3. is settled.

Let A # )\, and consider the decomposition of the (locally closed) complex submanifold
M into connected components : My = Y U---UY,. If MxNZ # (), then M) is stable under
the involution 7 : there exists a permutation € € &, of order two such that () = yg(k),
and

mnz= J V.
e(k)=k

Since dimc (V) < dimg(M), VE (see point ¢) in Proposition 3.6), we see that dimg()]) <
dimg(Z) for all k such that e(k) = k. We can then conclude that the locally closed
submanifold My N Z has an empty interior in Z. If Z is a connected component of Z, we
prove similarly that M, N Z has an empty interior in Z.

Consider the decomposition Z = (Mx; N Z) UU, ., (M N Z), and the proper map
fu: M — R>¢ that we restrict to Z. If we denote Zop = Z N{f, < R}, we have

Z<R:M)\SQZ<RU U MyN Z.g.
A A2 <2R

Since M) N Z.g has an empty interior in Z.r, we see that My, N Z<p is dense in Zp for
any R > 0. Then M), N Z is dense in Z, and M, N Z is open in Z because M) is open
in M. In particular My, N Z # () : hence o(\s) = —As. We have proven the points 5. and
6..

If Z is a connected component of Z, the decomposition Z = (Mx;NZ) J U, ., (MANZ)
shows similarly that M), N Z is a dense open subset of Z. If x € M), N Z then z €
crity, N Z. We have proven point 7.. O

10



3.4 Stratification in the real setting : second step
We have a stratification Z = (Mx, N Z2)UU .., (M N Z) into locally closed submani-
folds, that we are going to interpret in termsa((if)’:ti;e G-action on Z and the gradient map
Pylz : Z = p*. Let f, = %((I)p,tI)p) : M — R.
Definition 3.8 o IfBej (Bun(u=9)), we define Zg = Mj)-15N Z.

o Let By={Bej*(BunN(u=?)*), 25 # 0} Ca’.

o Let us denote 7*(Ns) by Bs.

At this stage we have a stratification Z = [ BeB, £8 into submanifolds. First let us
check that B, parametrizes the set of critical points of the function f,|z. Recall that point
7. in Proposition 3.7 tell us that 0 € B, < (®p|z)71(0) # 0 < &,1(0) # 0

Lemma 3.9 The set of critical points of the function fy|z admits the decomposition

cit(fylz) = () K(2°na,'(8).

BEBy

Proof : We have f, = %(Cbua,fbua) + fp, and ®yo : M — (u?)* vanishes on Z. Hence
crit(fp|z) = crit(fu) N Z. Since crit(fu) = Uyep, U(M* N ®;1(N)), we obtain crit(fy|z) =
Uses, Dx with Dy = U(M> 0 &7 (\) 2. We see that Dy = 0 if A ¢ B, N (w™7)",
otherwise Dy = K (27" M n <I>p_1(j*()\))) ifAeB,Nnu %) O

Consider the case where 0 € Bj.
Lemma 3.10 If0 € B, then 2y = {z € Z, GzN®,1(0) £ 0}.

Proof : By definition, Zg = MoNZ = {z € Z, 2o € ©;1(0))}. Here mos = tlim ot (m),
—00

where ¢! : M — M denotes the flow of —grad(f,). When z € Z, we know that ¢! (2) €
Z,Vt > 0, and moreover the tangent vector

6 (2) = —grad () (A=) = ~gmad ()4 (=)

belongs to the subspace g- ¢! (2) = {X - ¢l (2), X € g}. We see then that ©(z) € Gz for all
t > 0. Since ZN®,1(0) = Zﬂ<I>p_1(0), we have proved that 2y C {z € Z, Gzn <I>p_1(0) #0}.
On the other hand, for any z € Z,

GzN®N0) #£0 = UczN &, (0) # 0 = 2 € M.

The proof is complete. O

11



Let 8 € B, be a non-zero element and let A = j*(8) € By. The strata M) is isomorphic
to Uc xpy Cy 5. We see that Cg := Cx N Z is the union of the connected components of
ZP intersecting Q. 1(5). Similarly, Cg := C\ N Z corresponds to real Bialynicki-Birula’s
submanifold {z € Z,lim;, e’z € Cs}. In the same way, Cs := Cyo N Z is the open
and dense subset of Cg formed by the elements z € Cg such that Gz N @, Y(B) # 0 (see
Lemma 3.10). Finally, CB_,O = C'): 0N Z is the equal to the pullback of the open subset Cg g
through the projection CB_ — Cg.

The complex parabolic subgroup Py C Uc is stable under the complex-conjugate
involution ¢ and the fixed point subgroup (P})? is equal the real parabolic subgroup Pg
of G defined by (5). We can now conclude that the strata Zg := M) N Z admits the
following description.

Proposition 3.11 Let § € B, be a non-zero element. The map [g,z] — gz induces a
diffeomorphism

(7) G XPB CB_,O L) Zg.

The existence of a stratification Z = BeB, Zg where each strata is described through
the isomorphism (7) was already obtained by P. Heinzner, G.W. Schwarz and H. Stétzel
in a much more general setting [7]. Nevertheless we obtain in this particular framework a
crucial information for the continuation: only one stratum has a non-empty interior, the
open stratum Zg, attached to the element 35 € B, of minimal norm.

3.5 Proof of the refined O’Shea-Sjamaar’s theorem (in the K&hler case)

Suppose that Z # (). Point (6) of Proposition 3.7 shows that 0 € A, (M) if and only
if 0 € Ay(Z). Let us explain how O’Shea-Sjamaar’s identify A, (M) (u™7)* ~ Ay(Z)
follows directly from this observation thanks to the shifting trick.

The fact that j*(Au(M)((u™7)*) contains Ap(Z) is immediate.

Take now A € Ay (M) (" (u=7)*, and consider the Kéhler Hamiltonian U-manifold N =
M x U(=)\). As o(A\) = =), the map (—o) leaves U(—\) invariant and defines an anti-
holomorphic involution 7y : U(—=A) — U(—A) by the relations 73(—gA) = —o(g)\. By
definition Zy = Z x K(—M) is the real part of N and Point (6) of Proposition 3.7 shows
that 0 € Ay(Zn) because 0 € Ay(N). We have proven that j*(\) € ®,(Z) Na’. The
proof of the identity Ay (M) ((u™7)* ~ Ay(Z) is complete.

The refinement of O’Shea-Sjamaar’s theorem is a consequence Point (7) of Proposition
3.7 which says that if 0 € A, (M) then the open subset My of analytical semi-stable points
intersects any connected component Z of Z. But if x € Z N My, then z € ZN <I>p_1(0).
In other words, 0 € A, (M) if and only if 0 € Ay(Z). Like before, the shifting trick shows
that J*(Au(M) (7)) = Ay(2).
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4 Geometric properties

4.1 Symmetric coadjoint orbits

Let A € t*. The coadjoint orbit U)X admits a complex structure compatible with its
symplectic structure which can be visualized through the isomorphisms U ~ U JUs ~
Uc/ PSL\‘. Here PSL\l C Ug is the complex parabolic subgroup defined by (6). Notice that the
Lie algebra of PSL\1 is
Lie(PY) =tc® Y (uc)a-

a€R(u,t)

(a;,A)<0
The conjugate linear involution o : uc — uc leaves t¢ invariant and sends the weight
space (Uc)a t0 (UC)_s(a)- That permits to see that the image of the parabolic subgroup
Pi‘ through o is the parabolic subgroup PEU &

Suppose now that coadjoint orbit U) intersects (u=7)*. If A is taken in the Weyl
chamber, it is possible only if ¢(X\) = —\, and in this case we have UA N (u™7)* = K.
The map & € u* — —o(&) € u* leaves U invariant and it defines an anti-holomorphic
involution 7 : UX — UX. The parabolic subgroup P¥ is stable under o, so that the

involution 7 : Ug/P§ — Uc/P; can also be defined by T?[g]) = ([o(9)])-

The submanifold fixed by the involution 7 : UX — UM is K\, and the isomorphism
U ~ Uc/P; descends to an isomorphism KA~ G/Gn P

Let j* : p* — (u™9)* be the K-equivariant isomorphism. Let A € a* such that
§*(A) = A. Then KX ~ KX ~ G/Py where Py = G N P{ is the real parabolic subgroup of
G defined by (5).

Let £ be an element belonging to the interior of the Weyl chamber a? : we have
(a, &) > 0 for any restricted root o € X 7. In this case the orbit K(—¢) admits a natural
identification with the quotient G/@ since the (minimal) parabolic subgroup @ coincides
with P_¢ (see Definition 2.4).

4.2 Construction of real Ressayre’s pairs

Let £ be an element in the interior of the Weyl chamber a* that does not belongs to
the moment polytope Ap(Z). Let £ be the orthogonal projection of £ on A,(Z) and let

Ye=&—-¢f€at ~a

Lemma 4.1 The set (®y|z)71(¢') is contained in the submanidold Z7.

Proof : Let us check that [|¢’—¢||? is the minimal value of the function ||®,—&[? : 2 — R. If
z € Z then ®p(2) = kn, with k € K and n € Ap(Z) : || ®p(2) —£&|12 = |InlI2+[1€]|* — 2(kn, £).
Since (kn, &) < (n,€),Vk € K, we get

1@y (2) = €17 > llnll* + [1€]1* = 2(n,€) = |In — €I* > [|¢" — €]
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Then if z € ®,'(¢'), the differential of ||®, — &||? vanishes at 2. But

d||@p — &[] = 2d(Pp, ve)|- = 2(7¢ - 2, —)-
Thus v¢ -2 =0. O

Let C,, be the union of the connected components of Z7% intersecting (®y| z)7 (€.
The next result is the main tool to exhibit real Ressayre’s pairs on the G-manifold Z.

Theorem 4.2 The data (75,0%3) 1 a real Ressayre’s pair on Z.

The rest of this section is dedicated to the proof of Theorem 4.2.

Let & be the element of t§ N (u™7)* such that & = j*(§). Since & ¢ Ay(Z), we know
that & ¢ Ay(M). Let & be the orthogonal projection of £ on A, (M). We work with the
proper Kéahler Hamiltonian U-manifold

N:=MxU(=€) ~M x Uc/P"s.

The submanifold Zy := Z x K(—€) ~ Z x G/Q is a connected component of its real part.
Let ®Y : N — u* be the moment map relative to the action of U on N.
We following result precises Lemma 4.1.

Lemma 4.3 o g€’ — €|l > ||€ — €|, Vg € U, and the equality holds if and only if
gé' S Ué . fl.

e The function |®N| : N — R reaches its minimum on U(®; (') x {—£}).

o We have o(€') = —o(£). In other words, we have & = j*(£') where & is the
orthogonal projection of & on Ap(Z).

Proof : The first point is a classical result of Hamiltonian geometry: we briefly recall
the arguments. We have ||g& —&|| = ||€||2 + ||€]|> — 26(g€) where ¢ is the &-th component
of the moment map on U¢'. The function ¢ has a unique local maximum on the coadjoint
orbit U€" which is reached on an orbit of the stabilizer subgroup Ug (see [1, 5]). Finally,

it is not hard to check that the point ¢ belongs to this orbit.
If n=(m,kf) € N, we write ®,(m) = gn with n € Ay(M). Then

123 ()l = llgn — k€Il = n — €Il = [1€" = €]

and the equality [|®N(n)| = || — £|| holds if and only if n = & and k!¢ € Ug. It follows
that the critical set crity, = {n, | BN (n)| = ||& — €|} is U(®;1(€) x {=€}). O

Thanks to point 8) of Proposition 3.7, we know that crityg N Zx is non-empty. If
g(m, —€) € crity, N Zy then gm € Z and ®,(m) = £ which implies that ®,(gm) belongs
to UE' N (u=7)*. Tt follows that o(£') = —o(£') (see §4.1). O

14



Thanks to the previous lemma we know that the minimal type of N = M x Uc/P" £
is the non-zero element ¢ := ¢ — €& e (t79)*: we denote by Ye = 7% (Ve) = & — & the
corresponding element of a* ~ a. We will now use Proposition 3.11 in order to describe
the open and dense strata (Zx),, of Zn.

The critical set associated to the minimal type ¥ is (®L) "1 (U~e) = U (5 () x {—£€}).
Let Cn,4, be the connected component of N7 containing (®3 )~ (U~e) : we have

CN,’YE = C’Yg X (U“fg)C/((U’Y})C N Pﬁg),

where C5, is the connected component of M 7¢ containing ®; ! (¢’). The intersection C NN
Zn decomposes as follow

CN,«/} NZy = C% X G%/G% NnQ,

where C,, is the union of the connected components of Z7% intersecting @, 1(5’ ), and
G, C G is the subgroup that stabilizes v¢. The real Bialynicki-Birula’s submanifold is
then (CN,WE N ZN)_ = C’;g X PA/E/P% NQ.

Let us consider the map

(8) Py + G Xp,, <Cv_§ XPyg/PygﬂQ> — ZxG/Q.

defined by p,([g; 2, [p]]) = (92, [gp]). Proposition 3.11 tells us that the image of p,, is a
dense G-invariant subset of Z x G//Q and that there exists a dense P, -invariant subset
U of C;{ X Py /P, N @, intersecting C,, x G4, /G, N Q, and such that p,, induces a
diffeomorphism G x Py U~GU.

In order finish the proof of Theorem 4.2, we have to compare the map p,, defined by
(8) and the map qy, : @ XQNPy, Cy — Z.

Consider the canonical isomorphism CV_& X Py, / Py.NQ =~ Py, x Py QQC;&. More generaly,
for any P, -invariant open subset U C C;{ x Py /Py, N Q we have an isomorphism U ~
Py, x P,nQ U where U is the open P, N Q-invariant subset of C% defined by the relation

U :={z € C;(z [e]) € U}. Note that U intersects Cy, X G4, /Gy NQ if and only if U
intersects C,,.

Now, we notice that q,, defines a diffeomorphism @ XQnPy, U ~ QU if and only
if py, defines a diffeomorphism G x Py U ~ GU. That can be seen easily through the

commutative diagram

~

GXP%Z/[ GXQ (Q XQﬂPwé U)

ZxG/Q G xqg Z.

The previous diagram shows also that p,, has a dense image if and only if g, has a dense
image. The proof of Theorem 4.2 is then complete. O
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4.3 Principal-cross-section Theorem

We propose here a principal-cross-section Theorem in the spirit of [14] that holds on the
K-manifold Z. Since Ay(Z) is a closed convex polyhedral subset of a’, there exists a
unique open face s of a* such that

e Ay(Z)Ns #10,
e Ay(2) Chw.
Notice that Ap(Z)Ns is dense in Ap(Z). Recall that the linear isomorphism j* : (t*)77 —
a* induces a bijection t{ N (t77)* ~ a%.
Lemma 4.4 1. There exists a unique open face 5 of the Weyl chamber t such that
sN (7)) ~j 5.
2. The stabilizer subgroup K¢ does not depend of £ € s : it is denoted by K.

3. The stabilizer subalgebra g¢ does not depend § € s : it is denoted by gs. We have the
decomposition : gs = ts B ps where & is the Lie algebra of K.

Proof : Any &, € ti belongs to the open face 7(§,) C ti. defined as follows : £ € 7(&,)
if and only if £ € t} and (o,§) = 0 <= (,&,) = 0 for any a € R(u,t). Now, it is an easy
matter to check that the face 7(,) does not depend on &, € (5%)7'(s) C t{. N (t77)* : this
face, denoted by s, satisfies the relation s N (t77)*~;=s.

All points in the open face § have the same connected stabilizer U;. If we take §~ €
§N(t77)*, we see that Ug = U; is invariant under ¢ and that K NU; = K N Ug is equal to

K¢ where £ = j*(£) € s. The second point is settled and the third point is leaved to the
readers. O

The following slice
Te ={z € Z,P,(2) € s}.

is the key object of our principal-cross-section Theorem.
Theorem 4.5 1. 75 is a Ks-invariant submanifold of Z.

2. The map K xg, Ts — Z, [k,y| — ky is a diffeomorphism onto a K-invariant open
and dense subset of Z.

3. For any x € Ts, we have [ts,ps] C pr C Ps-
Proof : We consider the following open subset of uZ :
Vs = Ug{g et UeC Ug}.

The pull-back Y; = ®;1(V5) is the symplectic cross-section at 5. It is an Us-invariant
symplectic manifold of M such that the map U xy, Y; — M,[g,y] — gy defines a
diffeomorphism onto the open and dense subset UYj;.
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Lemma 4.6 1. Vs C uZ is invariant under the map —o.
2. The submanifold Yz is stable under the involution T.
3. The intersection Yz; N Z is equal to Ts.
4. The intersection UY; N Z is equal to K7Tj.

5. K7, is open and dense in Z.

Proof of the lemma : Recall that K’ is the connected component of the centraliser
subgroup Zg (a). Let w(, be the longuest element in the Weyl group W’ = Ny/(T)/T.
Then the linear map o4 () = —w(o(§) of t* preserves the Weyl chamber t* , and for any
£ e th ,we have —o(U¢) = U(04(€)). Let k' € K’ be a representant of wy.

Notice that the subgroup Us is stable under o since —o fixes the elements of §N (t77)*.
Take n € Vi so n = g€ where g € U; and § € t satisfies Us C U;. We have —o(n) =
o(g9)k'o+(§), where o(g)k’ € Us because K’ C U;. Now we see that the stabilizer subgroup
Uy, (¢) is equal to Ad(k') o o(Ug): as Ug C Us, we obtain U, () C Us. The first point is
proved and the second point follows directly from the first.

The inclusion 7; C Y; N Z is immediate. Let us check the reverse inclusion. Let
ze€eY;NZand n = dPy(z) € V;N (u?)*. Taking the decomposition n = g¢ as before,
we see that g € UEN (u™7)* = K¢ : there exists k € K such that g¢ = k€ or in other
words ¢~k € Us CU;. But g€ Us and so k € U; N K = K. At this stage we know that
®,(k~12) = j*(€) € a’.. On one hand we know that £ € § because j*(§) € Ap(Z) C 5.
On the other hand we know Ug C U;. It shows that £ belongs to 5, and hence k~lz e T,.
Since k € K; we can conclude that z belongs to 7. The third point is settled.

Thanks to the third point we know that the intersection UY; N Z contains K7;. Let
us prove that UY; N Z C K7;. Let (z,y,u) € Z x Y; x U such that z = uy. We write
Py (y) = g€, where g € U; and & € 7 satisfies Us C U;. We see then that ®,(z) = ugé
belongs to U& N (u™9)* = K¢ : there exists k € K such that ugé = k¢, so k~tug € Us.
We have proved that there exists ¢’ € Uz such that u = kg’. The identity z = kg'y shows
then that ¢’y = k~'2 € Yz N Z = 7,. We have proved that z € K7,.

K7 is open in Z since UY; is open in M. Let z € Z, and assume that A\ = ®,(2)
belongs to the Weyl chamber a* . The local convezity theorem of Sjamaar (see [21][Theorem
6.5] and [17][Theorem 8.2]) tells us that for any K-invariant neighborhood U C Z of z, the
local moment polytope A, (U) = ®,(U) Na’ is a neighborhood of A in Ap(Z). It implies
that U N T; # 0 for any K-invariant neighborhood U C Z of z. The density of KT, in Z
is demonstrated. O

We can now complete the proof of Theorem 4.5.

The identity Y; N Z = 7T, shows that 7; corresponds to the union of the connected
components of the submanifold (Y;)” contained in Z. Hence 7; is a submanifold of Z.

The last point of the Lemma shows that the diffeomorphism U x, Y3 5 UY; induces
the diffeomorphism K x g, T; — KT,.
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Let us check the last point of Theorem 4.5. For any 8 € p, the vector field z € Z +— -z
is the gradient vector field of the function (®,,3) : Z — R. Let z € 7T, : then g € p, if
and only if the differential d(®,, 3)|, : T»Z — R vanishes. Thanks to the second point of
Theorem 4.5, we know that T, Z = T, 7, + ¢ z. For any X € £, we have

d(®y, 5)|o(X - ) = (Pp(x), [8, X])

with ®,(x) € s. Thus d(®,, §)|, vanishes on £ -z if and only if 8 € p,. At this stage we
have that p, C ps. The function ®,, when restricted to the submanifold 75, takes value
in s. If we take 8 € [ts, ps] C pg, the function (®y, ) is constant equal to zero on 7, thus
d(®y, B)|» vanishes on T,7;. We have checked that [ts,ps] C py. O

5 Proof of Theorem 2.9

Let Ay(Z) C af be the moment polytope of a connected component Z of the real part Z
(supposed non-empty) of a proper Kéhler Hamiltonian U-manifold (M, €,J).
We define the following convex subsets of the chamber a’ .

o A rrp is the set of points { € a satisfying the inequalities (£,v) > (®,(C),), for
any infinitesimal real Ressayre’s pair (v,C) of Z.

o A, (. is the set of points £ € a’ satisfying the inequalities (£,7) > (®,(C),~), for
any regular infinitesimal real Ressayre’s pair (v,C) of Z.

o Agp is the set of points § € a¥ satisfying the inequalities (£,7v) > (®,(C),), for any
real Ressayre’s pair (v,C) of Z.

e Ay is the set of points & € a’ satisfying the inequalities (£,7v) > (®,(C),7), for any
regular real Ressayre’s pair (v,C) of Z.

By definition, we have the commutative diagram, where all the maps are inclusions:

C reg
Ainf—RP A

inf-RP

|

A AT

In §5.1 and §5.2, we prove the inclusions Agp C Ap(Z) C Ajere. It follows then that
Ap(z) = Ainf—RP = ARP' e o
In §5.3, we prove the inclusion Ay, C Ap(Z), and since Ap(Z) = Apere C Apipe C

Anp, we get finally that Ay(Z2) = AL = Aot pe- The proof of Theorem 2.9 is complete.
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51 A CA(2)

Let & € a} that does not belong to Ay(Z). The aim of this section is to prove that
& ¢ Agp. In other words, we will show the existence of a real Ressayre’s pair (v,C) of Z
such that (§,,7v) < (®p(C), 7).

Let 7 > 0 be the distance between {, and A,(Z), and let  be an element in the interior
of the Weyl chamber a’ such as || — &l < § : so the distance between ¢ and Ay(Z) is
stricly larger than 5.

Let ¢ be the orthogonal projection of { on Ay(Z) and let v = ¢ —§ € a* ~ a. Let C be
the union of the connected components of Z7 intersecting @, 1(¢"). Thanks to Theorem
4.2, we know that (,C) is a real Ressayre’s pair on Z.

Using the fact that v = & — &, we compute

(€os) —(2p(C), 1) = (&orm) — (€7)
& — &) = I?

= IF = 1Igo = €1
< 0.

IN

The last inequality comes from the fact that ||, — £|| < § and that ||y|| > § since |||
represents the distance between ¢ and Ay(Z).

5.2 Ay(Z) C Anere

Let £ € a belonging to Ap(Z). The aim of this section is to prove that { € Aj,rgp.
Let ¢ be the corresponding element in t§ N (u™7)*: in other words £ = j*(£). Consider
the Kéhler Hamiltonian U-manifold N := M x U(—¢§) and the connected component

Zn = Z x K(=¢) of its real part.
Let <I>év : Zn — p* be the gradient map. We know that the strata

(Zn)o={ne Zy,GnnN (@év)_l(o) # 0}

is a G-invariant dense open subset of Zy.

Let (7,C) be an infinitesimal real Ressayre’s pair on Z, and let Cy := Cx (G, /P-¢NG.)
be the corresponding connected component of ZX,. Notice that Cp is invariant under the
action of the stabilizer subgroup G.

Let Cy = {n € Zy,limy00 €'n € Cy} be the real Bialynicki-Birula’s submanifold.

Lemma 5.1 1. The set GCy has a non-empty interior in Zy.
2. Cy N (Zn)o # 0.

Proof : The second point follows from the first one since (Zx)¢ is a dense G-invariant
subset of Zy.
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Let z € C so that >0 ~ (T, Z)">%. The point n = (z, [e]) € Cy belongs to the interior
of GCy if we show that g-n+T,Cy = T, Zy. Since T CN = (T, 2Zn)7=0 it is sufficient to
check that (T, Zx)">% C g-n. We have the decomposition (T, Zy5)">? = (T, Z)7>0@g7>0.
[e]. So for any v € (T, Zy)">Y, there exists X € g77° so that v — X - (z, [e]) € (T.2Zn)""".
But n7>0 ~ (T, 2)7>Y, so there exists Y € n7>Y such as v — X - (v, ]¢]) = Y - . The Lie
algebra n is contained in the Lie algebra of the parabolic subgroup P_¢: hence Y - [e] = 0.
Finally we have proved that v = (X +Y) - (z,[e]) € g-n. O

The proof of the inclusion Ap(Z) C Aj,erp follows from the next result.

Lemma 5.2 Let (v,C) be an infinitesimal real Ressayre’s pair on Z. Then, the following
inequality holds (§,v) > (®p(C),~) for any & € ai belonging to Ay(Z).

Proof : Let n € Cyy N (Zn)o, and let n, € Cy be the limit lim; o e .

Let P, C G be the parabolic subgroup associated to v (see (6)). Since G = K P,, the
fact that n € (Zn)¢ means that mﬂ(fbé\f)_l(O) # (. In other words, min.cp. ,, \|<I>£V(z)\| =
0 which implies 0 > minzepw(@év(z),w.

Consider now the function ¢ > 0 — (tIDéV(et'Yz),w attached to z € Pyn. Since
(@ (e"72),7) = —[lvzy [*(e72) < 0, we have
(9) (@' (2),7) 2 (@) (e"2),7),  VE=0.

Let’s take p € Py and z = pn. Then, the limit lim;_,~, €7z is equal to g,n, where
Gy = limy 00 eNpe™ € G, . If we take the limit in (9) as t — oo, we get

(B (2)7) > (@ (g,1),7) = (@ (Cx).7) = (,(C)7) — (7). ¥z € Py
We obtain ﬁnallyOZminzepm(@éV(z) v) 2> (P(C),y) — (&,7). O

53 A, C Ay (Z)
The aim of this section is the proof of the following

Theorem 5.3 Let £ € af satisfying the inequalities (§,7v) > (Pp(C),7), for any regular
real Ressayre’s pair (v,C) of Z. Then & € Ap(Z2).

Our arguments go as follows: we will show that there exists a collection (v;,C;)ier of
regular real Ressayre’s pairs for which we have

N{e et 6 = (@€, } = 25(2).
el
The set I will be finite when Z is compact.

Before starting the description of the collection (v;,C;)icr, recall the following fact
concerning admissible elements (see §4.2 in [18]).

Remark 5.4 Let v € a be a rational element such that K Z7 = Z. We have dimy(Z7) =
dimy(Z), thus v is admissible.
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5.3.1 The real Ressayre’s pair (vs,Cs)

In this section, we show that a real Ressayre’s pair describes the fact that A,(Z) is
contained in §. Let us denote by h, € a the coroot associated to a root o € ¥ : h, is the
rational element of [gq, §—o] N a satisfying (a, X) = (hq, X )p, VX € a (see the Appendix).

Let ¥ C ¥ be the set of positive roots associated to the choice of the Weyl chamber
af : £ € al if and only if (§, hy) > 0 for every a € . Let £ C X7 be the set of positive
roots orthogonal to s : a € X if (£, ha) = 0 for every £ € s.

Definition 5.5 Consider the following rational vector

Lemma 5.6 The element s satisfies the following properties:
o (&%) <0 for any € € a%,.
e For any § € a3, (§,7s) = 0 if and only if § € 5.
o v, acts trivially on the principal-cross-section® Ts.
o (a,7s) <0 for any a € 3F.

Proof : The first two points follow from the fact that (£, hq) > 0 for any £ € a%, and
any positive roots a. The third point is due to the fact that vs € [€,ps]. For the last
point, see the Appendix. O

Let Cs be the union of the connected components of Z7 intersecting 7;. We start with
the following basic result.

Lemma 5.7 e 7; is an admissible element.

o For any & € a’, the inequality (§,vs) > (Pp(Cs), vs) is equivalent to & € s.

Proof : We know that 7; C Cs and that K7; is dense in Z. It follows that KCs = Z,
hence 7, is an admissible element (see Remark 5.4). Now we consider the inequality
(€,7s) > (Pp(Cs),vs) for an element & € a*.. First we notice that (®,(Cs),7s) = 0, and the
first two points of the previous Lemma tell us that (£,~s) > 0 is equivalent to £ € 5. O

Proposition 5.8 (vs,Cs) is a reqular real Ressayre’s pair on Z.

Proof : Using the identification a ~ a*, we view 7, as a rational element of s* orthogonal
to 5. Take £ € Ay(Z) N s contained in the image ®,(C;) and consider the elements
&(n)=¢ — %’ys for n > 1. We notice that for n large enough

1See §4.3.
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1. £{(n) is a regular element of the Weyl chamber a7,

2. &(n) & Ap(2),
3. & is the orthogonal projection of {(n) on A,(Z).

So we can exploit the results of §4.2 with the elements {(n) for n >> 1. Proposition 4.2
and Lemma 5.7 tell us that (vs,Cs) is a regular real Ressayre’s pair. O

5.3.2 The real Ressayre’s pairs (yli,Cli)

Let Rs C a* be the rational vector subspace generated by the face s. The closed convex
polytope Ay (Z) generate an affine subspace II of Rs. In this section we show that a finite
family of real Ressayre’s pairs describe the fact that A,(Z), viewed as a subset of Rs, is
contained in the affine subspace II.

In this section we will use the identifications p* ~ p, and a ~ a* given by the invariant
scalar product (—, —); (see the Appendix).

We start with the orthogonal decompositions p = a @ q and a = Rs @ Rs*. It follows
that p; = a @& qs. Let HL be the orthogonal of II in Rs.

For any = € Z, we define a;, = {X € a, X -z = 0}.

Lemma 5.9 1. For any x € Ty, we have p, = a, © qs with HL ®Rst C a,.
2. The equality ﬁl @ Rs* = a, holds on an open subset of Ty, thus
(10) dimy(2) = dim(T4) + dim(Rs™) + dim(qs).

3. The subspaces ﬁl and ﬁ are rational.

Proof : Let us come back to the arguments used in the proof of Theorem 4.5. We know
that p, C ps = a®qs for any x € Tg, thus p, = a, ® qs. An element 3 belongs to a, if and
only if the differential d(®y, )|, : T»7Ts — R vanishes. We see that for any g € e ®Rst

the map (®y, 5) : Ts — R is constant : we obtain then that HL ®Rst Ca,, Vz e Ts.
Since the image of the map ®, : 7; — II is open in II, there exists x, € 7T such that

Az, : Ty, Ts — T s surjective. It follows that e @® Rst = a,,. The second point is
proved.
The vector subspaces Rs C a and Rst C a are rational. Let z, € T; such that

Ay, = e @® Rst. The Lie algebra t,, is a rational subspace of t, thus a,, = i(t,, Nt79)
is a rational subspace of a. If follows that ﬁl = a,, N Rs is a rational subspace of a. O

o

Let (m;)1er be a rational basis of HL. We consider then the rational elements
Vi i=dy 4y € TloRrst, 1eL.
Thanks to Lemma 5.9, we know that 7, C Z“Yli, Vie L. Let &, € Ap(Z2)Ns. Foranyl € L,

+
we denote by CljE the union of connected components of Z7  intersecting @, YeH) T,
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Lemma 5.10 o Any ’yli 1s an admissible element.
o The set of elements £ € Rs satisfying the inequalities
(11) (&) = (Bp(CH), 1), WIeL
corresponds to the affine subspace 11.

Proof : Like in the proof of Lemma 5.7, we see that K - 2% = Z since Ts C 2% and
KT is dense in Z. It follows that 7s is an admissible element.
The element & belongs to II. Since (£,7;) = 0,V € Rs, the inequalities (11) are

equivalent to +(¢ — &/, m;) > 0,Vl € L: in other words £ — &, € ﬁ, soell. O

Proposition 5.11 For anyl € L, (’yli,Cli) is a regular real Ressayre’s pair of Z.

Proof : The proof follows the lines of the proof of Proposition 5.8. The element &/ is
contained in the image ®,(C;"). We consider the elements & (n) := &, — %’yli for n > 1.
We notice that for n large enough

1. g;—L (n) is a regular element of the chamber a7,
3. & is the orthogonal projection of fli(n) on Ay(2).

So we can exploit the results of §4.2 with the elements a;E (n) for n >> 1. Proposition 4.2
and Lemma 5.10 tell us that (yli,Cli) is a regular real Ressayre’s pair. O

5.3.3 The real Ressayre’s pairs (yr,Cr)

In this section, we show that the polytope A,(Z), viewed as a subset of the affine subspace
I1, is the intersection of the cone IINa’ , with a collection of half spaces of II parametrized
by a family of real Ressayre’s pairs.

Definition 5.12 An open facet F' of Ay(Z) is called non trivial if F Cs. We denote by
F(Z) the set of non trivial open facets of Ay(Z2).

Let F' € F(Z). There exists® np € ﬁ such as the affine space generated by F is
Ip ={{ €I, {{nF) = ({r,nF)} for any {p € F. The vector np is chosen so that A,(Z)
is contained in the half space {¢ € IL, ({,nr) > ({r,nF) }-

By definition of the set F(Z), we have the following description of the polytope A,(Z)

(12) 22 = () {eemiens) = )} () o

FeF(Z)

®Here we see ﬁ as a subspace of a through the identification a* ~ a.
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The function (®p,nr) : T — R is locally constant on TF and it takes it’s minimal
value on @, Y(F) C Ts, thus o, Y(F) is an open subset of the submanifold 7;”". The map
P, : <I>p_1(F) — F is surjective, so it admits a regular value {} € F. For any = € <I>p_1(£§;),

the tangent map T, P, : T,7." — ? is surjective, thus
(13) 0, =Rpp@ DL @Rst, Vze D, (¢R).

Since the vector subspaces a, HL, Rst are rational, the vector nr can be taken rational.
We consider now the rational elements

P =nr+7, FeF(2).

Let Cr be the union of the connected components of Z77 intersecting @, L(&). The
identities (10) and (13) show that dim,(Cr) = dim,(Z) + 1.

Lemma 5.13 e yr is an admissible element, for any F € F(Z).

o The set of elements § € LNt satisfying the inequalities

(14) (&,7r) > (Pp(Cr),yF), VF € F(P)

corresponds to Ay(Z2).

Proof : The first point is due to the fact that np is rational and that dim,(Cr) =
dimy(Z) + 1. The last assertion is a consequence of (12). Notice that the relations
(&, 7r) > (®p(Cr),vr) and (&,nF) > (Pp(Cr),nr) are equivalent for any & € II. O

Proposition 5.14 For any F € F(Z), the couple (vp,Cr) is a real Ressayre’s pair on
Z.

Proof : The proof follows the lines of the proof of Proposition 5.8. Consider the
elements £p(n) = & — %WF for n > 1. We notice that for n is large enough

1. &€p(n) is a regular element of the Weyl chamber,
2. &r(n) & Dp(2),
3. &} is the orthogonal projection of £x(n) on Ay(Z).

So we can exploit the results of §4.2 with the elements {z(n) for n >> 1. Proposition 4.2
and Lemma 5.13 tell us that (yp,Cr) is a regular real Ressayre’s pair on Z. O
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6 Appendix

In this paper, Uc denote a connected complex reductive Lie group with maximal compact
subgroup U. Let o be a complex-conjugate involution on Uc leaving the sugbroup U
invariant. Let T be a maximal torus of U that is stable under o : we suppose that the
vector subspace t77 = {X € t,0(X) = —X} has a maximal dimension.

Take a faithful representation p: U — U(V') where V is an Hermitian vector space. It
extends to a morphism p : Uc — GL(V), so that p(Uc) is a closed subgroup stable under
the Cartan involution © : GL(V) — GL(V).

We consider the real bilinear map

(15) b:uc xuc — R

defined by b(X,Y) = Re <Tr(dp(X)dp(Y)) + Tr(dp(a(X))dp(a(Y)))). We see then that
* b(o(X),0(Y)) =b(X,Y), VX,Y € uc,

e b(uX,uY)=0b(X,Y), Vu € Ug, VX,Y € uc,

e V(iX,iY)=-b(X,Y),if X,Y € ug,

¢ W(X,Y)€EZ, if X,Y € A= 5-ker(exp: t = T).

In the article, we work with the following U-invariant scalar product on uc :

(X,Y)y = =b(X,0(Y))

If V C uc is a real vector subspace, we have an isomorphism £ € V* = hom(V,R) — & € V
defined by the relation

X)) = (€. X), VEX)eVH XV

Let G be the real reductive group equal to the connected component of (Ug)?: its
maximal compact subgroup is K = G NU. At the level of Lie algebras we have g =t ® p
where ¢ = u” and p = iu?. The bilinear map (15) defines a G-invariant bilinear map
b: g x g— R that is positive definite on p and negative definite on £. The commutativity
of the following diagram is frequently used in the body of the present paper :

J *

We consider the restricted root system ¥ = (g, a) associated to a maximal abelian
subspace a C p and a system of positive roots X1 associated to a choice of Weyl chamber
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a’. Let s be a face of a%: the set of positive roots orthogonal to s is denoted by ¥F. We

consider
Ps 1= Z a €a
aEZj
and the corresponding dual element (p;)” = —, € a (see §5.3.1 where the element ~, is
used).

Lemma 6.1 We have («,7s) < 0 for any a € X7 .

Proof : Let «, be a simple root of 3. Let s,, : a* — a* be the associated orthogonal
symmetry. For any 8 € XF, standard computations give that s, (3) € X if 8 is not
proportional to «, and s, (8) = —f if 8 is proportional to «. It shows that s,, (ps) =
ps — 2N a,, for some integers N > 1, thus (a,, ps)p > 0. This implies that («, ps), > 0 for
any o € XF. O
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