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Abstract-This work considers the problem of dynamic identification for robotic mechanisms given noisy measurements of configuration variables and applied torques. Conventionally, this problem is solved via least-squares, exploiting linearity properties of the inverse dynamics model for rigid-body systems. However, the nonlinear dependency of this model on configurations and velocities gives rise to bias in the resultant estimates when using noisy or even filtered data. Further, these biases can cause parameters of best fit to be non-physical, potentially leading to an ill-posed forward dynamic model. The main contribution of this paper is to propose a sequential semidefinite optimization procedure to both 1) ensure the physical consistency of the identified model and 2) maintain the statistical consistency of the estimator. The new method validates both a direct and inverse dynamic identification model (DIDIM), and also ensures that intermediate iterates of the algorithm remain physically valid. Due to these favorable properties, the method is named a Physically-Consistent DIDIM (PC-DIDIM) approach. Recent statistical hypothesis tests for instrumental variable approaches are generalized for application with a PC-DIDIM approach. Experimental results with a six-degree-of-freedom industrial robot supported by Monte Carlo simulations show the effectiveness of the new method and robustness benefits in comparison to conventional least-squares and the vanilla DIDIM method.

Index Terms-Calibration and identification, rigid-body dynamics, semidefinite programming.

I. INTRODUCTION

System identification for the dynamic parameters of a robot is a classical problem, with results spanning recent decades, [START_REF] Atkeson | Estimation of inertial parameters of manipulator loads and links[END_REF]- [START_REF] John Hollerbach | Chapter 6: Model identification[END_REF]. Dynamic identification methods traditionally assume that a kinematic model is known a priori, such that identification may focus on determination of inertial parameters (mass, center of mass, and rotational inertia), friction parameters, etc. that influence the relationship between applied forces and resultant accelerations. Recent years have witnessed a renew of interest in this problem [START_REF] Wensing | Linear matrix inequalities for physically consistent inertial parameter identification: A statistical perspective on the mass distribution[END_REF], [START_REF] Ayusawa | Identifiability and identification of inertial parameters using the underactuated base-link dynamics for legged multibody systems[END_REF]- [START_REF] Dolinský | Application of the method of maximum likelihood to identification of bipedal walking robots[END_REF], due in part to a rapid increase in robotic hardware platforms capable of accurate model-based control (see e.g., [START_REF] Miranda-Colorado | An efficient on-line parameter identification algorithm for nonlinear servomechanisms with an algebraic technique for state estimation[END_REF]- [START_REF] Villagrossi | A virtual force sensor for interaction tasks with conventional industrial robots[END_REF]), and force-controlled actuators [START_REF] Semini | Towards versatile legged robots through active impedance control[END_REF], [START_REF] Wensing | Proprioceptive actuator design in the MIT Cheetah: Impact mitigation and high-bandwidth physical interaction for dynamic legged robots[END_REF].

Conventional approaches to the identification problem make use of the linearity of the inverse dynamic model (IDM) with respect to the unknown parameters. This allows identification to be formulated as a least-squares problem, [START_REF] John Hollerbach | Chapter 6: Model identification[END_REF]. The most popular identification method is referred to as the Inverse Dynamic Identification Model with Least-Squares estimation, (IDIM-LS method). The main challenge within this approach comes from characteristics of input data (e.g., motor position, velocity, acceleration, and torque), which are inherently noisy, discretely sampled, and often quantized. While proper data filtering may be applied to the data to minimize these effects, the resulting estimates remain biased (see, e.g., [START_REF] Gautier | A new closed-loop output error method for parameter identification of robot dynamics[END_REF], [START_REF] Janot | A generic instrumental variable approach for industrial robot identification[END_REF], and references therein). Instrumental variable (IV) techniques, introduced by Reiersøl in the 1940's [START_REF] Reiersøl | Confluence analysis by means of lag moments and other methods of confluence analysis[END_REF], offer a framework within which to pursue unbiased linear regression. IV techniques were originally applied for time-series prediction in Econometrics, but have gradually made their way into the robotics identification literature [START_REF] Puthenpura | Identification of continuous-time systems using instrumental variables with application to an industrial robot[END_REF], [START_REF] Yoshida | Experimental study of the identification methods for an industrial robot manipulator[END_REF] with more recent developments in [START_REF] Janot | A generic instrumental variable approach for industrial robot identification[END_REF].

Conventional least-squares methods only fit the inverse dynamic model (IDM) of the robot. While one may be tempted to claim this provides the forward model as well, since the two are mathematically related by the inversion of the mass matrix (see e.g. [START_REF] John Hollerbach | Chapter 6: Model identification[END_REF]), this is not always the case for inaccurate parameter estimates. Particularly in the case of noisy or incomplete data, it is possible that the identified model may be non-physical and violate this invertibility assumption. The IV approach developed in [START_REF] Janot | A generic instrumental variable approach for industrial robot identification[END_REF] is able to provide statistically consistent estimates in the case of noisy data and validates both the direct and inverse dynamic models. However, since the statistical consistency of the estimator is an asymptotic property, the physical consistency of the output is not guaranteed for any finite sample size. IV methods also require measurements of the joint angles from experiments and require the use of so-called base inertial parameters, and this may increase their barrier to entry.

As an alternative, Gautier and colleagues [START_REF] Gautier | A new closed-loop output error method for parameter identification of robot dynamics[END_REF], [START_REF] Gautier | Dynamic identification of a 6 dof robot without joint position data[END_REF] developed a method using both direct (forward) and inverse dynamics identification models (DIDIM). This DIDIM approach has close connections to IV approaches and performs comparably in many cases [START_REF] Brunot | Comparison between the idim-iv method and the didim method for industrial robots identification[END_REF]. The main advantage of the DIDIM method over the IV approach lies in the fact it does not require the measurements of the joint kinematics, which means that the DIDIM method is a suitable framework when joint position, velocity, and/or acceleration measurements are noisy. Although measured torque data is also usually noisy, this noise represents less of an issue since zero mean torque noise does not bias the estimates. By contrast, noisy position data enters the estimation problem in a nonlinear manner, leading to estimation biases and presenting a fundamentally different challenge. Despite promising results, state-of-the-art DIDIM methods do not guarantee that the direct dynamic model (DDM) will be well-posed during its iterations.

Recent progress in the development of physical consistency constraints provides opportunities to address this deficiency for the DIDIM method. The set of all possible inertial param-eters ensuring a positive definite mass matrix is known to be convex [START_REF] Li | An indirect adaptive robot controller[END_REF], [START_REF] Yoshida | Verification of the positive definiteness of the inertial matrix of manipulators using base inertial parameters[END_REF]. More recently, these conditions were shown to admit formulation as a set of 6×6 linear matrix inequalities (LMIs) posed over the 10 inertial parameters of each rigid body [START_REF] Sousa | Physical feasibility of robot base inertial parameter identification: A linear matrix inequality approach[END_REF], [START_REF] Jung | Backward sequential approach for dynamic parameter identification of robot manipulators[END_REF]. However, these conditions alone are not sufficient to ensure a physically plausible set of parameters [START_REF] Wensing | Linear matrix inequalities for physically consistent inertial parameter identification: A statistical perspective on the mass distribution[END_REF], [START_REF] Traversaro | Identification of fully physical consistent inertial parameters using optimization on manifolds[END_REF]. Instead, a necessary and sufficient condition for physical plausibility was recently described using 4 × 4 LMIs [START_REF] Wensing | Linear matrix inequalities for physically consistent inertial parameter identification: A statistical perspective on the mass distribution[END_REF] posed over the 10 inertial parameters of each rigid body. Owing to the Riemannian structure of the positive definite matrices [START_REF] Moakher | A differential geometric approach to the geometric mean of symmetric positive-definite matrices[END_REF], this connection has subsequently enabled novel regularization techniques to strategically bias parameter estimates, [START_REF] Lee | A geometric algorithm for robust multibody inertial parameter identification[END_REF], [START_REF] Lee | Geometric robot dynamic identification: A convex programming approach[END_REF]. The general approach of combining IDIM-LS and physical constraints is called the Physically-consistent IDIM-LS method (PC-IDIM-LS). Despite this recent activity, statistical properties of PC-IDIM-LS methods have thus far remained an open question in the literature.

The main contribution of the current work is to leverage sequential semidefinite optimization toward a DIDIM method with guarantees of physical consistency at both its intermediate iterates as well as in its final result. This physically consistent DIDIM method (PC-DIDIM) represents an identification strategy for robots that ensures both the physical and statistical consistency of the framework. In comparison to IV methods, the approach also has the benefit of being able to be used without requiring the use of base parameters, further lowering the barrier of adoption. As a second contribution, the statistical properties of the PC-IDIM-LS and PC-DIDIM methods are theoretically studied and validated through Monte Carlo simulations.

The remainder of the paper is structured as follows. Section II details background preliminaries for the identification of rigid-body robots. Section III provides a deep theoretical analysis of PC-IDIM-LS method while Section IV details our new Physically Consistent Direct and Inverse Dynamics Model (PC-DIDIM) identification method. Section V provides results obtained by running Monte Carlo simulations while Section VI provides details of an experimental validation of this method using a TX-40 industrial robot with results showing the performance of the PC-DIDIM method in comparison to previous approaches. Section VII provides concluding remarks.

II. PRELIMINARIES

A. Notation

The equations of motion of a manipulator with n degrees of freedom can be written in the form [START_REF] Wensing | Linear matrix inequalities for physically consistent inertial parameter identification: A statistical perspective on the mass distribution[END_REF], [START_REF] Featherstone | Chapter 2: Dynamics[END_REF],

H(q, π) q + c(q, q, π) + g(q, π) + τ f ( q, π) = τ idm , [START_REF] Atkeson | Estimation of inertial parameters of manipulator loads and links[END_REF] where q ∈ R n the vector of configuration variables; H ∈ R (n×n) the mass matrix; c ∈ R n a vector of Coriolis and centripetal terms; g ∈ R n the vector of gravity terms; τ f ∈ R n the vector of viscous and coulomb friction terms; and τ idm ∈ R n the vector of actuator torques. The vectors c, g and τ f are conveniently regrouped in n(q, q, π) = c(q, q, π) + g(q, π) + τ f ( q, π). Assuming that each joint is a single degree of freedom, the vector π ∈ R 13n collects dynamic parameters for each link

π = [π T 1 , . . . , π T n ] T , (2) 
where the dynamic parameters for each link are given by π

j = [m, M X, M Y, M Z, XX, XY, XZ, Y Y, Y Z, ZZ, I a , f v , f c ] T j
with m its mass, M S j = [M X, M Y, M Z] T its first mass moments, XX, XY , etc. its mass moments and products of inertia as entries of its inertia tensor I j , I a the total rotational inertia of the rotor and gears for the preceding actuator, and f v and f c the viscous and Coulomb friction terms for the motor. The equations of motion (1) can be written in a linear form [START_REF] Atkeson | Estimation of inertial parameters of manipulator loads and links[END_REF] τ idm = Y(q, q, q) π ,

where Y ∈ R (n×13n) is the classical regressor matrix. Not all of the dynamic parameters in π are identifiable, as some parameters do not appear in (1), or only appear in linear combinations with other parameters [START_REF] Atkeson | Estimation of inertial parameters of manipulator loads and links[END_REF]. Any maximal linearly independent set of identifiable parameter combinations constitutes a choice of base parameters for a mechanism. A set of base parameters can be calculated analytically in some cases [START_REF] Gautier | Direct calculation of minimum set of inertial parameters of serial robots[END_REF], numerically through SVD or QR decompositions applied to samples of Y [START_REF] Atkeson | Estimation of inertial parameters of manipulator loads and links[END_REF], [START_REF] Gautier | Numerical calculation of the base inertial parameters[END_REF], or using recursive methods without sampling [START_REF] Wensing | Observability in Inertial Parameter Identification[END_REF]. A vector specifying numeric values for the b base parameters π ∈ R b can be used to fully specify the IDM with an associated base regressor Y ∈ R (n×b) according to

τ idm = Y(q, q, q) π . (4) 
Appendix A details a method to form a base parameter set and develops the associated relationship between π and π.

For any choice of base parameters, there exists a matrix K ∈ R (b×13n) relating the full and base parameters through π = K π . Furthermore, it is assumed, without loss of generality, that π can be partitioned as

π = π T 1 π T 2 T such that π = π 1 + Kπ 2 for some matrix K ∈ R (b×(13n-b))
. Details on the construction of K and K are given in Appendix A. Because of uncertainties (modeling errors and noise), the actual joint torques τ ∈ R n differ from τ idm by a vector error e ∈ R n . We obtain the Inverse Dynamic Identification Model (IDIM) given by τ = Y(q, q, q) π + e .

(

) 5 
It is noted that in the automatic control community, relation ( 5) is often called the data generating system, see, e.g., [START_REF] Ljung | System Identification: Theory for the User (2nd Edition)[END_REF] and [START_REF] Soderstrom | System Identification, ser. Series in Systems and Control Engineering[END_REF]. The assumptions made on e are given later.

B. Data acquisition and controls

For safety considerations, robots are often identified under closed-loop control using linear controllers (e.g., PD, PID, etc.). The torque delivered by each motor τ j is then given by

τ j = C j (s)(q rj -q mj ) , (6) 
where C j (s) is the transfer function of the controller for joint j; q rj its reference; q mj the measured angle of the joint position; and s is the Laplace variable. From this process, the data available for identification includes the measured angles q m ∈ R n and input torques τ .

C. Robot Identification

In practical applications of identification, estimates q, q, and q are obtained by filtering measured angles q m through a non-causal delay-free discrete filter. Details of this filtering process vary from application to application. Further, to eliminate high-frequency noise in τ , a subsequent decimation procedure is often used to filter and downsample both τ and Y (e.g., as in [START_REF] Gautier | A new closed-loop output error method for parameter identification of robot dynamics[END_REF]).

After data acquisition and decimation down to n e samples, the following overdetermined linear system is obtained

y(τ ) = X(q, q, q) π + ε , (7) 
where y ∈ R r is the vector of measurements built from decimated samples of the measured torques, with and r = n • n e . The matrix X ∈ R (r×b) is the observation matrix built from decimated samples of Y(q, q, q), and ε ∼ N (0, Ω) is a vector characterizing uncertainty resulting from the sampling of e. Errors are assumed serially uncorrelated and with finite variance such that the covariance Ω can be partitioned as

Ω = diag σ 2 1 I ne , . . . , σ 2 n I ne . (8) 
Following the procedure in [START_REF] Gautier | A new closed-loop output error method for parameter identification of robot dynamics[END_REF], each σ j is estimated from the standard deviation of the error in a least-squares fit to τ j alone. Following this construction, the IDIM-LS estimates and their covariance are given by πLS = Σ LS X T Ω -1 y and (9)

Σ LS = X T Ω -1 X -1 . (10) 
In [START_REF] Brunot | An improved instrumental variable method for industrial robot model identification[END_REF], the authors have considered noise models that are more complex than white noise. They suggest to carry out a pre-whitening process as it is usually done in system identification. They have also shown that the use of the decimating filter whitens the noise and is, therefore, equivalent to the process suggested in other work, see, e.g., [START_REF] Ljung | System Identification: Theory for the User (2nd Edition)[END_REF], [START_REF] Soderstrom | System Identification, ser. Series in Systems and Control Engineering[END_REF] and [START_REF] Young | Recursive Estimation and Time-Series Analysis: An Introduction for the Student and Practitioner[END_REF].

The IDIM-LS estimates are consistent if (see, e.g., [START_REF] Davidson | Estimation and Inference in Econometrics[END_REF])

E[X T ε] = 0 , (11) 
where E[•] is the expectation operator. In the case when this condition holds, the least-squares estimator is a consistent estimator as is detailed explicitly below.

Definition 1 (Statistical Consistency of Base-Parameter Estimators). Consider a robot model (4) with base parameters π.

Consider further an estimator producing a random variable πr for r noisy samples of input data q and τ . The estimator is said to be statistically consistent if πr converges to π in probability as r → ∞.

In [START_REF] Janot | A revised durbin-wuhausman test for industrial robot identification[END_REF], the authors have shown that [START_REF] Jin | Parameter identification for industrial robots with a fast and robust trajectory design approach[END_REF] leads to the following condition

X = X nf , (12) 
where X nf ∈ R (r×b) is a noise-free version of the observation matrix. X nf results from the sampling of Y(q, q, q). Condition ( 12) is consistent with the result exposed in [41, pp. 153] and explains why researchers in robotics have developed several techniques of data filtering suitable for robot identification, see e.g., [START_REF] Swevers | Optimal robot excitation and identification[END_REF] and [START_REF] Gautier | A new closed-loop output error method for parameter identification of robot dynamics[END_REF]. However, since robots are identified under closed-loop control, errors in measurements of q will appear in τ via the feedback law (6), and thus, X is most often correlated with ε. Alternate methods may be pursued to overcome this bias-inducing correlation.

D. The standard DIDIM method

The direct and inverse dynamics identification method (DIDIM) is a closed-loop-input-error method that aims to remove bias from identification through the use of an offline noise-free simulation. The method aims to minimize the following quadratic criterion

J DIDIM (π) = r i=1 τ (t i ) -τ s (t i , π) 2 , ( 13 
)
that captures the difference between the measured torques τ and simulated torques τ s , at a set of sample times t 1 , . . . , t r . The method is completely detailed in [START_REF] Gautier | A new closed-loop output error method for parameter identification of robot dynamics[END_REF], with the main steps summarized herein. DIDIM is an iterative method, producing a sequence of estimates, with π(k) denoting the estimate used for simulation at the k-th iteration of the algorithm. Because we focus on rigid robot identification, and since each simulation operates under closed-loop control, the sensitivity of simulation output to parameters π is low, as shown in [START_REF] Gautier | A new closed-loop output error method for parameter identification of robot dynamics[END_REF]. At each iteration, this implies that the approximation

∂τ (k) s ∂ π(k) ≈ Y q (k) s , q(k) s , q(k) s , (14) 
where q

(k) s , q(k) s , q (k) 
s are the vectors of simulated joint positions, velocities and accelerations, respectively. Simulated accelerations q(k) s are obtained via the DDM

q(k) s = H q (k) s , π(k) -1 τ (k) s -n(q (k) s , q(k) s , π(k) ) , (15) 
while the simulated torque at joint j is calculated with

τ sj = C j (s)(q rj -q sj ) . ( 16 
)
Simulated joint positions and velocities are obtained via the numerical integration of [START_REF] Valera | Controller-observer design and dynamic parameter identification for model-based control of an electromechanical lower-limb rehabilitation system[END_REF]. Note that C j (s) is usually known in robot identification, [START_REF] Gautier | A new closed-loop output error method for parameter identification of robot dynamics[END_REF], but it can be identified by running the methodology described in [START_REF] Brunot | An improved instrumental variable method for industrial robot model identification[END_REF] when necessary.

After data sampling and decimation, the following overdetermined system is obtained

y(τ ) = X s (q (k) s , q(k) s , q(k) s )π + ε DIDIM , (17) 
where X s (q r×b) is the observation matrix constructed with the simulated states resulting from the sampling of Y q

(k) s , q(k) s , q(k) s ) ∈ R (
(k) s , q(k) s , q (k) s 
; and ε DIDIM accounts for both the approximation error from [START_REF] Montazeri | Dynamic modelling and parameter estimation of a hydraulic robot manipulator using a multi-objective genetic algorithm[END_REF], as well as the measurement noise in τ . After simulation, a LS solution of (17) provides 

(k+1) = X T s Ω -1 X s -1 X T s Ω -1 y , Σ DIDIM = (X T s Ω -1 X s ) -1 . ( 18 
)
This process is iterated, with a single iteration diagrammed in Fig. 1. Because DIDIM is a LS-like identification method and according to [START_REF] Jin | Parameter identification for industrial robots with a fast and robust trajectory design approach[END_REF], its estimates are consistent if E[X T s ε DIDIM ] = 0. In Appendix B, we show that this relation holds if there is no modeling error and turns to X s = X nf . It is noted, that this DIDIM simulation procedure [START_REF] Valera | Controller-observer design and dynamic parameter identification for model-based control of an electromechanical lower-limb rehabilitation system[END_REF] requires the mass matrix H to be invertible along the simulated trajectory. The iteration procedure [START_REF] Villagrossi | A virtual force sensor for interaction tasks with conventional industrial robots[END_REF] does not, however, guarantee this requirement because it was not formally proven that the estimates of base parameters are physically consistent.

III. THEORETICAL ANALYSIS OF PC-IDIM-LS METHOD

A. Introduction of the physical consistency

In the standard IDIM-LS method, noise may bias parameters to the point that they are no longer physically meaningful. For instance, least-squares may assign a negative mass or rotational inertia that is not positive definite, see, e.g., [START_REF] Brunot | An improved instrumental variable method for industrial robot model identification[END_REF]. Such results occur when the data filtering is not appropriate and/or data does not had adequate accuracy. Recent results [START_REF] Wensing | Linear matrix inequalities for physically consistent inertial parameter identification: A statistical perspective on the mass distribution[END_REF] have provided linear matrix inequality (LMI) constraints that are both necessary and sufficient for the physical plausibility of inertial parameters π j . These results hinge on the so-called pseudo-inertia matrix J (π j ) ∈ R (4×4) of a rigid body as defined by :

J (π j ) = 1 2 tr(I j )I 3 -I j M S j M S T j m j , (19) 
where I 3 is the (3 × 3) identity matrix, and again, M S j represents the first-mass moment described after (2).

Definition 2 (Physical Consistency). A set of body dynamic parameters π j ∈ R 13 is said to be physically consistent if there exists a rigid body with mass m j , first mass moment M S j , and inertia tensor I j .

Proposition 1 (An LMI for Physical Consistency [START_REF] Wensing | Linear matrix inequalities for physically consistent inertial parameter identification: A statistical perspective on the mass distribution[END_REF]). The parameters π j are physically consistent if and only if

J (π j ) 0 . ( 20 
)
The expression " 0" is used to indicate that the matrix is positive definite. Because the constraint ( 20) is only valid with the standard parameters π, we deal now with them instead of the base parameters π.

This development allows a Physically-Consistent IDIM-LS problem (PC-IDIM-LS) to be formulated as a semidefinite program (SDP)

min π X π -y 2 2 (21) s.t. J ( πj ) 0, I a ( πj ) > 0 , f v ( πj ) > 0, f c ( πj ) > 0 , ∀j , ( 22 
)
where X is the corresponding IDIM for the full parameters resulting from the sampling of Y, and, again, f c and f v are Coulomb and viscous friction terms for the motor. The PC-IDIM-LS solution is denoted πP C-IDIM -LS , and the final residual from the PC-IDIM-LS method is given by εP C-IDIM -LS = y -X πP C-IDIM LS . The optimization problem ( 21) can be solved with state-of-the-art primaldual interior-point algorithms (e.g., [START_REF] Tütüncü | Solving semidefinite-quadraticlinear programs using sdpt3[END_REF]) that utilize a pathfollowing paradigm. A complete description of the pathfollowing paradigm is provided in [START_REF] Tütüncü | Solving semidefinite-quadraticlinear programs using sdpt3[END_REF]. Here, the optimization problem ( 21) is specified in the form above using CVX [START_REF] Grant | CVX: Matlab software for disciplined convex programming, version 2.1[END_REF] and solved using its integrated semidefinite optimization packages. The following subsections consider optimality criteria that must be satisfied at the solution to this problem.

B. Characterization of semidefiniteness

Let M ∈ R (m×m) be a positive semidefinite matrix, denoted as M 0. The first characterization is that its eigenvalues are nonnegative, i.e., λ i ≥ 0 for i = 1, • • • , m. Likewise, M 0 if its eigenvalues are positive, i.e., λ i > 0 for i = 1, • • • , m. Another fact is that any positive semidefinite matrix M can be decomposed as

M = L M D M L T M , (23) 
where L M ∈ R (m×m) is a lower triangular matrix; and D M ∈ R (m×m) is a non-negative diagonal matrix whose i-th diagonal element is denoted d i . We recall that D M is unique for a positive semidefinite matrix while L M is unique only when M is positive definite, see [START_REF] Benson | Solving problems with semidefinite and related constraints using interior-point methods for nonlinear programming[END_REF]. It follows that if a Non-Linear Programming (NLP) algorithm involves semipositive definite matrix M , then the following constraints

d i (M ) ≥ 0 for i = 1, • • • , m
, can be used in place of M 0 [START_REF] Benson | Solving problems with semidefinite and related constraints using interior-point methods for nonlinear programming[END_REF]. In other words, a positive semidefinite constraint can be expressed using standard inequality constraints. It follows that for robot identification one obtains

J (π j ) 0 ⇔ h Jj (π j ) ≥ 0 , for j = 1, • • • , n , (24) 
where h Jj ∈ R 4 is a vector of continuous functions of π j that are twice differentiable and concave, see [START_REF] Benson | Solving problems with semidefinite and related constraints using interior-point methods for nonlinear programming[END_REF]. Note that we have h Jj ∈ R 4 because one has J (π j ) ∈ R (4×4) . However, for ease and clarity, we introduce the following matrix

D J = diag (J (π 1 ), f v1 , f c1 , I a1 , • • • , J (π n ), f vn , f cn , I an )
and the following constraint h i (π) = λ i ≥ 0, where λ i is the i-th diagonal element of D(D J ) resulting from the LDL T decomposition of D J . Since each λ i is a function of π, the following constraint will be used for characterizing the semidefiniteness of the n pseudo-inertia matrices J (π j ), as well as the positiveness of the n viscous coefficients, Coulomb coefficients, and actuators inertias

h i (π) ≥ 0 , (25) 
where i = 1, ..., p with p = 7 • n.

C. Problem formulation

According to relations ( 21) and ( 24), the problem of physically consistent robot identification is equivalent to an inequality constrained programming problem formulated as

minimize f 0 (π) , subject to h i (π) ≥ 0 , for i = 1, • • • , p , (26) 
where [START_REF] Gautier | A new closed-loop output error method for parameter identification of robot dynamics[END_REF], the objective is scaled by 1/r such that Q XX and c remain bounded in the limit as the number of samples r → ∞. The Karush Kuhn Tucker (KKT) conditions for this problem can be stated as follows: if π * is an optimizer for [START_REF] Brunot | Comparison between the idim-iv method and the didim method for industrial robots identification[END_REF], there exists a multiplier µ * ∈ R p such that

f 0 (π) = (1/2r)||ε|| 2 2 = (1/2r)||y -Xπ|| 2 2 = (1/2)π T Q XX π -c T π + (1/2)α; Q XX = (1/r)X T X 0; c ∈ R c = (1/r)X T y; c = 13n; and α = (1/r)y T y is a scalar. Compared to
Q XX π * -c + A T µ * = 0 , h i (π * ) ≥ 0 , for i = 1 • • • p , µ * i h i (π * ) = 0 for i = 1 • • • p , µ * i ≥ 0 for i = 1 • • • p , (27) 
where

A ∈ R (p×c) is the Jacobian matrix of h(π) = h T 1 • • • h T p T . It is assumed that rank(A) = p. By intro-
ducing the slack variable s ≥ 0 with s ∈ R p , the above conditions can be equivalently formulated as follows

Q XX π -c + A T µ = 0 , h(π) -s = 0 , s i µ i = 0 for i = 1 • • • p , s i , µ i ≥ 0 for i = 1 • • • p . (28) 
An interior-point strategy is adopted to solve the constraint satisfaction problem described by [START_REF] Li | An indirect adaptive robot controller[END_REF],. This choice is motivated by the fact that such methods are very popular and are easily accessible though multiple solvers used by CVX [START_REF] Grant | CVX: Matlab software for disciplined convex programming, version 2.1[END_REF].

D. Problem resolution

The strategy is to find the optimal triplet (π, µ, s) satisfying the KKT conditions given by ( 28) by running an interiorpoint method whose main principles are sketched here to support the subsequent statistical analysis. First, the nonnegativity constraints are replaced with logarithmic barriers such that f 0 (π) becomes f 0 (π) -ζ p i=1 log(s i ), where ζ is the barrier parameter that has a small value. Second, we write the Lagrangian

L ζ (π, µ, s) = f 0 (π) -ζ p i=1 log(s i ) - p i=1 µ i (h i (π) -s i ) , (29) 
which plays an important role in the optimality conditions

∇ π L ζ = ∂L ζ /∂π = Q XX π -c + A T µ = 0 , ∇ µ L ζ = ∂L ζ /∂µ = h(π) -s = 0 , ∇ s L ζ = ∂L ζ /∂s = -ζD -1 s 1 p + µ = 0 , (30) 
where 

D s ∈ R (p×p) is a diagonal matrix defined by D s = diag(s 1 , • • • , s p ); and 1 p ∈ R p is a vector of ones defined by 1 p = (1, • • • , 1) T .
F ζ (π, µ, s) =   Q XX π + A T µ -c h(π) -s D s D µ 1 p -ζ1 p   = 0 , (31) 
where

D µ ∈ R (p×p) is a diagonal matrix defined by D µ = diag(µ 1 , • • • , µ p ).
Note that the difference between ( 31) and ( 28) is the presence of ζ1 p such that the last equation in [START_REF] Traversaro | Identification of fully physical consistent inertial parameters using optimization on manifolds[END_REF] represents a perturbed complementarity condition. Further, the Lagrange multipliers are given by µ

* i = ζ/s i for i = 1, • • • , p.
The idea is to apply Newton's method to [START_REF] Traversaro | Identification of fully physical consistent inertial parameters using optimization on manifolds[END_REF] to compute the optimal triplet (π ζ , µ ζ , s ζ ) on the central path, and automatically compute ζ with ζ = ςκ where ς ∈ [0, 1] is a parameter chosen by the algorithm, and κ is a duality measure introduced later, [START_REF] Vandenberghe | The cvxopt linear and quadratic cone program solvers[END_REF]. At iteration k, the Newton increments (∆π (k) , ∆µ (k) , ∆s (k) ) are the solution of the linear system

  H kkt A T 0 A 0 I p 0 D s D µ     ∆π (k) ∆µ (k) ∆s (k)   =   -r c -r b g s   (32) 
where

H kkt (π (k) , µ (k) ) = Q XX + p i=1 µ i ∇ 2 π h i (π (k) ) where ∇ 2 π h i (π (k) ) ∈ R (c×c) is the Hessian matrix of h i (π) evaluated at π (k) ; r c = Q XX π (k) + A T µ (k) -c; r b = h(π (k) ) -s (k) ; and g s = D s D µ 1 p -ςκ1 p .
To compute κ in [START_REF] Moakher | A differential geometric approach to the geometric mean of symmetric positive-definite matrices[END_REF], it is recalled that the set of points

(π ζ , µ ζ , s ζ ) satisfying F ζ (π ζ , µ ζ , s ζ ) = 0 , (33) 
(for some ζ) is called the central path, [START_REF] Vandenberghe | The cvxopt linear and quadratic cone program solvers[END_REF]. The new iterate (π

(k+1) ζ , µ (k+1) ζ , s (k+1) ζ 
) is thus determined by means of (π

(k+1) ζ , µ (k+1) ζ , s (k+1) ζ ) = (π (k) ζ , µ (k) ζ , s (k) ζ ) + α(∆π (k) , ∆µ (k) , ∆s (k) ), with α chosen such that (π (k+1) ζ , µ (k+1) ζ , s (k+1) ζ ) stays feasible. Given a feasible iterate (π (k) ζ , µ (k) ζ , s (k) ζ ), the duality measure κ is calculated according to κ = 1 p p i=1 s (k) ζ (i)µ (k) ζ (i) = (s (k) ζ ) T µ (k) ζ p .
We now proceed to derive the iteration step. Since D µ is a nonsingular diagonal matrix by definition, the increment ∆s (k) in the slack variable can be easily eliminated with

D s ∆µ (k) + D µ ∆s (k) = g s , yielding ∆s (k) = D -1 µ g s -D -1 µ D s ∆µ (k) , (34) 
resulting in

H kkt A T A -D -1 µ D s ∆π (k) ∆µ (k) = -r c -r b -D -1 µ g s . (35) 
Then, D s being nonsingular by definition, ∆µ (k) can be eliminated with

∆µ (k) = D -1 s D µ r b + D -1 s g s + D -1 s D µ A∆π (k) , (36) 
in order to obtain

∆π (k) = -N -1 π (r c + r f eas + r cent ) , (37) 
with

N π ∈ R (c×c) = H kkt + A T D -1 s D µ A; r f eas = (A T D -1 s D µ r b ); and r cent = (A T D -1 s g s ).
Note that N π is positive definite as follows. First, D s and D µ are positive definite while A is full rank yielding

A T D -1 s D µ A 0. Then, with Q XX 0 and p i=1 µ i ∇ 2 π h i (π (k) ) 0, one finally obtains N π 0.
Interestingly, we note that ∆π is composed of three terms. The first component, -N -1 π r c , is the element of the step direction, the second one -N -1 π r f eas aims towards feasibility while the last one -N -1 π r cent provides centering.

Working backwards through [START_REF] Wensing | Observability in Inertial Parameter Identification[END_REF], ( 36) and ( 34), we solve for ∆π, ∆µ and ∆s. This process can be iterated until its convergence. It follows that this iterative algorithm must be initialized with values that keep the properties of physical consistency. This can be accomplished by choosing the Computer-Aided-Design (CAD) values of π.

E. Addressing the statistical consistency of PC-IDIM-LS

This subsection now proceeds to analyze the behavior of the previous iteration process in the case of noisy data, and compares it to the noise free case. We consider a single iteration of the algorithm and compare the iteration with and without noise. We note by π(k) and π (k) the iterate of the algorithm with noisy and noise-free data respectively, and we consider the case where these estimates start equivalent, and likewise that noise free and noisy estimates for µ and s start equivalent. Denote by ∆ π(k) and ∆π (k) the change in variables over the iteration. We leave π itself to represent the true parameters and ê(k) π = π(k) -π to represent the parameter error with noisy data and e (k) π = π (k) -π with noise-free data. We assume that the data is maximally exciting [START_REF] Swevers | Optimal robot excitation and identification[END_REF] with rank(X T X) = b. Noting that it is ultimately only the base parameters that affect a dynamic model, this assumption implies that noise-free data provides lim k→∞ Kπ (k) = π. The main goal of this section will be to derive conditions under which ê(k+1) . This result will then imply that π = lim k→∞ π(k) provides a statistically consistent estimate of the base parameters.

To proceed with the statistical analysis, we consider a single iteration from k to k + 1 of the above algorithm such that dependence of N π on the iteration is dropped for simplicity of notation. We assume that the noisy version Nπ converges in probability to the finite constant E[ Nπ ] = N π ∈ R (c×c) as the number of samples r → ∞. We denote this convergence in probability via plim r→∞ Nπ = N π Hence, by applying the continuous mapping theorem, [START_REF] Young | Recursive Estimation and Time-Series Analysis: An Introduction for the Student and Practitioner[END_REF], one obtains that

plim r→∞ N -1 π = E[ Nπ ] -1 = N -1 π .
These assumptions are reasonable in robot identification for the following reasons. First, as robots are often position controlled, the deterministic components of joint positions, velocities, accelerations are bounded by definition. Second, when robots are operating in normal conditions, the variances of the signals are finite. Finally, the signals can be considered as quasi-stationary over the duration of the identification process so that Theorem 2.3 in [38, page 43] applies. A formal proof would be more rigorous, but such analysis is beyond the scope of this paper and will be dealt with in a later publication.

Finding the conditions ensuring the consistency of ( 37) is not as easy as with usual linear systems. First, we start with a linear-in-parameter system to finally deal with a nonlinear system that has been linearized around the current estimates.Second, the problem is complicated by the fact that many π produce the same data. Indeed, all π resulting in the same data lie in an affine subspace of R c denoted

D = {π d ∈ R c | π = Kπ d },
which is also the subspace of parameters that leads to the true base parameters, see [START_REF] Gautier | Identification of consistent standard dynamic parameters of industrial robots[END_REF]. Thus, we shall only analyze the convergence of base parameters of the estimated parameters. Note that this problem is similar to the one tackled in [START_REF] Ljung | System Identification: Theory for the User (2nd Edition)[END_REF]Chapter 8].

Let us focus now on relation [START_REF] Wensing | Observability in Inertial Parameter Identification[END_REF]. First, we note that with noisy data [START_REF] Wensing | Observability in Inertial Parameter Identification[END_REF] gives

Nπ ∆ π(k) = -(r c + r f eas + r cent ) . (38) 
Then, with c

= 1 r X T y = 1 r X T Xπ + 1 r X T ε = Q XX π + 1 r X T ε, one has r c = Q XX e (k) π + A T µ (k) - 1 r X T ε , (39) 
By introducing

r c0 = Q XX e (k) π + A T µ (k)
, by assuming that r c0 , r f eas and r cent are noise-independent, we obtain a relation we are familiar with

y nls = Nπ ∆ π(k) - 1 r X T ε , (40) 
with y nls = -r c0 -r f eas -r cent . Finally, considering [START_REF] Wensing | Observability in Inertial Parameter Identification[END_REF] under noise-free data, and inserting [START_REF] Brunot | An improved instrumental variable method for industrial robot model identification[END_REF] from noisy data, it follows that

∆ π(k) = ∆π (k) -N -1 π 1 r X T ε . ( 41 
)
By application of the Slutsky's theorem, [START_REF] Davidson | Estimation and Inference in Econometrics[END_REF], we can write

plim r→∞ ∆ π(k) = ∆π (k) -N -1 π plim r→∞ 1 r X T ε , ( 42 
)
and by multiplying ( 42) by K with ê(k) π = π(k) -π, one obtains

plim r→∞ ê(k+1) π = e (k+1) π -K N -1 π plim r→∞ 1 r X T ε , (43) yielding that if E X T ε = 0 then ê(k+1)
π converges in probability to the constant e (k+1) π as the sample size r → ∞, see, e.g., [42, chapter 4, pp. 103]. In this case, the step ∆ π(k) is consistent with the noise-free step ∆π (k) . Further, since r c is the only location where noise enters [START_REF] Moakher | A differential geometric approach to the geometric mean of symmetric positive-definite matrices[END_REF], it follows that ∆ μ(k) and ∆ŝ (k) result in steps that are consistent with the noise free ones in this case as well. Proceeding inductively, consistency from iteration-to-iteration and the convergence of the noise-free iterations to the correct base parameters together implies the following main proposition Proposition 2 (Statistical and Physical Consistency of PC-IDIM-LS). The PC-IDIM-LS algorithm is a statistically consistent base parameter estimator for π if

E[X T ε] = 0. ( 44 
)
The algorithm produces a physically consistent result even when this condition does not hold.

This result is important because constrained LS estimation is not able to ensure consistent estimates when the system is identified under closed-loop control since (44) does not hold. One notable exception occurs when proper tailor-made data filtering is applied, as we shall see later. Indeed, as mentioned in Section II, relation [START_REF] Tütüncü | Solving semidefinite-quadraticlinear programs using sdpt3[END_REF] is violated because of the feedback which induces a correlation between X and ε. Filtering data is a way to break this correlation, but the results strongly depend on the quality of data and expertise of the user, and this is the reason why it is preferable to choose an identification method robust against a violation of (44). One interesting approach is the DIDIM method previously presented. The following section shows how the constraints (20) can be used to enforce the physical consistency of DIDIM estimates.

F. Conclusion: the key results

In this section, a thorough analysis of the PC-IDIM-LS method has been presented. The resolution of the constrained LS problem, as well as the statistical properties, have been tackled. The key results that will be utilized and/or emphasized in the following sections are the results of Proposition 1 (i.e., [START_REF] Wensing | Proprioceptive actuator design in the MIT Cheetah: Impact mitigation and high-bandwidth physical interaction for dynamic legged robots[END_REF]) and Proposition 2 (i.e., [START_REF] Tütüncü | Solving semidefinite-quadraticlinear programs using sdpt3[END_REF]), the former establishing the physical consistency of the full parameters, the later considering statistical consistency of the base parameters.

IV. SEQUENTIAL SEMIDEFINITE OPTIMIZATION FOR PHYSICAL AND STATISTICAL CONSISTENCY

A. Introduction

As it has been theoretically shown in the previous sections, while the work in [START_REF] Wensing | Linear matrix inequalities for physically consistent inertial parameter identification: A statistical perspective on the mass distribution[END_REF] guaranteed physical consistency of the IDIM-LS estimates via LMI constraints [START_REF] Reiersøl | Confluence analysis by means of lag moments and other methods of confluence analysis[END_REF], the method naturally suffers from the same challenges as standard IDIM-LS in terms of bias from noise. By comparison, the DIDIM method is a statistically consistent estimator when the model form is valid but does not guarantee the physical consistency of the output. The following subsections consider a unified framework to leverage the relative advantages of each of these previous methods. The new physically-consistent DIDIM (PC-DIDIM) method leverages sequential semidefinite optimization toward guaranteeing the physical consistency of the output and maintaining the statistical consistency of the framework.

B. The PC-DIDIM method

The standard DIDIM method from Section II-D is improved by enforcing physical consistency constraints on the inertial parameters at each iterate. Unlike the original DIDIM method, physical consistency requires consideration of the full parameter set. This feature is desirable and lowers the barrier to adoption of the new method. At each iteration k, the PC-DIDIM estimates π(k) are used to simulate the DDM to obtain the simulated joint positions, velocities and accelerations for the construction of X (k)

s , i.e., q(k) s = H q (k) s , π(k) -1 τ (k) s -n(q (k) s , q(k) s , π(k) ) . ( 45 
)
Estimates for the next iteration are then calculated by solving an SDP that enforces physical consistency of the full parameters:

π(k+1) = argmin π X (k) s π -y 2 2 (46) s.t. J ( πj ) 0, I a ( πj ) > 0 , ( 47 
) f v ( πj ) > 0, f c ( πj ) > 0, ∀j (48) 
This process is iterated, with a single iteration diagrammed in Fig. 2. This sequential semidefinite optimization procedure is run until convergence. Convergence is considered with a relative change criterion:

max | π(k+1) (i) -π(k) (i)| | π(k) (i)| ≤ tol cv , (49) 
where π(k) (i) is the i-th component of π(k) ; and tol cv is a user-defined threshold.

Algorithm 1: PC-DIDIM Algorithm

1 Run the controller on the physical robot to obtain samples of τ and q (Note: q is only used in validation with the DWH test)

2 Form y as described in Section II, equation [START_REF] John Hollerbach | Chapter 6: Model identification[END_REF] 3 Set π(0) from CAD 4 for k = 0, . . . , max iter do 5

Simulate the forward-dynamic model with robot parameters π(k) to obtain q

(k) s , q(k) s , q(k) s 6 Construct X (k) s
as explained in Section IV-B 7

Solve the SDP:

π(k+1) = argmin π X (k) s π -y 2 2 s.t. J ( πj) 0, Ia( πj) > 0 fv( πj) > 0, fc( πj) > 0 ∀j 8 if max | π(k+1) (i)-π(k) (i)| | π(k) (i)| < tol cv then 9 Break 10 end 11
Run the revised DWH-test described in [START_REF] Janot | A revised durbin-wuhausman test for industrial robot identification[END_REF] to validate the model form. 12 end A summary of the PC-DIDIM method is given in Algorithm 1. Note that measurements of q and q from the robot are not required for an iteration of the PC-DIDIM algorithm since the simulated q s and qs are used. It should also be stressed that initializing this process is not difficult because Computer-Aided-Design (CAD) values of the parameters can be used to provide a seed π(0) . Since these CAD values are computed with software that makes use of physical laws, these initial parameters are physically consistent.

C. The properties of PC-DIDIM method

Let πP C-DIDIM be the solution obtained at the last iteration, and εP C-DIDIM = y -X s πP C-DIDIM the final residual from the PC-DIDIM method. Errors are assumed serially uncorrelated such that the covariance matrix Ω can be partitioned as [START_REF] Ayusawa | Identifiability and identification of inertial parameters using the underactuated base-link dynamics for legged multibody systems[END_REF], where each σ j is estimated with

σ2 j ≈ εP C-DIDIMj 2 2
/n e , εP C-DIDIMj being the joint j residual of the PC-DIDIM method. Let εP C-DIDIM = Ω -1 εP C-DIDIM be the normalized PC-DIDIM error.

With the assumptions mentioned above, εP C-DIDIM must be independent and identically distributed (i.i.d.). The whiteness of εP C-DIDIM can be assessed with appropriate statistical tests such as the autocorrelation and partial autocorrelation functions (ACF -PACF) commonly used in practice (see e.g. [START_REF] Young | Recursive Estimation and Time-Series Analysis: An Introduction for the Student and Practitioner[END_REF]). It is recalled that autocorrelation (or serial correlation) is the correlation of a signal with a delayed copy of itself as a function of delay while the partial autocorrelation function gives the partial correlation of a time series with its own lagged values, controlling for the values of the time series at all shorter lags. These two functions play an important role to determine the lag p in Autoregressive (AR) models.

If the tests reject the hypothesis that εP C-DIDIM is white, then it means that either the statistical assumptions made are violated, or a modeling error remains. In the former case, there are no consequences on the consistency of the PC-DIDIM estimates, whereas there are in the latter case [START_REF] Davidson | Estimation and Inference in Econometrics[END_REF]. Rigorous justification for this claim is given in Appendix B . For a practitioner to discriminate between these two possibilities, the original Durbin-Wu-Hausman test (DWH-test) presented in [START_REF] Hausman | Specification tests in econometrics[END_REF] has been extended to robot identification in [START_REF] Janot | A revised durbin-wuhausman test for industrial robot identification[END_REF]. This modified version is called the Revised DWH-test, and the main idea is briefly summarized here. If the model form of the IDM is perfectly known, then we have the following equality

X s = X nf . (50) 
Relation ( 50) therefore suggests that X differs from X s by a R (r×b) matrix of error from noise denoted V ∈ R (r×b) i.e.

X = X s + V , (51) 
where E[V] = 0. Then, the basic idea of this test is simple: each column of X s denoted x s (i) is projected onto the space spanned by the columns of X, and if the hypothesis H 0 :

x(i) = x s (i) + v(i)
, where x(i), x s (i) and v(i) are the ith columns of X, X s and V, respectively, is not rejected, then one concludes that both relations ( 50) and ( 51) hold. This means that there is no significant modeling error. In this case, we have the following proposition Proposition 3 (Consistency of the PC-DIDIM method). If there is no modeling error, then one has X s = X nf , and the PC-DIDIM estimates of the base parameters are statistically consistent.

Proof. The argument is very similar to the one in Appendix B combined with previous development. If there is no modeling error, then one has X s = X nf . With this equality inserted into relation [START_REF] Davidson | Estimation and Inference in Econometrics[END_REF], one obtains

plim r→∞ ∆ π(k) = ∆π (k) -N -1 π plim r→∞ 1 r X T s ε
Yet, since X s = X nf is deterministic, and E[ε] = 0 with entries having finite variance, it follows that

plim r→∞ ∆ π(k) = ∆π (k) (52) 
As a result, in the limit as the number of samples goes to infinity, the PC-DIDIM algorithm takes the same steps under noisy torque data as in the case of having noise-free torque data. A case with noise-free torque data provides

lim k→∞ Kπ (k) = π.
Thus, combing this behavior with [START_REF] Werner | More on blu estimation in regression models with possibly singular covariances[END_REF], it follows that PC-DIDIM provides a statically consistent base parameter estimate.

D. Covariance matrix of PC-DIDIM estimates

Until now, the calculation of the covariance matrix of PC-DIDIM estimates was not addressed. Note further that this problem was not tackled in [START_REF] Sousa | Physical feasibility of robot base inertial parameter identification: A linear matrix inequality approach[END_REF], [START_REF] Traversaro | Identification of fully physical consistent inertial parameters using optimization on manifolds[END_REF] and [START_REF] Wensing | Linear matrix inequalities for physically consistent inertial parameter identification: A statistical perspective on the mass distribution[END_REF]. From the point of view of system identification, it is incomplete to identify parameters without dealing with their deviations since they are used to assess the quality of estimation, see [START_REF] Soderstrom | System Identification, ser. Series in Systems and Control Engineering[END_REF], [START_REF] Ljung | System Identification: Theory for the User (2nd Edition)[END_REF] and [START_REF] Young | Recursive Estimation and Time-Series Analysis: An Introduction for the Student and Practitioner[END_REF] among others. If we can always compute the covariance matrix of the DIDIM estimates given by [START_REF] Villagrossi | A virtual force sensor for interaction tasks with conventional industrial robots[END_REF], the calculation of the covariance matrix of πP C-DIDIM cannot be treated by simply using the standard approaches presented in the previous references. Indeed, X s is rank deficient while π is estimated by means of a nonlinear method. This combination of these two difficulties may explain why [START_REF] Wensing | Linear matrix inequalities for physically consistent inertial parameter identification: A statistical perspective on the mass distribution[END_REF], [START_REF] Sousa | Physical feasibility of robot base inertial parameter identification: A linear matrix inequality approach[END_REF], [START_REF] Traversaro | Identification of fully physical consistent inertial parameters using optimization on manifolds[END_REF], [START_REF] Sousa | Inertia tensor properties in robot dynamics identification: A linear matrix inequality approach[END_REF], [START_REF] Gaz | Dynamic identification of the franka emika panda robot with retrieval of feasible parameters using penalty-based optimization[END_REF] did not address this critical point. In this subsection, we present a methodology to estimate the covariance matrix of πP C-DIDIM .

The topic of rank-deficient observation and covariance matrices has been investigated, see [START_REF] Werner | More on blu estimation in regression models with possibly singular covariances[END_REF] and [39, chapter 4, pages 88-90]. If it was a classical unconstrained LS problem, i.e., y = X s π + ε, an elegant way to circumvent the issue of rank-deficient observation and covariance matrices is to use the following relation

Σ P C-DIDIM2 = X Ω ΩX T Ω , (53) 
which is the covariance matrix of the LS solution πpinv = X † s y, where

X Ω = (X T s Ω † X s ) † X T s Ω † ∈ R (r×r) ; Ω = X s X T
s +Ω; and the upper-script † denotes the Moore-Penrose inverse. The properties of the pseudo-inverse matrix are given in [START_REF] Barata | The moorepenrose pseudoinverse: A tutorial review of the theory[END_REF]. However, relation [START_REF] Barata | The moorepenrose pseudoinverse: A tutorial review of the theory[END_REF] does not account for the constraints that affect the calculation of the covariance matrix (see an example in [START_REF] Soderstrom | System Identification, ser. Series in Systems and Control Engineering[END_REF], chapter 4, p.85).

In our case, by considering [START_REF] Brunot | An improved instrumental variable method for industrial robot model identification[END_REF] with X replaced by X s , i.e.,

y nls = Nπ ∆π (k) - 1 r X T s ε , (54) 
by considering the probability limit, see e.g. [START_REF] Davidson | Estimation and Inference in Econometrics[END_REF] chapter 5, and if we consider that N π is full-rank, whereas X s is not, the calculations in [39, chapter 4], recalled in Appendix C, show that the optimal covariance matrix of the PC-DIDIM estimates is given by

Σ P C-DIDIM1 = N T π Ω-1 ε N π -1 -I c , (55) 
with Ωε = N π N T π +X s ΩX T s . Interestingly, we note that the covariance matrix given by ( 55) is also the covariance matrix of the increment [START_REF] Wensing | Observability in Inertial Parameter Identification[END_REF]. To be complete, it should be noticed that these explanations are consistent with the calculations presented in [39, pages 212-213]. The main lines of the proof are briefly recalled in Appendix D.

Let Σ P C-DIDIM1 be partitioned such that

Σ P C-DIDIM1 = Σ 11 Σ 12 Σ T 12 Σ 22
where

Σ 11 ∈ R (b×b) (resp. Σ 22 ∈ R (c-b)×(c-b)
) is the covariance matrix of π1 (resp. π2 ); and Σ 12 ∈ R b×(c-b) is the correlation matrix between π1 and π2 . According to the relation linking π and π, one obtains Σ red , the covariance matrix of the base parameters from the one of standard parameters (55)

Σ red = Σ 11 + KΣ 22 K T + KΣ T 12 + Σ 12 K T , (56) 
and since plim r→∞ π ∈ D, we obtain Σ red → Σ DIDIM as r → ∞. Note that if X s is replaced by X s in (53), we retrieve [START_REF] Villagrossi | A virtual force sensor for interaction tasks with conventional industrial robots[END_REF], see the calculations given in [39, chapter 4].

We conclude now this section with further comments that are of interest.

E. Further comments on the equality constraints

In [START_REF] Sousa | Physical feasibility of robot base inertial parameter identification: A linear matrix inequality approach[END_REF], the authors suggest that some additional constraints can be added to get more accurate results. If this idea sounds good and is well founded, the user must be wary of equality constraints. For instance, we might add the following equality constraints n j=1 m j = m tot , where m tot is the total mass of the robot since it is sufficient to weight it to get m tot . Note that this constraint can be written as a vectorial form with a T m π = m tot , where a m ∈ R c . However, m tot being not perfectly known, an error will be introduced in constraints that will bias the final results. The proof is straightforward if we consider the term r b in [START_REF] Brunot | An improved instrumental variable method for industrial robot model identification[END_REF] with the error becoming ε rc = X T s ε + a T m δm tot , where δm tot is the error on m tot . It is clear that E[ε rc ] = 0 if and only E[a T m δm tot ] = 0 i.e., δm tot = 0. Although this error will remain very small in most of cases, it is preferable to use inequality constraints in order to take possible small errors into account. For instance, we can use l m < m tot < u m , where l m and u m are the lower and upper bounds of the total mass, respectively.

It could also be tempting to use the CAD values of nonidentifiable parameters (i.e., π 2 ) as equality constraints with the aim of obtaining more accurate result. Again, this idea seems well-founded since CAD values are physically consistent by definition and are not far from the real values in most cases. But in doing so, we introduce some errors because the CAD values are not perfect, and π1 will differ from what we expect. One remaining question is: what is the impact of such errors on the estimates of base parameters? Let us assume that the errors introduced by the use of CAD values of π 2 do not make the problem infeasible, i.e., these errors remain reasonable and E[X T s ε] = 0 holds. E[ π] = π by definition, and let π 10 and π 20 be the true values of π 1 and π 2 , respectively. We can write π = π 10 + Kπ 20 and π = π 1 + Kπ 2 . Let δπ 1 and δπ 2 the bias and the errors caused by the use of CAD values of π 2 . One has π = π 10 + Kπ 20 + δπ 1 + Kδπ 2 , i.e., π = π

+ δπ 1 + Kδπ 2 . Since E[ π] = π, it follows that E[ π] = π + E[δπ 1 ] + E[Kδπ 2 ] = π + δπ 1 + Kδπ 2 =⇒ δπ 1 + Kδπ 2 = 0 =⇒ δπ 1 = -Kδπ 2 because
δπ 1 and δπ 2 are deterministic by definition. Loosely speaking, the errors introduced by the imperfect CAD values of π 2 will be compensated by the regroupings provided that problem remains feasible and the observation matrix is not correlated with the vector of errors. This result will be validated through Monte Carlo simulations.

To conclude this section, it is of critical importance to assume that the trajectories applied to the robot are exciting enough, i.e., one has rank(X) = rank(X) = b. If this assumption is violated, then all the theoretical analysis made in this section no longer holds because rank(Q XX ) = rank(X T X) = rank(X) < b, which implies that all the base parameters cannot be identified from the data. In such cases, experimental protocol must be re-planed or some regularization methods such as [START_REF] Lee | Geometric robot dynamic identification: A convex programming approach[END_REF] must be considered.

F. Conclusion: the main results

In this section, a thorough study of the PC-DIDIM approach has been presented. The algorithm, as well as its statistical properties, have been introduced. The main results that will be emphasized in the following sections are Proposition 3 and the calculation of the covariance matrix of the PC-DIDIM estimates via (55).

V. MONTE CARLO SIMULATIONS RESULTS

A. Introduction

This section presents all the results obtained by running Monte Carlo Simulations (MCS). After a short description of the TX-40 robot, the convergence and robustness of PC-DIDIM and PC-IDIM-LS are investigated. Then, the influence of LMI constraints on the estimates is studied, followed by the validation of the computation of the covariance matrix (55) and an analysis of the impact of equality constraints.

All the simulations are executed on a laptop equipped with an Intel Core i5 processor, 8 GB of RAM (DDR4 SDRAM technology), and a capacity of 2 TB [an ACER aspire 3]. MATLAB version 2020-A was used.

B. Presentation of the TX40 robot

The TX40 robot has a serial structure with six rotational joints and is characterized by a coupling between the joints 5 and 6, see [START_REF] Janot | A generic instrumental variable approach for industrial robot identification[END_REF]. This coupling adds two additional parameters: the viscous coupling friction coefficient of motor 6; and the dry coupling friction coefficient of motor 6. The TX40 robot has 60 base dynamic parameters, with complete modeling as given in [START_REF] Gautier | Dynamic identification of a 6 dof robot without joint position data[END_REF]. The robot is controlled by a cascade controller, which consists of a P control of the inner velocity loop, and a P control of the outer position loop. τ j is given by τ j = k pj k vj (q rj -q mj ) -k vj qmj , where k pj is the proportional gain of the outer position loop in Nm/rad, k vj is the proportional gain of the inner velocity loop in Nm/(rad/s), qmj is the velocity calculated from the differentiation of q mj . The bandwidth of the first (resp. last) three position closedloops is 10Hz (resp. 20 Hz).

To fully identify the dynamic parameters, exciting reference trajectories q r , qr , qr were applied to the TX40 robot. The trajectories used provided a conditioning number of 200 for X to avoid numerical issues [START_REF] Gautier | Exciting trajectories for the identification of base inertial parameters of robots[END_REF]. To evaluate the identification methods involved in this study, all the data are stored with a sampling rate f m = 5kHz. In order to validate the estimates, cross-validations were carried out with three fifth-order polynomials passing through points that are different from those of trajectories involved in the identification methods. All crossvalidation data are stored with a different sampling rate given by f cv m = 1kHz, and the relative errors are calculated with the estimates and with these trajectories (see [START_REF] Janot | A generic instrumental variable approach for industrial robot identification[END_REF] for the technical details).

C. Convergence and robustness of the PC-DIDIM method

The convergence and the robustness against an inappropriate data filtering of PC-DIDIM and PC-IDIM-LS are investigated by running Monte Carlo simulations. Three scenarios are studied: appropriate data filtering and accurate data, inappropriate data filtering and accurate data, and appropriate data filtering and poor data. The case of inappropriate data filtering and poor data is not investigated since it is known that LS estimation fails to provide consistent results in this case, see, e.g., [START_REF] Brunot | An improved instrumental variable method for industrial robot model identification[END_REF]. The assumed ground truth values of the base parameters are their CAD values given in [START_REF] Gautier | Identification of consistent standard dynamic parameters of industrial robots[END_REF] with π CAD = Kπ CAD .

The joint positions are corrupted by zero-mean Gaussian noise with a resolution of 32000 (resp. 1000) counts per revolution for accurate (resp. poor) data. The PC-IDIM-LS method is first carried out with 1) a fourth-order Butterworth filter for position q, 2) central differences of this filtered q to generate estimates q and q, and 3) parallel decimation with a lowpass Tchebyshef filter. The cut-off frequency of the Butterworth (resp. Tchebyshef) filter is 40 Hz (resp. 10 Hz) when the data filtering is appropriate (see the rules given in [START_REF] Gautier | A new closed-loop output error method for parameter identification of robot dynamics[END_REF]), whereas the cut-off frequency of the Butterworth (resp. Tchebyshef) filter is 200 Hz (resp. 100 Hz) when the data filtering is inappropriate. For the PC-DIDIM method, only the parallel decimation is carried out, and CAD values of the standard parameters are used for its initialization.

To have an interpretation of results provided by Monte Carlo simulations, 300 simulations are executed, the mean value, as well as the deviation of each parameter, is calculated over the 300 estimations obtained. It is recalled that the mean value is computed with

π(i) = 1 N mcs Nmcs l=1 π[l] (i) , ( 57 
)
where N mcs is the number of Monte Carlo simulations, while the deviation is evaluated as

σ π(i) = 1 N mcs -1 Nmcs l=1 ( π[l] (i) -π(i)) 2 . ( 58 
)
If the mean value is close to the true value with a small deviation, then the parameter is considered as consistently estimated, otherwise it is considered as biased. Note that the mean value is compared with π CAD . For the first scenario, PC-DIDIM converges in 3 or 4 iterations only; the average number of iterations for convergence over the 300 runs being 3.4. Regarding the computation time, for each iteration of the PC-DIDIM method, the SDP programming needs 18 iterations in 1 second to converge while the simulation of the DDM takes only 5 seconds for an 8-second trajectory. This implies that PC-DIDIM takes 6 seconds only for one iteration and so an average time of 20.4 seconds to converge. For the last two scenarios, the average number of iterations for convergence over the 300 runs being 5.3 while for each iteration of PC-DIDIM, the SDP programming needs 23 iterations in 10 seconds to converge. PC-DIDIM takes an average time of 53 seconds to converge. This increase is simply caused by the fact that the cut-off frequency of the decimate filter is higher which implies that we have more samples to deal with. These results show that the simulation of the DDM and resolution of ( 22) is not a The mean values of estimated base parameters being very close to their real ones with small deviations, PC-DIDIM converges asymptotically to an element of possible representations of π, and it can be thus concluded that the PC-DIDIM estimates are both physically and statistically consistent. In Table I the estimates of some base parameters with their variances in parentheses are provided, the detailed results being given in the extra file. Interestingly, we can notice that the estimates of the standard parameters converge to the CAD values. This result can be explained by the fact that CAD values are one representation of possible solutions in D, and PC-DIDIM was initialized with them. The effect of initialization is further studied in the following section.

In contrast, PC-IDIM-LS only provides consistent results when data are accurate enough and associated with appropriate data filtering (i.e., the first scenario). Indeed, for the last two scenarios, the average values of estimated parameters differ significantly from their true values with small deviations which implies that the bias is persisting. This result is simply explained by the fact that relation [START_REF] Jin | Parameter identification for industrial robots with a fast and robust trajectory design approach[END_REF] is violated because data are not accurate enough and/or the data filtering is no longer sufficient to deal with noises that are significant. In Table II the estimates of some base parameters with their variances in parentheses are provided while the detailed results being given in the extra file.

All these results are in agreement with the theoretical approach developed in Sections III-E and IV-B.

D. Influence of LMI constraints and initial values

Until now, only the LMI constraints given by ( 20) have been considered while others have been proposed in the literature. In [START_REF] Sousa | Inertia tensor properties in robot dynamics identification: A linear matrix inequality approach[END_REF], the authors have experimentally evaluated the influence of the LMI constraints employed in [START_REF] Sousa | Physical feasibility of robot base inertial parameter identification: A linear matrix inequality approach[END_REF] and [START_REF] Wensing | Linear matrix inequalities for physically consistent inertial parameter identification: A statistical perspective on the mass distribution[END_REF], i.e., [START_REF] Wensing | Proprioceptive actuator design in the MIT Cheetah: Impact mitigation and high-bandwidth physical interaction for dynamic legged robots[END_REF], and they concluded that better results are obtained with [START_REF] Wensing | Proprioceptive actuator design in the MIT Cheetah: Impact mitigation and high-bandwidth physical interaction for dynamic legged robots[END_REF]. However, they did not consider the possible correlation between X and ε. Note that the constraints used in [START_REF] Gaz | Dynamic identification of the franka emika panda robot with retrieval of feasible parameters using penalty-based optimization[END_REF] are the same as ours. We recall that the constraints imposed in [START_REF] Sousa | Physical feasibility of robot base inertial parameter identification: A linear matrix inequality approach[END_REF] are simply the positiveness of the mass and the positive definiteness of the rotational inertia matrix about the CoM; these constraints are termed physical semiconsistency constraints. In [START_REF] Wensing | Linear matrix inequalities for physically consistent inertial parameter identification: A statistical perspective on the mass distribution[END_REF], [START_REF] Traversaro | Identification of fully physical consistent inertial parameters using optimization on manifolds[END_REF], the authors impose that so-called triangle-inequalities must be satisfied as well; these constraints are termed full physical consistency constraints. The impact of the LMI constraints on the PC-IDIM-LS and PC-DIDIM estimates is now investigated by imposing the physical semi-consistency and full physical consistency constraints, and running 300 MCS accordingly to the conditions given in the previous section. The obtained results being very similar to those exposed in the previous Section V-C, they are not reported here; all the detailed results are given in the extra file. It is clear that the LMI constraints imposed by the user have little impact on the estimates of the PC-DIDIM method coupled or not with proper data filtering. Indeed, the PC-DIDIM estimates are very close to their true values while the number of iterations needed to converge does not significantly vary. Finally, PC-IDIM-LS provides only consistent estimates if proper data filtering is carried out regardless of the LMI constraints imposed. Again, this result is in agreement with the theoretical study introduced in Sections III-E and IV-B.

Concerning the initialization, we normally use the CAD values since they are usually known. In contrast to blackbox identification methods developed by the community of system identification, there is thus little need to estimate initial values as it is usually done, see [START_REF] Ljung | System Identification: Theory for the User (2nd Edition)[END_REF], [START_REF] Soderstrom | System Identification, ser. Series in Systems and Control Engineering[END_REF], [START_REF] Young | Recursive Estimation and Time-Series Analysis: An Introduction for the Student and Practitioner[END_REF] among others. Nevertheless, if the CAD values can be considered as good enough in most of cases, the impact of initialization must be investigated because the CAD values may be not accurate enough for various reasons. To evaluate the effect of initialization on the DIDIM and PC-DIDIM estimates, the two methods are initialized with the CAD values perturbed by zero-mean Gaussian noise with a relative deviation varying between 10% to 50%, that is to say π (0) (i) = N π CAD (i), (0.1 |π CAD (i)|) 2 for a relative error of 10%. It has been checked that these disturbed CAD values are still physically consistent, i.e., they fulfill eq. ( 20). The obtained results show that PC-DIDIM succeeds to converge to the true values regardless the initialization whereas DIDIM fails to converge when the relative error exceeds 30%. In fact, if DIDIM is improperly initialized, the estimates may be no longer physically consistent providing a non-positive definite inertia matrix. In such case, the simulation is aborted. In contrast to DIDIM, PC-DIDIM always provides estimates that are physically consistent provided that the problem remains feasible. This result is particularly interesting because it shows that PC-DIDIM is more robust against an improper initialization than the standard DIDIM method, and this proves to be a real advantage when the CAD values are not accurate enough.

E. Calculation of the covariance matrix of PC-DIDIM estimates

The estimation of the covariance matrix of PC-DIDIM estimates is now investigated by executing Monte Carlo simulations and since it has been proved that the PC-DIDIM estimates are consistent, we can deal with the estimation of their covariance matrix. The calculations have been made with accurate data and appropriate data filtering while the matrix Ω is estimated according to the procedure described in [START_REF] Gautier | A new closed-loop output error method for parameter identification of robot dynamics[END_REF].

It is recalled that the covariance matrix of PC-DIDIM estimated over N mcs simulations is given by (see [START_REF] Soderstrom | System Identification, ser. Series in Systems and Control Engineering[END_REF], page 270)

Σ M CS = 1 N mcs Nmcs l=1 π[l] -π π[l] -π T . (59) 
The covariance matrices given by ( 53) and (55) are compared with Σ M CS . For completeness, we compare the covariance matrix given by [START_REF] Villagrossi | A virtual force sensor for interaction tasks with conventional industrial robots[END_REF] to the reduced covariance matrix Σ red given by (56) by using (55). In Table III, some parameters are gathered while the detailed results are given in the extra file for further reference.

The results tend to show that there is a good agreement between the deviations estimated with MCS and those with (55); only differences that are almost negligible remain. Surprisingly, despite the fact that ( 53) is a rough approximation because the constraints are not accounted for, the estimated deviations are acceptable although some significant differences remain. This tends to show that relation [START_REF] Barata | The moorepenrose pseudoinverse: A tutorial review of the theory[END_REF] can be used as a rough approximation which will be acceptable for practical purposes if N π is not available.

Concerning the standard deviations of base parameters calculated with Σ red based on (55), they match these estimated with [START_REF] Villagrossi | A virtual force sensor for interaction tasks with conventional industrial robots[END_REF], see the detailed results given in the extra file. In addition, if (53) is used with X s replaced by X s , then we retrieve [START_REF] Villagrossi | A virtual force sensor for interaction tasks with conventional industrial robots[END_REF]. These Monte Carlo results are in agreement with the theoretical approach developed in Section IV-B and presented in [39, chapter 4, pages 88-90].

F. Effects of errors in the equality constraints

To conclude this part devoted to Monte Carlo simulations, we present now the results obtained when errors are introduced in equality constraints. Interested readers are referred to the detailed results that are given in the supplementary file included with this paper. To do so, the parameters that are not identifiable, i.e., π 2 are fixed with their CAD values given in [START_REF] Gautier | Identification of consistent standard dynamic parameters of industrial robots[END_REF] (i.e., π 2 = π 2 CAD ), and every π 2 (i) is perturbed by zero-mean Gaussian noise with a relative deviation of 5%, that is to say π 2 (i) = N π 2 CAD (i), (0.05 |π 2 CAD (i)|) 2 . Note that π 2 = π 2 CAD can be written as π 2 CAD = A ec π, where A ec ∈ R (b-c)×c is an appropriate constraint matrix. In this case, we simply have

A ec = 0 (c-b)×b I (c-b)×(c-b)
. Again, the joint positions are corrupted by zero-mean Gaussian noise with a deviation of 32000 counts per revolution, and PC-DIDIM is carried out with the parallel decimation whose the cut-off frequency is 10 Hz. The mean values of PC-DIDIM estimates over the N mcs simulations are calculated, as well their dispersion as explained in the previous sections. The base parameters are estimated with π1 , π 2 and the regroupings, and they are compared with their true values. Again, interested readers are referred to the detailed results that are given in the supplementary file included with this paper.

Concerning the standard parameters, the results show that π1 differs from its real value with small deviation. This result, which is consistent with the theoretical analysis provided in Section IV-E, was expected. Indeed, since the equality constraints are corrupted by errors and since they are involved in the estimation of π 1 , it is expected that the estimation of π 1 is also affected by these errors.

Regarding the base parameters, the results prove that they are not affected by the errors in equality constraints since the estimates stick to their true values with small deviations, i.e., around 1%, see Table IV. This result validates the theoretical analysis made in Section IV-E. It actually indicates that the errors in equality constraints are somehow compensated while estimating π 1 . However, it is critical to understand that the estimates of base parameters must be consistent to get this result because if they are not, then it no longer holds.

G. Conclusion: key facts

This section has presented the results obtained by conducting MCS. They have emphasized that, unlike PC-IDIM-LS, PC-DIDIM is robust against improper data filtering and is more robust against a bad initialization than the former DIDIM method. Also, the number of iterations needed to 

VI. EXPERIMENTAL RESULTS

A. Introduction

This penultimate section gathers the experimental results obtained with the TX-40 robot. The first subsection presents a comparison between PC-IDIM-LS and PC-DIDIM in the case of proper data-filtering, while the second one deals with such a comparison in the case of improper data filtering. Finally, the last subsection studies the impact of LMI constraints.

B. Comparison of the PC-DIDIM and PC-IDIM-LS methods: Case of Appropriate Data Filtering

The PC-IDIM-LS method is carried out with a filtered position q calculated with a 40 Hz fourth-order Butterworth filter while the parallel decimation is carried out with a 10 Hz Tchebyshef filter. For the PC-DIDIM method, only the parallel decimation is carried out, and CAD values of the standard parameters are used for its initialization.

The PC-DIDIM converges in only 3 iterations, with the SDP programming providing physically consistent estimates. Regarding the computation time, at each iteration of the PC-DIDIM method, the SDP programming needs 18 iterations in 1 second to converge while the simulation of the DDM takes only 5 seconds for an 8-second trajectory. This implies that each iteration of the PC-DIDIM method takes 6 seconds. To assess the statistical consistency of the PC-DIDIM estimates, the construction of X s is validated with the revised DWH-test described in [START_REF] Janot | A revised durbin-wuhausman test for industrial robot identification[END_REF]. The results obtained proved that [START_REF] Sousa | Inertia tensor properties in robot dynamics identification: A linear matrix inequality approach[END_REF] holds which means that the PC-DIDIM estimator is statistically consistent. Thus, the estimator provides both a physically and statistically consistent estimation scheme for the TX-40.

With proper data filtering, the PC-IDIM-LS estimates are nearly identical to those provided by the PC-DIDIM method. According to the theory of Hausman [START_REF] Hausman | Specification tests in econometrics[END_REF], the PC-IDIM-LS estimates can be considered as statistically consistent. This for the PC-IDIM-LS method and PC-DIDIM method, respectively. Relative error values for each joint are given in Table V. These results suggest a satisfactory identification since they are below 10%. Furthermore, in Fig. 3, the portrayal result provided by the ACF function suggests that εP C-DIDIM can be considered white because there are no significant correlations between the samples, all the spikes being confined within the 5% limits plotted in red-dotted lines, see e.g., [START_REF] Young | Recursive Estimation and Time-Series Analysis: An Introduction for the Student and Practitioner[END_REF]. In this case, the decimating process succeeded to whiten the final residuals by completely removing the serial correlation. In Fig. 4, the PC-DIDIM estimates are used for a cross-validation, with estimated torques plotted in the same figure. The torque reconstruction matches the measured one.

The relative errors on this validation dataset are given in Table VI and demonstrate comparable performance to the training dataset.

In comparison to the original DIDIM algorithm [START_REF] Gautier | A new closed-loop output error method for parameter identification of robot dynamics[END_REF], the PC-DIDIM algorithm can work with the full parameter set and does not require computation of the base parameters. Yet, to further verify the PC-DIDIM approach, base parameters values π were computed from the full parameter output π of the algorithm and the QR decomposition of X. The identified base parameter values were found to be in agreement with the estimates of the original DIDIM algorithm. This experimental result is in agreement with the theoretical approach presented in Section IV and those obtained by Monte Carlo simulations. It many appear to the reader that DIDIM and PC-DIDIM have similar performance, which would mean that PC-DIDIM would not be very useful for an expert in robot identification. Note, however, that PC-DIDIM has two marked advantages. First, its iterates are guaranteed to be physically consistent such that the forward dynamic model is well defined. Second, its use of the full parameters eliminates the need for a practitioner to compute a base parameter set, thus lowering the barrier to entry for accurate system identification. Finally, as we shall see later, PC-DIDIM has better robustness against an improper initialization than DIDIM.

C. Robustness of the PC-DIDIM method to data filtering

In this section, the robustness of the methods is studied with respect to implementation details of the data filtering. The PC-IDIM-LS method was carried out using 1) a 400 Hz fourthorder Butterworth filter for position q 2) central differences of this filtered q to generate estimates q and q, and 3) parallel decimation with a 100 Hz cut-off lowpass Tchebyshef filter. For the PC-DIDIM method, only the parallel decimation is carried out, and CAD values of the standard parameters are used for its initialization.

In this case, the high cut-off frequencies lead to noisy regressors and torques that impact the methods. The PC-DIDIM method converges in 5 iterations in this case, guaranteeing physically consistent estimates. Regarding the computation time, at each iteration of the PC-DIDIM method, the SDP programming needs 23 iterations in 11 seconds to converge while the simulation of the DDM still takes only 5 seconds for an 8-second trajectory. This data implies that each iteration of the PC-DIDIM method takes 16 seconds. The increase of the computation time is mainly due to the length of data that has been not sufficiently decimated, as we shall see later. To assess the statistical consistency of the PC-DIDIM estimates, the construction of X s is again validated with the revised DWHtest described in [START_REF] Janot | A revised durbin-wuhausman test for industrial robot identification[END_REF]. Note that the presence of noise within y will necessarily increase the relative error, explaining the increase in this case. Overall, the PC-DIDIM estimator still provides a physically and statistically consistent estimation scheme with noisy data. However, in Fig. 5, the portrayal result provided by the ACF function suggests that εP C-DIDIM cannot be considered white because there are some remaining significant correlations between the samples: there is significant lag 11 autocorrelation; and significant partial autocorrelation up to lag 8 possibly 9. Indeed, for these lags the spikes are not confined in the 5% limits plotted in red-dotted lines. In other words, the residual is colored. This is mainly explained by the fact that the cut-off frequency of the decimate filter is too large compared to the bandwidth of the position closedloop. Indeed, samples containing no information (i.e., between 20Hz and 100Hz) have not been removed by the decimation process inducing a more significant serial correlation that can be only coped with by increasing n d . Finally, it is also conceivable that the heteroscedasticity existing in some columns of V plays a role in the coloration of the residual. This result is consistent with the physical interpretation of the bandpass filtering described in [START_REF] Gautier | A new closed-loop output error method for parameter identification of robot dynamics[END_REF] and those presented in [START_REF] Brunot | An improved instrumental variable method for industrial robot model identification[END_REF].

In contrast, the PC-IDIM-LS estimates are strongly biased by the presence of noise in the filtered measurements. Table VII shows relative errors on the order of 50% in this case. Note that for the PC-IDIM-LS scheme an improper filter leads to noise on the decimated regressor X in addition to the measurements y. This causes the estimator to be asymptotically biased, and prevents it from being statistically consistent. This result is explained by the fact that because of inappropriate data filtering, one obtains X = X s ≈ X nf , which means that relation [START_REF] Jin | Parameter identification for industrial robots with a fast and robust trajectory design approach[END_REF] no longer holds.

Again, cross-validation tests were performed using the output of the two estimators. The relative errors are described in Table VIII, with torque reconstruction illustrated in Fig. 6 for PC-DIDIM. These cross-validation results confirm inaccuracy of the PC-IDIM-LS methods, as its torque reconstruction clearly shows mismatch with relative errors greater than 50%. This experimental result supports the theoretical study and the results of Monte Carlo simulations.

To definitively validate the PC-DIDIM approach, π was computed from the full parameter output π of the algorithm and the QR decomposition of X. Again, the identified base parameter values were found to be in agreement with the output of the original DIDIM algorithm.

D. Impact of LMI constraints and initialization on the estimates

As a final study, the effect of constraints and the initialization are now investigated, as done in Section V-D. Regarding the effect of constraints on the PC-IDIM-LS and PC-DIDIM estimates, the physical semi-consistency and full physical consistency constraints are now imposed. The obtained results being very similar to those exposed in sections VI-B and VI-C, they are not reported here, and all the detailed results are given in the extra file. The LMI constraints imposed by the user have, indeed, little impact on the baseparameter estimates calculated by the PC-DIDIM method coupled or not with a proper data filtering: the construction of X s is still validated by the revised DWH test described in [START_REF] Janot | A revised durbin-wuhausman test for industrial robot identification[END_REF] which implies that the PC-DIDIM estimates can be considered as consistent; the number of iterations needed to converge does not vary significantly; and the relative errors calculated with the cross-validations are very close to those given in Table VI and Table VIII. In contrast, PC-IDIM-LS provides only consistent estimates when coupled with a proper data filtering, regardless of the LMI constraints imposed. This result is consistent with the theoretical study presented in Sections III-E and IV-B.

Regarding the initialization of DIDIM and PC-DIDIM, the two methods are now initialized with the CAD values of the standard parameters perturbed by zero-mean Gaussian noise with a relative deviation varying between 10% to 50%, as done in Section V-D. Again, it has been checked that the initial values fulfill [START_REF] Wensing | Proprioceptive actuator design in the MIT Cheetah: Impact mitigation and high-bandwidth physical interaction for dynamic legged robots[END_REF]. Interestingly, the results obtained and given in the extra file show that PC-DIDIM succeeds to converge, whereas DIDIM fails when the relative error exceeds 20%. This result is consistent with the one presented in Section V-D and enlightens the fact that DIDIM is more sensitive to initialization than PC-DIDIM. This can be due to the fact that PC-DIDIM always provides estimates that are physically consistent provided the problem remains feasible. This robustness against an improper initialization is a clear advantage of PC-DIDIM over DIDIM.

E. Conclusion: key outcomes

The experimental results are in line with those obtained by running MCS. They have confirmed that PC-DIDIM is robust against improper data filtering or noisy data and is more robust against a bad initialization than DIDIM. This last fact is a clear advantage over the former DIDIM method. In addition, the LMI constraints have no impact on the final estimates of the base parameters.

VII. CONCLUSION

This paper has discussed a new framework for the estimation of the inertial parameters for industrial manipulators from noisy data. The proposed Physically Consistent Direct and Inverse Dynamics Identification Method (PC-DIDIM) validates both a simulator of the robot and its inverse dynamics model through iterative semidefinite optimization. By leveraging the noise-free data of a simulation, the approach provides a statistically consistent model estimation scheme while ensuring that its output with any finite dataset provides a physically plausible output.

Extensive results with Monte Carlo simulations and an industrial TX-40 manipulator show that, like the DIDIM approach, PC-DIDIM is robust against improper data filtering and/or noisy data whereas PC-IDIM-LS must be coupled with a proper data filtering to provide statistically consistent base-parameter estimates, the type of LMI constraints has little impact on the base-parameter estimates, and a way to estimate the covariance matrix of the standard parameters has presented and validated. Finally, PC-DIDIM is found to be more robust against an improper initialization than the former DIDIM method.

Future works concern the use of LMI constraints with an Instrumental Variable approach to conduct a comparison with PC-DIDIM. They will also focus on studying different identification methods of industrial robots to unify them.

APPENDIX

A. Computation of the base parameters

The calculation of the base parameters makes use of the QR decomposition of X ∈ R (r×c) which is given by

Q T X = R 0 (r-c)×c ,
where Q ∈ R (r×r) is an orthogonal matrix, R ∈ R (c×c) is an upper triangular matrix and 0 (r-c)×c ∈ R (r-c)×c is a matrix of zeros. Noting the b independent columns of R, the same columns of X are collected in the matrix X 1 and the corresponding parameters be collected in the vector π 1 . The other columns and parameters are collected in X 2 and π 2 such that X π = X 1 X 2 π 1 π 2 .

Since X 1 is full column rank, the matrix X 2 can be written in terms of X 1 as

X 2 = X 1 K . Consequently X π = X 1 X 2 π 0 = X π ,
where X = X 1 and the base parameter vector π is given by

π = π 1 + Kπ 2 .
The matrix K allows us obtaining the grouping equations of the parameters π 2 with π 1 .

In order to determine K, the QR decomposition of the matrix X 1 X 2 is used and one obtains

X 1 X 2 = Q 1 Q 2 R 1 R 2 0 (r-b)×b 0 (r-b)×(c-b)
,

where R 1 ∈ R (b×b) is a full-rank upper triangular matrix, and R 2 ∈ R b×(c-b) . It follows that

X 1 X 2 = Q 1 R 1 Q 1 R 2 , X 1 X 2 = Q 1 R 1 I b R -1 1 R 2 , X 1 X 2 = X 1 I b R -1 1 R 2 , X 1 X 2 = X 1 I b K , X 1 X 2 = X 1 K , with K = I b K , K = R -1 1 R 2 , and thus π = Kπ , π = I b R -1 1 R 2 π . π = π 1 + R -1 1 R 2 π 2 .
B. The effect of modeling errors on the base regressor X

Let us now consider an error in the model. In econometrics, a bias due to a modeling error is often considered as a bias due to omitted parameters [START_REF] Davidson | Estimation and Inference in Econometrics[END_REF]. It is therefore convenient to introduce the following term X soc π ov where π ov ∈ R oc is the vector of omitted parameters in the model, X soc ∈ R (r×oc) the omitted columns in X s associated with π ov , and V ∈ R (r×b) a matrix of error from noise. In this case, one obtains

ε DIDIM = V π + ε + X soc π ov , yielding E[X T s ε DIDIM ] = X T s X soc π ov
, where ε DIDIM is the DIDIM error. This follows since X s , X soc and π ov are deterministic by definition. Finally, since π ov = 0, it comes that E[X T s ε DIDIM ] = 0 which means that the DIDIM estimates are biased.

To conclude this subsection, we show that an error within X s also corrupts X s . According to the regrouping formula

π = π 1 + R -1 1 R 2 π 2 it is clear that E( π) = π if π / ∈ D.
Further, because π is used to simulate the DDM in order to get qs , the vector of simulated accelerations. It follows that qs = qnf , the vector of noise-free accelerations. This leads to qs = qnf and q s = q nf by integration of the DDM where qs (resp. qnf ) is the vector of simulated (resp. noise-free) velocities, and q s (resp. q nf ) is the vector of simulated (resp. noise-free) joint positions. Finally, we obtain X s = X nf which leads to X s = X nf since X s = X s X s2 by construction and with the notations previously used i.e. X s = X s1 .

C. Calculation of the covariance matrix of ∆π

Let us condider (40)

y nls = Nπ ∆π (k) - 1 r X T s ε ,
We recall that the covariance matrix of ∆π, denoted Σ π , is given by, see e.g. [START_REF] Davidson | Estimation and Inference in Econometrics[END_REF] chapter 5,

Σ π = lim r→∞ r E ∆ π(k) ∆ π(k) T ,
with ∆ π(k) = ∆π (k) -∆ π(k) . By considering the probability limit and the result given in [START_REF] Soderstrom | System Identification, ser. Series in Systems and Control Engineering[END_REF], complement 4.3 page 88, we have

Σ π = N T π Ω-1 ε N π -1 N T π Ω-1 ε • • • Ω ε Ω-1 ε N π N T π Ω-1 ε N π -1
, where Ωε = N π N T π + X T s ΩX s , and Ω ε = X T s ΩX s . Now, with

Ω ε = X T ΩX = Ωε -N π N T π , one obtains Σ π = N T π Ω-1 ε N π -1 N T π Ω-1 ε • • • Ωε -N π N T π Ω-1 ε N π N T π Ω-1 ε N π -1
, yielding

Σ π = N T π Ω-1 ε N π -1 -I c .
Interestingly, if X s and N π are full-rank, then Σ π reduces to the well-known formula

Σ π = N -1 π Ω ε N T -1 π .

D. Calculation of the covariance matrix of the increment

In this appendix, we recall the calculation of the covariance matrix of the increment. The complete proof is given in [START_REF] Davidson | Estimation and Inference in Econometrics[END_REF], chapter 6. First, let us the following general nonlinear relation y = f (θ) + ε , where y ∈ R m is the vector of measurements; θ ∈ R b is the vector of parameters to identify; ε ∈ R m is the vector of errors; and f is a nonlinear function. Let θ be an estimate of θ. A first-order development around θ gives y = y( θ) + D f ( θ)∆θ + r ho + ε , where D f ( θ) ∈ R (m×b) is the Jacobian matrix of f with respect to θ evaluated at θ; ∆θ = θθ is the increment; and r ho is the errors due to the higher orders. With the approximation r ho ≈ 0, and r( θ) = yy( θ), one obtains the following LS estimates of the increment

∆ θ = D f ( θ) T D f ( θ) -1 D f ( θ) T r( θ) ,
whose the covariance matrix is

Σ θ = D f ( θ) T Ω -1 D f ( θ) -1 ,
with Ω the covariance matrix of ε. Now, if θ = θ, i.e. what we actually expect, then the nonlinear relation and its linearized have the same residuals since r(θ) = yy(θ) = y -f (θ) = ε. This explains why the final solution θ and ∆θ have the same covariance matrix. Note that r ho ≈ 0 is standard approximation while employing the Gauss-Newton algorithm, and this approximation is often met in practice, see [42, chapter 6].
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 1 Fig. 1. Diagram for one iteration of the standard DIDIM method
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 34 Fig. 3. Portrayal result of the ACF function for the PC-DIDIM method error

Fig. 5 .

 5 Fig. 5. Portrayal result of the ACF function for PC-DIDIM method error with improper filtering.
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 6 Fig.6. Cross validation for joint 1 using the PC-DIDIM method with improper filtering.

  Note that D s is positive definite since one has s i > 0 for compatibility with the logarithmic barrier. Third, by left multiplying ∇ s L ζ by D s , the following transformed criteria are obtained

TABLE I MCS

 I RESULTS: PC-DIDIM AND PC-IDIM-LS ESTIMATES, PROPER

			DATA FILTERING	
	params units	PC-	PC-IDIM-	true
			DIDIM	LS	values
	ZZ 1	kg m 2 1.2496	1.2494	1.2501
			(0.0051)	(0.0052)	
	M X 2	kg m	2.2108	2.2106	2.2107
			(0.0183)	(0.0187)	
	XX 3	kg m 2 0.1186	0.1185	0.1206
			(0.0021)	(0.0022)	
	ZZ 4	kg m 2 0.0071	0.0070	0.0063
			(0.0012)	(0.0012)	
	I a6	kg m 2 0.0113	0.0115	0.0114
			(0.0002)	(0.0003)	
	f v6	N m s 0.7042	0.7045	0.7000
			(0.0040)	(0.0039)	
	real burden.				

TABLE II MCS

 II RESULTS: PC-DIDIM AND PC-IDIM-LS ESTIMATES, IMPROPER

			DATA FILTERING	
	params units	PC-	PC-IDIM-	true
			DIDIM	LS	values
	ZZ 1	kg m 2 1.2485	0.9530	1.2501
			(0.0053)	(0.0003)	
	M X 2	kg m	2.2119	2.3794	2.2107
			(0.0191)	(0.0269)	
	XX 3	kg m 2 0.1177	0.0860	0.1206
			(0.0029)	(0.0000)	
	ZZ 4	kg m 2 0.0068	0.0149	0.0063
			(0.0007)	(0.0000)	
	I a6	kg m 2 0.0110	0.0000	0.0114
			(0.0005)	(0.0001)	
	f v6	N m s 0.7049	0.5170	0.7000
			(0.0045)	(0.0031)	

TABLE V RELATIVE

 V ERRORS OBTAINED WITH DIRECT COMPARISONS FOR THE PC-IDIM-LS AND THE PC-DIDIM METHODS -APPROPRIATE DATA

		FILTERING	
	Joint j e P C-IDIM -LS e P C-DIDIM
	1	5.1%	5.3%
	2	4.9%	5.1%
	3	5.0%	5.0%
	4	5.4%	5.5%
	5	7.2%	7.1%
	6	7.0%	7.2%

TABLE VII RELATIVE

 VII ERRORS OBTAINED WITH DIRECT COMPARISONS FOR THE PC-IDIM-LS AND THE PC-DIDIM METHODS -INAPPROPRIATE DATA

		FILTERING	
	Joint j e P C-IDIM -LS e P C-DIDIM
	1	51.0%	11.0%
	2	52.0%	11.0%
	3	49.0%	14.0%
	4	55.0%	14.0%
	5	63.0%	17.0%
	6	63.0%	16.0%

TABLE VIII RELATIVE

 VIII ERRORS OBTAINED WITH CROSS-VALIDATION, THE PC-IDIMLS AND THE PC-DIDIM ESTIMATES -INAPPROPRIATE DATA FILTERING Joint j e P C-IDIM -LS e P C-DIDIM

	1	73.0%	15.0%
	2	71.0%	16.0%
	3	73.0%	15.0%